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[m2bi r2 �`2 `2�+?BM; 7Q` i?2 bi�`b- Ĝ �M/ #2vQM/X

�;M2r >X "�?MbQM
h?2 ai�`b �`2 hQQ >B;?





S`27�+2

h?Bb #QQF +QMi�BMb i?2 Q`B;BM�H `2TQ`i 7`QK i?2 *QM72`2M+2 QM i?2 _QH2
Q7 :`�pBi�iBQM BM S?vbB+b- r?B+? iQQF TH�+2 �i i?2 lMBp2`bBiv Q7 LQ`i?
*�`QHBM�- *?�T2H >BHH- Qp2` bBt /�vb BM RN8dX h?2 `2TQ`i r�b i�F2M /QrM
#v *û+BH2 .2qBii �M/ b2p2`�H Qi?2` ǳ`2TQ`i2`b-Ǵ �b T�`i Q7 � +QM72`2M+2
7mM/BM; �;`22K2Mi rBi? i?2 q`B;?i �B` .2p2HQTK2Mi *2Mi2`- � lXaX �`Kv
U�B` 6Q`+2V 7mM/BM; #Q/v Ui?2 `2TQ`iǶb ǵQ{+B�HǶ /2bB;M�iBQM Bb, q�.*
h2+?MB+�H _2TQ`i 8d@kReVX *û+BH2 .2qBii i?2M 2/Bi2/ i?2 `2+Q`/2/ K�i2`B�H
BMiQ Bib }M�H 7Q`KX h?2 `2TQ`i- i?Qm;? Tm#HB+Hv �p�BH�#H2 �b � ;Qp2`MK2Mi
/Q+mK2Mi- ?�b MQi T`2pBQmbHv #22M Tm#HBb?2/ BM #QQF 7Q`K- �M/ i?2`2
�`2 MQi K�Mv +QTB2b Q7 i?2 `2TQ`i H27i BM 2tBbi2M+2X :Bp2M i?2 BKK2Mb2
?BbiQ`B+�H bB;MB}+�M+2 Q7 i?2 +QM72`2M+2 @ ;BpBM; ;`�pBi�iBQM�H `2b2�`+? bQK2
Km+? M22/2/ BKT2imb �i � iBK2 r?2M Bi r�b BM � bi�i2 Q7 /B`2 M2;H2+i @
r2 i?Qm;?i Bi r�b ?B;? iBK2 iQ T`Q/m+2 � p2`bBQM Q7 i?2 `2TQ`i ǵ7Q` i?2
K�bb2bǶ �b Bi r2`2X h?2 p2`bBQM T`2b2Mi2/ ?2`2 Bb �HKQbi 2MiB`2Hv 7�Bi?7mH iQ
i?2 Q`B;BM�H- �M/ �bB/2 7`QK i?2 +Q``2+iBQM Q7 � 72r bT2HHBM; KBbi�F2b U�M/
i?2 TQbbB#H2 �//BiBQM Q7 bQK2 2MiB`2Hv M2r ivTQb5V 72�im`2b MQ bm#bi�MiBp2
�Hi2`�iBQMb Q` �MMQi�iBQMbX >Qr2p2`- BM Q`/2` iQ K�F2 i?2 /Q+mK2Mi KQ`2
M�pB;�#H2 �M/ KQ`2 mb27mH �b � `2b2�`+? iQQH- r2 ?�p2 �//2/ �M BM/2t UQ7
#Qi? M�K2b �M/ bm#D2+ibV �M/ �HbQ BKTQb2/ � HBiiH2 KQ`2 bi`m+im`2 QM i?2
b2bbBQMb- #v b2iiBM; bQK2 Q7 i?2 K2�iB2` +QMi`B#miBQMb �b +?�Ti2`bX h?Bb BM
MQ r�v BMi2`72`2b rBi? i?2 Q`/2`BM;- �M/ bBKTHv �KQmMib iQ i?2 �//BiBQM-
BM b2p2`�H TH�+2b- Q7 � iBiH2 iQ i?2 T`2b2Mi�iBQMb �M/ /Bb+mbbBQMb i?�i 7QHHQrX

AM �//BiBQM iQ +H�bbB+ /2#�i2b Qp2` +QbKQHQ;B+�H KQ/2Hb �M/ i?2 `2�HBiv
Q7 ;`�pBi�iBQM�H r�p2b- K�Mv Q7 i?2 biBHH@T`2bbBM; Bbbm2b BM [m�MimK ;`�pBiv
r2`2 7Q`KmH�i2/ BM i?2 /Bb+mbbBQM T2`BQ/b �M/ BMi2`D2+iBQMb `2T`Q/m+2/ BM
i?2 7QHHQrBM; T�;2bX US?BHQbQT?2`b Q7 T?vbB+b KB;?i #2 BMi2`2bi2/ iQ b22
h?QK�b :QH/- TX k99- T`2bbBM; i?Qb2 r?Q �bbmK2 i?�i i?2 ;`�pBi�iBQM�H
}2H/ ?�/ iQ #2 [m�MiBx2/ iQ T`Qp2 Bi5V PM2 +�M �HbQ }M/ i?2 `QQib Q7 K�Mv
+m``2Mi `2b2�`+? T`Q;`�Kb BM [m�MimK ;`�pBiv- �b r2HH �b 2�`Hv BMiBK�@
iBQMb Q7 r?�i rQmH/ #2+QK2 ǵ+H�bbB+Ƕ i?Qm;?i 2tT2`BK2Mib- Qz2`BM; bQK2
;mB/�M+2 iQ � bm#D2+i rBi?Qmi ;2MmBM2 2tT2`BK2MibX q2 �HbQ }M/- 7mHHv
bi�F2/ Qmi- i?`22 +2Mi`�H �TT`Q�+?2b iQ i?2 [m�MiBx�iBQM Q7 ;`�pBiv, +�MQM@



9 *QMi2Mib

B+�H U7Q+mbBM; QM i?2 Q#b2`p�#H2b �M/ +QMbi`�BMib Q7 i?2 +H�bbB+�H i?2Q`vjVc
i?2 62vMK�M 7mM+iBQM�H@BMi2;`�H �TT`Q�+?c �M/ i?2 +Qp�`B�Mi T2`im`#�iBp2
�TT`Q�+?X q2 �HbQ }M/ r?�i Bb- A #2HB2p2- i?2 }`bi T`2b2Mi�iBQM U�H#2Bi
p2`v #`B2~v, b22 TX kdyV Q7 >m;? 1p2`2iiǶb `2H�iBp2@bi�i2 BMi2`T`2i�iBQM Q7
[m�MimK K2+?�MB+b @ 62vMK�M ;Bp2b �M 2tTHB+BiHv ǵK�Mv@rQ`H/bǶ +?�`�+@
i2`Bx�iBQM Q7 1p2`2iiǶb �TT`Q�+? Umb2/- #v 62vMK�M- BM 7�+i- �b � `2/m+iBQ
Q7 i?2 BMi2`T`2i�iBQMVX

�b *û+BH2 .2qBii MQi2b BM i?2 7Q`2rQ`/ iQ i?2 Q`B;BM�H `2TQ`i U�HbQ
`2T`Q/m+2/ ?2`2V- i?2 /Q+mK2Mi +QMbiBimi2b � bQK2r?�i BM+QKTH2i2 `2T`2@
b2Mi�iBQM Q7 i?2 �+im�H T`Q+22/BM;b BM p�`BQmb r�vb- �M/ /Q2b MQi �KQmMi
iQ �M 2t�+i i`�Mb+`BTiBQM Q7 �HH i?�i r2Mi QM �i i?2 +QM72`2M+2X9 >Qr2p2`-
i?2 /Bb+mbbBQMb i?�i r2`2 +�Tim`2/ �`2 Q7i2M p2`v `B+?- �M/ Q7 bm+? �M BMi2`@
2biBM; U�M/- A rQmH/ b�v- biBHH ?B;?Hv `2H2p�MiV M�im`2- i?�i i?2 `2TQ`i 7mHHv
/2b2`p2b Bib T`2b2Mi `2bm``2+iBQM B7 QMHv iQ #`BM; i?2b2 /Bb+mbbBQMb �HQM2 iQ
� rB/2` �m/B2M+2X >Qr2p2`- i?2 i`�Mb+`B#2/ T`2b2Mi�iBQMb �HbQ Q7i2M `2~2+i
� `2b2�`+? �`2� QM i?2 +mbT Q7 p�`BQmb 2t+BiBM; /Bb+Qp2`B2b- BM �bi`QT?vbB+b-
+QbKQHQ;v- �M/ [m�MimK ;`�pBivX q2 �`2 bm`2 i?�i #Qi? T?vbB+Bbib �M/
?BbiQ`B�Mb Q7 T?vbB+b rBHH }M/ Km+? iQ BMi2`2bi i?2K BM i?2 7QHHQrBM; T�;2bX

"v r�v Q7 TH�+BM; i?Bb `2TQ`i BM i?2 +QMi2ti Q7 Bib iBK2- �M BMi`Q/m+iQ`v
+?�Ti2` T`QpB/2b � #`B27 �++QmMi Q7 ?Qr i?2 +QM72`2M+2 +�K2 iQ #2- 7Q` Bi
Bb � `�i?2` `2K�`F�#H2 biQ`v BM Bib2H7X q2 i?2M `2T`Q/m+2 i?2 Q`B;BM�H 7`QMi
K�ii2` 7`QK i?2 `2TQ`i- 7QHHQr2/ #v i?2 `2TQ`i Bib2H7X

._
J�t SH�M+F AMbiBimi2 7Q` i?2 >BbiQ`v Q7 a+B2M+2- "2`HBM

a2Ti2K#2` kyRy

j�b S2i2` "2`;K�MM Tmib Bi- QM TXRNk- ǵQM+2 i?2 +H�bbB+�H T`Q#H2Kb �`2 bQHp2/- [m�MiB@
x�iBQM rQmH/ #2 � ǳr�HFXǴǶ
9>Qr +QmH/ Bi\ �b �;M2r "�?MbQM U�#Qmi r?QK- b22 *?�Ti2` RV MQi2/ BM ?Bb TQbi@

+QM72`2M+2 `2TQ`i- i?2`2 r2`2 bQK2 8d ?�H7@?Qm` i�T2b `2+Q`/2/ BM iQi�HX



�+FMQrH2/;2K2Mib

q2 rQmH/ HBF2 iQ 2tT`2bb Qm` i?�MFb iQ �HH Q7 i?Qb2 BMpQHp2/ BM i?2 Q`B;BM�H
*?�T2H >BHH +QM72`2M+2 UQ` i?2B` 2bi�i2bV r?Q p2`v FBM/Hv ;�p2 i?2B` T2`@
KBbbBQM iQ `2T`Q/m+2 i?2B` T�T2`b �M/ +QKK2Mib- rBi?Qmi r?B+? i?Bb #QQF
rQmH/ MQi ?�p2 #22M TQbbB#H2X q2 rQmH/ �HbQ HBF2 iQ i?�MF i?Qb2 BMpQHp2/
BM i?2 bKQQi?- bT22/v Tm#HB+�iBQM Q7 i?2 #QQF- 2bT2+B�HHv "2�i`B+2 :�#`B2H
7Q` ?2` 2t+2HH2Mi T`QQ7 `2�/BM;X

._ Bb ;`�i27mH iQ i?2 i?2 .QHT? "`Bb+Q2 *2Mi2` 7Q` �K2`B+�M >BbiQ`v
�i i?2 lMBp2`bBiv Q7 h2t�b �i �mbiBM 7Q` �HHQrBM; ?BK �++2bb iQ i?2 "`v+2
.2qBii S�T2`bc iQ *û+BH2 .2qBii- }`biHv 7Q` �HHQrBM; �++2bb iQ ?2` QrM
�`+?Bp2 Q7 T�T2`b �M/ H2ii2`b- 7`QK r?B+? Km+? Q7 i?2 ?BbiQ`B+�H K�i2`B�H
BM i?2 BMi`Q/m+iQ`v +?�Ti2` r�b /`�rM- #mi �HbQ 7Q` �HHQrBM; K2 iQ i�F2
T�`i BM i?Bb rQM/2`7mH T`QD2+ic iQ CɃ`;2M _2MM- J�t SH�M+F AMbiBimi2 7Q`
i?2 >BbiQ`v Q7 a+B2M+2- �M/ .QM a�HBb#m`v- �mbiBM *QHH2;2- 7Q` bQK2 Km+?
M22/2/ KQiBp�iBQM- `2bmHiBM; BM � bB;MB}+�Mi bT22/ mT BM i?2 #QQFǶb T`Q@
/m+iBQMc �M/ iQ i?2 �mbi`�HB�M _2b2�`+? *QmM+BH 7Q` i?2B` ;2M2`Qmb bmTTQ`i
Q7 i?2 >BbiQ`v Q7 Zm�MimK :`�pBiv S`QD2+i U.SyN39NjyV i?�i i?2 T`2b2Mi
#QQF +QMi`B#mi2b iQc �M/ iQ i?2 J�t SH�M+F AMbiBimi2 7Q` i?2 >BbiQ`v Q7
a+B2M+2 7Q` ?QbiBM; K2 �b � pBbBiBM; 72HHQr /m`BM; i?2 #QQFbǶb +QKTH2iBQMX
6BM�HHv- ._ rQmH/ HBF2 iQ i?�MF ?Bb rB72- EB`biv- �M/ +?BH/`2M- aQT?B2 �M/
:�B�- 7Q` TmiiBM; mT rBi? ?Bb p2`v K�Mv �#b2M+2b r?BH2 i?Bb rQ`F r�b
#2BM; +QKTH2i2/X





*?�Ti2` R
h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti
.2�M _B+FH2b

h?2 *QM72`2M+2 QM i?2 _QH2 Q7 :`�pBi�iBQM BM S?vbB+b r�b i?2 UQ{+B�HV BM@
�m;m`�H +QM72`2M+2 Q7 i?2 AMbiBimi2 Q7 6B2H/ S?vbB+b (AP6S) r?B+? ?�/ QMHv
Dmbi #22M 2bi�#HBb?2/ �i *?�T2H >BHH- rBi? *û+BH2 �M/ "`v+2 .2qBii �i i?2
?2HKXR h?2 AP6S `2+2Bp2/ Bib +2`iB}+�i2 Q7 BM+Q`TQ`�iBQM QM a2Ti2K#2`
d- RN88X AM 7�+i- Bi M2�`Hv ?�/ � p2`v /Bz2`2Mi M�K2- ǳh?2 _2b2�`+? AMbiB@
imi2 Q7 i?2 lMBp2`bBiv Q7 LQ`i? *�`QHBM�Ǵ- r?B+?- [mBi2 M�im`�HHv- rQM i?2
mM�MBKQmb �TT`Qp�H 7`QK i?2 lMBp2`bBiv U�M/ "`v+2 .2qBiiV- #mi MQi-
Bi i`�MbTB`2b- i?2 �TT`Qp�H Q7 i?2 T`BK�`v 7mM/2`- J` �;M2r "�?MbQMX
"�?MbQM r�b � r2�Hi?v LQ`i? *�`QHBMB�M BM/mbi`B�HBbi rBi? � T�bbBQM 7Q`
T?vbB+b U2bT2+B�HHv ;`�pBi�iBQM�HVc ?2 K�/2 ?Bb 7Q`imM2 7`QK BM/mbi`B�H �B`
+QM/BiBQMBM; bvbi2KbX

h?2 BMBiB�H K22iBM; #2ir22M "`v+2 .2qBii �M/ "�?MbQM iQQF TH�+2
QM CmHv N- RN88- BM _�H2B;?- LX*X h?2v r2`2 DQBM2/ #v *HBzQ`/ "2+F-
r?Q r�b ?2�/ Q7 T?vbB+b �i ai�i2 *QHH2;2 BM _�H2B;? @ "�?MbQM Q`B;BM�HHv
TH�MM2/ iQ ?�p2 i?2 AP6S �i ai�i2 *QHH2;2 bBM+2 i?2v ?�/ � Mm+H2�` `2�+@
iQ` i?2`2- r?B+?- �b "`v+2 .2qBii Tmib Bi- "�?MbQM 72Hi ǳKB;?i #2 mb27mH
7Q` �MiB@;`�pBivǴ (j)X *m`BQmbHv- �i i?2 b�K2 iBK2- i?2 :H2MM GX J�`iBM
*QKT�Mv UMQr GQ+F?22/@J�`iBMV r�b b2iiBM; mT Bib QrM `2b2�`+? BMbiBimi2
i?�i rQmH/ /Q rQ`F 7Q` i?2 lXaX L�iBQM�H .272Mb2 a2`pB+2k i?Qm;? Q7 �

R�M BMBiB�H ǵ;2i iQ FMQr 2�+? Qi?2`Ƕ K22iBM; Q7 i?2 AP6S r�b ?2H/ CmM2 3@Ry- RN8e-
�i _Q�`BM; :�T BM LQ`i? *�`QHBM�- r?2`2 "�?MbQM ?�/ � bmKK2` ?Qmb2X h?Bb r�b
QT2M iQ �HH K2K#2`b Q7 i?2 AP6S �M/ � 72r b2H2+i Qi?2`b- BM+Hm/BM; 6`22K�M .vbQM �M/
GQi?�` LQ`/?2BK- TQi2MiB�H 7mM/2`b �M/ � `2TQ`i2` 7`QK i?2 qBMbiQM@a�H2K CQm`M�H �
a2MiBM2HX �b "�?MbQM Tmi Bi- BM ?Bb ǳ9i? J2KQ`�M/mKǴ UQ7 CmM2 ky- RN8eV i?2 Tm`TQb2
Q7 i?2 K22iBM; r�b ǳiQ BMi`Q/m+2 K2K#2`b Q7 i?2 AMbiBimi2 �M/ i?2B` ;m2bib iQ J` �M/
J`b .2qBiiǳ �M/ ǳiQ /2}M2 KQ`2 +H2�`HvǴ i?2 T`Q#H2Kb iQ #2 /2�Hi rBi? �i i?2 AP6S
UrBi? ;`�pBiv �b ǳi?2 7Q+�H TQBMi Q7 BMi2`2biǴ UH2ii2` 7`QK *û+BH2 .2qBiiǶb QrM �`+?Bp2c
?2M+27Q`i?- mMH2bb Qi?2`rBb2 bT2+B}2/- `272`2M+2b rBHH #2 iQ /Q+mK2Mib +QMi�BM2/ BM i?Bb
�`+?Bp2VX
kh?Bb rQmH/ #2+QK2 _A�a- Q` i?2 _2b2�`+? AMbiBimi2 7Q` �/p�M+2/ aim/vX Ai Bb TQbbB#H2

i?�i .2qBiiǶb K22iBM; r�b rBi? i?2 /B`2+iQ` Q7 _A�a- q2H+QK2 "2M/2`- r?Q r�b BM
+?�`;2 Q7 `2+`mBiK2Mi- �M/ r?Q �HbQ �ii2M/2/ i?2 _Q�`BM; :�T +QM72`2M+2 QM #2?�H7



3 RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti

`�i?2` /Bz2`2Mi bQ`i- BM/mbi`v bTQMbQ`2/- �M/ MQi 2Mb+QM+2/ BM � mMBp2`@
bBivX .2qBii ?�/ � K22iBM; rBi? Bib pB+2@T`2bB/2Mi- :2Q`;2 h`BK#H2 UQ`
"2M/2` @ b22 7QQiMQi2 kV- iQ /Bb+mbb � TQi2MiB�H T`QD2+i BMpQHpBM; ;`�pBi�@
iBQM�H T?vbB+b `2b2�`+? UKQ`2 QM i?Bb #2HQrVX .2qBii ~2r iQ ?Bb K22iBM;
rBi? "�?MbQM BKK2/B�i2Hv �7i2` pBbBiBM; i?2 :H2MM J�`iBM *QKT�Mv BM
"�HiBKQ`2 @ BM/22/- i?2 �B`TH�M2 r�b QrM2/ #v � 7`B2M/ Q7 "�?MbQMǶb- QM2
1�`H aHB+F Q7 aHB+F �B`r�vb5

"�?MbQM ?�/ Q`B;BM�HHv r`Bii2M iQ .2qBii QM J�v jy- RN88X Cmbi
T`BQ` iQ i?Bb- .2qBii ?�/ �H`2�/v �HbQ #22M BM +Q``2bTQM/2M+2 rBi? _Q;2`
"�#bQM- �MQi?2` r2�Hi?v BM/mbi`B�HBbi rBi? � T�bbBQM 7Q` ;`�pBiv `2b2�`+?X
"�#bQM ?�/ 2bi�#HBb?2/ i?2 :`�pBiv _2b2�`+? 6QmM/�iBQM U:_6V BM a�H2K-
�M/ ?�/ 2bi�#HBb?2/ �M 2bb�v +QKT2iBiBQM U;Qp2`M2/ #v :2Q`;2 _B/2QmiV
ǳ7Q` i?2 #2bi irQ i?Qmb�M/ rQ`/ 2bb�vb QM i?2 TQbbB#BHBiB2b Q7 /Bb+Qp2`BM;
bQK2 T�`iB�H BMbmH�iQ`- `2~2+iQ` Q` �#bQ`#2` Q7 ;`�pBiv r�p2bǴ U(k)- TX j99V5
.2qBii rQM }`bi T`Bx2 BM i?Bb +QKT2iBiBQM UBM RN8jV rBi? �M 2bb�v /BbKBbb@
BM; i?2 r?QH2 B/2�c Q`- �b ?2 Tmi Bi, ǳ(1)bb2MiB�HHv ;BpBM; i?2K ?2HH 7Q` bm+?
� bimTB/ @ i?2 r�v Bi ?�/ #22M T?`�b2/ BM i?Qb2 2�`Hv v2�`bǴ (j)X .2qBii
r`Qi2 i?2 2bb�v BM � bBM;H2 2p2MBM;, ǳXXX i?2 [mB+F2bi 0Ryyy A 2p2` 2�`M2/5Ǵ
UB#B/VXj :Bp2M i?�i i?2 2bb�v H2/ iQ i?2 Q`B;BM�H 2t+?�M;2 #2ir22M _B/2Qmi
�M/ "�?MbQM Qp2` "`v+29- Bi b22Kb i?�i i?Bb bBM;H2 MB;?iǶb rQ`F KB;?i BM
7�+i ?�p2 2�`M2/ ?BK `�i?2` KQ`2 i?�M 0Ryyy5

"�#bQM +H2�`Hv b�r BM .2qBii QM2 r?Q +QmH/ HB7i i?2 `2bT2+i�#BHBiv Q7
i?2 :_6X AM/22/- i?Bb b22K2/ iQ #2 i?2 +�b2- 7Q` r?2`2�b i?2 T`Bx2 r�b
T`2pBQmbHv �pQB/2/ #v ǵb2`BQmbǶ T?vbB+Bbib- �7i2` .2qBii rQM- i?2 ~QQ/;�i2b
QT2M2/X h?2 M2ti v2�`- RN89- b�r �`MQrBii �M/ .2b2` i�F2 }`bi T`Bx2X8

Q7 i?2 :H2MM J�`iBM *QKT�MvX >Qr2p2`- i?2`2 +2`i�BMHv r�b +Q``2bTQM/2M+2 #2ir22M
.2qBii �M/ h`BK#H2X
jAM � b2+iBQM 2MiBiH2/ ǵSm`TQb2b- P#D2+ib �M/ SQr2`bǶ Q7 i?2 /Q+mK2Mi Q7 BM+Q`TQ`�@

iBQM Q7 i?2 :`�pBiv _2b2�`+? 6QmM/�iBQM 7Q`K2/ #v "�#bQM- *H�mb2 URV bi�i2b i?�i i?2
Tm`TQb2 Q7 i?2 +Q`TQ`�iBQM Bb iQ ǳP#b2`p2 i?2 T?2MQK2M� Q7 M�im`2 �M/ 2M+Qm`�;2- T`Q@
KQi2 �M/ bmTTQ`i BMp2biB;�iBQMb BM b2�`+? Q7 mM/2`HvBM; FMQrH2/;2 Q7 i?2b2 T?2MQK2M�X
*QM/m+i i?2Q`2iB+�H �M/ 2tT2`BK2Mi�H bim/B2b iQ /Bb+Qp2` i?2 H�rb r?B+? �z2+i i?2K
�M/ 2pQHp2 M2r i2+?MQHQ;B+�H +QM+2Tib 7Q` i?2 BKT`Qp2K2Mi �M/ r2H7�`2 Q7 K�MFBM/Ǵ
U"`v+2 .2qBii �`+?Bp2b- *2Mi2` 7Q` �K2`B+�M >BbiQ`v- lMBp2`bBiv Q7 h2t�b �i �mbiBMVX
"�#bQM ?�/ � +m`BQmb pB2r Q7 ;`�pBiv �b � FBM/ Q7 ǵM�im`�H 2pBHǶ U � ǳ/`�;QMǴV- +�mb2/
#v ?Bb bBbi2`Ƕb �M/ ;`�M/bQMǶb /`QrMBM; #v- �b ?2 b�r Bi- i?2 /QrMr�`/ TmHH Q7 ;`�pBiv
@ b22 (R)X
9LQi2 i?�i "`v+2 +QM+Hm/2/ ?Bb :_6 2bb�v rBi? i?2 rQ`/b ǳ1ti2`M�H biBKmHB rBHH

#2 m`;2MiHv M22/2/ BM i?2 M2�` 7mim`2 iQ 2M+Qm`�;2 vQmM; T?vbB+Bbib iQ 2K#�`F mTQM
;`�pBi�iBQM�H `2b2�`+? BM bTBi2 Q7 i?2 Q//b-Ǵ r?B+? +H2�`Hv `2bQM�i2/ rBi? #Qi? "�#bQM
�M/ "�?MbQMX
8Jm+? iQ i?2 +?�;`BM Q7 _Q#2`i PTT2M?2BK2` r?Q r�b bmT2`pBbBM; #Qi? Q7 i?2K �i

i?2 S`BM+2iQM AMbiBimi2 7Q` �/p�M+2/ aim/vX PTT2M?2BK2` i?Qm;?i i?�i 2Mi2`BM; i?2



RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti N

h?2 :_6 +QmH/ M2p2` `2�HHv ;�BM i?2 T`2biB;2 Bi bQ /2bB`2/X "�#bQM
?2H/ iQQ Km+? +QMi`QH Qp2` r?�i HBM2b Q7 `2b2�`+? r2`2 BMp2biB;�i2/X aBM+2
?2 r�b MQ b+B2MiBbi- i?2b2 i2M/2/ iQ #2 +`�MFBb? @ BM QM2 :_6 #mHH2iBM i?2
#B#HB+�H KB`�+H2 Q7 C2bmb r�HFBM; QM r�i2` r�b Qz2`2/ mT �b 2pB/2M+2 BM
i?2 TQbbB#BHBiv Q7 �MiB;`�pBiv b?B2H/b- �b r�b i?2 �#BHBiv Q7 �M;2Hb iQ /27v
;`�pBiv5 h?2 :_6 biQQ/ MQ +?�M+2 U�i H2�bi MQi BM i?Bb 7Q`KVX J�`iBM
:�`/M2` 7�KQmbHv KQ+F2/ "�#bQMǶb QrM ;`�pBiv B/2�b BM �M �`iB+H2 2MiBiH2/
ǳaB` Ab��+ "�#bQMǴXeX :�`/M2` +�HH2/ i?2 :_6 ǳT2`?�Tb i?2 KQbi mb2H2bb
b+B2MiB}+ T`QD2+i Q7 i?2 ir2MiB2i? +2Mim`vǴ U(e)- TX NjVX >2 r�b `272``BM; iQ
i?2 bi�i2/ �BKb Q7 i?2 :_6 �M/ Bib 2bb�v +QKT2iBiBQMc M�K2Hv iQ /Bb+Qp2`
bQK2 FBM/ Q7 ;`�pBiv b+`22M Uǵi?2 `B;?i FBM/ Q7 �HHQvǶ @ +7X (k)- TX j9jVX
:�`/M2` `B;?iHv TQBMib Qmi i?�i i?2 +QM+2Ti Q7 � K�i2`B�H i?�i Bb QT�[m2
iQ ;`�pBi�iBQM�H BMi2`�+iBQMb r�b K�/2 Q#bQH2i2 #v i?2 b?B7i iQ i?2 ;2M2`�H
i?2Q`v Q7 `2H�iBpBivX

�;M2r "�?MbQM r�b � +HQb2 7`B2M/ Q7 :2Q`;2 _B/2Qmi- i?2 T`2bB/2Mi
Q7 "�#bQMǶb :_6- �M/ i?2 QM2 r?Q ?�/ BMBiB�HHv bm;;2bi2/ i?2 B/2� Q7 �
:_6 iQ "�#bQMX PM i?2 #�bBb Q7 ?Qr i?2 BMBiB�H Q`;�MBx�iBQM�H K22iBM;b
r2Mi- :�`/M2`Ƕb +`BiB[m2 T2`?�Tb Qz2`2/ mT � ǵ`2+BT2Ƕ 7Q` � KQ`2 bm++2bb7mH
p2Mim`2X q?2`2�b "�#bQM T`QKQi2/ � pBbBQM Q7 bT2+i�+mH�` i2+?MQHQ;B2b
�b � `2bmHi Q7 Bib ;`�pBi�iBQM�H `2b2�`+?- "�?MbQM �/QTi2/ � KQ`2 bQ#2` �T@
T`Q�+?X h?mb- BM i?2 7Q`2rQ`/ Q7 �M 2�`Hv /`�7i U/�i2/ LQp2K#2` Rd- RN88V
7Q` i?2 AP6SǶb T`QKQiBQM�H #`Q+?m`2 "�?MbQM r`Qi2 UBM bi�`F +QMi`�bi iQ
"�#bQMǶb bi�i2K2MibV,

+QKT2iBiBQM �M/ �++2TiBM; i?2 T`Bx2 #`Qm;?i i?2 A�a BMiQ /Bb`2Tmi2X >2 #2HB2p2/ i?�i
�`MQrBii �M/ .2b2` 2tTHQBi2/ i?2B` TQbBiBQMb �i i?2 BMbiBimi2 Ub22 (j)VX LQi2 i?�i S�b@
+m�H CQ`/�M r�b TH�+2/ BM 8i? TQbBiBQM i?Bb b�K2 v2�`- rBi? ?Bb 2bb�v QM ?Bb i?2Q`v
Q7 � p�`B�#H2 ;`�pBi�iBQM�H +QMbi�MiX C�K2b GX �M/2`bQM bm#KBii2/ �M 2bb�v QM i?2
J2�bm`�#BHBiv Q7 :`�pBi�iBQM�H 6B2H/b- #mi r�b MQi TH�+2/ �i �HH @ i?2 b�K2 Bb i`m2 Q7
.2MMBb a+B�K� r?Q r`Qi2 QM � TQbbB#H2 K2i?Q/ Q7 b?B2H/BM; ;`�pBi�iBQM mbBM; J�+?Ƕb
T`BM+BTH2X 6`2/2`BF "2HBM7�Mi2 iQQF Rbi T`Bx2 BM RN8e 7Q` ?Bb T�T2` QM ;`�pBi�iBQM�H �#@
bQ`#2`b �M/ b?B2H/bX AM i?2 RN8d +QKT2iBiBQM- h?QK�b :QH/ iQQF Rbi T`Bx2 7Q` � T�T2`
QM i?2 ;`�pBi�iBQM�H BMi2`�+iBQM Q7 K�ii2` �M/ �MiB@K�ii2`- i?�i ?2 +Q@�mi?Q`2/ rBi?
S?BHBT JQ``BbQM UCQ?M q?22H2` iQQF b2+QM/ T`Bx2- �M/ 62HBt SB`�MB iQQF j`/VX
eh?Bb Bb � `272`2M+2 iQ "�#bQMǶb T2M+?�Mi 7Q` �HH i?BM;b L2riQMB�MX h?Bb T2M+?�Mi H2/

iQ i?2 2bi�#HBb?K2Mi Q7 QM2 Q7 i?2 H�`;2bi +QHH2+iBQMb Q7 ǳL2riQMB�Ǵ U�b ?2 +�HHb Bi- (k) TX
j9yV BM i?2 rQ`H/- QM i?2 +�KTmb Q7 i?2 "�#bQM AMbiBimi2 BM q2HH2bH2v- J�bb�+?mb2iibX
PM2 Q7 i?2 HB#`�`vǶb `QQKb Bb �M �+im�H `QQK mb2/ #v L2riQM r?BH2 BM ?Bb }M�H v2�`b
BM GQM/QMX h?Bb r�b Tm`+?�b2/ #v "�#bQMǶb rB72 r?2M b?2 /Bb+Qp2`2/ i?2 #mBH/BM; r�b
#2BM; /2KQHBb?2/- b?BTT2/ Qp2` 7`QK i?2 lE- �M/ `2#mBHi QM bBi2 �b L2riQM rQmH/ ?�p2
mb2/ Bi ǳrBi? i?2 b�K2 r�HHb- /QQ`b �M/ 2p2M i?2 B/2MiB+�H b?mii2`b +QMi�BMBM; i?2 ?QH2
i?`Qm;? r?B+? ?2 +�``B2/ QM ?Bb }`bi 2tT2`BK2Mib BM +QMM2+iBQM rBi? i?2 /BzmbBQM Q7
HB;?iǴ UHQ+X +BiX- TX j9yVX .�pB/ E�Bb2` ?�b � mb27mH /Bb+mbbBQM Q7 i?Bb +m`BQmb 2TBbQ/2 BM
?Bb S?. i?2bBb- J�FBM; h?2Q`v, S`Q/m+BM; S?vbB+b �M/ S?vbB+Bbib BM SQbir�` �K2`B+�
U>�`p�`/ lMBp2`bBiv- kyyyVX a22 �HbQ E�Bb2` (N)



Ry RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti

AM i?2 KBM/b Q7 i?2 Tm#HB+ i?2 bm#D2+i Q7 ;`�pBiv Bb Q7i2M
�bbQ+B�i2/ rBi? 7�Mi�biB+ TQbbB#BHBiB2bX 6`QK i?2 bi�M/TQBMi Q7
i?2 BMbiBimi2 MQ bT2+B}+ T`�+iB+�H `2bmHib Q7 i?2 bim/B2b +�M #2
7Q`2b22M �i i?Bb iBK2X

AM K�Mv r�vb- i?2M- "�#bQMǶb :_6 r�b mb2/ �b � 7QBH- ?B;?HB;?iBM; i?BM;b
iQ �/QTi #mi UKQ`2 BKTQ`i�MiHvV i?BM;b iQ �pQB/X � H2M;i?v 2t+?�M;2
Q7 H2ii2`b #2ir22M "�?MbQM �M/ b2p2`�H b2MBQ` T?vbB+Bbib U2bT2+B�HHv CQ?M
q?22H2`- r?QK "�?MbQM +H2�`Hv �/KB`2/ � ;`2�i /2�HV b2i iQ rQ`F QM
2`�/B+�iBM; �Mv �bT2+ib i?�i KB;?i H2�/ iQ +H�BKb i?�i i?2 BMbiBimi2 r�b
7Q` +`�+FTQi `2b2�`+?X

AM RN88- :X aX h`BK#H2- pB+2 T`2bB/2Mi Q7 i?2 :H2MM J�`iBM *QKT�Mv-
r`Qi2 iQ "`v+2 .2qBiid i?�i,

.m`BM; � `2+2Mi +QMp2`b�iBQM rBi? J`X :2Q`;2 _B/2Qmi-
T`2bB/2Mi Q7 _Q;2` "�#bQMǶb :`�pBiv _2b2�`+? 6QmM/�iBQM- r2
r2`2 +QKKBb2`�iBM; QM i?2 mM7Q`imM�i2 bi�i2 Q7 i?2 �z�B`b i?�i
FMQrH2/;�#H2 7QHFb /Q MQi rBb? iQ ;2i ǳKBt2/ mTǴ BM i?2 }2H/
Q7 ;`�pBiv `2b2�`+?X .m`BM; i?2 +Qm`b2 Q7 i?2 +QMp2`b�iBQM ?2
`2pB2r2/ rBi? K2 vQm` bm;;2biBQM i?�i T2`?�Tb ?Bb :`�pBiv _2@
b2�`+? 6QmM/�iBQM KB;?i #2 i`�Mb7Q`K2/ 7`QK Bib T`2b2Mi 7mM+@
iBQM BMiQ �M �+iBp2 +2Mi2` Q7 `2b2�`+? +QM+2Mi`�iBM; QM i?2 }2H/
Q7 ;`�pBivX >2 �HbQ iQH/ K2 i?�i i?2 7QmM/�iBQM r�b MQi �#H2
iQ mM/2`i�F2 bm+? �M 2tT�MbBQMX UG2ii2` 7`QK :X aX h`BK#H2
iQ "`v+2 .2qBii- /�i2/- CmM2 Ry- RN88V

Ai b22Kb i?�i .2qBii ?�/ bm;;2bi2/ iQ "�#bQM bQK2i?BM; �HQM; i?2 HBM2b
Q7 i?2 AMbiBimi2b 7Q` �/p�M+2/ aim/v @ � KQ/2H ?2 r�b p2`v 7�KBHB�` rBi?
bBM+2 #Qi? ?2 �M/ ?Bb bQQM iQ #2 rB72 *û+BH2 JQ`2ii2- ?�/ #Qi? bT2Mi iBK2
BM b2p2`�H Q7 i?2KX h?Bb KQ/2H }ii2/ rBi? i?2 :H2MM J�`iBM *QKT�MvǶb
TH�MbX >Qr2p2`- i?2B` ;Q�H r�b MQi Tm`2 `2b2�`+?- #mi bQK2i?BM; ;`�M/2`-
Bi b22Kb @ h`BK#H2 /2b+`B#2b i?2 T`QTQb2/ �+iBpBiv �b �M ǳBM/mbi`B�H p2`bBQM
Q7 i?2 AMbiBimi2 7Q` �/p�M+2/ aim/vǴX3 h?2 H2ii2` ;Q2b QM,
d�i i?Bb iBK2 b2MBQ` `2b2�`+? T?vbB+Bbi- _�/B�iBQM G�#Q`�iQ`v- lMBp2`bBiv Q7 *�HB7Q`MB�-

"2`F2H2v �M/ GBp2`KQ`2- i?2M rQ`FBM; QM /2iQM�iBQM ?v/`Q/vM�KB+bX
3h`BK#H2 K�F2b �M BMi2`2biBM; `2K�`F +QM+2`MBM; i?2 iB;?i `2H�iBQMb?BT #2ir22M b+B@

2MiB}+ `2b2�`+? �M/ bQ+B2iv, ǳ(q)2 722H KQ`�HHv Q#HB;�i2/ iQ Tmb? 7Q`r�`/ BM i?2 #�bB+
b+B2M+2b �M/ r2 #2HB2p2 �b � /vM�KB+ BM/mbi`v r2 +�M T`QpB/2 i?2 KQiBp�iBQM 7Q` �/@
p�M+2b i?�i +�M #2 Q#i�BM2/ BM MQ Qi?2` r�vǴX AM Qi?2` rQ`/b- 7Q` #2ii2` Q` 7Q` rQ`b2-
i?2 Tm`bmBi Q7 +2`i�BM �`2�b Q7 #�bB+ `2b2�`+? /2K�M/ bQK2 FBM/ Q7 KQiBp�iBQM #2vQM/
i?2 b2�`+? 7Q` /22T2` FMQrH2/;2X S`�+iB+�H �TTHB+�iBQMb �`2 QM2 r�v iQ KQiBp�i2 bm+?
bim/vX



RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti RR

Ai Q++m``2/ iQ mb bQK2iBK2 �;Q i?�i Qm` BM/mbi`v r�b pBi�HHv
+QM+2`M2/ rBi? ;`�pBivX �b iBK2 ;Q2b QM r2 #2+QK2 KQ`2 �M/
KQ`2 +QM+2`M2/ #2+�mb2 r2 722H +2`i�BM i?�i bQQM2` Q` H�i2`
K�M rBHH BMp�/2 bT�+2 �M/ r2 b22 Bi �b Qm` DQ# iQ /Q 2p2`v@
i?BM; TQbbB#H2 iQ bT22/ i?Bb 2p2MiX �i H2�bi QM2 +�i2;Q`v Q7 i?2
i?BM;b QM2 Kmbi bim/v- r?2M ?2 /2bB`2b iQ #`BM; bT�+2 ~B;?i iQ
� `2�HBiv- Bb i?2 H�rb Q7 M�im`2 bm``QmM/BM; i?2 7Q`+2 Q7 ;`�pBivX
UB#B/XV

PM2 rQM/2`b r?�i _Q;2` "�#bQM rQmH/ ?�p2 K�/2 Q7 i?2 7�+i i?�i Bi r�b
L2riQMǶb 2[m�iBQMb i?�i ;Qi K�M BMiQ bT�+25N h`BK#H2 #2KQ�Mb i?2 7�+i
i?�i KQbi Q7 i?Qb2 rQ`FBM; QM ;`�pBi�iBQM �`2 ǳK�/ K2M �M/ [m�+FbǴ @
T2`?�Tb ?2 ?�b i?Qb2 +QMM2+i2/ rBi? "�#bQMǶb QrM 2M/2�pQm` BM KBM/\
AM/22/- MQi2b h`BK#H2- �Mv `2H2p�Mi rQ`F i?�i i?2v ?�/ /QM2 QM bT�+2 ~B;?i
?�/ #22M +QMi`�+i2/ Qmi iQ :2`K�M b+B2MiBbib rQ`FBM; rBi?BM :2`K�MvX

GQmBb qBii2M Ui?2 7�i?2` Q7 1/ qBii2M- �M/ T�`iB+BT�Mi BM i?2 *?�T2H
>BHH +QM72`2M+2VRy r�b i?2 }`bi `2b2�`+?2` ?B`2/ #v _A�a- Q7 i?2 :H2MM
J�`iBM *QKT�MvX >2 �TT`Q�+?2/ .2qBii BM � #B/ iQ ?�p2 ?BK DQBM _A�a-
#mi .2qBii r�b i?2M �H`2�/v #2BM; �TT`Q�+?2/ #v "�?MbQM- Qz2`BM; KQ`2
Hm+`�iBp2 i2`Kb U#Qi? 7Q` ?BK �M/ *û+BH2V, i?2 T`QKBb2 Q7 � TQbBiBQM BM �
KQ`2 i`�/BiBQM�HHv �+�/2KB+ 2MpB`QMK2Mi- #mi rBi? i?2 7`22/QK Q7 �M 2t@
i2`M�HHv 7mM/2/ TQbBiBQM- rQmH/ mHiBK�i2Hv rBM QmiX >Qr2p2`- h`BK#H2- �M/
i?2 :H2MM J�`iBM *QKT�Mv MQM2i?2H2bb TH�v2/ � `QH2 BM ?2HTBM; i?2 AP6S
;2i Qz i?2 ;`QmM/X LQi QMHv /B/ i?2v Tm`+?�b2 � ǵ6QmM/2`Ƕb J2K#2`b?BTǶ
7Q` i?2 AMbiBimi2 Q7 6B2H/ S?vbB+b- 7Q` i?2 +QMbB/2`�#H2 bmK Q7 08yyy- i?2v
�HbQ Qz2`2/ i?2B` bmTTQ`i iQ bQHB+Bi 7m`i?2` 7mM/BM; UH2ii2` 7`QK h`BK#H2
iQ "�?MbQMVX h?2 H2ii2` `2T`Q/m+2/ BM 6B;X RXR- 7`QK "�?MbQM iQ "`v+2
�M/ *û+BH2 .2qBii- b?Qrb Dmbi ?Qr iB;?iHv #QmM/ BM/mbi`v- KBHBi�`v- �M/
`2b2�`+? r2`2 �i i?Bb iBK2- �M/ �HbQ ?Qr Km+? BM~m2M+2 � bBM;H2 BM/BpB/m�H
+QmH/ TQbb2bbX

h?2 TH�M Q7 i?2 AP6S r�b iQ ?Qmb2 �M BMbiBimi2 rBi?BM �M �+�/2KB+
BMbiBimiBQM- bQ �b iQ �pQB/ i?2 +QM~B+i i?�i T?vbB+Bbib 72Hi rQ`FBM; BM �M
BM/mbi`B�H b2iiBM;X h?2 +?Qb2M HQ+�iBQM r�b i?2 T?vbB+b /2T�`iK2Mi �i i?2
lMBp2`bBiv Q7 LQ`i? *�`QHBM�- *?�T2H >BHHX AM Q`/2` iQ H2M/ 7m`i?2` T`2b@
iB;2 iQ i?2 AP6S- "�?MbQM b2+m`2/ H2ii2`b Q7 +QKK2Mi 7`QK b2p2`�H Q7 i?2
KQbi T`QKBM2Mi T?vbB+Bbib Q7 i?2 /�v- BM+Hm/BM; "2HBM7�Mi2- PTT2M?2BK2`-
N*m`BQmbHv- .2qBii H�i2` /B/ � `2TQ`i QM ǳh?2 b+B2MiB}+ mb2b Q7 H�`;2 bT�+2 b?BTbǴ- 7Q`

i?2 .2T�`iK2Mi Q7 .272Mb2 U:2M2`�H �iQKB+ `2TQ`i :�J. Ne8- RN8NVX
Ry"Q# "�bb- r?Q +Q�mi?Q`2/ i?2 T�T2` rBi? qBii2M BM i?Bb +QM72`2M+2 `2TQ`i- r�b i?2
}`bi T2`bQM iQ #2 ?B`2/ #v qBii2M- BM RN8eX "�bb- iQ;2i?2` rBi? qBii2M- rQmH/ H�i2`
K�M�;2 iQ ?B`2 _X 1X E�HK�M �M/ aQHQKQM G27b+?2ix- BM RN8e �M/ RN8d `2bT2+iBp2HvX



Rk RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti

6B;m`2 RXR, G2ii2` 7`QK �;M2r "�?MbQM iQ i?2 .2qBiib 7`QK i?2 2�`Hv
T?�b2 Q7 i?2 /2p2HQTK2Mi Q7 i?2 AMbiBimi2 Q7 6B2H/ S?vbB+b-
.2+2K#2` kN- RN88X



RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti Rj

.vbQM- h2HH2`- 62vMK�M- �M/ q?22H2`X q?22H2` /B/ Km+? #2?BM/ i?2
b+2M2b b+mHTiBM; Q7 i?2 AP6S- �M/ r�b- M2ti iQ "�?MbQM- T2`?�Tb KQbi `2@
bTQMbB#H2 7Q` i?2 #`BM;BM; �#Qmi Q7 i?2 AP6SX 6Q` 2t�KTH2- Bi r�b q?22H2`
r?Q i2KT2`2/ "�?MbQMǶb QrM UbQK2r?�i "�#bQM2b[m2V T`QTQb�H 2MiBiH2/
ǳh?2 :HQ`BQmb Zm2biǴ- iQ K�F2 Bi KQ`2 �ii`�+iBp2 iQ 7mM/BM; �;2M+B2b,
ǳ1#mHHB2Mi �b vQm �M/ A �`2- A bmbT2+i bQ#2` ;QBM; K�v ;Q 7m`i?2` r?2M Bi
+QK2b iQ ;2iiBM; KQM2v 7`QK � 7QmM/�iBQMǴ Uq?22H2` iQ "�?MbQM- �m;mbi
kN- RN88VX h?2M- r`BiBM; iQ i?2 �+iBM; T`2bB/2Mi Q7 i?2 lMBp2`bBiv Q7 LQ`i?
*�`QHBM�- >�``Bb Sm`Fb- LQp2K#2` k8- RN88- q?22H2` r`Bi2b Q7,

i?2 �#bQHmi2 M2+2bbBiv iQ �pQB/ B/2MiB}+�iBQM rBi? bQ@+�HH2/
ǳ�MiB@;`�pBiv `2b2�`+?Ǵ i?�i K�v #2 iQ/�vǶb p2`bBQM Q7 i?2 H�bi
+2Mim`vǶb b2�`+? 7Q` � T2`T2im�H KQiBQM K�+?BM2X (XXX)
lM7Q`imM�i2Hv- i?2`2 �`2 b2Mb�iBQM�HBbib QMHv iQQ rBHHBM; iQ

+QM7mb2 BM i?2 Tm#HB+ KBM/ i?2 /BbiBM+iBQM #2ir22M bQ@+�HH2/
ǳ�MiB@;`�pBiv `2b2�`+?Ǵ XXX �M/ `2bTQMbB#H2- r2HH BM7Q`K2/ �i@
i2KTib iQ mM/2`bi�M/ }2H/ T?vbB+b �M/ ;`�pBi�iBQM�H i?2Q`v �i
i?2 H2p2H r?2`2 Bi `2�HHv Bb Kvbi2`BQmb- QM i?2 b+�H2 Q7 i?2 mMB@
p2`b2 �M/ BM i?2 2H2K2Mi�`v T�`iB+H2 /QK�BMX

>2 ;Q2b QM iQ �TTH�m/ i?2 bi2T UBM 7�+i bm;;2bi2/ #v q?22H2` ?BKb2H7-
2�`HB2`V Q7 �ii�+?BM; iQ 2p2`v TB2+2 Q7 AP6S Tm#HB+Biv � ǵ/Bb+H�BK2`Ƕ iQ i?2
2z2+i i?�i i?2 AP6S Bb BM MQ r�v +QMM2+i2/ iQ �MiB@;`�pBiv `2b2�`+?X h?Bb
ǳS`Qi2+iBQM *H�mb2Ǵ rQmH/ #2 �ii�+?2/ iQ 2�+? AP6S bi�i2K2Mi,

h?2 rQ`F BM }2H/ T?vbB+b �M/ ;`�pBi�iBQM i?2Q`v +�``B2/ QM �i
i?2 lMBp2`bBiv Q7 LQ`i? *�`QHBM� �i *?�T2H >BHH- �M/ }M�M+2/
#v i?2 AMbiBimi2 Q7 6B2H/ S?vbB+b- �b 7mM/ `�BbBM; �;2M+v- ?�b MQ
+QMM2+iBQM rBi? bQ@+�HH2/ ǳ�MiB@;`�pBiv `2b2�`+?Ǵ Q7 r?�i2p2`
FBM/ �M/ 7Q` r?�i2p2` Tm`TQb2bX Aib b+B2MiBbib- #�bBM; i?2B`
BMp2biB;�iBQMb mTQM p2`B}�#H2 /�i�- �++2Ti i?2 L2riQM@1BMbi2BM
�M�HvbBb Q7 ;`�pBiv �b 7`22 Q7 � bBM;H2 2bi�#HBb?2/ 2t+2TiBQM- �M/
�b i?2 KQbi +QKT`2?2MbBp2 T?vbB+�H /2b+`BTiBQM r2 ?�p2 iQ/�vX
h?2v b22F i?2 BKTHB+�iBQMb Q7 ;`�pBiv �M/ Qi?2` }2H/b Q7 7Q`+2
�i i?2 H2p2H Q7 i?2 2H2K2Mi�`v T�`iB+H2bX JQ`2 ;2M2`�HHv- i?2
*?�T2H >BHH T`QD2+i Bb � KQ/2bi �ii2KTi iQ H2�`M KQ`2 �#Qmi
i?2 M�im`2 Q7 K�ii2` �M/ 2M2`;vX

h?Bb 2tT2/B2Mi- q?22H2` �`;m2/- Bb M2+2bb�`v iQ �pQB/ /Bb+Qm`�;BM; #Qi?
bTQMbQ`b �M/ b+B2MiBbibX h?2 K2bb�;2 i?�i �MiB@;`�pBiv +QMMQi�iBQMb Kmbi
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#2 �pQB/2/ �i �HH +Qbib `mMb i?`Qm;? Km+? Q7 i?2 +Q``2bTQM/2M+2 �M/ 7QmM@
/�iBQM /Q+mK2Mib HBF2 � K�Mi`�X Ai +H2�`Hv TH�v2/ � pBi�H `QH2 UBM i?2 KBM/b
Q7 T?vbB+BbibV BM 2bi�#HBb?BM; i?2 H2;BiBK�+v Q7 i?2 2Mi2`T`Bb2X

q?22H2` /B/ MQi ?QH/ #�+F QM i?2 M22/ 7Q` i?2 AP6S- i?Qm;? ?Bb
+H�BKb r2`2 KQ/2`�i2/ bQK2r?�i #v � FMQrH2/;2 i?�i T`Q;`2bb KB;?i r2HH
#2 p2`v bHQr,

Ai Bb ?�`/ iQ b22 ?Qr QM2 +�M ;2i iQ i?2 #QiiQK Q7 i?2 2H2K2M@
i�`v T�`iB+H2 T`Q#H2K @ i?2 +2Mi`�H Bbbm2 Q7 KQ/2`M T?vbB+b @
rBi?Qmi +QKBM; iQ i?2 p2`v 7QmM/�iBQMb Q7 Qm` T?vbB+�H rQ`H/
�M/ i?2 bi`m+im`2 Q7 bT�+2 �M/ iBK2X :`�pBiv- }2H/b �M/ T�`iB@
+H2b Kmbi BM i?2 2M/ #2 �HH QM2 mMBivX h?2 �#b2M+2 Q7 �Mv T�`�@
/Qt Q` /Bb+`2T�M+v BM ;`�pBi�iBQM i?2Q`v �i i?2 ?mK�M �M/
�bi`QMQKB+�H H2p2Hb +`2�i2b �M Q#HB;�iBQM iQ �TTHv 1BMbi2BMǶb
B/2�b /QrM iQ bK�HH2` �M/ bK�HH2` /Bbi�M+2bX PM2 Kmbi +?2+F
�b QM2 ;Q2b- mMiBH QM2 ?�b 2Bi?2` � bm++2bb7mH 2ti2MbBQM iQ i?2
p2`v bK�HH2bi /Bbi�M+2b- Q` � /2}MBi2 +QMi`�/B+iBQM Q` T�`�/Qt
i?�i rBHH /2K�M/ `2pBbBQMX XXX h?2 +?�HH2M;2 +�MMQi #2 2p�/2/X
1t�+iHv ?Qr iQ T`Q+22/ Bb � K�ii2` Q7 rBb/QK- bFBHH- Dm/;2K2Mi-
�M/ � ;QQ/ B/2�X LQ#Q/v ;m�`�Mi22b iQ ?�p2 � ;QQ/ B/2�- #mi
i?2 .2qBiib- 7Q`imM�i2Hv- ?�p2 � p2`v bQmM/ TH�M Q7 r?�i iQ
/Q r?BH2 b2�`+?BM; 7Q` � ;QQ/ B/2�X h?2v T`QTQb2 iQ /Q bQK2@
i?BM; i?�i ?�b HQM; M22/2/ /QBM; @ ?2HT K�F2 +H2�` i?2 7mM/�@
K2Mi�H 7�+ib �M/ T`BM+BTH2b Q7 ;2M2`�H `2H�iBpBiv bQ +H2�`Hv �M/
BM2b+�T�#Hv i?�i 2p2`v +QKT2i2Mi rQ`F2` FMQrb r?�i Bb `B;?i
�M/ r?�i Bb r`QM;X h?2v +�M /Q Km+? iQ +H2�` �r�v i?2 /2#`Bb
Q7 `mBM2/ i?2Q`B2b 7`QK i?2 `Q+FHBF2 bQHB/Biv Q7 1BMbi2BMǶb ;`�p@
Bi�iBQM i?2Q`v bQ Bib K2�MBM; �M/ +QMb2[m2M+2b rBHH #2 +H2�` iQ
�HHX h?Bb Bb � ;`2�i 2Mi2`T`Bb2X 1BMbi2BMǶb i?2Q`v Q7 i?2 bT�+2@
iBK2@;`�pBi�iBQM }2H/ Bb 2p2M `B+?2` i?�M J�tr2HHǶb i?2Q`v Q7
i?2 2H2+i`QK�;M2iB+ }2H/X h?�i }2H/ ?�b #22M BMp2biB;�i2/ 7Q`
K�Mv v2�`b- �M/ MQr 7Q`Kb i?2 7QmM/�iBQM 7Q` � ;`2�i b+B2M+2X
PM2 +�MMQi 722H T?vbB+b ?�b /QM2 Bib DQ# mMiBH � bBKBH�`Hv +QK@
TH2i2 BMp2biB;�iBQM ?�b #22M K�/2 7Q` i?2 ;`�pBi�iBQM�H }2H/X
UCQ?M q?22H2`- H2ii2` iQ "�?MbQM- LQp2K#2` k8- RN88V

h?Qm;? i?2`2 Bb- Q7 +Qm`b2- � ;QQ/ /2�H Q7 +QHQm`7mH `?2iQ`B+ BM i?Bb T�bb�;2-
Bi MQM2i?2H2bb b?Qrb i?2 BKTQ`i�M+2 BM q?22H2`Ƕb KBM/ Q7 i?2 `QH2 i?�i i?2
AP6S U�M/ i?2 .2qBiibV rQmH/ TH�vX ULQi2 i?�i q?22H2` ?�/ QMHv Dmbi
`2+2MiHv ?�/ iQ BMi2`p2M2 BM � T`QTQb�H Q7 a�Km2H :Qm/b+?KB/iǶb iQ BKTQb2
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�M 2K#�`;Q QM �HH T�T2`b /2�HBM; rBi? ;2M2`�H `2H�iBpBiv �M/ mMB}2/ }2H/
i?2Q`v 7`QK i?2 T�;2b Q7 S?vbB+�H _2pB2r @ +7X (8)- TX 9R9XV

h?2 p�`BQmb H2ii2`b Q7 bmTTQ`i U/�iBM; 7`QK #2ir22M P+iQ#2` RN88 �M/
C�Mm�`v RN8eV- 7Q` r?B+? i?2 T`2+2/BM; H2ii2` 7`QK q?22H2` iQ Sm`Fb T`Q@
pB/2b � +Qp2` H2ii2`- ?B;?HB;?i i?2 `2+Q;MBiBQM i?�i ;2M2`�H `2H�iBpBiv �M/
;`�pBi�iBQM�H `2b2�`+? ?�/ #22M mM7�B`Hv M2;H2+i2/- �M/ i?2 M22/ 7Q` � `2@
M2r�H Q7 BMi2`2biX PTT2M?2BK2` r`Bi2b i?�i ?2 ǳb?�`2b rBi? KQbi T?vbB+Bbib
i?2 BKT`2bbBQM i?�i i?Bb }2H/ ?�b #22M `�i?2` M2;H2+i2/ #v mbǴX .vbQM b2+@
QM/b i?Bb U�b /Q2b LQ`/?2BKV- #mi �//b bQK2 +QM/BiBQMb 7Q` bm++2bb- KQ`2
Q` H2bb `2Bi2`�iBM; r?�i q?22H2` ?�/ �H`2�/v b�B/, i?�i BKK2/B�i2 `2bmHib
b?QmH/ MQi #2 2tT2+i2/- �M/ i?�i UǳiQ �pQB/ #2+QKBM; BbQH�i2/ �M/ bi2`@
BH2ǴV i?2 BMbiBimi2 b?QmH/ #2 b2iiH2/ �b }`KHv �b TQbbB#H2 BM ǳi?2 7`�K2rQ`F
Q7 MQ`K�H mMBp2`bBiv HB72ǴX 1/r�`/ h2HH2` `2K�`Fb BM ?Bb H2ii2` i?�i ǳ�
+QKT`2?2MbBp2 2t�KBM�iBQM Q7 ;2M2`�H `2H�iBpBiv �M/ ?B;?@2M2`;v T?vbB+b-
iQ;2i?2` rBi? �M BMp2biB;�iBQM Q7 i?2 BMi2`�+iBQM #2ir22M i?2b2 irQ }2H/b
K�v p2`v r2HH H2�/ iQ i?2 2bb2MiB�H �/p�M+2 7Q` r?B+? r2 �`2 �HH HQQFBM;ǴX

62vMK�M iQQ pQB+2/ i?2 QTBMBQM i?�i ǳi?2 T`Q#H2K Q7 i?2 `2H�iBQM
Q7 ;`�pBi�iBQM iQ i?2 `2bi Q7 T?vbB+b Bb QM2 Q7 i?2 Qmibi�M/BM; i?2Q`2iB+�H
T`Q#H2Kb Q7 Qm` �;2ǴX >Qr2p2`- ?2 r�b H2bb TQbBiBp2 �#Qmi i?2 +?�M+2b Q7
i?2 T`QTQb2/ BMbiBimi2 BM Ur?�i ?2 i?Qm;?i r�bV Bib Q`B;BM�H 7Q`KX 62vM@
K�M r�b MQi +QMpBM+2/ i?�i �M BM/mbi`B�HHv 7mM/2/ BMbiBimi2- /2i�+?2/
7`QK � mMBp2`bBiv- +QmH/ TQbbB#Hv /2HBp2` i?2 `2[mBbBi2 ~2tB#BHBiv iQ /2p2HQT
M2r 7mM/�K2Mi�H FMQrH2/;2, i?�i `2[mB`2/ �#bQHmi2 7`22/QK iQ #QmM+2
�`QmM/ #2ir22M iQTB+b- �b QM2 +?Qb2X PM H2�`MBM; i?�i i?2 BMbiBimi2 r�b iQ
#2 ?Qmb2/ BM � mMBp2`bBiv- 62vMK�M r�b mM`2b2`p2/Hv TQbBiBp2 �#Qmi i?2
T`QTQb�H UH2ii2` iQ q?22H2`- /�i2/ .2+2K#2` k- RN88VX

CQ?M hQHH- ?2�/ Q7 T?vbB+b �i i?2 lMBp2`bBiv Q7 J�`vH�M/- r`Bi2b- /B@
`2+iHv /Bb+mbbBM; i?2 Qi?2` H2ii2`b,

JQbi Q7 Kv +QHH2�;m2b ?�p2 TQBMi2/ Qmi BM i?2B` +QKK2Mib
i?�i i?2 }2H/ Q7 ;2M2`�H `2H�iBpBiv ?�b MQi `2+2Bp2/ i?2 �ii2M@
iBQM r?B+? Bi /2b2`p2b �M/ i?�i Bi Bb T�`iB+mH�`Hv BKTQ`i�Mi
iQ �ii2KTi iQ Q#i�BM bQK2 bvMi?2bBb Q7 i?2 K2i?Q/b �M/ +QM@
+2Tib mb2/ BM ;2M2`�H `2H�iBpBiv rBi? i?2 B/2�b MQr 2KTHQv2/
iQ /Bb+mbb 2H2K2Mi�`v T�`iB+H2bX PM2 `2�bQM 7Q` i?2 M2;H2+i Q7
;2M2`�H `2H�iBpBiv ?�b #22M i?2 ;`2�i /B{+mHiv Q7 rQ`F BM i?Bb
}2H/ r?B+? +?�HH2M;2b 2p2M i?2 #2bi i?2Q`2iB+�H T?vbB+Bbibc bQ@
HmiBQM Q7 i?2 K�DQ` T`Q#H2Kb BMpQHp2/ rBHH T`Q#�#Hv `2[mB`2 �
/2i2`KBM2/ T`Q;`�K r?B+? K�v 2ti2M/ Qp2` K�Mv v2�`bX �
b2+QM/ �M/ `2H�i2/ `2�bQM ?�b #22M i?2 /B{+mHiv Q7 Q#i�BMBM;
�/2[m�i2 bmTTQ`i 7Q` i?Bb }2H/c i?2 T`Q#H2Kb �`2 MQi Q7 i?2



Re RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti

ivT2 r?B+? �`2 bmTTQ`i2/ #v 72/2`�H �;2M+B2b r?B+? }M�M+2 bQ
Km+? Q7 i?2 `2b2�`+? BM T?vbB+b BM i?2 lMBi2/ ai�i2b #v b?Q`i
i2`K +QMi`�+ib- KQbiHv BM }2H/b r?B+? �TT2�` iQ ?�p2 KQ`2 BK@
K2/B�i2 �TTHB+�#BHBiv iQ /272M+2 T`Q#H2KbX UG2ii2` 7`QK CX aX
hQHH iQ CQ?M q?22H2`- /�i2/ .2+2K#2` k3- RN88XV

h?Bb r�b �HH r`Bii2M iQr�`/b i?2 2M/ Q7 RN88XRR "v RN8d i?2 TB+im`2 HQQF2/
`2K�`F�#Hv `QbB2`X q?2i?2` Bi r�b /m2 iQ bQK2 /2;`22 Q7 BM~m2M+2 Q7 i?2
AP6SRk �M/fQ` _A�a UQ` i?2 #2;BMMBM;b Q7 i?2 ǵaT�+2 _�+2Ƕ �M/ i?2 *QH/
q�`V- i?2 �B` 6Q`+2 �M/ i?2 .2T�`iK2Mi Q7 .272Mb2 BM 7�+i bQQM #2;�M iQ
7mM/ 7mM/�K2Mi�H `2b2�`+? BM ;`�pBi�iBQM�H T?vbB+bX _�i?2` 7Q`imBiQmbHv-
CQb?m� :QH/#2`; r�b- �i i?2 iBK2 Q7 i?2 2bi�#HBb?K2Mi Q7 i?2 AP6S �M/
i?2 +QM72`2M+2- BM +?�`;2 Q7 �bT2+ib Q7 i?2 �B` 6Q`+2Ƕb 7mM/BM; Q7 ;2M2`�H
`2H�iBpBiv- BM i?2 ǵKQ/2`M T?vbB+b `2b2�`+? #`�M+?Ƕ U#�b2/ �i i?2 �2`Q@
M�miB+�H _2b2�`+? G�#Q`�iQ`v �i q`B;?i S�ii2`bQM �B` 6Q`+2 "�b2VX AM
�//BiBQM iQ � 08yyy ;`�Mi- QM2 Q7 i?2 Up2`v +`m+B�HV i?BM;b ?2 r�b �#H2
iQ /Q r�b b2+m`2 J�ha UJBHBi�`v �B` h`�MbTQ`i a2`pB+2V i`�MbTQ`i�iBQM
iQ �M/ 7`QK i?2 la� UBMBiB�HHv Dmbi 7Q` :û?ûMB�m- _Qb2M- �M/ G�m`2Mi-
#mi H�i2` i?Bb rQmH/ BM+Hm/2 i`�MbTQ`i�iBQM 7Q` "2?`�K Em`bmMQ;Hm 7`QK
hm`F2v �M/ _vQvm liBv�K� 7`QK C�T�M- 2ti2M/BM; iQ RR M�iBQMb BM �HHVX
AM � H2ii2` iQ "`v+2 .2qBii U/�i2/ P+iQ#2` j- RN8eV- :QH/#2`; MQi2b i?�i
i?2 bm;;2biBQM iQ mb2 �B` 6Q`+2 i`�MbTQ`i�iBQM iQ #`BM; Qp2` T?vbB+Bbib

RR.2+2K#2` d- RN88 b�r .2qBii /2HBp2` � T�T2` 7Q+mbBM; QM +m``2Mi `2b2�`+? BM ;`�pBi�@
iBQM�H T?vbB+b iQ i?2 �K2`B+�M �bi`QM�miB+�H aQ+B2iv UTm#HBb?2/ �b (9)VX "v i?Bb iBK2 ?2
r�b �#H2 iQ ;Bp2 ?Bb TQbBiBQM �b ǵ.B`2+iQ` Q7 i?2 AP6SǶX h?2 i�HF r�b +H2�`Hv BMi2M/2/ �b
� TB2+2 Q7 T`QT�;�M/� 7Q` i?2 AP6SX .2qBii QT2M2/ #v /Bbi�M+BM; ?Bb rQ`F 7`QK �Mv
7Q`2b22�#H2 T`�+iB+�H �TTHB+�iBQMbX >2 i?2M MQi2b i?2 H�+F Q7 b2`BQmb `2b2�`+? #2BM; +�`@
`B2/ Qmi- +QmMiBM; Dmbi b2p2M BMbiBimiBQMb rBi? ;`�pBi�iBQM `2b2�`+? T`QD2+ib, av`�+mb2-
S`BM+2iQM- Sm`/m2- lL*- *�K#`B/;2- S�`Bb- �M/ aiQ+F?QHK @ rBi? _A�a- AM+- QM i?2
BM/mbi`B�H bB/2X .2qBii K2MiBQMb 2p2M �i i?Bb 2�`Hv bi�;2 Q7 [m�MimK ;`�pBiv ?BbiQ`v
i?2 T`Q#H2Kb i?�i rQmH/ TH�;m2 i?2 [m�MimK ;2QK2i`Q/vM�KB+�H �TT`Q�+? i?`Qm;?Qmi
Bib 2tBbi2M+2 UmMiBH Bi i`�Mb7Q`K2/ BMiQ HQQT [m�MimK ;`�pBivV, i?2b2 �`2 i?2 T`Q#H2Kb
Q7 /2}MBM; i?2 2M2`;v �M/ i?2 [m�MiBiB2b i?�i �`2 +QMb2`p2/ rBi? `2bT2+i iQ Bi UBX2X i?2
Q#b2`p�#H2bV- �M/ i?2 7�+iQ` Q`/2`BM; T`Q#H2KX Uh?Bb T`Q#H2K `272`b iQ �M Bbbm2 +�mb2/
#v i?2 bi`�B;?i7Q`r�`/ +�MQMB+�H [m�MiBx�iBQM Q7 ;2M2`�H `2H�iBpBiv- #�b2/ QM i?2 K2i`B+
p�`B�#H2bX �++Q`/BM; iQ i?2 bi�M/�`/ [m�MiBx�iBQM �H;Q`Bi?K- r?2M QM2 K22ib � KQ@
K2MimK i2`K- QM2 bm#biBimi2b � /2`Bp�iBp2X >Qr2p2`- r?2M i?Bb T`Q+2/m`2 Bb �TTHB2/ BM
;2M2`�H `2H�iBpBiv- QM2 7�+2b bBim�iBQMb r2`2 QM2 ?�b T`Q/m+ib- �M/ bQ QM2 ?�b iQ KmHiBTHv
�b r2HH �b /Bz2`2MiB�i2X h?2 Q`/2` BM r?B+? QM2 /Q2b i?Bb K�ii2`b 7Q` i?2 7Q`K Q7 i?2
}M�H r�p2 2[m�iBQMXV h?2 7Q`K2` r�b bim/B2/ #v "2`;K�MMǶb ;`QmT �i av`�+mb2- r?BH2
i?2 H�ii2` T`Q#H2K r�b bim/B2/ #v .2qBiiǶb QrM ;`QmT �i i?2 AP6SX
RkLQi bQ 7�` 72i+?2/ �b Bi KB;?i bQmM/X "�?MbQM MQi2b BM � H2ii2` iQ "`v+2 �M/ *û+BH2
Q7 .2+2K#2` kN- RN8e- i?�i #v i?2M i?2 �B` 6Q`+2 ?�/ 2tT`2bb2/ BMi2`2bi BM i?2B` rQ`F
Ui?Bb ?2 ?2�`/ /B`2+iHv 7`QK :H2MM J�`iBMV @ b22 6B;XRXRX



RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti Rd

7`QK 1m`QT2 ?�/ #22M S2i2` "2`;K�MMǶb B/2� @ :QH/#2`; ;Bp2b � T2`bQM�H
�++QmMi Q7 ?Bb `QH2 BM i?2 �B` 6Q`+2Ƕb bmTTQ`i Q7 ;2M2`�H `2H�iBpBiv U�M/ i?2
TQbbB#H2 `2�bQMb #2?BM/ i?2 KBHBi�`v bmTTQ`i Q7 `2b2�`+? BM ;`�pBi�iBQMV BM
(d)X am+? 7`22 i`�MbTQ`i�iBQM #2+�K2 +QKKQMTH�+2 7Q` i?2 AP6S �i i?Bb
iBK2- �M/ bBM+2 K�Mv +QKK2Mi�iQ`b r?Q HBp2/ i?`Qm;? i?Bb 2tT2`B2M+2
?�p2 bm;;2bi2/ i?�i i?2 �#BHBiv iQ #2 �#H2 iQ M2irQ`F- K�/2 TQbbB#H2 #v
i?2 �p�BH�#BHBiv Q7 2�bv i`�MbTQ`i�iBQM- TH�v2/ � F2v `QH2 BM i?2 `22K2`@
;2M+2 Q7 ;`�pBi�iBQM�H T?vbB+bX G�i2` 7mM/BM; rQmH/ �HbQ i�F2 i?2 7Q`K Q7
7`22 +QKTmiBM; iBK2 QM A"JǶb #2bi K�+?BM2bRj- �M/ UBM HBKBi2/ +�b2bV 7`22
~B;?ib QM hq�Ƕb HBM2X

a2+m`BM; �//BiBQM�H 7mM/BM; 7Q` i?2 +QM72`2M+2 r�b iBK2@+QMbmKBM;X
AM J�v RN8e- i?2 .2qBiib pBbBi2/ i?2 L�iBQM�H a+B2M+2 6QmM/�iBQM BM
q�b?BM;iQM- iQ 2tTH�BM i?2 M�im`2 Q7 i?2B` T`QD2+i @ � pBbBi i?�i K2i
rBi? bm++2bbX h?2 b�K2 r22F "`v+2 .2qBii ;�p2 � H�vK�MǶb i�HF iQ i?2
qBMbiQM@a�H2K _Qi�`v *Hm# @ �i r?B+? p�`BQmb BM/mbi`B�HBbib �M/ r2�Hi?v
BMi2`2bi2/ T�`iB2b r2`2 T`2b2Mi @ BM r?B+? ?2 /2b+`B#2/ i?2 p�`BQmb i2+?MQ@
HQ;B+�H BMMQp�iBQMb i?�i ?�p2 2K2`;2/ 7`QK ǵTm`2 `2b2�`+?ǶX Ai b22Kb U7`QK
� K2KQ`�M/mK "�?MbQM b2Mi iQ ?Bb 72HHQr 7mM/2`bV i?�i i?2 *?�T2H >BHH
+QM72`2M+2 r�b pB`im�HHv 2MiB`2Hv 2ti2`M�HHv 7mM/2/ UBX2X BM/2T2M/2Mi Q7
i?2 AP6SǶb QrM 7mM/bVX h?Bb- ?2 MQi2b- Bb �HKQbi 2MiB`2Hv i?�MFb iQ i?2
rQ`F Q7 *û+BH2 .2qBii U"�?MbQM- ǳJ2KQ`�M/mK LQX NǴ- J�v d- RN8dV @
BM � H2ii2` iQ "�?MbQM /�i2/ LQp2K#2` 8- RN8e- "`v+2 .2qBii MQi2b i?�i
BM i?2 bT�+2 Q7 irQ r22Fb- *û+BH2 +QKTQb2/ 8k H2ii2`b �M/ TH�+2/ Ry HQM;
/Bbi�M+2 +�HHb- +?�bBM; TQi2MiB�H 7mM/BM; 7Q` i?2 +QM72`2M+2X

h?Qm;? MQi [mBi2 � +�b+�/2- i?2 AP6S ?�/ 2MQm;? 7mM/BM; BM Bib ?2v@
/�v iQ �ii`�+i b2p2`�H }`bi@`�i2 TQbi/Q+iQ`�H 72HHQrbX h?2b2 BM+Hm/2/ S2i2`
>B;;b- >2BMx S�;2Hb- �M/ _vQvm liBv�K�X �KQM; i?2 }`bi TQbi/Q+iQ`�H
72HHQrb �i i?2 BMbiBimi2 r�b 62HBt SB`�MB- r?Q ?�/ T`2pBQmbHv #2HQM;2/ U�M/
rQmH/ H�i2` `2im`MV iQ >2`K�MM "QM/BǶb _2H�iBpBiv �M/ :`�pBi�iBQM ;`QmT
�i EBM;Ƕb *QHH2;2- GQM/QM U*HBp2 EBHKBbi2` r�b �MQi?2` HQM; i2`K K2K@
#2` Q7 i?Bb ;`QmTVXR9 SB`�MB `2+2Bp2/ ?Bb U}`biV /Q+iQ`�i2 mM/2` �`i?m`
a+?BH/ Ur?Q rQmH/ H�i2` ?2�/ i?2 *2Mi2` 7Q` _2H�iBpBivV �i h?2 *�`M2;B2

Rjh?Bb TQbbB#BHBiv r�b BMBiB�HHv `�Bb2/ #v A"JǶb `2T`2b2Mi�iBp2- .` CQ?M :`22/bi�/i-
�i i?2 _Q�`BM; :�T K22iBM;- i?Qm;? �TT�`2MiHv i`vBM; iQ /2}M2 T`Q#H2Kb iQ `mM QM
i?2 K�+?BM2b r�b MQi �M 2�bv i�bFX Ai Bb- ?Qr2p2`- rQ`i? K2MiBQMBM; i?�i "`v+2 .2@
qBii rQmH/ H�i2` #2 � TBQM22` Q7 MmK2`B+�H `2H�iBpBivc �HbQ- i?2 Bbbm2 Q7 TmiiBM; ;2M2`�H
`2H�iBpBiv QM � +QKTmi2` �`Bb2b BM i?2 *?�T2H >BHH `2TQ`i, TX 3jX
R9�b 1x`� L2rK�M TQBMi2/ Qmi BM ?Bb `2+QHH2+iBQMb Q7 i?2 2�`Hv ?BbiQ`v Q7 ;2M2`�H `2H@
�iBpBiv U(RR)- TX jdNV- SB`�MB +QKTH2i2Hv �#�M/QM2/ T?vbB+b 7Q` � HB72 �b �M �mi?Q` Q7
+?BH/`2MǶb #QQFbX a22 �HbQ (R9)X



R3 RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti

AMbiBimi2 Q7 h2+?MQHQ;v @ ?2 `2+2Bp2/ � b2+QM/ /Q+iQ`�i2 7`QK *�K#`B/;2
lMBp2`bBiv- mM/2` >2`K�MM "QM/BX

S2i2` >B;;b iQQ ?�/ #22M T�`i Q7 >2`K�MM "QM/BǶb _2H�iBpBiv �M/
:`�pBi�iBQM ;`QmT �i EBM;Ƕb *QHH2;2- GQM/QM- bBM+2 RN8eX Ai r�b SB`�MB
r?Q m`;2/ ?BK iQ i�F2 KQ`2 BMi2`2bi BM [m�MimK ;`�pBiv- T`QKTiBM; ?BK
iQ i�F2 mT i?2 TQbBiBQM �i i?2 AP6SX h?Qm;? BMpBi2/ iQ i?2 BMbiBimi2
iQ bim/v ;`�pBi�iBQM- S2i2` >B;;b `m27mHHv �/KBib i?�i ?2 bT2Mi ?Bb iBK2
i?2`2 rQ`FBM; QM bvKK2i`v #`2�FBM; BM [m�MimK }2H/ i?2Q`vXR8 >B;;b
}`bi 2M+QmMi2`2/ "`v+2 .2qBii BM RN8N- BM _Qv�KQMi 6`�M+2X h?Bb r�b
i?2 b2+QM/ :_: +QM72`2M+2Re- �M/ Bi r�b b?Q`iHv �7i2` i?�i i?2 AMi2`M�@
iBQM�H *QKKBii22 QM :2M2`�H _2H�iBpBiv �M/ :`�pBi�iBQM r�b 7Q`K2/ Ub22
E`�;? (Ry)- TX jekVX >2 K2i ?BK �;�BM �i i?2 :_:j +QM72`2M+2 BM q�`@
b�r- BM RNekX �7i2` RN8e- 7QHHQrBM; SB`�MBǶb �/pB+2- >B;;b #2;�M HQQFBM;
�i [m�MimK ;`�pBiv @ �i i?2 iBK2 ?2 r�b rQ`FBM; rBi? �#/mb a�H�K �i
AKT2`B�H *QHH2;2X >2`2 ?2 r`Qi2 QM i?2 +QMbi`�BMib BM ;2M2`�H `2H�iBpBiv
(3)X h?Bb H2/- BM RNe9- iQ .2qBiiǶb BMpBi�iBQM iQ >B;;b iQ bT2M/ � v2�`
�i i?2 BMbiBimi2- r?B+? ?2 /B/- �``BpBM; BM a2Ti2K#2` RNe8- �7i2` � v2�`Ƕb
TQbiTQM2K2MiX "�?MbQM /B2/ i`�;B+�HHv BM �M �B`TH�M2 +`�b? i?2 v2�` T`BQ`
QM CmM2 j- RNe9 @ � +?�B` r�b 2bi�#HBb?2/ �i lL* BM ?Bb ?QMQm`- iQ #2
Q++mTB2/ #v "`v+2 .2qBiiX

� 7QHHQr mT K22iBM; 7Q+mbBM; Tm`2Hv QM ǵ1tTHQ`�iQ`v _2b2�`+? QM i?2
Zm�MiBx�iBQM Q7 i?2 :`�pBi�iBQM�H 6B2H/Ƕ r�b ?2H/ BM *QT2M?�;2M- CmM2 R8
iQ CmHv R8- i?2 b�K2 v2�` �b i?2 *?�T2H >BHH +QM72`2M+2X h?Bb K22iBM; BM@
pQHp2/ .2qBii- .2b2`- EH2BM- G�m`2Mi- JBbM2`- �M/ JǠHH2`X �;�BM- J�ha
r�b miBHBb2/ 7Q` i?Bb K22iBM;- +Qm`i2bv Q7 :QH/#2`; �M/ i?2 �_GX JǠHH2`
�M/ G�m`2Mi rQmH/ `2im`M iQ *?�T2H >BHH �b pBbBiBM; 72HHQrb 7Q` irQ KQMi?b-
bi�`iBM; BM 62#`m�`vX h?2B` #`B27 r�b iQ rQ`F QM i?2 `QH2 Q7 ;`�pBi�iBQM BM
�`iB}+B�H 1�`i? b�i2HHBi2b �M/ �HbQ �iQKB+ +HQ+Fb U"�?MbQM- J2KQ`�M/mK
ORR- 62#X j- RN83VXRd

h?2`2 �`2 bBKBH�`BiB2b #2ir22M i?2 *?�T2H >BHH +QM72`2M+2 �M/ i?2 RN88
+QM72`2M+2 iQ +2H2#`�i2 i?2 8yi? �MMBp2`b�`v Q7 1BMbi2BMǶb i?2Q`v Q7 bT2@
+B�H `2H�iBpBiv- ?2H/ BM "2`M2X 1BMbi2BM r�b- Q7 +Qm`b2- iQ ?�p2 �ii2M/2/

R8G2ii2` iQ *û+BH2 .2qBiiX
ReP` i?2 i?B`/- /2T2M/BM; QM r?2i?2` QM2 +QmMib i?2 +QM72`2M+2 BM "2`M2 BM RN88 iQ
K�`F i?2 Cm#BH22 Q7 1BMbi2BMǶb i?2Q`v Q7 bT2+B�H `2H�iBpBivX h?Bb +QM72`2M+2 Bb Q7i2M
`272``2/ iQ �b :_yX
Rd*QH/ q�` T�`�MQB� +�M #2 +H2�`Hv b22M BM i?Bb K2KQ`�M/mKX "�?MbQM K2MiBQMb �
`2+2Mi `2TQ`i U�TT�`2MiHv `2TQ`i2/ BM �K2`B+�M �pB�iBQM K�;�xBM2V Q7 � ǳ;`�pBTH�M2Ǵ
�#Qmi iQ #2 T`Q/m+2/ #v i?2 _mbbB�Mb- #�b2/ QM ǳi?2 2ti2MbBQM Q7 1BMbi2BMǶb i?2Q`B2b
#v .`X 6Q+? UbB+XV Q7 G2MBM;`�/Ǵ @ i?Qm;? "�?MbQM �/KBib Bi Bb HBF2Hv � ǳT`QT�;�M/�
i`�TXǴ



RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti RN

#mi ?2 72HH BHH /m`BM; i?2 TH�MMBM; �M/ /B2/ Dmbi #27Q`2 i?2 2p2Mi iQQF
TH�+2- T`QKTiBM; S�mHB iQ /2+H�`2 i?�i ǳh?Bb BKTQ`i�Mi KQK2Mi BM ?BbiQ`v
Bb � im`MBM; TQBMi BM i?2 ?BbiQ`v Q7 i?2 i?2Q`v Q7 `2H�iBpBiv �M/ i?2`27Q`2
T?vbB+bǴ U(Rk)- TX kdVX S�mHB ?BKb2H7 /B2/ MQi HQM; �7i2`- BM RN83X aQK2r?�i
bm`T`BbBM;Hv- i?Bb Dm#BH22 +2H2#`�iBQM r�b BM 7�+i i?2 }`bi 2p2` BMi2`M�iBQM�H
+QM72`2M+2 /2pQi2/ bQH2Hv iQ `2H�iBpBivX �b Bi rQmH/ im`M Qmi- i?2 +QM@
72`2M+2 /2�Hi �HKQbi 2t+HmbBp2Hv rBi? ;2M2`�H `2H�iBpBiv- bT2+B�H `2H�iBpBiv
#2BM; KQ`2 Q` H2bb � }MBb?2/ 2Mi2`T`Bb2- 7Q`K�HHv- 2tT2`BK2Mi�HHv- �M/ +QM@
+2Tim�HHvX h?2 +QM72`2M+2 rQmH/ H�i2` +QK2 iQ #2 FMQrM �b ǳ:_yǴ- i?2
x2`Qi? +QM72`2M+2 BM � b2`B2b r?B+? +QMiBMm2b iQ i?Bb /�v- �M/ Q7 r?B+?
*?�T2H >BHH r�b i?2 }`bi- :_RXR3

h?2 T`Q+22/BM;b U`2TH2i2 rBi? TQbi@i�HF /Bb+mbbBQMbV r2`2 [mB+FHv 2/Bi@
2/ #v �M/`û J2`+B2` �M/ JB+?2H E2`p�B`2X h?Bb T`Q+22/BM;b pQHmK2- �M/
i?2 +QM72`2M+2 Bib2H7- TH�v2/ � +2Mi`�H `QH2 BM i?2 7mim`2 2pQHmiBQM Q7 +H�b@
bB+�H �M/ [m�MimK ;`�pBivX >Qr2p2`- Bi r�b MQ a?2Hi2` AbH�M/X q?2`2�b
i?�i +QM72`2M+2 ?�/ #22M /`Bp2M #v i?2 vQmM;2` ;2M2`�iBQM Q7 T?vbB+Bbib @
62vMK�M- a+?rBM;2`- q?22H2`- �M/ Qi?2`b @ i?2 "2`M2 Cm#BH22 +QM72`2M+2
r�b /QKBM�i2/ #v QH/2`- KQ`2 2bi�#HBb?2/ T?vbB+BbibX AM ?Bb QrM `2TQ`i
QM i?2 *?�T2H >BHH +QM72`2M+2- "�?MbQM MQi2/ i?�i ?2 ?�/ i�HF2/ iQ �
T?vbB+Bbi UmMM�K2/V r?Q ?�/ �HbQ T�`iB+BT�i2/ BM i?2 "2`M2 +QM72`2M+2-
r?Q ?�/ `2K�`F2/ i?�i i?2 *?�T2H >BHH +QM72`2M+2 ?�/ ǳ;`2�i2` BM7Q`K�H@
BivǴ �M/ i?�i ǳi?2 vQmM;2` T�`iB+BT�Mib +QMi`B#mi2/ iQ KQ`2 /Bb+mbbBQM
�M/ 2t+?�M;2 Q7 BM7Q`K�iBQMǴX h?2 *?�T2H >BHH +QM72`2M+2 QM i?2 _QH2
Q7 :`�pBi�iBQM BM S?vbB+b- i?�i rQmH/ ?�TT2M Dmbi irQ v2�`b H�i2`- /B/
R3a+?r2#2` i`�+2b i?2 ǳ`2�r�F2MBM; Q7 BMi2`2bi BM i?2 }2H/ (Q7 :_)Ǵ U(Rj)- TX 8keV iQ
i?2 "2`M2 +QM72`2M+2- :_y- BM RN88X >2 �HbQ MQi2b i?�i BMi2`2bi BM [m�MimK ;`�pBiv
r�b K�/2 ǳ`2bT2+i�#H2Ǵ �b � `2bmHi Q7 62vMK�MǶb +Qm`b2 �i *�Hi2+? #2ir22M RNek �M/
RNej UHQ+X +BiX- TX 8kdVX h?2 "2`M2 +QM72`2M+2 r�b BKTQ`i�MiX "mi Bi r�b /BbiBM+iHv �
1m`QT2�M �z�B`X AM i?2 lMBi2/ ai�i2b- �b r2 ?�p2 b22M- i?2`2 r2`2 b2p2`�H +QMp2`;BM;
HBM2b Q7 �ii�+F H2�/BM; iQ � `2�r�F2MBM; Q7 BMi2`2biX AM/22/- A rQmH/ �`;m2 i?�i bBM+2 i?2
"2`M2 +QM72`2M+2 +QMbBbi2/ KQbiHv Q7 �M QH/2` ;2M2`�iBQM r?Q ?�/ T2`bBbi2MiHv i?Qm;?i
�#Qmi ;2M2`�H `2H�iBpBiv �M/ [m�MimK ;`�pBiv 7Q` /2+�/2b- i?2 T?`�b2 ǵ`2�r�F2MBM;
Q7 BMi2`2biǶ Bb MQi `2�HHv �TT`QT`B�i2X EH2BM- S�mHB- �M/ _Qb2M72H/- 7Q` 2t�KTH2- r2`2
p2i2`�Mb r?2M Bi +�K2 iQ i?2 bim/v Q7 #Qi?X AM 7�+i- i?2`2 r�b �M 2�`HB2` +QM72`2M+2 BM
?QMQm` Q7 "Q?` iQ r?B+? K�Mv Q7 i?2 b�K2 T2QTH2 +QMi`B#mi2/- �M/ ;�p2 p2`v bBKBH�`
i�HFbX 6m`i?2`- iQ i`�+2 i?2 `2bT2+i�#BHBiv Q7 [m�MimK ;`�pBiv `2b2�`+? iQ 62vMK�MǶb
+Qm`b2 Bb Qp2`@bi`2i+?BM;X q?22H2` ?�/ #22M BM+Hm/BM; K�i2`B�H QM [m�MimK ;`�pBiv
7`QK i?2 iBK2 ?2 #2;�M i2�+?BM; ?Bb ;2M2`�H `2H�iBpBiv +Qm`b2 �i S`BM+2iQMX PM2 +�M
2p2M }M/ [m�MimK ;`�pBiv T`Q#H2Kb TQb2/ rBi?BM ?Bb 2�`HB2` �/p�M+2/ [m�MimK i?2Q`v
+Qm`b2X AM �//BiBQM iQ i?Bb- i?2`2 r2`2- �b a+?r2#2` ?BKb2H7 MQi2b- b2p2`�H bi`QM; ǵb+?QQHbǶ
+QM+2Mi`�iBM; QM ;`�pBi�iBQM `2b2�`+? #v i?2 2M/ Q7 i?2 RN8ybX h?�i 62vMK�MǶb +Qm`b2
?�TT2M2/ r�b �b � `2bmHi Q7 i?2 BM+`2�b2/ `2bT2+i�#BHBiv �H`2�/v BM QT2`�iBQM @ KQ`2Qp2`-
62vMK�MǶb BMi2`2bi r�b bm`2Hv biBKmH�i2/ �b � `2bmHi Q7 ?Bb T�`iB+BT�iBQM BM i?2 *?�T2H
>BHH +QM72`2M+2- i?Qm;? ?2 b22Kb iQ ?�p2 �H`2�/v #22M BMp2biB;�iBM; i?2 bm#D2+i #v RN88X



ky RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti

7Q` ;2M2`�H `2H�iBpBiv �M/ ;`�pBi�iBQM r?�i a?2Hi2` AbH�M/ /B/ 7Q` [m�MimK
2H2+i`Q/vM�KB+bX h?2 *?�T2H >BHH +QM72`2M+2 r�b � ;2MmBM2 #`2�F 7`QK
i?2 "2`M2 +QM72`2M+2- #Qi? BM i2`Kb Q7 Bib Q`;�MBx�iBQM- Bib +QMi2Mi- #mi
KQ`2 bQ Bib bTB`BiX

_272`2M+2b
(R) "�#bQM- _X qX URN93V ǳ:`�pBiv @ Pm` 1M2Kv LmK#2` PM2ǴX _2T`BMi2/

BM >X *QHHBMb :`�pBivǶb a?�/Qr, h?2 a2�`+? 7Q` :`�pBi�iBQM�H q�p2b
UTTX 3k3@3jRVX lMBp2`bBiv Q7 *?B+�;Q S`2bb- kyy9X

(k) "�#bQM- _X qX URN8yV �+iBQMb �M/ _2�+iBQMb, �M �miQ#BQ;`�T?v Q7
_Q;2` qX "�#bQMX UkM/ `2pBb2/ 2/BiBQMVX >�`T2` � "`Qi?2`b Sm#HBb?@
2`bX

(j) AMi2`pB2r Q7 "`v+2 .2qBii �M/ *û+BH2 .2qBii@JQ`2ii2 #v E2MM2i?
qX 6Q`/ QM 62#`m�`v k3- RNN8- LB2Hb "Q?` GB#`�`v � �`+?Bp2b- �K2`@
B+�M AMbiBimi2 Q7 S?vbB+b- *QHH2;2 S�`F- J. la�, ?iiT,ffrrrX�BTX
Q`;f?BbiQ`vfQ?BHBbifkjRNNX?iKH

(9) .2qBii- "X aX URN8dV S`BM+BT�H .B`2+iBQMb Q7 *m``2Mi _2b2�`+? �+iBp@
Biv BM i?2 h?2Q`v Q7 :`�pBi�iBQMX CQm`M�H Q7 �bi`QM�miB+b 9, kj@k3X

(8) .2qBii- "X aX UkyyNV Zm�MimK :`�pBiv, u2bi2`/�v �M/ hQ/�vX :2M@
2`�H _2H�iBpBiv �M/ :`�pBi�iBQM 9R, 9Rj@9RNX

(e) :�`/M2`- JX URN8dV 6�/b � 6�HH�+B2b BM h?2 L�K2 P7 a+B2M+2X .Qp2`X

(d) :QH/#2`;- CX JX URNNkV ǳla �B` 6Q`+2 amTTQ`i Q7 :2M2`�H _2H�iBpBiv,
RN8e@RNdkXǴ AM CX 1Bb2Mbi�2/i �M/ �X CX EQt U2/bXV- aim/B2b BM i?2
>BbiQ`v Q7 :2M2`�H _2H�iBpBiv UTTX 3N@RykVX "QbiQM, "B`F? mb2`X

(3) >B;;b- SX qX URN83V AMi2;`�iBQM Q7 a2+QM/�`v *QMbi`�BMib BM Zm�M@
iBx2/ :2M2`�H _2H�iBpBivX S?vbB+�H _2pB2r G2ii2`b RURyV, jdj@jd9X

(N) E�Bb2`- .X URNN3VX ǳ� ψ Bb Dmbi � ψ\ S2/�;Q;v- S`�+iB+2- �M/ i?2 _2@
+QMbiBimiBQM Q7 :2M2`�H _2H�iBpBiv- RN9k@RNd8XǴ aim/B2b BM i?2 >BbiQ`v
�M/ S?BHQbQT?v Q7 JQ/2`M S?vbB+b kN UjV, jkR@jj3X

(Ry) E`�;?- >X UkyykV Zm�MimK :2M2`�iBQMb, � >BbiQ`v Q7 S?vbB+b BM i?2
hr2MiB2i? *2Mim`vX S`BM+2iQM lMBp2`bBiv S`2bbX

(RR) L2rK�MM- 1X Ukyy8VX ǳ� "B�b2/ �M/ S2`bQM�H .2b+`BTiBQM Q7 :_XǴ AM
�X EQt �M/ CX 1Bb2Mbi�2/i- h?2 lMBp2`b2 Q7 :2M2`�H _2H�iBpBiv UTTX
jdj@j3jVX "QbiQM, "B`F? mb2`- kyy8X



RX h?2 *?�T2H >BHH *QM72`2M+2 BM *QMi2ti kR

(Rk) S�mHB- qX URN8eV PT2MBM; h�HFX AM �X J2`+B2` �M/ JX E2`p�B`2 U2/bXV-
6ɃM7xB; C�?`2 _2H�iBpBi ibi?2Q`B2- "2`M- CmHv RR@Re- RN88X UTX kdVX
>2Hp2iB+� S?vbB+� �+i�- amTTHX 9X "�b2H, "B`F? mb2` o2`H�;X

(Rj) a+?r2#2`- aX UkyyeV 1BMbi2BM �M/ PTT2M?2BK2`, AMi2`�+iBQMb �M/ AM@
i2`b2+iBQMbX a+B2M+2 BM *QMi2ti RN U9V, 8Rj@88NX

(R9) h`�miK�M- �X UkyyNV 1/BiQ`B�H LQi2 iQ CX GX avM;2- ǵPM i?2 .2pB�iBQM
Q7 :2Q/2bB+b �M/ LmHH@:2Q/2bB+b- S�`iB+mH�`Hv BM _2H�iBQM iQ i?2 S`QT@
2`iB2b Q7 aT�+2b Q7 *QMbi�Mi *m`p�im`2 �M/ AM/2}MBi2 GBM2@1H2K2MiǶ
�M/ iQ 6X �X 1X SB`�MB- ǵPM i?2 S?vbB+�H aB;MB}+�M+2 Q7 i?2 _B2K�MM
h2MbQ`XǶ :2M2`�H _2H�iBpBiv �M/ :`�pBi�iBQM 9R U8V, RRN8@RkyjX





*?�Ti2` k
h?2 �mi?Q`b

AM i?Bb +?�Ti2` r2 T`QpB/2 #`B27 #BQ;`�T?B+�H MQi2b QM i?2 T�`iB+BT�Mib-
7Q+mbBM; QM i?Qb2 r?Q K�/2 � +QMi`B#miBQM i?�i Bb `2T`2b2Mi2/ BM i?2 `2@
TQ`iX J�Mv �`2- Q7 +Qm`b2- p2`v r2HH@FMQrM };m`2b- #mi Qi?2`b K�v MQi
#2 7�KBHB�`X 6Q` +QMp2MB2M+2 r2 ?�p2 �``�M;2/ i?2K �++Q`/BM; iQ i?2B` `2@
bT2+iBp2 ?Qbi +QmMi`B2b Ui?�i Bb- i?2 +QmMi`B2b BM r?B+? i?2v r2`2 rQ`FBM;
�i i?2 iBK2 Q7 i?2 +QM72`2M+2VX _�i?2` i?�M T`QpB/2 �Mv FBM/ Q7 2ti2MbBp2
#BQ;`�T?v- r2 bBKTHv 7Q+mb QM F2v /2i�BHb �M/ K�i2`B�H i?�i Bb `2H2p�Mi iQ
i?2 +QM72`2M+2 i?2K2X

la�

CX GX �M/2`bQM C�K2b �M/2`bQM r�b #Q`M BM *?B+�;Q BM RNkeX >2 `2@
+2Bp2/ ?Bb S?. BM RN8k- mM/2` S2i2` "2`;K�MM �i av`�+mb2 lMBp2`@
bBiv- rBi? � i?2bBb 2MiBiH2/, ǳPM i?2 Zm�MiBx�iBQM Q7 *Qp�`B�Mi 6B2H/
h?2Q`B2bXǴ >2 r�b "2`;K�MMǶb `2b2�`+? �bbBbi�Mi #2ir22M RN8R �M/
RN8k �M/ +QMiBMm2/ iQ rQ`F rBi? ?BK QM i?2 +�MQMB+�H �TT`Q�+? iQ
[m�MimK ;`�pBivX

oX "�`;K�MM o�H2MiBM2 "�`;K�MM r�b #Q`M BM RNy3 BM "2`HBMX >2 Q#@
i�BM2/ ?Bb S?. BM RNje 7`QK i?2 lMBp2`bBiv Q7 wm`B+? mM/2` i?2 bm@
T2`pBbBQM Q7 :`2;Q` q2Mix2H- QM i?2 bm#D2+i Q7 2H2+i`QM b+�ii2`BM; BM
+`vbi�Hb @ ǳɂ#2` /B2 /m`+? 1H2Fi`QM2Mbi`�?H2M BM E`Bbi�HH2M �M;2`2;i2
GB+?i2KBbbBQMǴX >2 ?�/ rQ`F2/ rBi? S2i2` "2`;K�MM- �M/ r�b �HbQ
1BMbi2BMǶb �bbBbi�Mi- �i i?2 AMbiBimi2 7Q` �/p�M+2/ aim/v- rQ`FBM; QM
i?2 T`Q#H2K Q7 KQiBQM BM ;2M2`�H `2H�iBpBiv �M/ mMB}2/ }2H/ i?2Q`vX
>2 �HbQ /B/ Km+? BKTQ`i�Mi rQ`F QM i?2 �TTHB+�iBQM Q7 ;`QmT i?2Q`v
iQ T?vbB+b BM i?2 v2�`b T`BQ` iQ i?2 *?�T2H >BHH +QM72`2M+2X

_X "�bb _Q#2`i "�bb r�b #Q`M BM RNjyX >2 `2+2Bp2/ ?Bb S?. BM K�i?2@
K�iB+b 7`QK CQ?Mb >QTFBMb lMBp2`bBiv BM RN88- mM/2` �m`2H qBMiM2`-
QM i?2 bm#D2+i, ǳPM i?2 aBM;mH�`BiB2b Q7 *2`i�BM LQM@GBM2�` avbi2Kb
Q7 .Bz2`2MiB�H 1[m�iBQMbXǴ 6QHHQrBM; � TQbi/Q+ �i S`BM+2iQM lMBp2`@
bBiv- ?2 r�b � bi�z b+B2MiBbi �i _A�a (_2b2�`+? AMbiBimi2 7Q` �/p�M+2/



k9 kX h?2 �mi?Q`b

aim/v) U� /BpBbBQM Q7 i?2 J�`iBM@J�`B2ii� *QKT�MvV �i i?2 iBK2 Q7
i?2 *?�T2H >BHH +QM72`2M+2X

6X CX "2HBM7�Mi2 6`2/2`BF "2HBM7�Mi2 r�b #Q`M BM i?2 >�;m2- BM i?2 L2i?2`@
H�M/b- BM RNRj- �M/ `2+2Bp2/ ?Bb S?. mM/2` i?2 bmT2`pBbBQM Q7 E`�K2`b
�i i?2 lMBp2`bBiv Q7 G2B/2MX �7i2` qQ`H/ q�` AA ?2 KQp2/ iQ Sm`/m2
lMBp2`bBiv UpB� i?2 lMBp2`bBiv Q7 "`BiBb? *QHmK#B�VX �i i?2 iBK2 Q7
i?2 *?�T2H >BHH +QM72`2M+2 ?2 r�b QM2 Q7 i?2 72r T?vbB+Bbib Tm`bmBM;
�M �+iBp2 `2b2�`+? T`Q;`�K BM [m�MimK ;`�pBiv `2b2�`+?- BM+Hm/BM;
i?2 bmT2`pBbBQM Q7 S?. bim/2Mib QM i?Bb iQTB+X

SX :X "2`;K�MM S2i2` "2`;K�MM r�b #Q`M BM "2`HBM BM RNR8X >2 `2+2Bp2/
?Bb /Q+iQ`�i2 BM RNje- mM/2` S?BHBTT 6`�MF- �i i?2 .2mib+?2 h2+?MB@
b+?2 >Q+?b+?mH2 BM S`�;m2- rBi? � i?2bBb 2MiBiH2/, ǳ.2` ?�`KQMBb+?2
PbxBHH�iQ` BK bT? `Bb+?2M _�mKXǴ >2 r�b 1BMbi2BMǶb `2b2�`+? �bbBb@
i�Mi mMiBH RN9R- rQ`FBM; QM mMB}2/ }2H/ i?2Q`vX >2 #2;�M rQ`FBM;
QM i?2 /B`2+i [m�MiBx�iBQM Q7 ;`�pBiv BM RN9N- �M/ bQQM 2bi�#HBb?2/ �
;`QmT i?�i bT2+B�HBx2/ BM i?2 +�MQMB+�H [m�MiBx�iBQM Q7 ;`�pBivX "v
i?2 iBK2 Q7 i?2 *?�T2H >BHH +QM72`2M+2 ?2 r�b `2bTQMbB#H2 7Q` QM2 Q7
i?2 72r ǵb+?QQHb Q7 `2H�iBpBiv-Ƕ #�b2/ �i av`�+mb2X

.X _X "`BHH .B2i2` "`BHH r�b #Q`M BM RNjj- �M/ `2+2Bp2/ ?Bb S?. 7`QK
S`BM+2iQM BM RN8N- QM i?2 bm#D2+i Q7 i?2 TQbBiBpBiv Q7 K�bb BM ;2M2`�H
`2H�iBpBivX >2 r�b � bim/2Mi Q7 CQ?M q?22H2` /m`BM; i?2 +QM72`2M+2X
>2 rQmH/ H�i2` ;Q QM iQ r`Bi2 QM2 Q7 i?2 2�`HB2bi `2pB2r �`iB+H2b QM i?2
[m�MiBx�iBQM Q7 ;2M2`�H `2H�iBpBiv- rBi? ?Bb bim/2Mi _Q#2`i :Qr/vX

JX CX "m+FBM;?�K JB+?�2H "m+FBM;?�K r�b #Q`M BM av/M2v BM RNkdX >2
;�BM2/ ?Bb S?. BM GBp2`TQQH- BM i?2 lE- mM/2` >2`#2`i 6`ƺ?HB+?-
QM i?2 bm#D2+i Q7 bmT2`+QM/m+iBpBivX �i i?2 iBK2 Q7 i?2 *?�T2H >BHH
+QM72`2M+2 ?2 r�b � TQbi/Q+iQ`�H 72HHQr �i M2�`#v .mF2 lMBp2`bBiv-
�HbQ BM LQ`i? *�`QHBM�X >2 `2im`M2/ iQ �mbi`�HB� b?Q`iHv �7i2` i?2
+QM72`2M+2X

qX _X .�pBb qBHHB�K .�pBb `2+2Bp2/ ?Bb S?. 7`QK i?2 lMBp2`bBiv Q7 :ƺi@
iBM;2M BM RN8eX >2 r�b ?B`2/ #v i?2 lMBp2`bBiv Q7 LQ`i? *�`QHBM� BM
RN8dX >2 H�i2` #2+�K2 QM2 Q7 i?2 rQ`H/Ƕb 7Q`2KQbi �mi?Q`BiB2b QM i?2
rQ`Fb Q7 *Q`M2HBmb G�M+xQb- �M/ Bb i?2 2/BiQ` Q7 G�M+xQbǶ +QKTH2i2
rQ`FbX

"X aX .2qBii "`v+2 .2qBii r�b #Q`M BM *�HB7Q`MB� BM RNkjX >2 `2+2Bp2/
?Bb S?. �i >�`p�`/ mM/2` i?2 bmT2`pBbBQM Q7 CmHB�M a+?rBM;2` BM



kX h?2 �mi?Q`b k8

RN8yX 1MiBiH2/ ǳAX h?2 h?2Q`v Q7 :`�pBi�iBQM�H AMi2`�+iBQMbX AAX
h?2 AMi2`�+iBQM Q7 :`�pBi�iBQM rBi? GB;?i-Ǵ Bi Bb QM2 Q7 i?2 2�`HB2bi
2t�KTH2b Q7 � i?2bBb /2pQi2/ iQ [m�MimK ;`�pBivX �7i2` � bi`BM;
Q7 `2b2�`+? 72HHQrb?BTb- BM+Hm/BM; � 6mHH#`B;?i- ?2 iQQF mT UrBi? ?Bb
rB72 *û+BH2V /B`2+iQ`b?BT Q7 i?2 AMbiBimi2 7Q` 6B2H/ S?vbB+b �i i?2
lMBp2`bBiv Q7 LQ`i? *�`QHBM�X

*X JX .2qBii *û+BH2 .2qBii@JQ`2ii2 r�b #Q`M BM S�`Bb BM RNkkX a?2
+QKTH2i2/ ?2` /Q+iQ`�H `2b2�`+? �i i?2 .m#HBM AMbiBimi2 7Q` �/p�M+2/
aim/v- mM/2` q�Hi2` >2BiH2`- BM RN9d- QM i?2 T?vbB+b Q7 K2bQMb- 2MiB@
iH2/ ǳam` H� S`Q/m+iBQM /2b JûbQMb /�Mb H2b *?Q+b 2Mi`2 Lm+HûQMbǴ @
i?Qm;? Q{+B�HHv b?2 `2+2Bp2/ ?2` /2;`22 7`QK i?2 lMBp2`bBiû /2 S�`BbX
a?2 i`�p2H2/ iQ i?2 AMbiBimi2 7Q` �/p�M+2/ aim/v �i i?2 `2[m2bi Q7
_Q#2`i PTT2M?2BK2` r2`2 b?2 }`bi 2M+QmMi2`2/ 62vMK�MǶb T�i? BM@
i2;`�H i?2Q`v- � bm#D2+i b?2 rQmH/ bT2+B�HBx2 BMX a?2 7QmM/2/ i?2 G2b
>Qm+?2b bmKK2` b+?QQH b2`B2b BM RN8R- �M/ /B`2+i2/ i?2 AMbiBimi2 Q7
6B2H/ S?vbB+b rBi? ?2` ?mb#�M/ "`v+2 .2qBiiX a?2 r�b i?2 +?B27
Q`;�MBx2` Q7 i?2 *?�T2H >BHH +QM72`2M+2X

_X >X .B+F2 _Q#2`i .B+F2 r�b #Q`M BM JBbbQm`B BM RNReX >2 `2+2Bp2/ ?Bb
S?. 7`QK i?2 lMBp2`bBiv Q7 _Q+?2bi2` BM RN9R- mM/2` oB+iQ` q2Bbb@
FQT7- rBi? � i?2bBb QM i?2 2tT2`BK2Mi�H BMp2biB;�iBQM Q7 i?2 BM2H�biB+
b+�ii2`BM; Q7 T`QiQMbX >2 r�b #�b2/ �i S`BM+2iQM BM RN8d- �M/ r�b
�H`2�/v ;�BMBM; � `2Tmi�iBQM 7Q` ?Bb `2b2�`+? QM M2r 2tT2`BK2Mib BM
i?2 i?2Q`v Q7 ;`�pBi�iBQM �b r2HH �b +QMi`Qp2`bB�H BMi2`T`2i�iBQMb Q7
;`�pBi�iBQM�H T?2MQK2M�X

6X CX 1`Mbi 6`2/2`B+F 1`Mbi r�b #Q`M BM RNjk M2�` J�M?�ii�MX >2 r�b
�KQM; i?Qb2 bim/2Mib iQ �ii2M/ CQ?M q?22H2`Ƕb }`bi 2p2` ;2M2`�H `2H@
�iBpBiv +Qm`b2 �i S`BM+2iQM BM RN8jX >2 rQmH/ H�i2` +QKTH2i2 � i?2bBb
QM ;2QMb mM/2` q?22H2`Ƕb bmT2`pBbBQM U#2ir22M RN8R �M/ RN88V- i?2
+QMi2Mib Q7 r?B+? r2`2 T`2b2Mi2/ BM ?Bb i�HF �i i?2 *?�T2H >BHH +QM@
72`2M+2X >2 ;�BM2/ ?Bb /Q+iQ`�H i?2bBb BM RN83 mM/2` _Q#2`i a�+?b-
QM [m�MimK }2H/ i?2Q`vX

_X SX 62vMK�M _B+?�`/ 62vMK�M r�b #Q`M BM RNR3 BM L2r uQ`F *BivX >2
`2+2Bp2/ ?Bb S?. mM/2` i?2 bmT2`pBbBQM Q7 CQ?M q?22H2`- �i S`BM+2@
iQM- BM RN9k- rBi? ?Bb i?2bBb QM ǳh?2 S`BM+BTH2 Q7 G2�bi �+iBQM BM
Zm�MimK J2+?�MB+bXǴ 1p2M #v RN88 62vMK�M +H�BK2/ iQ ?�p2 bT2Mi
� ;`2�i /2�H Q7 2zQ`i QM i?2 T`Q#H2K Q7 ;`�pBi�iBQM UH2ii2` 7`QK "`v+2
.2qBii iQ �;M2r "�?MbQM- LQp2K#2` R8- RN88VX



ke kX h?2 �mi?Q`b

hX :QH/ h?QK�b :QH/ r�b #Q`M BM �mbi`B� BM RNkyX �7i2` � +B`+mBiQmb
i`�D2+iQ`v i?`Qm;? 2M;BM22`BM; �M/ i?2 i?2Q`v Q7 ?2�`BM;- :QH/ r�b-
BM RN9d- 2H2+i2/ iQ � 62HHQrb?BT �i h`BMBiv *QHH2;2- *�K#`B/;2 UrBi?@
Qmi ?�pBM; Q#i�BM2/ � S?.VX aQQM �7i2` ?2 /2pBb2/- rBi? >2`K�MM
"QM/B �M/ 6`2/ >QvH2- i?2 B/2� Q7 +QMiBMmQmb +`2�iBQM Q7 K�ii2` QM
i?2 #�bBb Q7 � +QM~B+i #2ir22M >m##H2Ƕb iBK2 +QMbi�Mi �M/ 2KTB`B+�H
2pB/2M+2X "v i?2 iBK2 Q7 i?2 *?�T2H >BHH +QM72`2M+2 ?2 r�b rQ`FBM;
QM � `�M;2 Q7 T`Q#H2Kb BM �M/ �`QmM/ �bi`QMQKv �i >�`p�`/X

CX LX :QH/#2`; CQb?m� :QH/#2`; r�b #Q`M BM L2r uQ`F BM RNk8X >2 r�b �
;`�/m�i2 bim/2Mi �i av`�+mb2- r?2`2 ?2 `2+2Bp2/ ?Bb S?. mM/2` S2i2`
"2`;K�MM BM RN8kX >2 iQQF mT � TQbBiBQM �b `2b2�`+? T?vbB+Bbi �i i?2
q`B;?i@S�ii2`bQM �B` 6Q`+2 "�b2 �M/- �b T�`i Q7 ?Bb �/KBMBbi`�iBp2
/miB2b �i q`B;?i@S�ii2`bQM- r�b +`m+B�H BM Q#i�BMBM; 7mM/BM; 7Q` i?2
*?�T2H >BHH +QM72`2M+2X

�X 1X GBHH2v �`i?m` GBHH2v r�b #Q`M BM RNk3X >2 `2+2Bp2/ ?Bb S?. BM RN8e
BM �bi`QMQKv 7`QK >�`p�`/ lMBp2`bBiv mM/2` i?2 /B`2+iBQM Q7 "�`i
"QFX �i i?2 iBK2 Q7 i?2 +QM72`2M+2 ?2 r�b � `�/BQ �bi`QMQK2` rBi?
i?2 lXaX L�p�H _2b2�`+? G�#Q`�iQ`v- i?Qm;? �{HB�i2/ iQ >�`p�`/X
>2 r�b � TBQM22` BM `�/BQ �bi`QMQKv �M/ Bib mb2b BM i?2 i2biBM; Q7
`2H�iBpBivX

_X qX GBM/[mBbi _B+?�`/ GBM/[mBbi r�b � ;`�/m�i2 bim/2Mi Q7 q?22H2`Ƕb-
�M/ `2+2Bp2/ ?Bb S?. mM/2` q?22H2`Ƕb /B`2+iBQM BM RNek- rBi? � i?2@
bBb QM ǳh?2 hrQ "Q/v S`Q#H2K BM :2QK2i`Q/vM�KB+bXǴ >2 H�i2`
2ti2M/2/ i?Bb rQ`F BMiQ MmK2`B+�H `2H�iBpBiv BM r?B+? ?2 r�b QM2 Q7
i?2 }`bi iQ /2p2HQT +QKTmi2` bBKmH�iBQMb Q7 +QHHB/BM; #H�+F ?QH2bX

*X qX JBbM2` *?�`H2b JBbM2` r�b #Q`M BM JB+?B;�M BM RNjkX >2 `2+2Bp2/
?Bb S?. mM/2` i?2 bmT2`pBbBQM Q7 CQ?M q?22H2` i?2 b�K2 v2�` �b
i?2 *?�T2H >BHH +QM72`2M+2- QM i?2 bm#D2+i Q7 i?2 62vMK�M [m�MiBx�@
iBQM Q7 ;2M2`�H `2H�iBpBivX >2 r�b �H`2�/v �M BMbi`m+iQ` �i S`BM+2iQM
7`QK RN8e- �M/ rQmH/ Q7i2M ;Bp2 ǵ;m2biǶ b2KBM�`b BM CQ?M q?22H2`Ƕb
+Qm`b2bX >2 r�b p2`v +HQb2Hv BMpQHp2/ BM q?22H2`Ƕb ǵ;2QK2i`Q/vM�K@
B+�HǶ �TT`Q�+? �i i?2 iBK2 Q7 i?2 +QM72`2M+2X

_X JDQHbM2bb _�vKQM/ JDQHbM2bb r�b � #2;BMMBM; ;`�/m�i2 bim/2Mi Q7
CQ?M q?22H2`Ƕb �i S`BM+2iQM UQM i?2 La6 ;`�/m�i2 72HHQrb?BTV @
i?Qm;? ?2 H�i2` ;�BM2/ ?Bb S?. mM/2` 1/r�`/ 6`2BK�M BM RNej- rBi?
� i?2bBb 2MiBiH2/, ǳ� aim/v Q7 i?2 ai�#BHBiv Q7 � _2H�iBpBbiB+ S�`iB+H2
"2�K S�bbBM; h?`Qm;? � SH�bK�XǴ



kX h?2 �mi?Q`b kd

1X hX L2rK�M 1x`� L2rK�M r�b #Q`M BM L2r uQ`F BM RNkNX >2 r�b
� bim/2Mi Q7 S2i2` "2`;K�MM �i av`�+mb2 �M/ ;�BM2/ ?Bb S?. mM@
/2` ?Bb bmT2`pBbBQM BM RN8e @ L2rK�M BMBiB�HHv #2;�M rQ`FBM; rBi?
"2`;K�MM �b �M mM/2`;`�/m�i2 BM RN8RX

�X a+?BH/ �H7`2/ a+?BH/ r�b #Q`M BM Abi�M#mH BM RNkRX >2 r�b BMi2`M2/
BM *�M�/� /m`BM; qQ`H/ q�` AA- �M/ Q#i�BM2/ ?Bb S?. i?2`2- 7`QK
i?2 lMBp2`bBiv Q7 hQ`QMiQ- BM RN9e- mM/2` i?2 bmT2`pBbBQM Q7 G2QTQH/
AM72H/- rBi? � i?2bBb 2MiBiH2/, ǳ� L2r �TT`Q�+? iQ EBM2K�iB+ *Qb@
KQHQ;vXǴ >2 KQp2/ iQ i?2 lMBp2`bBiv Q7 �mbiBM- h2t�b- Dmbi �7i2`
i?2 *?�T2H >BHH +QM72`2M+2 �M/ 2bi�#HBb?2/ i?2 p2`v bm++2bb7mH *2M@
i2` 7Q` _2H�iBpBiv h?2Q`vX hQ;2i?2` rBi? ?Bb bim/2Mi 62HBt SB`�MB- ?2
?�/ r`Bii2M QM2 Q7 i?2 }`bi T�T2`b QM i?2 +�MQMB+�H [m�MimK Q7 i?2
;`�pBi�iBQM�H }2H/X

_X aX a+?BHH2` _�HT? a+?BHH2` r�b � ;`�/m�i2 bim/2Mi rBi? S2i2` "2`;K�MM
�i av`�+mb2 �M/ ?�/ rQ`F2/ QM i`�MbH�iBM; `2bmHib 7`QK i?2 +�MQMB@
+�H 7Q`KmH�iBQM Q7 ;2M2`�H `2H�iBpBiv BMiQ i?2 G�;`�M;B�M 7Q`KmH�iBQMX
>2 H�i2` brBi+?2/ iQ #BQT?vbB+b �7i2` bT2M/BM; bQK2 iBK2 �b .�pB/
"Q?KǶb `2b2�`+? �bbBbi�Mi BM "`�xBHX

CX q2#2` CQb2T? q2#2` r�b #Q`M BM L2r C2`b2v BM RNRNX >Bb BMi2`2bib
bT�MM2/ H�b2` T?vbB+b �M/ ;`�pBi�iBQM�H T?vbB+bX >2 `2+2Bp2/ ?Bb S?.
BM RN8R mM/2` E2Bi? G�B/H2` QM i?2 bm#D2+i Q7 ǳJB+`Qr�p2 h2+?MB[m2
BM *?2KB+�H EBM2iB+bǴ �i i?2 *�i?QHB+ lMBp2`bBiv Q7 �K2`B+�X AM
RN88 ?2 #2;�M BMp2biB;�iBM; ;`�pBi�iBQM�H `�/B�iBQM- �M/ �++QKT�@
MB2/ CQ?M q?22H2` iQ G2B/2M BM RN8eX q2#2` #2;�M i?2 +QMbi`m+iBQM
Q7 i?2 ;`�pBi�iBQM�H r�p2 /2i2+iQ` i?�i #2�`b ?Bb M�K2 i?2 v2�` 7QH@
HQrBM; i?2 *?�T2H >BHH +QM72`2M+2X

CX �X q?22H2` CQ?M q?22H2` r�b #Q`M BM 6HQ`B/� BM RNRRX >2 Q#i�BM2/ ?Bb
S?. 7`QK CQ?Mb >QTFBMb lMBp2`bBiv UmM/2` E�`H >2`x72H/V BM RNjjX
>2 ?�/ � `�M;2 Q7 TQbi/Q+iQ`�H TQbBiBQMb 7QHHQrBM; i?Bb- BM+Hm/BM;
QM2 mM/2` "Q?`Ƕb bmT2`pBbBQMX >2 r�b � T`Q72bbQ` �i S`BM+2iQM r?2M
i?2 *?�T2H >BHH +QM72`2M+2 iQQF TH�+2- �M/ ?�/ QMHv 7�B`Hv `2+2MiHv-
BM i?2 7�HH Q7 RN8k- #2;mM iQ i2�+? �M/ H2�`M ;2M2`�H `2H�iBpBivX J�Mv
Q7 ?Bb /Q+iQ`�H bim/2Mib r2`2 T`2b2Mi �i i?2 +QM72`2M+2X Cmbi T`BQ` iQ
i?2 +QM72`2M+2- q?22H2` r�b GQ`2Mix S`Q72bbQ` BM G2B/2M @ ?2 iQQF
i?`22 Q7 ?Bb #`B;?i2bi /Q+iQ`�H bim/2Mib rBi? ?BK- BM+Hm/BM; *?�`H2b
JBbM2` �M/ CQb2T? q2#2`X

GX qBii2M GQmBb qBii2M r�b #Q`M BM "�HiBKQ`2 BM RNkRX >2 `2+2Bp2/ ?Bb
S?. BM RN8R- 7`QK CQ?Mb >QTFBMb lMBp2`bBiv- mM/2` i?2 bmT2`pBbBQM



k3 kX h?2 �mi?Q`b

Q7 h?2Q/Q`2 "2`HBMX >Bb BMi2`2bib b?B7i2/ iQ ;2M2`�H `2H�iBpBiv /m`BM;
TQbi/Q+iQ`�H biBMib �i S`BM+2iQM �M/ J�`vH�M/X �i i?2 iBK2 Q7 i?2
+QM72`2M+2 ?2 r�b rQ`FBM; �i _A�aX

lE

>X "QM/B >2`K�MM "QM/B r�b #Q`M BM oB2MM� BM RNRNX >2 /B/ ?Bb S?. �i
*�K#`B/;2 mM/2` �`i?m` 1//BM;iQMX AM RN93 "QM/B ?�/- iQ;2i?2`
rBi? h?QK�b :QH/- Tm#HBb?2/ � i?2Q`v Q7 +QbKQHQ;v Ui?2 ǵbi2�/v
bi�i2 i?2Q`vǶV #�b2/ QM i?2 ǵT2`72+i +QbKQHQ;B+�H T`BM+BTH2Ƕ- r?B+?
r�b biBHH #2BM; /2#�i2/ �i i?2 iBK2 Q7 i?2 *?�T2H >BHH +QM72`2M+2X "v
RN8d- "QM/B ?�/ 2bi�#HBb?2/ U�i EBM;Ƕb *QHH2;2- GQM/QMV QM2 Q7 i?2
72r b+?QQHb Q7 ;2M2`�H `2H�iBpBivX

6X SB`�MB 62HBt SB`�MB r�b #Q`M BM RNk3X >2 `2+2Bp2/ ?Bb }`bi S?. mM@
/2` �`i?m` a+?BH/- �i i?2 *�`M2;B2 AMbiBimi2 Q7 h2+?MQHQ;v- BM RN8R-
r?2`2 ?2 ?�/ rQ`F2/ UiQ;2i?2` rBi? a+?BH/V QM i?2 +�MQMB+�H [m�M@
iBx�iBQM Q7 i?2 ;`�pBi�iBQM�H }2H/X >2 Q#i�BM2/ � b2+QM/ S?. mM/2`
>2`K�MM "QM/B �i *�K#`B/;2 BM RN8e- QM ǳh?2 _2H�iBpBbiB+ "�bBb P7
J2+?�MB+bXǴ Cmbi T`BQ` iQ i?2 *?�T2H >BHH +QM72`2M+2 ?2 ?�/ T`QTQb2/
i?2 ;2Q/2bB+ /2pB�iBQM 2[m�iBQM �b � iQQH 7Q` /2bB;MBM; � rQ`F�#H2
;`�pBi�iBQM�H r�p2 `2+2Bp2`X >2 H�i2` #2+�K2 �M �mi?Q` Q7 +?BH/`2MǶb
#QQFb- � b?B7i r?B+? b22Kb iQ ?�p2 #22M i`B;;2`2/ #v ?Bb 2tT2`B2M+2
Q7 `�+BbK BM i?2 lMBi2/ ai�i2b /m`BM; � TQbi/Q+iQ`�H 72HHQrb?BT �i
*?�T2H >BHH BM RN8NX

GX _Qb2M72H/ GûQM _Qb2M72H/ r�b #Q`M BM "2H;BmK BM RNy9X >2 `2+2Bp2/
?Bb S?. BM RNke- �i i?2 lMBp2`bBiv Q7 GBĕ;2 mM/2` J�`+2H .2?�Hm �M/
LB2Hb "Q?`X 6QHHQrBM; i?Bb ?2 mM/2`iQQF � b2`B2b Q7 72HHQrb?BTb- rBi?
/2 "`Q;HB2- "Q`M- S�mHB �M/ "Q?`X >2 ?�/ /QM2 TBQM22`BM; rQ`F QM
+QMbi`�BM2/ bvbi2Kb �M/ i?2 [m�MiBx�iBQM Q7 i?2 ;`�pBi�iBQM�H }2H/
BM i?2 RNjybX >2 bm++22/2/ >�`i`22 �i J�M+?2bi2` BM RN9d �M/ r�b
biBHH #�b2/ i?2`2 �i i?2 iBK2 Q7 i?2 *?�T2H >BHH +QM72`2M+2X

.X a+B�K� .2MMBb a+B�K� r�b #Q`M BM J�M+?2bi2` BM RNkeX >2 `2+2Bp2/
?Bb S?. 7`QK *�K#`B/;2 mM/2` .B`�+ BM RN8j- rBi? � i?2bBb QM
J�+?Ƕb S`BM+BTH2X >2 7QHHQr2/ ?Bb S?. rBi? TQbi/Q+iQ`�H 72HHQr@
b?BTb �i i?2 AMbiBimi2 7Q` �/p�M+2/ aim/v �M/ >�`p�`/X >2 H�i2`
`2im`M2/ iQ h`BMBiv *QHH2;2 BM *�K#`B/;2 QM �M 2�`HB2` 72HHQrb?BT-
#27Q`2 DQBMBM; "QM/BǶb ;`QmT �i EBM;Ƕb *QHH2;2 BM RN83X



kX h?2 �mi?Q`b kN

6`�M+2
uX 6Qm`ĕb upQMM2 6Qm`ĕb UMû2 "`m?�ic MQr *?Q[m2i@"`m?�iV r�b #Q`M

BM GBHH2 BM RNkjX a?2 `2+2Bp2/ ?2` S?. Uǵ.Q+i2m` /2b a+B2M+2bǶV 7`QK
i?2 lMBp2`bBiû /2 S�`Bb BM RN8R QM i?2 *�m+?v T`Q#H2K 7Q` � bvbi2K
Q7 b2+QM/ Q`/2` T�`iB�H /Bz2`2MiB�H 2[m�iBQMb UrBi? �TTHB+�iBQM iQ
;2M2`�H `2H�iBpBivVX a?2 bT2Mi RN8R@RN8k �i i?2 AMbiBimi2 7Q` �/p�M+2/
aim/v BM S`BM+2iQMX a?2 r�b � K2K#2` Q7 i?2 6�+mHiû /2b a+B2M+2b
/2 J�`b2BHH2 �i i?2 iBK2 Q7 i?2 *?�T2H >BHH +QM72`2M+2X

�M/`û GB+?M2`QrB+x GB+?M2`QrB+x r�b #Q`M BM "Qm`#QM HǶ�`+?�K#�mHi BM
RNR8X >2 `2+2Bp2/ ?Bb S?. BM RNjN- QM /Bz2`2MiB�H ;2QK2i`v BM ;2M@
2`�H `2H�iBpBiv- mM/2` i?2 bmT2`pBbBQM Q7 :2Q`;2b .�`KQBbX >2 r�b
#�b2/ �i i?2 *QHHĕ;2 /2 6`�M+2- BM S�`Bb r?2M i?2 +QM72`2M+2 iQQF
TH�+2X >2 r�b � 7mHH T`Q72bbQ` Q7 K�i?2K�iB+b- `�i?2` i?�M T?vbB+bX
�b r2 ?�p2 b22M- �i i?2 iBK2 Bi r�b +QKKQM 7Q` ;2M2`�H `2H�iBpBbib
iQ #2 7QmM/ BM K�i?2K�iB+b /2T�`iK2MibX GB+?M2`QrB+x ?�/ 2�`HB2`
#22M iQ i?2 ai�i2b- r?2`2 ?2 ?�/ bT2Mi bQK2 iBK2 �b � pBbBiBM; T`Q@
72bbQ` �i S`BM+2iQMX h?2 b�K2 v2�` �b i?2 +QM72`2M+2- GB+?M2`QrB+x
7QmM/2/ U�HQM; rBi? CQ?M q?22H2` �M/ oH�/BKB` 6Q+FV i?2 AMi2`M�@
iBQM�H aQ+B2iv 7Q` :2M2`�H _2H�iBpBiv �M/ :`�pBi�iBQMX

JX �X hQMM2H�i J�`B2@�MiQBM2ii2 hQMM2H�i@"�m/Qi r�b #Q`M BM RNRk BM
aQmi?2`M "m`;mM/vX a?2 ;�BM2/ ?2` /Q+iQ`�i2 BM RNjN- mM/2` i?2 bm@
T2`pBbBQM Q7 /2 "`Q;HB2X AM i?Bb rQ`F Ur?B+? BM+Hm/2b � HBiiH2@FMQrM
T�T2` +Q�mi?Q`2/ rBi? /2 "`Q;HB2V b?2 BMp2biB;�i2/ i?2 `2H�iBQMb?BT
#2ir22M i?2 r�p2 K2+?�MB+b Q7 bTBM@k T�`iB+H2b U;`�pBiQMbV �M/ HBM@
2�`Bx2/ ;2M2`�H `2H�iBpBivX "v i?2 iBK2 Q7 i?2 +QM72`2M+2 b?2 ?�/ �
HQM; ?BbiQ`v Q7 `2b2�`+? BM ;2M2`�H `2H�iBpBiv �M/ mMB}2/ }2H/ i?2Q`v
�M/ r�b ?QH/BM; � TQbBiBQM �i i?2 >2M`B SQBM+�`û AMbiBimi2 �i i?2
lMBp2`bBiû /2 S�`BbX

:2`K�Mv
>X a�H2+F2` >2HKmi a�H2+F2` ?�/ #22M � `2b2�`+? �bbBbi�Mi Q7 1m;2M2

qB;M2`- �M/ r�b `2TQ`iBM; QM i?2B` DQBMi rQ`F �i i?2 *?�T2H >BHH
+QM72`2M+2X >2 bT2Mi T�`i Q7 RN8d #�b2/ BM S`BM+2iQM rBi? qB;M2`-
rQ`FBM; QM ;2M2`�H `2H�iBpBbiB+ BMp�`B�M+2 �M/ [m�MimK i?2Q`v- �M/
i?2 rQ`F QM [m�MimK HBKBi�iBQMb Q7 K2�bm`2K2Mib Q7 bT�+2iBK2 /Bb@
i�M+2bX 6QHHQrBM; i?Bb ?2 iQQF mT � TQbBiBQM �i i?2 AMbiBimi 7Ƀ` h?2@
Q`2iBb+?2 S?vbBF �i 6`2B#m`;X



jy kX h?2 �mi?Q`b

C�T�M

_X liBv�K� _vǔvɟ liBv�K� r�b #Q`M BM a?BxmQF�- C�T�M BM RNReX >2
`2+2Bp2/ ?Bb S?. 7`QK Pb�F� lMBp2`bBiv mM/2` i?2 bmT2`pBbBQM Q7
JBMQ`m EQ#�v�b?B BM RN9yX >2 ?�/ #22M � pBbBiBM; 72HHQr �i i?2
AMbiBimi2 7Q` �/p�M+2/ aim/v �i S`BM+2iQM #2ir22M RN89 �M/ RN8e-
r?2`2 ?2 r�b rQ`FBM; QM ǵ;2M2`�H ;�m;2 i?2Q`vXǶ >2 ?�/ /QM2 2�`HB2`
[mBi2 TBQM22`BM; rQ`F QM [m�MimK ;`�pBivX >2 rQmH/ #2 �KQM; i?2
}`bi TQbi/Q+iQ`�H 72HHQrb �i i?2 AMbiBimi2 7Q` 6B2H/ S?vbB+b �i *?�T2H
>BHHX

.2MK�`F

aX .2b2` ai�MH2v .2b2` r�b #Q`M BM RNjR- BM SQH�M/X >2 Q#i�BM2/ ?Bb S?.
7`QK >�`p�`/ BM RN8j- mM/2` i?2 bmT2`pBbBQM Q7 CmHB�M a+?rBM;2`
rBi? � i?2bBb QM ǳ_2H�iBpBbiB+ hrQ@"Q/v AMi2`�+iBQMbXǴ >2 ?�/ #22M
�M La6 C2r2ii SQbi/Q+iQ`�H 62HHQr �i i?2 AMbiBimi2 Q7 �/p�M+2/
aim/v UA�aV #2ir22M RN8j �M/ RN88 mM/2` i?2 bmT2`pBbBQM Q7 _Q#2`i
PTT2M?2BK2` @ ?2 r�b �HbQ �bbQ+B�i2/ rBi? i?2 ǵ_�/ H�#Ƕ �i "2`F2H2v
/m`BM; RN89X �i i?2 iBK2 Q7 i?2 +QM72`2M+2 ?2 r�b � K2K#2` Q7 i?2
LB2Hb "Q?` AMbiBimi2 BM *QT2M?�;2MX

ar2/2M

"X G�m`2Mi "2`i2H G�m`2Mi ?�/ #22M PbF�` EH2BMǶb H�bi bim/2MiX AM i?2
v2�`b BKK2/B�i2Hv T`2+2/BM; i?2 *?�T2H >BHH +QM72`2M+2 ?2 ?�/ #22M
rQ`FBM; QM i?2 }`bi �ii2KTi �i � 62vMK�M@bivH2 [m�MiBx�iBQM Q7 ;2M@
2`�H `2H�iBpBivX

hm`F2v

"X Em`bmMQ;Hm "2?`�K Em`bmMQ;Hm r�b #Q`M BM hm`F2v BM RNkkX >2 `2@
+2Bp2/ ?Bb S?. 7`QK *�K#`B/;2- r?2`2 ?2 r�b T�`i Q7 � ;`QmT BM+Hm/@
BM; E2KK2`- a�H�K- �M/ .B`�+ @ Em`bmMQ;Hm �HbQ �ii2M/2/ .B`�+Ƕb
[m�MimK K2+?�MB+b H2+im`2bX >2 r�b i?2 +?B27 b+B2MiB}+ �/pBbQ` iQ
i?2 hm`FBb? ;2M2`�H �`Kv bi�z �i i?2 iBK2 Q7 i?2 +QM72`2M+2- �M/ r�b
rQ`FBM; QM � mMB}2/ }2H/ i?2Q`vX



h?2 P`B;BM�H *?�T2H >BHH _2TQ`i





6Q`2rQ`/
*û+BH2 .2qBii

� +QM72`2M+2 QM h?2 _QH2 Q7 :`�pBi�iBQM BM S?vbB+b r�b ?2H/ �i i?2 lMBp2`@
bBiv Q7 LQ`i? *�`QHBM�- *?�T2H >BHH- 7`QK C�Mm�`v R3 iQ C�Mm�`v kj- RN8dX
Ai r�b TH�MM2/ �b � rQ`FBM; b2bbBQM iQ /Bb+mbb T`Q#H2Kb BM i?2 i?2Q`v Q7
;`�pBi�iBQM r?B+? ?�p2 `2+2MiHv `2+2Bp2/ �ii2MiBQMX

h?2 T`2b2Mi `2TQ`i r�b mM/2`i�F2M �b � M2+2bb�`v `2[mB`2K2Mi iQ
Q#i�BM +QM72`2M+2 7mM/bX >Qr2p2`- �b i?2 +QM72`2M+2 T`Q;`2bb2/- Bi #2+�K2
KQ`2 �M/ KQ`2 �TT�`2Mi i?�i � `2TQ`i Q7 i?2 /Bb+mbbBQMb rQmH/ ?�p2 �
b+B2MiB}+ BMi2`2bi- T�`iHv #2+�mb2 Q7 �M BM+`2�bBM; MmK#2` Q7 `2[m2bib 7Q` �
`2TQ`i 7`QK T?vbB+Bbib mM�#H2 iQ �ii2M/ i?2 +QM72`2M+2- �M/ T�`iHv #2+�mb2
Q7 i?2 M�im`2 Q7 i?2 /Bb+mbbBQMbX

_2b2�`+? BM ;`�pBi�iBQM�H i?2Q`v ?�b #22M `2H�iBp2Hv M2;H2+i2/ BM i?2
T�bi irQ Q` i?`22 /2+�/2b 7Q` b2p2`�H ;QQ/ `2�bQMb, URV i?2 H�+F Q7 2tT2`@
BK2Mi�H ;mB/2TQbib- UkV i?2 K�i?2K�iB+�H /B{+mHiB2b 2M+QmMi2`2/ BM i?2
bim/v Q7 MQM@HBM2�` }2H/b- �M/ UjV i?2 2tT2`B2M+2 Q7 `2T2�i2/ 2�`Hv 7�BHm`2b
iQ 2ti2M/ ;2M2`�H `2H�iBpBiv i?2Q`v BM � T2`K�M2MiHv BMi2`2biBM; 7�b?BQMX
� `2M2r2/ BMi2`2bi BM i?2 bm#D2+i ?�b `2+2MiHv #2;mM iQ /2p2HQT- �M/ i?2
*?�T2H >BHH +QM72`2M+2 ;�p2 �M QTTQ`imMBiv iQ i?2 72r T?vbB+Bbib �+iBp2Hv
rQ`FBM; BM i?2 }2H/ @ bQK2 ?�pBM; F2Ti mT �M BMi2`2bi BM Bi BM bTBi2 Q7 Bib
/B{+mHiB2b- Qi?2`b ?�pBM; H�i2Hv 2M;�;2/ BM Bib bim/v- Q7i2M 7`QK � M2r
TQBMi Q7 pB2r @ iQ /Bb+mbb i?2 T`2HBKBM�`v `2bmHib Q#i�BM2/ �M/ iQ T`2b2Mi
M2r HBM2b Q7 �TT`Q�+?X

h?Bb bBim�iBQM ;�p2 `Bb2 iQ p2`v HBp2Hv /Bb+mbbBQMbX P#pBQmbHv- KQbi Q7
i?2 K�i2`B�H /Bb+mbb2/ Bb MQi `2�/v 7Q` Tm#HB+�iBQM v2i �M/ @ QrBM; iQ i?2
/B{+mHiv Q7 i?2 T`Q#H2Kb mM/2` +QMbB/2`�iBQM @ K�v MQi #2 7Q` � HQM; iBK2
iQ +QK2X h?�i Bb r?v �M BM7Q`K�H `2TQ`i Q7 i?2 T`Q+22/BM;b Bb p�Hm�#H2- #mi
�i i?2 b�K2 iBK2 /2HB+�i2 iQ r`Bi2 mTX �M 2zQ`i ?�b #22M K�/2 iQ +?2+F
rBi? i?2 �mi?Q`b i?2 `2TQ`i Q7 i?2B` +QMi`B#miBQMb iQ i?2 +QM72`2M+2- �M/
bQK2 ?�p2 p2`v FBM/Hv `2r`Bii2M i?2 /`�7i T`QTQb2/ iQ i?2KX >Qr2p2`- i?2
iBK2 �HHQii2/ iQ i?2 T`2T�`�iBQM Q7 i?2 `2TQ`i ?�/ iQ #2 HBKBi2/- #2+�mb2
i?2 mb27mHM2bb Q7 bm+? � `2TQ`i /2+`2�b2b rBi? iBK2 KQ`2 `�TB/Hv i?�M Bib
[m�HBiv BM+`2�b2bc KQ`2Qp2`- i?2 `2TQ`i2`b b?QmH/ MQi #2 �bF2/ iQ bT2M/ �M
mM/m2 �KQmMi Q7 iBK2 rQ`FBM; QM i?2 `2TQ`i- r?B+? +QmH/ #2 #2ii2` bT2Mi



QM Q`B;BM�H `2b2�`+?X *QMb2[m2MiHv- MQ bi�i2K2Mi 7`QK i?Bb `2TQ`i
+�M #2 [mQi2/ rBi?Qmi 2tTHB+Bi T2`KBbbBQM 7`QK i?2 �mi?Q`X

h?2 T�T2`b r?B+? �`2 `2�/v 7Q` Tm#HB+�iBQM rBHH �TT2�` BM i?2 CmHv
RN8d Bbbm2 Q7 _2pB2rb Q7 JQ/2`M S?vbB+bX � #`B27 bmKK�`v Q7 i?2 +QM72`@
2M+2 BMi2M/2/ 7Q` MQM@bT2+B�HBbib ?�b #22M b2Mi iQ a+B2M+2X

Ai +�M ?�`/Hv #2 b�B/ i?�i i?2 `2TQ`i ;Bp2b � T2`72+iHv i`m2 TB+im`2
Q7 i?2 +QM72`2M+2X h?2 `2TQ`i ?�b #22M T`2T�`2/ 7`QK MQi2b i�F2M /m`BM;
i?2 b2bbBQM- 7`QK K�i2`B�H ;Bp2M #v i?2 �mi?Q`b- �M/ 7`QK i�T2 `2+Q`/BM;bX
Uh?2 `2TQ`i2`b ?�/ ?QT2/ iQ ?�p2 � bi2MQ;`�T?B+ i`�Mb+`BTi �p�BH�#H2- #mi
i?2 +Qbi Q7 i?Bb i`�Mb+`BTi r�b #2vQM/ +QKKQM b2Mb2XV aQK2 +QMi`B#miBQMb
?�p2 #22M p2`v �TT`2+B�#Hv �#`B/;2/- bQK2 �`2 `2T`Q/m+2/ T`�+iB+�HHv p2`@
#�iBK- bQK2 �`2 2ti2M/2/- �M/ bQK2 ?�p2 MQi #22M `2+Q`/2/- /2T2M/BM;
H�`;2Hv QM i?2 ǳ+QKKmMB+�iBQMǴ U#Qi? K�i2`B�H �M/ BMi2HH2+im�HV #2ir22M
�mi?Q`b QM i?2 QM2 ?�M/ �M/ `2TQ`i2`b �M/ 2/BiQ`b QM i?2 Qi?2`X

�i i?2 2M/ Q7 i?2 +QM72`2M+2- i?2 T�`iB+BT�Mib 2tT`2bb2/ @ iQ;2i?2`
rBi? i?2B` #2HB27 BM i?2 BKTQ`i�M+2 Q7 i?2 bm#D2+i K�ii2` @ i?2 rBb? iQ K22i
�;�BM- B7 TQbbB#H2 BM 1m`QT2 BM i?2 bmKK2` Q7 RN83X am+? K22iBM;b b?QmH/
i`mHv ;Bp2 �M QTTQ`imMBiv 7Q` /Bb+mbbBQMb �M/ 7Q` +QMi�+ib #2ir22M b2MBQ`
T?vbB+Bbib r?Q ?�p2 � #`Q�/ �M/ i?Q`Qm;? mM/2`bi�M/BM; Q7 i?2 bm#D2+i
�M/ vQmM;2` T?vbB+Bbib Q7 p�`BQmb #�+F;`QmM/b r?Q ?�p2 �M BMi2`2bi BM BiX
h?2 M22/ Bb �HbQ 72Hi 7Q` /Bb+mbbBQMb �M/ +QMi�+ib #2ir22M rQ`F2`b BM i?2
}2H/ 7Q` T2`BQ/b Q7 iBK2 HQM;2` i?�M +QM72`2M+2bX

h?�MFb �`2 /m2 iQ i?2 bTQMbQ`b- i?2 K2K#2`b Q7 i?2 bi22`BM; +QK@
KBii22- �M/ i?2 K2K#2`b Q7 i?2 S?vbB+b .2T�`iK2Mi Q7 i?2 lMBp2`bBiv Q7
LQ`i? *�`QHBM�X h?2 BMi2`2bi b?QrM BM i?2 +QM72`2M+2 #v :Qp2`MQ` Gmi?2`
>X >Q/;2b �M/ #v i?2 Q{+2`b Q7 i?2 lMBp2`bBiv r�b p2`v ;`�iB7vBM;X aT2@
+B�H K2MiBQM b?QmH/ #2 K�/2 Q7 i?2 +QQT2`�iBQM Q7 i?2 lMBp2`bBiv 1ti2MbBQM
.BpBbBQM �M/ Q7 i?2 K�Mv BM/BpB/m�Hb r?Q �bbBbi2/ BM ?QbTBi�HBiv �``�M;2@
K2Mib 7Q` i?2 +QM72`22bX hQ �HH r?Q ?�p2 K�/2 i?2 *?�T2H >BHH +QM72`2M+2
TQbbB#H2 �M/ ?�p2 ?2HT2/ BM Bib Q`;�MBx�iBQM- i?Bb `2TQ`i Bb /2/B+�i2/ �b �
iQF2M Q7 �TT`2+B�iBQMX

*û+BH2 JX .2qBii

*?�T2H >BHH- LQ`i? *�`QHBM�
J�`+? R8- RN8d



�#bi`�+i

6`QK C�Mm�`v R3@kj- RN8d- � ;`QmT Q7 T?vbB+Bbib 7`QK b2p2`�H +QmMi`B2b
K2i �i i?2 lMBp2`bBiv Q7 LQ`i? *�`QHBM� iQ /Bb+mbb i?2 `QH2 Q7 ;`�pBi�iBQM
BM T?vbB+bX h?2 T`Q;`�K r�b /BpB/2/ BMiQ irQ #`Q�/ ?2�/BM;b, lM[m�M@
iBx2/ �M/ [m�MiBx2/ ;2M2`�H `2H�iBpBivX lM/2` i?2 7Q`K2` +�K2 � `2pB2r
Q7 +H�bbB+�H `2H�iBpBiv- Bib 2tT2`BK2Mi�H i2bib- i?2 BMBiB�H p�Hm2 T`Q#H2K-
;`�pBi�iBQM�H `�/B�iBQM- 2[m�iBQMb Q7 KQiBQM- �M/ mMB}2/ }2H/ i?2Q`vX lM@
/2` [m�MiBx2/ ;2M2`�H `2H�iBpBiv +�K2 � /Bb+mbbBQM Q7 i?2 KQiBp�iBQM 7Q`
[m�MiBx�iBQM- i?2 T`Q#H2K Q7 K2�bm`2K2Mi- �M/ i?2 �+im�H i2+?MB[m2b 7Q`
[m�MiBx�iBQMX AM #Qi? b2+iBQMb i?2 `2H�iBQMb?BT Q7 ;2M2`�H `2H�iBpBiv iQ 7mM@
/�K2Mi�H T�`iB+H2b r�b /Bb+mbb2/X AM �//BiBQM i?2`2 r�b � b2bbBQM /2pQi2/
iQ +QbKQHQ;B+�H [m2biBQMbX � H�`;2 T�`i Q7 i?2 `2H2p�Mi /Bb+mbbBQMb Bb `2T`Q@
/m+2/ BM i?Bb `2TQ`i BM � bQK2r?�i �#`B/;2/ 7Q`KX � +QM72`2M+2 bmKK�`v
bi�i2K2Mi Bb T`2b2Mi2/ #v S`Q72bbQ` SX :X "2`;K�MMX



S_P*11.AL:a
P6 h>1

*PL61_1L*1 PL h>1 _PG1 P6 :_�oAh�hAPL AL S>uaA*a

lMBp2`bBiv Q7 LQ`i? *�`QHBM�- *?�T2H >BHH- C�Mm�`v R3@kj- RN8d

lL.1_ h>1 aSPLaP_a>AS
P6 h>1

AMi2`M�iBQM�H lMBQM Q7 Sm`2 �M/ �TTHB2/ S?vbB+b- rBi? }M�M+B�H bmTTQ`i
7`QK
lL1a*P
L�iBQM�H a+B2M+2 6QmM/�iBQM
q`B;?i �B` .2p2HQTK2Mi *2Mi2`- lXaX �B` 6Q`+2
P{+2 Q7 P`/M�M+2 _2b2�`+?- lXaX �`Kv

h?Bb +QM72`2M+2 r�b �M �+iBpBiv Q7 i?2 LQ`i? *�`QHBM� S`QD2+i Q7 i?2 AM@
biBimi2 Q7 6B2H/ S?vbB+b- 2bi�#HBb?2/ BM RN8e BM i?2 .2T�`iK2Mi Q7 S?vbB+b
Q7 i?2 lMBp2`bBiv Q7 LQ`i? *�`QHBM�- *?�T2H >BHHX

Aib Q`;�MBx�iBQM ?�b #22M +�``B2/ Qmi i?`Qm;? i?2 AMbiBimi2 Q7 L�im`�H
a+B2M+2 Q7 i?2 lMBp2`bBiv Q7 LQ`i? *�`QHBM�- *?�T2H >BHHX

ah11_AL: *PJJAhh11

6`2/2`B+F CX "2HBM7�Mi2- Sm`/m2 lMBp2`bBiv
S2i2` :X "2`;K�MM- av`�+mb2 lMBp2`bBiv

"`v+2 aX .2qBii- lMBp2`bBiv Q7 LQ`i? *�`QHBM�
*û+BH2 JX .2qBii- lMBp2`bBiv Q7 LQ`i? *�`QHBM�
6`22K�M CX .vbQM- AMbiBimi2 7Q` �/p�M+2/ aim/v

CQ?M �X q?22H2`- S`BM+2iQM lMBp2`bBiv

J�_*> RN8dR

q`B;?i �B` .2p2HQTK2Mi *2Mi2`
�B` _2b2�`+? �M/ .2p2HQTK2Mi *QKK�M/

lMBi2/ ai�i2b �B` 6Q`+2
q`B;?i@S�ii2`bQM �B` 6Q`+2 "�b2- P?BQ

R*û+BH2 JX .2qBii K�BH2/ i?Bb `2TQ`i iQ i?2 �B` 6Q`+2 QM J�`+? R3c QM J�`+? RN- b?2
;�p2 #B`i? iQ ?2` i?B`/ /�m;?i2`X



_2TQ`i2`b

qX �X "Qr2`b
"X aX .2qBii

*û+BH2 JX .2qBii
JX JX .mM+�M
CX JX :BM;

CX _X >2``BM;
1X JX GvM+?
�X oX J�bF2i

1m;2M J2`x#�+?2`

h2+?MB+�H 2/BiQ` �M/ ivTBbi

PmB/� *X h�vHQ`

a+B2MiB}+ 2/BiQ`b

*û+BH2 JX .2qBii
"`v+2 aX .2qBii





S�_hA*AS�Lha AL h>1 *PL61_1L*1k

�M/2`bQM- CX GX ai2p2Mb AMbiBimi2 Q7 h2+?MQHQ;v
"�`;K�MM- oX S`BM+2iQM lMBp2`bBiv
"�bb- _XqX _A�a - AM+X- "�HiBKQ`2
"2HBM7�Mi2- 6X CX Sm`/m2 lMBp2`bBiv
"2`;K�MM- SX :X av`�+mb2 lMBp2`bBiv
"QM/B- >X EBM;Ƕb *QHH2;2- GQM/QM
"`BHH- .X _X S`BM+2iQM lMBp2`bBiv
"m+FBM;?�K- JX CXƘƘƘƘ .mF2 lMBp2`bBiv
.�pBb- qX _X PFH�?QK� *Biv- PFH�?QK�
.2b2`- aX AMbiBimi2 7Q` h?2Q`2iB+�H S?vbB+b- *QT2M?�;2M
.2qBii- "X aX lMBp2`bBiv Q7 LQ`i? *�`QHBM�
.2qBii- *X JX lMBp2`bBiv Q7 LQ`i? *�`QHBM�
.B+F2- _X >X S`BM+2iQM lMBp2`bBiv
1`Mbi- 6X CX lMBp2`bBiv Q7 qBb+QMbBM
1bi�#`QQF- 6X "X P{+2 Q7 P`/M�M+2 _2b2�`+?
1mr2K�- _X LX S`BM+2iQM lMBp2`bBiv
62vMK�M- _X SX *�HB7Q`MB� AMbiBimi2 Q7 h2+?MQHQ;v
6Qm`ĕb- uX lMBp2`bBiv Q7 J�`b2BHH2
:QH/- hX *Q`M2HH lMBp2`bBiv
:QH/#2`;- AX av`�+mb2 lMBp2`bBiv
:QH/#2`;- CX LX q`B;?i �B` .2p2HQTK2Mi *2Mi2`
>�p�b- SX G2?B;? lMBp2`bBiv
C�MBb- �X av`�+mb2 lMBp2`bBiv
E2`p�B`2- JX J�bb�+?mb2iib AMbiBimi2 Q7 h2+?MQHQ;v
Em`bmMQ;Hm- "X J�Hi2T2- �MF�`�- hm`F2v

kLQi2 i?�i BM i?2 Q`B;BM�H `2TQ`i i?2 7`QMi K�ii2` 72�im`2/ �M BM/2t Q7 Ui?2 KQ`2
bm#bi�MiB�HV +QMi`B#miBQMb Q7 i?2 p�`BQmb T�`iB+BT�MibX AM i?2 T`2b2Mi p2`bBQM- 7Q` +QM@
p2MB2M+2- i?Bb ?�b #22M BM+Q`TQ`�i2/ BMiQ � KQ`2 ;2M2`�H BM/2tX A ?�p2 �HbQ BM+Hm/2/ JX
CX "m+FBM;?�K r?Q ?�/ #22M QKBii2/ BM i?2 Q`B;BM�H p2`bBQMX



9y kX h?2 �mi?Q`b

G�m`2Mi- "X AMbiBimi2 7Q` J2+?�MB+b
� J�i?2K�iB+�H S?vbB+b- aiQ+F?QHK

GB+?M2`QrB+x- �X *QHHĕ;2 /2 6`�M+2- S�`Bb
GBHH2v- �X 1X L�p�H _2b2�`+? G�#Q`�iQ`v- q�b?BM;iQM
GBM/[mBbi- _X qX S`BM+2iQM lMBp2`bBiv
J�+2- _X P{+2 Q7 P`/M�M+2 _2b2�`+?
JBbM2`- *X qX S`BM+2iQM lMBp2`bBiv
JDQHbM2bb- _X S`BM+2iQM lMBp2`bBiv
L2rK�M- 1X hX lMBp2`bBiv Q7 SBiib#m`;?
SB`�MB- 6X �X 1X EBM;Ƕb *QHH2;2- GQM/QM
_Qb2M- LX UBM �#b2MiB�V Ab`�2H AMbiBimi2 Q7 h2+?MQHQ;v- >�B7�
_Qb2M72H/- GXj lMBp2`bBiv Q7 J�M+?2bi2`
a�+?b- _X av`�+mb2 lMBp2`bBiv
a�H2+F2`- >X AMbiBimi2 Q7 h?2Q`2iB+�H S?vbB+b-

6`2B#m`;
a+?BH/- �X q2biBM;?Qmb2 _2b2�`+? G�#Q`�iQ`B2b-

SBiib#m`;?
a+?BHH2`- _X aX ai2p2Mb AMbiBimi2 Q7 h2+?MQHQ;v
a+B�K�- .X h`BMBiv *QHH2;2- *�K#`B/;2
hQMM2H�i- JX �X >2M`B SQBM+�`û AMbiBimi2- S�`Bb
liBv�K�- _X lMBp2`bBiv Q7 Pb�F�- C�T�M
q2#2`- CX lMBp2`bBiv Q7 J�`vH�M/
q?22H2`- CX �X S`BM+2iQM lMBp2`bBiv
qBii2M- GX _A�a- AM+X- "�HiBKQ`2

j_Qb2M72H/ ?�/ Q`B;BM�HHv #22M /2MB2/ � pBb� iQ �ii2M/ i?2 RN8d *?�T2H >BHH +QM72`2M+2
#v i?2 la *QMbmH BM J�M+?2bi2` U6"A }H2 C�Mm�`v k9- RN8dVX *û+BH2 .2qBii i2H2T?QM2/
i?2 la �iiQ`M2v :2M2`�H �M/ r�b �#H2 iQ +QMpBM+2 ?BK iQ `2p2`b2 i?2 *QMbmHǶb /2+BbBQMX



a2bbBQM A lM[m�MiBx2/ :2M2`�H _2H�iBpBiv
*?�B`K�M, "X aX .2qBii





*?�Ti2` j
h?2 S`2b2Mi SQbBiBQM Q7 *H�bbB+�H _2H�iBpBiv h?2Q`v �M/
aQK2 Q7 Bib S`Q#H2Kb
CQ?M q?22H2`

q2 �`2 ?2`2 iQ +QMbB/2` �M 2ti`�Q`/BM�`v iQTB+- QM2 i?�i `�M;2b 7`QK
i?2 BM}MBi2Hv H�`;2 iQ i?2 BM}MBi2Hv bK�HHX q2 r�Mi iQ }M/ r?�i ;2M2`�H
`2H�iBpBiv �M/ ;`�pBi�iBQM T?vbB+b ?�p2 iQ /Q rBi? i?2 /2b+`BTiBQM Q7 M�im`2X
h?Bb i�bF BKTQb2b � ?2�pv #m`/2M Q7 Dm/;2K2Mi �M/ +Qm`�;2 QM mb- 7Q`
M2p2` #27Q`2 ?�b i?2Q`2iB+�H T?vbB+b ?�/ iQ 7�+2 bm+? rB/2 bm#D2+i K�ii2`-
�bbBbi2/ #v bQ +QKT`2?2MbBp2 � i?2Q`v #mi bQ HBiiH2 i2bi2/ #v 2tT2`BK2MiX

Pm` T`Q#H2Kb 7�HH mM/2` i?`22 ?2�/bX 6B`bi, q?�i +?2+Fb /Q r2 ?�p2
iQ/�v Q7 1BMbi2BMǶb ;2M2`�H `2H�iBpBiv i?2Q`v- �M/ r?�i +�M #2 /QM2 iQ
BKT`Qp2 Qm` i2bib\ a2+QM/, q?�i r�vb +�M r2 b22 iQ /`�r M2r `B+?M2bb
Qmi Q7 i?2 i?2Q`v\ �M/ i?B`/, q?�i +QMM2+iBQM +�M r2 7Q`2b22 #2ir22M
i?Bb i?2Q`v �M/ i?2 [m�MimK rQ`H/ Q7 i?2 2H2K2Mi�`v T�`iB+H2b\

qBi?Qmi ;QBM; Qp2` �HH i?2 2pB/2M+2 7`QK Q#b2`p�iBQM�H i2bib Q7 ;2M2`�H
`2H�iBpBiv- Bi Bb T2`?�Tb rQ`i?r?BH2 iQ b2i /QrM � 72r MmK#2`b `2H�iBM; iQ
i?2 i?`22 i`�/BiBQM�H i2bib Q7 i?2 i?2Q`vX

h�#H2 jXR, S`2+2bbBQM BM b2+QM/b Q7 �`+ T2` +2Mim`v

SH�M2i P#b2`p2/ o�Hm2 S`2/B+iBQM 7`QK :2M2`�H _2H�iBpBiv
J2`+m`v 42.56±0.94 9jXR8
1�`i? 4.6±2.7 jX39
J�`b ě RXj8

h�#H2 jXR +QKT�`2b i?2 T`2/B+i2/ �M/ Q#b2`p2/ p�Hm2b Q7 i?2 T`2+2bbBQM Q7
i?2 T2`B?2HBQM Q7 J2`+m`v �M/ i?2 1�`i?c 7Q` J�`b i?2`2 �`2 MQi v2i /�i�
iQ ;Bp2 � +?2+FX h?2 T`2/B+i2/ 2z2+ib �`2 r2HH rBi?BM i?2 2tT2`BK2Mi�H
2``Q`X



99 jX S`2b2Mi SQbBiBQM Q7 *H�bbB+�H _2H�iBpBiv �M/ aQK2 Q7 Bib S`Q#H2Kb

h?2 b2+QM/ r2HH@FMQrM i2bi Bb i?2 /2~2+iBQM Q7 HB;?i BM T�bbBM; i?2
bmM- r?B+? b?Qrb Bib2H7 �b i?2 /Bz2`2M+2 #2ir22M T?QiQ;`�T?b Q7 i?2 bi�`
}2H/ i�F2M r?2M i?2 bmM Bb BM Bib KB/bi �M/ i?Qb2 i�F2M r?2M i?2 bmM Bb
2Hb2r?2`2X h?2 2tT2+i2/ 2z2+i Bb RXd8R b2+QM/b Q7 �`+ /2~2+iBQM 7Q` � `�v
r?B+? T�bb2b i?2 bmM �i ;`�xBM; BM+B/2M+2X �Hi?Qm;? i?2`2 ?�b #22M bQK2
/Bb�;`22K2Mi �KQM; �bi`QMQK2`b- i?2 +�`27mH `2pB2r Q7 i?2 2pB/2M+2 #v
J+oBiiB2 H2�/b iQ �++2Ti�M+2 Q7 JBi+?2HHǶb `2bmHi- #�b2/ QM i?2 RNRN- RNkk-
�M/ RNkN 2+HBTb2b- Q7 1.79± .06 b2+QM/b Q7 �`+- r?B+? p�Hm2 ?�b bBM+2 #22M
+QM}`K2/ #v Q#b2`p�iBQMb Q7 i?2 RN8k 2+HBTb2X h?2 i?2Q`2iB+�H T`2/B+iBQM
Bb i?mb BM �;`22K2Mi rBi? i?2 /�i�X

h?2 i?B`/ Q#b2`p�iBQM�H i2bi Q7 ;2M2`�H `2H�iBpBiv- i?2 ;`�pBi�iBQM�H
`2/ b?B7i Q7 bT2+i`�H HBM2b 2KBii2/ QM i?2 bm`7�+2 Q7 � K�bbBp2 bi�`- T`2b2Mib
BMbmT2`�#H2 /B{+mHiB2b BM i?2 +�b2 Q7 i?2 bmM- QrBM; iQ i?2 7�+i i?�i bT2+i`�H
b?B7ib Q`B;BM�iBM; BM �iKQbT?2`B+ +m``2Mib �M/ im`#mH2M+2 +QKTH2i2Hv K�bF
i?2 2z2+iX PM i?2 Qi?2` ?�M/- r?Bi2 /r�`7 bi�`b ?�p2 K�bb iQ `�/Bmb `�iBQb
H�`;2 2MQm;? iQ K�F2 i?2b2 .QTTH2` 2z2+ib M2;HB;B#H2 BM +QKT�`BbQM rBi?
i?2 ;`�pBi�iBQM�H `2/ b?B7iX P#b2`p�iBQMb �`2 �p�BH�#H2 QM irQ bi�`b- �M/
�`2 bmKK�`Bx2/ BM h�#H2 jXkX

h�#H2 jXk, P#b2`p2/ �M/ S`2/B+i2/ :`�pBi�iBQM�H _2/ a?B7ib

Mass
SunMass

Radius
Sun Radius

Red Shift
Predicted Observed

9y 1`B " 0.43±0.04 0.016±0.002 17±3 21±4
aB`Bmb " R yXyy3 79 60−80

Ai �TT2�`b 7`QK i?2b2 i?`22 i`�/BiBQM�H i2bib i?�i ;2M2`�H `2H�iBpBiv Bb MQi
BM /Bb�;`22K2Mi rBi? i?2 Q#b2`p�iBQMbX

h?2 +?B27 TQbbB#BHBiB2b Q7 BKT`Qp2K2Mi 2tBbi BM i?2 b2+QM/ �M/ i?B`/
2z2+ib @ i?�i Bb- i?2 #2M/BM; Q7 HB;?i �M/ i?2 ;`�pBi�iBQM�H `2/ b?B7iX q2
?QT2 iQ ?2�` 7`QK S`Q72bbQ` .B+F2 H�i2` r?�i T`QbT2+ib i?2`2 �`2 7Q` M2r
2tT2`BK2MibX AM T�`iB+mH�`- i?2 /2p2HQTK2Mi Q7 i?2 ǳ�iQKB+ +HQ+FǴ K�v
#2;BM iQ K�F2 72�bB#H2 /2i2+iBQM Q7 ;`�pBi�iBQM�H `2/ b?B7i QM i?2 2�`i?
Bib2H7X

hQ ;Q QM iQ i?2 b2+QM/ ;2M2`�H T`Q#H2K- M�K2Hv- ?Qr iQ /`�r M2r
`B+?M2bb Qmi Q7 i?2 i?2Q`v QM i?2 +H�bbB+�H H2p2H, i?2`2 Bb � 7�`@`2�+?BM;
�M�HQ;v #2ir22M i?2 2[m�iBQMb Q7 ;2M2`�H `2H�iBpBiv QM i?2 QM2 ?�M/ �M/
i?Qb2 Q7 J�tr2HHǶb i?2Q`v QM i?2 Qi?2`c i?2v �`2 #Qi? b2+QM/ Q`/2` T�`iB�H
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/Bz2`2MiB�H 2[m�iBQMb- �M/ i?2 7mim`2 +�M #2 T`2/B+i2/ 7`QK i?2 FMQrH2/;2
Q7 BMBiB�H +QM/BiBQMbX 6`QK J�tr2HHǶb 2[m�iBQMb- r?B+? �`2 [mBi2 bBKTH2- �
r2�Hi? Q7 BM7Q`K�iBQM +�M #2 Q#i�BM2/, /B2H2+i`B+ +QMbi�Mib- b+�ii2`BM; Q7
r�p2b- BM/2t Q7 `27`�+iBQM- �M/ bQ QMc i?2 2[m�iBQMb Q7 ;2M2`�H `2H�iBpBiv
?�p2- ?Qr2p2`- b+�`+2Hv #22M 2tTHQ`2/- �M/ Km+? `2K�BMb iQ #2 /QM2 rBi?
i?2KX �MQi?2` i�bF �?2�/ Q7 mb Bb i?2 +QMbi`m+iBQM Q7 i?2 +m`p2 ;BpBM;
i?2 bT2+i`mK Q7 ;`�pBi�iBQM�H `�/B�iBQM BM+B/2Mi QM i?2 2�`i?- �M�HQ;Qmb
iQ i?2 FMQrM +m`p2 Q7 i?2 2H2+i`QK�;M2iB+ `�/B�iBQM bT2+i`mKc Q` �i H2�bi
i?2 /2i2`KBM�iBQM Q7 mTT2` HBKBib QM BiX lMiBH bQK2i?BM; Bb FMQrM �#Qmi
i?Bb- r2 +�M b+�`+2Hv #2 b�B/ iQ FMQr r?�i r2 �`2 i�HFBM; �#QmiX

q2 +�M- ?Qr2p2`- ;Q QM iQ 2tTHQ`2 bQK2 Q7 i?2b2 �M�HQ;B2b QM � /22T2`
H2p2HX 6B`bi �KQM; i?2 T`Q#H2Kb Bb i?2 ǳBMBiB�H p�Hm2 T`Q#H2KXǴ A7 A K�F2
� /B�;`�K bBKBH�` iQ � b?m|2#Q�`/ +Qm`i- rBi? /Bz2`2Mi b[m�`2b +Q``2@
bTQM/BM; iQ i?2 p�`BQmb mMbQHp2/ T`Q#H2Kb- �M/ rBi? b+Q`2b �ii�+?2/ iQ
i?2 p�`BQmb b[m�`2b- r2 b?QmH/ �bbB;M � p2`v ?B;? b+Q`2 @ b�v Ryy TQBMib @
iQ i?Bb T`Q#H2KX q2 FMQr i?�i BM 2H2+i`QK�;M2iB+ i?2Q`v- B7 E �M/ H �`2
;Bp2M �i iBK2 t = t0- i?2B` p�Hm2b �i H�i2` iBK2b +�M #2 T`2/B+i2/X >Qr2p2`-
i?2v K�v MQi #2 bT2+B}2/ �`#Bi`�`BHv QM i?2 BMBiB�H iBK2@HBF2 bm`7�+2- #mi
Kmbi Q#2v +2`i�BM +QM/BiBQMb @ M�K2Hv i?2 p�MBb?BM; Q7 i?2B` /Bp2`;2M+2bX
h?`Qm;? i?2 rQ`F Q7 S`Q72bbQ` GB+?M2`QrB+x- r2 MQr FMQr i?2 �M�HQ;Qmb
+QM/BiBQMb BM i?2 +�b2 Q7 `2H�iBpBiv i?2Q`vX h?2v �`2 MQM@HBM2�` +QM/BiBQMb-
`�i?2` i?�M HBM2�` QM2b �b BM i?2 J�tr2HH i?2Q`vX lM7Q`imM�i2Hv- ?Qr2p2`-
r2 /Q MQi FMQr v2i �Mv ǳbmT2`@TQi2MiB�Hb-Ǵ �M�HQ;Qmb iQ A BM 2H2+i`QK�;@
M2iB+ i?2Q`v- r?B+? +�M #2 bT2+B}2/ �`#Bi`�`BHv �M/ r?Qb2 /2`Bp�iBp2b ;Bp2
i?2 }2H/ [m�MiBiB2b r?BH2 �miQK�iB+�HHv b�iBb7vBM; i?2 bmTTH2K2Mi�`v +QM@
/BiBQMbX h?Bb Bb QM2 Q7 i?2 KQbi BKTQ`i�Mi T`Q#H2Kb Q7 `2H�iBpBiv i?2Q`v-
�M/ QM2 K�v r2HH #2HB2p2 i?�i Bi Kmbi #2 bQHp2/ #27Q`2 7m`i?2` T`Q;`2bb
rBi? [m�MiBx�iBQM Q7 i?2 i?2Q`v +�M #2 K�/2X h?2 7m`i?2` T`Q#H2K Q7
i?2 ǳiBK2@bvKK2i`B+Ǵ bT2+B}+�iBQM Q7 BMBiB�H +QM/BiBQMb- r?B+? r2 FMQr
+�M #2 /QM2 BM 2H2+i`QK�;M2iB+ i?2Q`v #v bT2+B7vBM; H QM irQ iBK2@HBF2
bm`7�+2b BMbi2�/ Q7 bT2+B7vBM; #Qi? E �M/ H QM QM2 bm`7�+2- �M/ r?B+? Bb
i?2 �TT`QT`B�i2 7Q`K 7Q` [m�MiBx�iBQM- Bb �HbQ v2i iQ #2 bQHp2/ BM `2H�iBpBiv
i?2Q`vX

LQr i?Bb Bb � HQ+�H +QM/BiBQMc #mi #QmM/�`v +QM/BiBQMb BM i?2 H�`;2
Kmbi #2 +QMbB/2`2/- 2bT2+B�HHv r?2M +QMbB/2`BM; bvbi2Kb rBi? +HQb2/ iQTQH@
Q;v @ �M/ iQ i?Bb T`Q#H2K r2 K�v �bbB;M � b+Q`2 Q7- b�v- k8X

� i?B`/ T`Q#H2K Bb i?�i Q7 i`�MbH�iBM; J�+?Ƕb T`BM+BTH2 @ i?�i i?2 /Bb@
i`B#miBQM Q7 K�ii2` BM i?2 mMBp2`b2 b?QmH/ bT2+B7v i?2 BM2`iB�H T`QT2`iB2b �i
�Mv ;Bp2M TQBMi Q7 bT�+2 @ BMiQ +QM+`2i2- r2HH /2}M2/ 7Q`KX q2 FMQr 7`QK
i?2 rQ`F Q7 .`X a+B�K� i?�i QM2 +�M i`�MbH�i2 i?2 /Bz2`2MiB�H 2[m�iBQMb Q7
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i?2 1BMbi2BM i?2Q`v BMiQ BMi2;`�H 2[m�iBQMb- �M/ i?�i QM2 ?�b �M �M�HQ;v
#2ir22M i?2 bQHmiBQMb Q7 i?2 2[m�iBQMb Q7 bi�iB+ �M/ `�/B�iBp2 ivT2- `2bT2+@
iBp2Hv- �M/ i?2 +Q``2bTQM/BM; ivT2b Q7 bQHmiBQMb Q7 J�tr2HHǶb 2[m�iBQMb,
M�K2Hv- BMp2`b2 b[m�`2 #2?�pBQ` Q7 i?2 bi�iB+ bQHmiBQMb- #mi BMp2`b2 }`bi
TQr2` #2?�pBQ` �i H�`;2 /Bbi�M+2b- �`BbBM; 7`QK i?2 `�/B�iBp2 i2`KbX A7 QM2
bmKb i?2b2 BMi2`�+iBQMb Qp2` �HH K�bb2b BM i?2 mMBp2`b2- QM2 b22b bQK2i?BM;
Q7 i?2 +QMM2+iBQM #2ir22M i?2 BM2`iB� Q7 QM2 T�`iB+H2 �M/ i?2 /Bbi`B#miBQM Q7
i?2 `2bi Q7 K�ii2` BM bT�+2X h?Bb T`Q#H2K Q7 bT2HHBM; Qmi J�+?Ƕb T`BM+BTH2
BM � #2ii2`@/2}M2/ r�v r2 K�v �bbB;M � b+Q`2 Q7- b�v- k8X Ai Bb Q7 +Qm`b2
`2H�i2/ �HbQ iQ i?2 T`Q#H2K Q7 bT2+B}+�iBQM Q7 +QM/BiBQMb BM i?2 H�`;2- r?B+?
r2 K2MiBQM2/ 2�`HB2`c Bi Bb �HbQ `2H�i2/ iQ �MQi?2` Bbbm2, i?�i Q7 mMB[m2M2bb
Q7 bQHmiBQMb Q7 i?2 ;`�pBi�iBQM�H }2H/ 2[m�iBQMb- iQ r?B+? r2 K�v �bbB;M-
b�v- Ry TQBMibX

hQ T�bb QM 7`QK i?2b2 Bbbm2b- H2i mb +QMbB/2` bQK2 7m`i?2` �M�HQ;B2b
rBi? 2H2+i`QK�;M2iB+ i?2Q`vX q2 FMQr i?�i B7 r2 ?�p2 BM � ;Bp2M 7`�K2 Q7
`272`2M+2 � bT2+B}2/ }2H/- i?2`2 2tBbib �MQi?2` 7`�K2 Q7 `272`2M+2 KQpBM;
rBi? p2HQ+Biv

v
c
=

2(E ×H)

E2 +H2

BM r?B+? E �M/ H ?�p2 #22M `2/m+2/ iQ T�`�HH2HBbKX q2 i?2M ?�p2 �
+�MQMB+�H bBim�iBQM BM r?B+?- B7 r2 +?Qb2 i?2 z@�tBb �b i?2 /B`2+iBQM Q7 E
�M/ H- �Mv `Qi�iBQM BM i?2 x@y TH�M2 H2�p2b i?2 bBim�iBQM mM+?�M;2/- �M/
�Mv GQ`2Mix i`�Mb7Q`K�iBQM BM i?2 z@t TH�M2 �HbQ H2�p2b i?2 bBim�iBQM mM@
+?�M;2/X h?mb r?�i a+?Qmi2M ?�b +�HH2/ � ǳirQ@#H�/2/Ǵ bi`m+im`2 Q7 i?2
bT�+2@iBK2 +QMiBMmmK �i �Mv TQBMi Bb /2}M2/ #v i?2 2H2+i`QK�;M2iB+ }2H/X
h?Bb Bb i?2M � ;2QK2i`B+�H BMi2`T`2i�iBQM Q7 r?�i r2 ?�p2 iQ /2�H rBi?
BM i?2 2H2+i`QK�;M2iB+ +�b2- �M/ r2 rQmH/ HBF2 iQ mM/2`bi�M/ r?�i i?2
�M�HQ;Qmb bBim�iBQM Bb BM i?2 ;`�pBi�iBQM�H +�b2X >2`2 r2 ?�p2 iQ /2�H rBi?
i?2 [m�MiBiB2b Ri jklm i?�i K2�bm`2 i?2 +m`p�im`2 Q7 bT�+2 @ ;2QK2i`B+�H
[m�MiBiB2b Km+? KQ`2 2H�#Q`�i2 i?�M i?2 2H2+i`QK�;M2iB+ }2H/ i2MbQ`- Q7
+Qm`b2X q2 rQmH/ HBF2 iQ mM/2`bi�M/ r?�i FBM/b Q7 BMp�`B�M+2 i?Bb [m�M@
iBiv /2}M2bX q2 ?�p2 i?2 `2K�`F�#H2 rQ`F Q7 :û?ûMB�m �M/ .2#2p2` QM
i?Bb T`Q#H2K- #mi i?2`2 �`2 biBHH Bbbm2b iQ #2 /2}M2/ BM ;BpBM; � +H2�` mM@
/2`bi�M/BM; Q7 r?�i ;2QK2i`B+�H [m�MiBiB2b �`2 bT2+B}2/ #v i?2 2tBbi2M+2
Q7 i?2 ;`�pBi�iBQM�H }2H/X A rQmH/ �ii�+? � b+Q`2 Q7- b�v- R8 iQ i?Bb T`Q#H2K
Q7 i?2 ;2QK2i`B+�H BMi2`T`2i�iBQM Q7 i?2 ;`�pBi�iBQM�H }2H/ [m�MiBiB2bX

h?Bb BM im`M H2�/b mb iQ �MQi?2` Bbbm2X 1BMbi2BM ?�b i�m;?i mb iQ
i?BMF BM i2`Kb Q7 +HQb2/ +QMiBMm�- `�i?2` i?�M i?2 QT2M +QMiBMm� bm+? �b
1m+HB/2�M bT�+2c #mi bBM+2 i?2 /Bz2`2MiB�H 2[m�iBQMb �`2 Tm`2Hv HQ+�H �M/
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b�v MQi?BM; �#Qmi i?2 iQTQHQ;v BM i?2 H�`;2- r2 �`2 Q#HB;2/ iQ +QMbB/2`
r?�i i?2 TQbbB#BHBiB2b �`2X _2+2MiHv r2 ?�p2 #2+QK2 �r�`2- 7Q` 2t�KTH2-
Q7 QM2 r�v Q7 mM/2`bi�M/BM;- BM i2`Kb Q7 iQTQHQ;B+�H MQiBQMb- bm+? � +QM+2Ti
�b i?�i Q7 2H2+i`B+ +?�`;2X 6B;m`2 jXR #2HQr b?Qrb QM2 BMi`B;mBM; FBM/ Q7
iQTQHQ;B+�H +QMM2+i2/M2bb BM i?2 bK�HHX

A

P1 P2

6B;m`2 jXR

A7 QM2 i?BMFb Q7 i?2 mTT2` `2;BQM A �b � irQ@/BK2MbBQM�H bT�+2- i?2`2 2tBbib
i?2 TQbbB#BHBiv Q7 +QMM2+iBM; irQ `2;BQMb P1 �M/ P2 #v � ǳrQ`K?QH2Ǵ bQ i?�i
7Q` BMbi�M+2 �M �Mi +QKBM; iQ P1- rQmH/ 2K2`;2 �i P2 rBi?Qmi 2p2` ?�pBM;
H27i i?2 irQ@/BK2MbBQM�H bm`7�+2 QM r?B+? ?2 bi�`i2/ QmiX LQr Q`/BM�`BHv-
B7 r2 ?�p2 2H2+i`B+ HBM2b Q7 7Q`+2 +QMp2`;BM; QM bQK2 TQBMi BM bT�+2- r2
i?BMF Q7 irQ TQbbB#BHBiB2b, 2Bi?2` J�tr2HHǶb 2[m�iBQMb #`2�F /QrM M2�` i?2
TQBMi- Q` i?2`2 2tBbib � Kvbi2`BQmb 2MiBiv +�HH2/ 2H2+i`B+ +?�`;2 �i i?2 TQBMiX
LQr � i?B`/ TQbbB#BHBiv 2K2`;2b, i?2 iQTQHQ;v BM i?2 M2B;?#Q`?QQ/ Q7 i?2
TQBMi K�v #2 bm+? �b iQ ;Bp2 � bT�+2@HBF2 #BM/BM; iQ i?2 HBM2b Q7 7Q`+2c i?2v
K�v 2Mi2` i?2 ǳrQ`K?QH2Ǵ �i P1 �M/ 2K2`;2 �i P2 Ub22 6B;X jXkVX JBbM2`
?�b b?QrM- BM 7�+i- i?�i i?2 ~mt i?`Qm;? bm+? � ǳrQ`K?QH2Ǵ Bb BMp�`B�Mi-
;BpBM; QM2 � TQbbB#BHBiv Q7 B/2MiB7vBM; i?Bb ~mt rBi? i?2 MQiBQM Q7 +?�`;2X
�+im�HHv- i?2`2 �`2 bi`QM; `2�bQMb r?v i?Bb +�MMQi #2 B/2MiB}2/ rBi? �M
2H2K2Mi�`v +?�`;2c Qm` Tm`TQb2 Bb iQ +H�bbB7v �M/ i`v iQ mM/2`bi�M/ i?2
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iQTQHQ;B+�H TQbbB#BHBiB2b Q7 i?2 +H�bbB+�H i?2Q`vX A rQmH/ ;Bp2 i?Bb T`Q#H2K
� `�i?2` ?B;? b+Q`2- b�v 8y TQBMibX

6B;m`2 jXk

�M Q#D2+iBQM QM2 ?2�`b `�Bb2/ �;�BMbi i?2 ;2M2`�H i?2Q`v Q7 `2H�iBp@
Biv Bb i?�i i?2 2[m�iBQMb �`2 MQM@HBM2�`- �M/ ?2M+2 iQQ /B{+mHi iQ +Q``2@
bTQM/ iQ `2�HBivX A rQmH/ HBF2 iQ �TTHv i?�i �`;mK2Mi iQ ?v/`Q/vM�KB+b @
`Bp2`b +�MMQi TQbbB#Hv ~Qr BM LQ`i? �K2`B+� #2+�mb2 i?2 ?v/`Q/vM�KB+�H
2[m�iBQMb �`2 MQM@HBM2�` �M/ ?2M+2 Km+? iQQ /B{+mHi iQ +Q``2bTQM/ iQ
M�im`25 q2 M22/ iQ 2tTHQ`2 i?2 �M�HQ;B2b #2ir22M i?2 ;`�pBi�iBQM�H �M/
i?2 ?v/`Q/vM�KB+ 2[m�iBQMbc �`2 i?2`2 ;`�pBi�iBQM�H +QmMi2`T�`ib Q7 bm+?
?v/`Q/vM�KB+ T?2MQK2M� �b b?Q+F r�p2b- +�pBi�iBQM- �M/ bQ QM\ � 7�B`Hv
?B;? b+Q`2- b�v 9y TQBMib- b?QmH/ #2 ;Bp2M iQ i?Bb T`Q#H2K Q7 i?2 T?vbB+b
Q7 MQM@HBM2�` }2H/b- �M/ �M�HQ;B2b rBi? ?v/`Q/vM�KB+bX

h?2 MQM@HBM2�` +QmTHBM;b #2ir22M ;`�pBi�iBQM �M/ 2H2+i`QK�;M2iBbK
�HbQ ;Bp2 `Bb2 iQ M2r bi`m+im`2b bm+? �b ǳ;2QMb-Ǵ r?B+? b?QmH/ #2 bim/B2/
7m`i?2` iQ 2M`B+? QM2Ƕb mM/2`bi�M/BM; QM i?2 T?vbB+�H bB/2X

h?2 H�bi iQTB+ iQ #2 +Qp2`2/ mM/2` i?2 +H�bbB+�H �bT2+ib Q7 ;2M2`�H
`2H�iBpBiv Bb i?2 iQTB+ Q7 mMB}2/ }2H/ i?2Q`v @ M�K2Hv- r?�i +�M QM2 }M/ BM
i?2 r�v Q7 � /2b+`BTiBQM Q7 2H2+i`QK�;M2iBbK r?B+? ?�b i?2 b�K2 Tm`2Hv
;2QK2i`B+�H +?�`�+i2` �b i?�i r?B+? 1BMbi2BM ;�p2 iQ ;`�pBiv\ �Hi?Qm;?
i?2 p�`BQmb �ii2KTib iQ KQ/B7v 1BMbi2BMǶb i?2Q`v BM bm+? � /B`2+iBQM �`2
r2HH FMQrM- Bi /Q2b MQi b22K iQ #2 bQ r2HH FMQrM i?�i rBi?BM i?2 7`�K2rQ`F
Q7 1BMbi2BMǶb i?2Q`v QM2 +�M +QMbi`m+i- bQ iQ bT2�F- �M ǳ�H`2�/v mMB}2/Ǵ
i?2Q`v- �b JBbM2` �M/ 2�`HB2` _�BMB+? ?�p2 b?QrM- #�b2/ QM i?2 `QH2 Q7
i?2 2H2+i`QK�;M2iB+ }2H/ �b � bQm`+2 Q7 i?2 ;`�pBi�iBQM�H }2H/ i?`Qm;? Bib
bi`2bb@2M2`;v i2MbQ`X
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h?2 `2bmHi Bb i?�i QM2 +�M r`Bi2 i?2 2[m�iBQMb Q7 #Qi? 2H2+i`QK�;@
M2iBbK �M/ ;`�pBi�iBQM BM � 7Q`K BM r?B+? QMHv Tm`2Hv K2i`B+ [m�MiBiB2b
2Mi2`- �b BM 1BMbi2BMǶb i?2Q`vX Ai Bb � bvbi2K Q7 7Qm`i? Q`/2` 2[m�iBQMb
r?B+? +QMi�BM �HH i?2 +QMi2Mi Q7 i?2 irQ +QmTH2/ b2+QM/ Q`/2` 2[m�iBQMb
Q7 2H2+i`QK�;M2iBbK �M/ ;`�pBivX 6m`i?2` BMp2biB;�iBQM Q7 i?2Q`B2b Q7 i?Bb
FBM/ /2b2`p2 � b+Q`2 Q7- b�v- k8 TQBMib QM Qm` ǳb?m|2#Q�`/Ǵ +Qm`iX

AM bmKK�`BxBM;- H2i K2 `2K�`F i?�i r2 ?�p2 ?2`2- BM i?2 ǳ�H`2�/v
mMB}2/ i?2Q`v-Ǵ 2H2+i`QK�;M2iBbK rBi?Qmi 2H2+i`QK�;M2iBbK- Dmbi �b r2
?�p2- BM ;2QMb- ǳK�bb rBi?Qmi K�bb-Ǵ �M/ BM +QMM2+iBQM rBi? KmHiBTHv
+QMM2+i2/ iQTQHQ;B2b- ǳ+?�`;2 rBi?Qmi +?�`;2XǴ h?Bb i?2M Bb Dmbi QM2 K�MǶb
bi�`i �i HBbiBM; bQK2 Q7 i?2 T`Q#H2Kb rBi? r?B+? r2 rBHH #2 Q++mTB2/ BM i?2
+QKBM; /�vbX





*?�Ti2` 9
h?2 1tT2`BK2Mi�H "�bBb Q7 1BMbi2BMǶb h?2Q`v
_X >X .B+F2

Ai Bb mM7Q`imM�i2 iQ MQi2 i?�i i?2 bBim�iBQM rBi? `2bT2+i iQ i?2 2tT2`BK2Mi�H
+?2+Fb Q7 ;2M2`�H `2H�iBpBiv i?2Q`v Bb MQi Km+? #2ii2` i?�M Bi r�b � 72r v2�`b
�7i2` i?2 i?2Q`v r�b /Bb+Qp2`2/ @ b�v BM RNkyX h?Bb Bb BM bi`BFBM; +QMi`�bi
iQ i?2 bBim�iBQM rBi? `2bT2+i iQ [m�MimK i?2Q`v- r?2`2 r2 ?�p2 HBi2`�HHv
i?Qmb�M/b Q7 2tT2`BK2Mi�H +?2+FbX _2H�iBpBiv b22Kb �HKQbi iQ #2 � Tm`2Hv
K�i?2K�iB+�H 7Q`K�HBbK- #2�`BM; HBiiH2 `2H�iBQM iQ T?2MQK2M� Q#b2`p2/ BM
i?2 H�#Q`�iQ`vX Ai Bb � ;`2�i +?�HH2M;2 iQ i?2 2tT2`BK2Mi�H T?vbB+Bbi iQ
i`v iQ BKT`Qp2 i?Bb bBim�iBQMc iQ i`v iQ /2pBb2 M2r 2tT2`BK2Mib �M/ `2}M2
QH/ QM2b iQ ;Bp2 M2r +?2+Fb QM i?2 i?2Q`vX q2 ?�p2 #22M �++mbiQK2/ iQ
i?BMFBM; i?�i ;`�pBiv +�M TH�v MQ `QH2 BM H�#Q`�iQ`v@b+�H2 2tT2`BK2Mibc i?�i
i?2 ;`�/B2Mib �`2 iQQ bK�HH- �M/ i?�i �HH ;`�pBi�iBQM�H 2z2+ib �`2 2[mBp�H2Mi
iQ � +?�M;2 Q7 7`�K2 Q7 `272`2M+2X _2+2MiHv A ?�p2 #22M +?�M;BM; Kv pB2rb
�#Qmi i?BbX h?2 �bbmKTiBQM Q7 i?2 2tT2`BK2Mi�HBbi i?�i ?2 +�M BbQH�i2 ?Bb
�TT�`�imb 7`QK i?2 `2bi Q7 i?2 mMBp2`b2 Bb MQi M2+2bb�`BHv bQc �M/ ?2 Kmbi
`2K2K#2` �HbQ i?�i i?2 ǳT`Bp�i2Ǵ rQ`H/ r?B+? ?2 +�``B2b �`QmM/ rBi?BM
?BKb2H7 Bb MQi M2+2bb�`BHv B/2MiB+�H rBi? i?2 ǳ2ti2`M�HǴ rQ`H/ ?2 #2HB2p2b
BMX S�`iB+mH�`Hv BM i?2 +�b2 Q7 `2H�iBpBiv i?2Q`v- r?2`2 QM2 i?BMFb QM2 FMQrb
i?2 `2bmHib Q7 +2`i�BM 2tT2`BK2Mib- Bi Bb �HH i?2 KQ`2 BKTQ`i�Mi iQ T2`7Q`K
i?2b2 +`m+B�H 2tT2`BK2Mib- i?2 MmHH 2tT2`BK2MibX 6Q` 2t�KTH2- i?2 1ƺipƺb
2tT2`BK2Mi ?�b MQi #22M `2T2�i2/- BM bTBi2 Q7 i?2 i`2K2M/Qmb BKT`Qp2K2Mi
BM 2tT2`BK2Mi�H i2+?MB[m2b MQr �p�BH�#H2X �M BKT`Qp2K2Mi #v � 7�+iQ` Q7
R-yyy BM i?2 �++m`�+v Q7 i?Bb 2tT2`BK2Mi b?QmH/ #2 TQbbB#H2- �M/ Bi Bb �
/Bb;`�+2 iQ 2tT2`BK2Mi�H T?vbB+b i?�i i?Bb ?�b MQi v2i #22M /QM2X Ai Bb �
K2�bm`2 Q7 Qm` bi`QM; #2HB27 BM i?2 7QmM/�iBQMb Q7 `2H�iBpBiv @ i?2 T`BM+BTH2
Q7 2[mBp�H2M+2 @ i?�i i?Bb ?�b MQi #22M /QM2c #mi �M 2t+2HH2Mi 2t�KTH2 i?�i
Qm` #2HB27b �`2 MQi �Hr�vb +Q``2+i r�b T`QpB/2/ 7Q` mb #v i?2 2p2Mib Q7 H�bi
r22F- r?2M Bi r�b /Bb+Qp2`2/ i?�i T�`Biv Bb MQi +QMb2`p2/ BM #2i� /2+�v5
h?Bb 2tT2`BK2Mi +QmH/ ?�p2 #22M /QM2 Km+? bQQM2`- B7 T2QTH2 ?�/ i?Qm;?i
Bi r�b rQ`i? /QBM;X
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S`Q72bbQ` q?22H2` ?�b �H`2�/v /Bb+mbb2/ i?2 i?`22 7�KQmb +?2+Fb Q7
;2M2`�H `2H�iBpBivc i?Bb Bb `2�HHv p2`v ~BKbv 2pB/2M+2 QM r?B+? iQ ?�M; �
i?2Q`vX hQ ;Q � HBiiH2 7m`i?2` #�+F, i?2 1ƺipƺb 2tT2`BK2Mi Bb BM bQK2 r�vb
p2`v TQr2`7mHc Bi Bb `2�HHv `2K�`F�#H2 i?�i bm+? rB/2 `�M;BM; +QM+HmbBQMb
b?QmH/ #2 /`�rM 7`QK � bBM;H2 2tT2`BK2MiX Ai K2�bm`2b i?2 `�iBQ Q7 K�bb iQ
r2B;?i 7Q` �M Q#D2+i- �M/ b22b r?2i?2` i?Bb p�`B2b rBi? i?2 �iQKB+ r2B;?i
Q7 i?2 2H2K2Mi BMpQHp2/- i?2 #BM/BM; 2M2`;v Q7 i?2 �iQKb- �M/ i?BM;b Q7 i?Bb
FBM/X PM2 }M/b i?�i- iQ �#Qmi QM2 T�`i BM 108c i?2 `�iBQ Bb BM/2T2M/2Mi
Q7 i?2 +QMbiBimiBQM Q7 i?2 K�ii2`X Ai /Q2b MQi T`Qp2 2t�+i 2[m�HBiv Q7
K�bb �M/ r2B;?i- +QMi`�`v iQ i?2 �bb2`iBQM BM QM2 r2HH@FMQrM i2ti QM
`2H�iBpBivc Bi T`Qp2b Bi iQ QM2 T�`i BM 108- r?B+? Bb [mBi2 � /Bz2`2Mi i?BM;5
hQ +QMbB/2`�#H2 �++m`�+v- Bi �HbQ b?Qrb i?�i 2H2+i`QK�;M2iB+ 2M2`;v ?�b
i?2 b�K2 K�bb@r2B;?i `�iBQ �b i?2 ǳBMi`BMbB+Ǵ K�bb Q7 Mm+H2QMb- bBM+2 BM
?2�pv Mm+H2B i?2 2H2+i`QK�;M2iB+ +QMi`B#miBQM Bb �M �TT`2+B�#H2 7`�+iBQM Q7
i?2 iQi�H #BM/BM; 2M2`;vX PM i?2 Qi?2` ?�M/- ;`�pBi�iBQM�H #BM/BM; 2M2`;v
Bb ;2M2`�HHv M2;HB;B#H2 �M/ QM2 +�MMQi BM72` Bib +QMbi�M+v 7`QK i?2 1ƺipƺb
2tT2`BK2MiX

A rQmH/ HBF2 MQr iQ `272` iQ i?2 i�#H2 #2HQr- r?B+? K�v BM/B+�i2 r?2`2
bQK2 Q7 i?2 i`Qm#H2b HB2X

(Units of !, c, m)

PH Y SICA L A N D A STROPH Y SICA L CON STA N TS

108010401020100

Masses Elementary

Particles

Number of
Particles in
Universe to

Hubble radius

Reciprocal
Gravitational

Coupling Const.2

Age of universe

Hubble radius
of universe

(

Ratio
Electrical force

Gravitational

)

Other “Strong”
Coupling Const.+2

e
2

(

α =
e
2

!c

)

Reciprocal “weak”

Coupling Const.2

β!decay,  μ decay
π  � μ decay, etc.
etc., etc.

6B;m`2 9XR, S?vbB+�H �M/ �bi`QT?vbB+�H *QMbi�Mib UlMBib Q7 h̄- c- mV
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h?2b2 �`2 i?2 7�KQmb /BK2MbBQMH2bb MmK#2`b @ �M/ Q7 +Qm`b2 2p2`vQM2
rBHH b�v- ǳ>2Ƕb 7�HH2M BMiQ i?�i i`�T5Ǵ AǶp2 r`Bii2M BM /BK2MbBQMH2bb 7Q`K
i?2 BKTQ`i�Mi �iQKB+ �M/ �bi`QT?vbB+�H +QMbi�Mib- �M/ �``�M;2/ i?2K �+@
+Q`/BM; iQ Q`/2` Q7 K�;MBim/2bc r2 b22 i?�i i?2v ;`QmT i?2Kb2Hp2b BM i?2
`2K�`F�#H2 r�v BM/B+�i2/X h?2 K�bb2b Q7 2H2K2Mi�`v T�`iB+H2b- i?2 }M2
bi`m+im`2 +QMbi�Mi- �M/ Qi?2` ǳbi`QM;Ǵ +QmTHBM; +QMbi�Mib �`2 �HH Q7 Q`/2`
mMBiv UmbBM; i?2 i2`K ǳQ`/2` Q7 K�;MBim/2Ǵ `�i?2` HQQb2Hv5VX h?2M i?2
ǳr2�FǴ +QmTHBM; +QMbi�Mib ?�p2 `2+BT`Q+�Hb b[m�`2/ �HH Q7 Q`/2` 1020X �i
1040 r2 ?�p2 i?2 ;`�pBi�iBQM�H +QmTHBM; +QMbi�Mic 2p2`vi?BM; bQ 7�` ?�b
#22M �M ǳ�iQKB+ +QMbi�MiXǴ "mi �HbQ �i 1040 r2 ?�p2 i?2 +QMbi�Mib �bbQ@
+B�i2/ rBi? i?2 mMBp2`b2 �b � r?QH2c i?2 �;2 �M/ i?2 >m##H2 `�/Bmbc r?BH2
�i 1080 r2 ?�p2 i?2 MmK#2` Q7 T�`iB+H2b Qmi iQ i?2 >m##H2 `�/BmbX

q?�i Bb [m22` �#Qmi i?2b2\ h?2 �iQKB+ MmK#2`b �`2 [m22` #2+�mb2 B7
r2 i?BMF M�im`2 Bb Q`/2`Hv �M/ MQi +�T`B+BQmb- i?2M r2 rQmH/ 2tT2+i bQK2
/�v iQ ?�p2 � i?2Q`v 7`QK r?B+? i?2b2 MmK#2`b rQmH/ +QK2 Qmi- #mi iQ
2tT2+i � MmK#2` Q7 i?2 Q`/2` Q7 1040 iQ im`M mT �b i?2 `QQi Q7 Qm` 2[m�iBQM
Bb MQi `2�bQM�#H2X h?2 Qi?2` i?BM; r2 MQiB+2 Bb i?2 T�ii2`M, 1040 #2BM;
1020 b[m�`2/- �M/ 1080 #2BM; 1040 b[m�`2/c �M/ }M�HHv i?2 bi`�M;2 2[m�HBiv
Q7 i?2 ǳmMBp2`b�HǴ +QMbi�Mib @ �;2 Q7 i?2 mMBp2`b2- >m##H2 `�/Bmb @ iQ i?2
;`�pBi�iBQM�H +QmTHBM; +QMbi�Mi- r?B+? Bb ǳ�iQKB+Ǵ BM M�im`2X

q?�i 2tTH�M�iBQMb 2tBbi 7Q` i?2b2 `2;mH�`BiB2b\ 6B`bi- �M/ r?�i MBM2iv
T2`+2Mi Q7 T?vbB+Bbib T`Q#�#Hv #2HB2p2- Bb i?�i Bi Bb �HH �++B/2Mi�Hc �TT`Qt@
BK�iBQMb ?�p2 #22M K�/2 �Mvr�v- B``2;mH�`BiB2b bKQQi?2/ Qmi- �M/ i?2`2
Bb `2�HHv MQi?BM; iQ 2tTH�BMc M�im`2 Bb +�T`B+BQmbX a2+QM/- r2 ?�p2 1//BM;@
iQMǶb pB2r- r?B+? A K�v /2b+`B#2 #v b�vBM; i?�i B7 r2 K�F2 i?2 K�i?2K�i@
B+b +QKTHB+�i2/ 2MQm;?- r2 +�M 2tT2+i iQ K�F2 i?BM;b }iX h?B`/- i?2`2 Bb
i?2 pB2r Q7 .B`�+ �M/ Qi?2`b- i?�i i?Bb T�ii2`M BM/B+�i2b bQK2 +QMM2+iBQMb
MQi mM/2`biQQ/ �b v2iX PM i?Bb pB2r- i?2`2 Bb `2�HHv QMHv QM2 ǳ�++B/2Mi�HǴ
MmK#2`- M�K2Hv- i?2 �;2 Q7 i?2 mMBp2`b2c �HH i?2 Qi?2`b /2`Bp2 7`QK BiX

h?2 H�bi Q7 i?2b2 �TT2�Hb iQ K2c #mi r2 b22 BKK2/B�i2Hv i?�i i?Bb
2tTH�M�iBQM ;2ib BMiQ i`Qm#H2 rBi? `2H�iBpBiv i?2Q`v- #2+�mb2 Bi rQmH/ BK@
THv i?�i i?2 ;`�pBi�iBQM�H +QmTHBM; +QMbi�Mi p�`B2b rBi? iBK2X >2M+2 Bi
KB;?i �HbQ r2HH p�`v rBi? TQbBiBQMc ?2M+2 ;`�pBi�iBQM�H 2M2`;v KB;?i +QM@
i`B#mi2 iQ r2B;?i BM � /Bz2`2Mi r�v 7`QK Qi?2` 2M2`;v- �M/ i?2 T`BM+BTH2
Q7 2[mBp�H2M+2 KB;?i #2 pBQH�i2/- Q` �i H2�bi #2 QMHv �TT`QtBK�i2Hv i`m2X
>Qr2p2`- Bi Bb Dmbi �i i?Bb TQBMi i?�i i?2 1ƺipƺb 2tT2`BK2Mi Bb MQi �++m`�i2
2MQm;? iQ b�v �Mvi?BM;c Bi b�vb i?2 ǳbi`QM; BMi2`�+iBQMbǴ �`2 �HH `B;?i U�b
`2;�`/b i?2 T`BM+BTH2 Q7 2[mBp�H2M+2V- #mi Bi Bb i?2 ǳr2�F BMi2`�+iBQMbǴ r2
�`2 [m2biBQMBM;X A rQmH/ HBF2 i?2`27Q`2 iQ `mM i?`Qm;? i?2 BM/B`2+i 2pB/2M+2
r2 ?�p2X h?2`2 rQmH/ #2 K�Mv BKTHB+�iBQMb Q7 � p�`B�iBQM rBi? iBK2 Q7
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i?2 ;`�pBi�iBQM�H +QMbi�Mi- �M/ r2 Kmbi b22 r?�i i?2 2pB/2M+2 Bb `2;�`/BM;
i?2KX

�bbmKBM; i?�i i?2 ;`�pBi�iBQM�H #BM/BM; 2M2`;v Q7 � #Q/v +QMi`B#mi2b
�MQK�HQmbHv iQ Bib r2B;?i U2X;X- /Q2b MQi +QMi`B#mi2 Q` +QMi`B#mi2b iQQ
Km+?V- � H�`;2 #Q/v rQmH/ ?�p2 � ;`�pBi�iBQM�H �++2H2`�iBQM /Bz2`2Mi 7`QK
i?�i Q7 � bK�HH QM2X � }`bi TQbbB#H2 2z2+i Bb i?2 bHB;?i /Bz2`2M+2 #2ir22M
i?2 2z2+iBp2 r2B;?i Q7 �M Q#D2+i r?2M Bi Bb QM i?2 bB/2 Q7 i?2 2�`i? iQr�`/
i?2 bmM �M/ r?2M Bi Bb QM i?2 bB/2 �r�v 7`QK i?2 bmMX h?Bb rQmH/ �`Bb2
7`QK i?2 bHB;?iHv /Bz2`2Mi �++2H2`�iBQM iQr�`/ i?2 bmM Q7 � H�`;2 Q#D2+i
Ui?2 2�`i?V �M/ i?2 bK�HH Q#D2+iX A7 r2 2biBK�i2 ?Bb 2z2+i- Bi im`Mb Qmi iQ
#2 Q7 i?2 Q`/2` Q7 QM2 T�`i BM 1013 QM g- r?B+? A i?BMF i?2`2 Bb MQ ?QT2
Q7 /2i2+iBM;- bBM+2 iB/�H 2z2+ib �`2 Q7 i?2 Q`/2` Q7 irQ T�`ib BM 108X h?2
K2+?�MBbK Q7 i?2 /BbiQ`iBQM Q7 i?2 2�`i? #v iB/�H 7Q`+2b rQmH/ ?�p2 iQ #2
+QKTH2i2Hv mM/2`biQQ/ BM Q`/2` iQ ;2i �i bm+? � bK�HH 2z2+iX

�MQi?2` r�v Q7 ;2iiBM; �i i?Bb b�K2 2z2+i rQmH/ #2 iQ HQQF �i i?2
T2`BQ/ �M/ Q`#Bi `�/Bmb Q7 CmTBi2`- �M/ +QKT�`2 rBi? i?2 2�`i?- iQ b22 B7
i?2`2 Bb �Mv �MQK�HvX >2`2 i?2 2z2+i rQmH/ #2 Q7 i?2 Q`/2` Q7 QM2 T�`i
BM 108- r?B+? Bb QM i?2 p2`;2 Q7 #2BM; K2�bm`�#H2X SQbbB#Hv #v i�FBM;
�p2`�;2b Qp2` � HQM; T2`BQ/ Q7 iBK2 QM2 +�M ;2i �i Bic A ?�p2MǶi i�HF2/ rBi?
�bi`QMQK2`b �M/ �K MQi bm`2X

�MQi?2` BMi2`2biBM; [m2biBQM Bb i?Bb, �`2 i?2`2 2z2+ib �bbQ+B�i2/ rBi?
KQiBQM Q7 i?2 2�`i? `2H�iBp2 iQ i?2 `2bi Q7 i?2 K�ii2` Q7 i?2 mMBp2`b2\ �HH
i?2 +H�bbB+�H ǳ2i?2` /`B7iǴ 2tT2`BK2Mib r2`2 2H2+i`QK�;M2iB+c r?�i �#Qmi
;`�pBi�iBQM�H BMi2`�+iBQMb\ *QmH/ i?2B` bi`2M;i? /2T2M/ QM Qm` p2HQ+Biv
`2H�iBp2 iQ i?2 +Q@KQpBM; +QQ`/BM�i2 bvbi2K\ q2 +�M b�v bQK2i?BM; �#Qmi
i?Bb- �bbmKBM; i?2 2z2+i iQ #2 Q7 i?2 Q`/2` Q7 β 2- r?2`2 β Bb i?2 `�iBQ Q7
2�`i? p2HQ+Biv iQ HB;?i p2HQ+BivX q2 FMQr i?2 p2HQ+Biv Q7 i?2 bmM `2H�iBp2
iQ i?2 HQ+�H ;�H�+iB+ ;`QmTc #mi r2 FMQr MQi?BM; Q7 i?2 p2HQ+Biv Q7 i?2
;�H�+iB+ ;`QmT `2H�iBp2 iQ i?2 `2bi Q7 i?2 mMBp2`b2- 2t+2Ti i?�i Bi Bb MQi
HBF2Hv iQ #2 Km+? ;`2�i2` i?�M Ryy FKfb2+X amTTQbBM; Bi mMHBF2Hv i?�i
i?2 KQiBQM Q7 i?2 HQ+�H ;`QmT rQmH/ #2 bm+? �b iQ Dmbi +�M+2H i?2 KQiBQM
Q7 i?2 bmM `2H�iBp2 iQ Bi- r2 +�M b�v i?�i i?2 p2HQ+Biv Q7 i?2 bmM `2H�iBp2
iQ i?2 `2bi Q7 i?2 mMBp2`b2 Bb T2`?�Tb Q7 i?2 Q`/2` Q7 Ryy FKfb2+X h?2M
i?2 �MMm�H p�`B�iBQM BM β 2- QrBM; iQ i?2 7�+i i?�i i?2 2�`i?Ƕb p2HQ+Biv �i
QM2 iBK2 Q7 i?2 v2�` �//b iQ �M/ �i �MQi?2` iBK2 bm#i`�+ib 7`QK i?2 bmMǶb
p2HQ+Biv- �KQmMib iQ �#Qmi QM2 T�`i BM 107X h?Bb +QmH/ +QM+2Bp�#Hv ;Bp2
`Bb2 iQ �M �MMm�H p�`B�iBQM BM ǳ;Ǵ r?B+? +QmH/ #2 /2i2+i2/- 7Q` 2t�KTH2- #v
� T2M/mHmK +HQ+FX LQr i?2 #2bi T2M/mHmK +HQ+Fb �`2 MQi [mBi2 mT iQ i?Bbc
#mi �M BKT`Qp2K2Mi Q7 � 7�+iQ` Q7 i2M rQmH/ K�F2 i?Bb 2z2+i /2i2+i�#H2-
B7 Bi 2tBbibX
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h?2`2 Bb- ?Qr2p2`- �M BM/B`2+i r�v Q7 ;2iiBM; �i i?Bb 2z2+i, �Mv �M@
Mm�H p�`B�iBQM Q7 i?2 ;`�pBi�iBQM�H BMi2`�+iBQM rQmH/ ;Bp2 `Bb2 iQ �M �MMm�H
p�`B�iBQM Q7 i?2 2�`i?Ƕb `�/Bmb- �M/ ?2M+2 Q7 i?2 2�`i?Ƕb `Qi�iBQM `�i2X LQr
bm+? �M �MMm�H +?�M;2 Bb BM 7�+i Q#b2`p2/X h?2 2�`i? `mMb bHB;?iHv bHQr BM
i?2 bT`BM;X h?2 2z2+i Bb- rBi?BM � 7�+iQ` irQ- `Qm;?Hv r?�i vQm KB;?i 2t@
T2+i 7`QK �bbmKBM; Ryy FKfb2+X �M/ TmiiBM; BM i?2 FMQrM +QKT`2bbB#BHBiv
Q7 i?2 2�`i?X >Qr2p2`- Bi Bb TQbbB#H2 iQ 2tTH�BM Bi �HbQ Tm`2Hv QM i?2 #�bBb
Q7 2z2+ib +QMM2+i2/ rBi? i?2 2�`i? Bib2H7- bm+? �b p�`B�iBQMb Q7 �B` +m``2Mib
rBi? b2�bQMbX �HbQ i?2 B``2;mH�` +?�`�+i2` Q7 i?2 p�`B�iBQM BM/B+�i2b �i
H2�bi bQK2 +QMi`B#miBQM 7`QK bm+? 7�+iQ`bX
:PG., Ai p�`B2b 7`QK QM2 v2�` iQ i?2 M2ti � #Bi- bQ Bi Bb +2`i�BMHv MQi iQ
#2 �ii`B#mi2/ iQ `2H�iBpBivX
.A*E1, AiǶb MQi iQQ +H2�`X *2`i�BMHv T�`i Q7 Bi p�`B2b- #mi r?�i i?2
p�`B�iBQM �KQmMib iQ Bb MQi iQQ Q#pBQmb #2+�mb2 Bib K2�bm`2K2Mi /2T2M/b
QM +`vbi�H +HQ+Fb �M/ i?2v ?�p2MǶi #22M iQQ ;QQ/ mMiBH `2+2MiHv bQ r2 +�MǶi
;Q #�+F 7�` BM iBK2X

LQr i?2`2 Bb bQK2 Qi?2` 2pB/2M+2 QM i?2 [m2biBQM Q7 � HQM; T2`BQ/
+?�M;2 BM i?2 ;`�pBi�iBQM�H BMi2`�+iBQM �b r2 ;Q #�+F BMiQ i?2 T�biX A7
;`�pBiv r�b bi`QM;2` BM i?2 T�bi- i?2 bmM rQmH/ ?�p2 #22M ?Qii2`- �M/ r2
�bF r?2i?2` r2 +�M i?2M �++QmMi 7Q` i?2 7Q`K�iBQM Q7 `Q+Fb �M/ +`2�iBQM
Q7 HB72X h?2 �++QKT�MvBM; };m`2 U9XkV b?Qrb r?�i r2 +�M b�v �#Qmi i?2
i2KT2`�im`2 Q7 i?2 2�`i?X

6B;m`2 9Xk

h?Bb };m`2 ;Bp2b i?2 i2KT2`�im`2 Q7 i?2 2�`i? �b � 7mM+iBQM Q7 iBK2 �b r2
;Q BMiQ i?2 T�bi- ǳyǴ QM i?2 b+�H2 `2T`2b2MiBM; i?2 T`2b2MiX A ?�p2 �bbmK2/
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i?�i �b i?2 i2KT2`�im`2 `Bb2b- i?2 �KQmMi Q7 r�i2` p�TQ` T`2b2Mi BM i?2
�iKQbT?2`2 BM+`2�b2b- �M/ i?2 bFv #2+QK2b +QKTH2i2Hv Qp2`+�biX h?2M B7
r2 mb2 i?2 FMQrM �H#2/Q Q7 +HQm/b UX3V- �M/ i?2 #H�+F #Q/v `�/B�iBQM BM
i?2 BM7`�@`2/- r2 ;2i i?2 +m`p2 b?QrM 7Q` i?2 i2KT2`�im`2- �bbmKBM; i?2
�;2 Q7 i?2 mMBp2`b2 iQ #2 eX8 #BHHBQM v2�`bX h?2 i2KT2`�im`2 `Bb2b bHQrHv
iQ �#Qmi 50◦ * QM2 #BHHBQM v2�`b �;QX 1pB/2M+2 7Q` HB72 �b r2 FMQr Bi
2tBbib #�+F iQ �#Qmi RXy #BHHBQM v2�`bX GB72 +QmH/ ?�p2 #22M T`2b2Mi #�+F
RXd #BHHBQM v2�`b- r?2M i?2 i2KT2`�im`2 rQmH/ ?�p2 #22M �#Qmi 100◦ *X
�++Q`/BM; iQ #BQHQ;Bbib- �H;�2 7`QK ?Qi bT`BM;b �`2 FMQrM +�T�#H2 Q7 HBpBM;
�i bm+? i2KT2`�im`2b- bQ HB72 +QmH/ ?�p2 2tBbi2/ i?2MX h?2`2 Bb 2pB/2M+2
7Q` � 7�B`Hv b?�`T +mi@Qz QM i?2 2tBbi2M+2 Q7 b2/BK2Mi�`v `Q+Fb �i �#Qmi kXd
#BHHBQM v2�`b- 2p2M i?Qm;? i?2 bQH�` bvbi2K Bb �#Qmi 9 #BHHBQM v2�`b QH/X h?Bb
�;`22b rBi? Qm` +m`p2- bBM+2 �i i?2 i2KT2`�im`2 +Q``2bTQM/BM; iQ i?�i �;2-
�#Qmi ?�H7 i?2 r�i2` rQmH/ #2 BM i?2 �iKQbT?2`2- �M/ i?2 T`2bbm`2 rQmH/
#2 bQ ?B;? i?�i Bib #QBHBM; TQBMi rQmH/ #2 �#Qmi 300◦ *X h?2`2 rQmH/
biBHH #2 2MQm;? HB[mB/ r�i2` iQ 7Q`K b2/BK2Mi�`v /2TQbBibX >Qr2p2`- �i
bHB;?iHv ?B;?2` i2KT2`�im`2b- i?2 +`BiB+�H i2KT2`�im`2 Q7 r�i2` rQmH/ #2
2t+22/2/- QMHv p�TQ` rQmH/ 2tBbi- �M/ b2/BK2Mi�`v `Q+Fb rQmH/ MQi ?�p2
#22M 7Q`K2/X

A rQmH/ b�v i?�i i?2 2pB/2M+2 /Q2b MQi `mH2 Qmi i?2 TQbbB#BHBiv Q7 i?2
bmMǶb ?�pBM; #22M ?Qii2` BM i?2 T�biX

h?2`2 Bb bQK2 �//BiBQM�H BM/B`2+i 2pB/2M+2 �`BbBM; 7`QK i?2 T`Q#H2K
Q7 i?2 7Q`K�iBQM Q7 i?2 KQQMX h?2 KQQM ?�b � /2MbBiv bQ HQr i?�i i?2`2
�`2 QMHv irQ TQbbB#H2 2tTH�M�iBQMb, }`bi- /Bz2`2Mi +QKTQbBiBQM 7`QK i?2
2�`i?c b2+QM/- � T?�b2 +?�M;2 BM i?2 2�`i? i?�i H2�/b iQ � p2`v /2Mb2 +Q`2X
h?2 b2+QM/ Bb- ?Qr2p2`- ?�`/ iQ #2HB2p2- #2+�mb2 B7 i?2 +Q`2 Bb �bbmK2/
iQ #2 HB[mB/ B`QM- i?2 iQi�H �KQmMi Q7 B`QM BM i?2 2�`i? Bb BM �;`22K2Mi
rBi? r?�i r2 #2HB2p2 iQ #2 i?2 �#mM/�M+2 Q7 B`QM BM i?2 bQH�` bvbi2K �b
� r?QH2X A7 r2 b�v i?2 +QKTQbBiBQM Bb /Bz2`2Mi- r2 MQiB+2 i?�i Bi b22Kb iQ
#2 �#Qmi i?2 b�K2 �b i?�i Q7 i?2 2�`i?Ƕb K�MiH2X h?Bb BM im`M bm;;2bib
.�`rBMǶb QH/ 2tTH�M�iBQM- i?�i i?2 KQQM ~2r Qmi Q7 i?2 2�`i?X h?2 2�`i?
r�b 7Q`K2/ }`bi �M/ r�b `Qi�iBM; rBi? � T2`BQ/ Q7 �#Qmi 7Qm` ?Qm`b- r?2M
�b � `2bmHi Q7 iB/�H BMi2`�+iBQM rBi? i?2 bmM- � H�`;2 iB/�H r�p2 r�b b2i mT
r?B+? bTHBi i?2 2�`i? BMiQ irQ T�`ibc i?2M �b � `2bmHi Q7 iB/�H BMi2`�+iBQM
#2ir22M KQQM �M/ 2�`i?- i?2 KQQM ;`�/m�HHv KQp2/ Qmi iQ Bib T`2b2Mi
TQbBiBQMX h?2 H�ii2` T�`i Q7 i?Bb �++QmMi Bb T`Q#�#Hv `B;?i- �b r2 FMQr
7`QK i?2 2pB/2M+2 QM bHQrBM; /QrM Q7 i?2 `Qi�iBQM `�i2 �b /2/m+2/ 7`QK
+QKT�`BbQM Q7 "�#vHQMB�M 2+HBTb2 `2+Q`/b rBi? KQ/2`M QM2bX >Qr2p2`- B7
i?2 2�`i? r�b `B;B/ i?2M �b Bi Bb MQr- i?2 M�im`�H 7`2[m2M+v Q7 Qb+BHH�iBQM
rQmH/ ?�p2 #22M iQQ ?B;? 7Q` i?2 }`bi T�`i Q7 i?2 �++QmMi iQ #2 +Q``2+iX
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qBi? � HB[mB/ 2�`i?- i?2 T2`BQ/ Bb KQ`2 M2�`Hv `B;?i- #mi C2z`2vbǶ Q#D2+iBQM-
i?�i im`#mH2Mi /�KT2MBM; rQmH/ T`2p2Mi i?2 #mBH/mT Q7 � r�p2 iQ i?2
TQBMi Q7 T`Q/m+BM; }bbBQM- �`Bb2bX >Qr2p2`- S`Q72bbQ` q?22H2` ?�b TQBMi2/
Qmi `2+2MiHv i?�i i?Bb Q#D2+iBQM K�v #2 K2i #v BM+Hm/BM; i?2 2z2+i Q7
i?2 K�;M2iB+ }2H/ Q7 i?2 2�`i? BM /�KTBM; i?2 im`#mH2M+2X LQr i?2 QMHv
/B{+mHiv Bb F22TBM; i?2 2�`i? HB[mB/- bBM+2 i?2 `�i2 Q7 `�/B�iBQM 7`QK � HB[mB/
2�`i? Bb bQ ;`2�i i?�i Bi rQmH/ 7`22x2 mT BM � ?mM/`2/ v2�`b @ MQr?2`2 M2�`
� HQM; 2MQm;? iBK2 iQ b2i mT i?2 Qb+BHH�iBQM `2[mB`2/X PM2 i?BM; r?B+?
+QmH/ F22T Bi HB[mB/ rQmH/ #2 � ?Qii2` bmM5

h?2`2 Bb �MQi?2` #Bi Q7 2pB/2M+2 QM i?Bb, i?2 KQQM Bb /BbiQ`i2/ BM bm+?
� r�v i?�i Bi ?�b #22M +�HH2/ � ǳ7`Qx2M iB/2Ǵc Bi +Q``2bTQM/b bQK2r?�i iQ
i?2 b?�T2 Bi rQmH/ ?�p2 ?�/ B7 Bi ?�/ 7`Qx2M r?2M �i �#Qmi � [m�`i2` Q7
Bib T`2b2Mi /Bbi�M+2 7`QK i?2 2�`i?X
:PG., h?Bb Bb MQi +Q``2+ic i?2 T`2b2Mi b?�T2 Bb MQi �i �HH r?�i Bi rQmH/
?�p2 #22M �i �Mv +HQb2` /Bbi�M+2X
.A*E1, h?Bb Bb i`m2- #mi i?2`2 Bb i?2 TQbbB#BHBiv i?�i i?2 KQQM r�b bQK2@
r?�i TH�biB+ �i i?2 iBK2 Q7 7`22xBM; bQ i?�i i?2 #B;;2bi /BbiQ`iBQMb rQmH/
?�p2 bm#bB/2/ bQK2r?�i iQ ;Bp2 vQm /BK2MbBQMb +QKT�iB#H2 rBi? r?�i Bb
MQr b22MX
:PG., A7 i?2 KQQM r2`2 7Q`K2/ #v � HQi Q7 HmKTb 7�HHBM; iQ;2i?2`- Bi
rQmH/ ?�p2 �M 2z2+i QM ?Qr bi`QM; i?2 KQQM Bb- �M/ r?�i /Bbim`#�M+2 Bi
+QmH/ #2�`c i?2M Bi +QmH/ ?�p2 i?`22 mM2[m�H �t2b- �b Bi /Q2bX
.A*E1, u2bc i?Bb Bb i?2 Qi?2` 2tTH�M�iBQM 7Q` i?2 KQQMǶb b?�T2- i?�i #B;
K2i2Q`Bi2b TBH2/ BMiQ Bi �M/ K�/2 Bi HQTbB/2/X

�MQi?2` TB2+2 Q7 BM/B`2+i 2pB/2M+2 QM i?Bb Bb +QMM2+i2/ rBi? i?2 T`Q#@
H2K Q7 ?2�i ~Qr Qmi Q7 i?2 2�`i?X h?2`2 Bb 2pB/2M+2 7Q` i?2 2�`i?Ƕb +Q`2
#2BM; BM +QMp2+iBp2 2[mBHB#`BmKc �M/ ?2�i ~QrBM; Qmi Q7 i?2 2�`i?Ƕb +Q`2
b22Kb iQ #2 i?2 QMHv `2�bQM�#H2 K2+?�MBbK �i T`2b2Mi 7Q` � +QMp2+iBp2
+Q`2X h?2 [m2biBQM Bb ?Qr i?�i ?2�i ;2ib QmiX Ai K�v #2 i?�i i?2`2 Bb
`�/BQ�+iBp2 K�i2`B�H �i i?2 +2Mi2` r?B+? Bb i?2 bQm`+2 Q7 i?2 ?2�i ~QrBM;
Qmic #mi TQi�bbBmK rQmH/ #2 2tT2+i2/ iQ #2 i?2 #B;;2bi bQm`+2 Q7 ?2�i-
�M/ Bi Bb bQ �+iBp2 +?2KB+�HHv i?�i r2 2tT2+i iQ }M/ Bi BM i?2 K�MiH2 QMHvX
A7- ?Qr2p2`- ;`�pBiv ;2ib r2�F2` rBi? iBK2- i?2`2 rQmH/ #2 � b?B7i �HQM;
i?2 K2HiBM; TQBMi +m`p2 Q7 i?2 K�MiH2 r?B+? rQmH/ H2�/ iQ � bHQr HQr2`BM;
Q7 i?2 i2KT2`�im`2 Q7 i?2 +Q`2- �M/ ?2�i ~QrBM; �i bm+? � `�i2 �b iQ F22T
i?2 K�MiH2 M2�` i?2 K2HiBM; TQBMiX A7 r2 Tmi BM � `2�bQM�#H2 K2HiBM; TQBMi
+m`p2 7Q` i?2 K�MiH2- r2 }M/ i?Bb +QMi`B#miBQM iQ i?2 ?2�i ~QrBM; Qmi Q7
i?2 2�`i? Bb Q7 i?2 Q`/2` Q7 QM2@i?B`/ Q7 i?2 iQi�H ?2�iX aQ i?2 2pB/2M+2
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Bb MQi BM+QKT�iB#H2 rBi? i?2 B/2� i?�i ;`�pBiv +QmH/ #2 r2�F2` rBi? iBK2-
2p2M i?Qm;? `�/BQ�+iBp2 K�i2`B�Hb �`2 Q7 bm{+B2Mi BKTQ`i�M+2 bQ i?�i QM2
rQmH/ MQi �ii2KTi iQ �++QmMi 7Q` i?2 ?2�i ~Qr Qmi Q7 i?2 2�`i? bQH2Hv QM
i?Bb #�bBbX

h?2`2 Bb bQK2 bK�HH #Bi Q7 2pB/2M+2 i?�i i?2`2 K�v #2 bQK2i?BM;
r`QM; rBi? #2i� /2+�v, i?2 #2i� +QmTHBM; +QMbi�Mi K�v #2 p�`vBM; rBi?
iBK2X h?Bb +QK2b 7`QK i?2 2pB/2M+2 QM _m#B/BmK /�iBM; Q7 `Q+FbX h?2
;2QHQ;Bbib QM i?2 #�bBb Q7 i?2B` /�iBM; Q7 `Q+Fb �bbB;M � ?�H7 HB72 7Q` _# 3d
/2+�v Q7 �#Qmi 5×1010 v2�`bX h?2`2 ?�b #22M [mBi2 � b2`B2b Q7 H�#Q`�iQ`v
K2�bm`2K2Mib ;BpBM; p�Hm2b Q7 �#Qmi 6×1010 v2�`bc QM i?2 Qi?2` ?�M/ QM2
T�`iB+mH�` ;`QmT ?�b +QMbBbi2MiHv ;Qi � p�Hm2 HQr2` i?�M }p2X aQ i?Bb Bb mT
BM i?2 �B`c #mi A i?BMF i?�i #27Q`2 HQM; r2 rBHH ?�p2 � /2}MBiBp2 H�#Q`�iQ`v
p�Hm2 7Q` i?2 ?�H7@HB72X

6BM�HHv- H K�v Dmbi K2MiBQM H�bi r22FǶb /Bb+Qp2`v i?�i T�`Biv Bb MQi
+QMb2`p2/ BM #2i� /2+�vX q?�i i?2 2tTH�M�iBQM 7Q` i?Bb Bb MQ QM2 FMQrb-
#mi Bi +QmH/ +QM+2Bp�#Hv BM/B+�i2 bQK2 BMi2`�+iBQM rBi? i?2 mMBp2`b2 �b �
r?QH2X

.1 qAhh +�HH2/ 7Q` /Bb+mbbBQMX

"1_:J�LL, q?�i Bb i?2 bi�imb Q7 i?2 2tT2`BK2Mib r?B+? Bi Bb `mKQ`2/
�`2 #2BM; /QM2 �i S`BM+2iQM\
.A*E1, h?2`2 �`2 irQ 2tT2`BK2Mib #2BM; bi�`i2/ MQrX PM2 Bb �M BKT`Qp2/
K2�bm`2K2Mi Q7 ǳ;Ǵ iQ /2i2+i TQbbB#H2 �MMm�H p�`B�iBQMbX h?Bb Bb +QKBM;
MB+2Hv- �M/ A i?BMF r2 +�M BKT`Qp2 2�`HB2` rQ`F #v � 7�+iQ` Q7 i2MX h?Bb Bb
/QM2 #v mbBM; � p2`v b?Q`i T2M/mHmK- rBi?Qmi FMB72 2/;2b- Dmbi bmbT2M/2/
#v � [m�`ix }#2`- Qb+BHH�iBM; �i � ?B;? `�i2 Q7 �`QmM/ jy +v+H2bfb2+X BMbi2�/
Q7 i?2 HQM; bHQr T2M/mHmKX h?2 Qi?2` 2tT2`BK2Mi Bb � `2T2iBiBQM Q7 i?2
1ƺipƺb 2tT2`BK2MiX q2 Tmi i?2 r?QH2 bvbi2K BM � p�+mmK iQ ;2i `B/
Q7 "`QrMB�M KQiBQM /Bbim`#�M+2bc r2 mb2 #2ii2` ;2QK2i`v i?�M 1ƺipƺb
mb2/c �M/ BMbi2�/ Q7 HQQFBM; 7Q` /2~2+iBQMb- i?2 �TT�`�imb rQmH/ #2 BM �M
�miQK�iB+ 722/@#�+F HQQT bm+? i?�i i?2 TQbBiBQM Bb ?2H/ }t2/ #v 722/BM; BM
2ti2`M�H iQ`[m2 iQ #�H�M+2 i?2 ;`�pBi�iBQM�H iQ`[m2X h?Bb H2�/b iQ `�TB/
/�KTBM;- �M/ �HHQrb vQm iQ /BpB/2 iBK2 mT bQ i?�i vQm /QMǶi M22/ iQ
�p2`�;2 Qp2` HQM; iBK2 BMi2`p�Hb- #mi +�M HQQF �i 2�+? b2T�`�i2 BMi2`p�H Q7
iBK2X h?Bb Bb #2BM; BMbi`mK2Mi2/c r2 �`2 rQ``vBM; �#Qmi bm+? [m2biBQMb
�b i2KT2`�im`2 +QMi`QH Q7 i?2 `QQK `B;?i MQr- #2+�mb2 r2Ƕ/ HBF2 bi�#BHBiv
Q7 i?2 i2KT2`�im`2 iQ � i?Qmb�M/i? Q7 � /2;`22- r?B+? Bb � #Bi /B{+mHi 7Q`
i?2 r?QH2 `QQKX
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"�_:J�LL, �#Qmi i?`22 v2�`b �;Q *H2K2M+2 /Bb+mbb2/ i?2 +QKT�`BbQM
#2ir22M �iQKB+ �M/ ;`�pBi�iBQM�H iBK2X

.A*E1, q2 ?�p2 #22M rQ`FBM; QM �M �iQKB+ +HQ+F- rBi? r?B+? r2 rBHH
#2 �#H2 iQ K2�bm`2 p�`B�iBQMb BM i?2 KQQMǶb `Qi�iBQM `�i2X �bi`QMQKB+�H
Q#b2`p�iBQMb �`2 �++m`�i2 2MQm;? bQ i?�i- rBi? � ;QQ/ �iQKB+ +HQ+F- Bi
b?QmH/ #2 TQbbB#H2 BM i?`22 v2�`bǶ iBK2 iQ /2i2+i p�`B�iBQMb BM ǳ;Ǵ Q7 i?2
bBx2 Q7 i?2 2z2+ib r2 ?�p2 #22M +QMbB/2`BM;X q2 �`2 rQ`FBM; QM � `m#B/BmK
+HQ+F- r?B+? r2 ?QT2 K�v #2 ;QQ/ iQ QM2 T�`i BM 1010X

"PL.A, PM2 KBH/Hv /Bbim`#BM; 7�+i Bb i?Bb, i?2 /B`2+iBQM iQ i?2 +2Mi2` Q7
i?2 ;�H�tv �HbQ HB2b BM i?2 TH�M2 Q7 i?2 2+HBTiB+X q?v b?QmH/ i?Bb #2 bQ\
A b22 MQ `2H�iBQM iQ i?2 2z2+ib vQm ?�p2 #22M /Bb+mbbBM;- #mi i?Bb KB;?i
#2 BM+Hm/2/ BM i?2 HBbi Q7 bHB;?iHv +m`BQmb �M/ mM2tTH�BM2/ 7�+ib �#Qmi i?2
mMBp2`b2X

�L.1_aPL, h?2`2 ?�b #22M bQK2 /Bb+mbbBQM Q7 i?2 TQbbB#BHBiv i?�i 2H@
2K2Mi�`v T�`iB+H2b ?�p2 MQ ;`�pBi�iBQM�H }2H/ @ Q` i?�i i?2`2 2tBbi #Qi?
ǳ�+iBp2Ǵ �M/ ǳT�bbBp2Ǵ ;`�pBi�iBQM�H K�bbX

:PG., A rQmH/ bi`QM;Hv �/pBb2 i?2 1ƺipƺb 2tT2`BK2Mi rBi? � HmKT Q7
�MiB@K�ii2`5

.A*E1, PM2 b?QmH/ �HbQ i`v b22BM; r?2i?2` TQbBi`QMBmK 7�HHb BM � ;`�pB@
i�iBQM�H }2H/ @ #mi ?Qr +�M QM2 /Q Bi\

:PG., A i?BMF � KQ`2 `2H2p�Mi 2tT2`BK2Mi Bb iQ /Q Bi rBi? �MiB@T`QiQMb Q`
�MiB@M2mi`QMb `�i?2` i?�M TQbBi`QMBmKX qBHbQM �i *Q`M2HH i?BMFb Bi +QmH/
#2 /QM2 @ 7Q` � 72r KBHHBQM /QHH�`bX

.A*E1, Ab i?2`2 bQK2 `2�bQM r?v Bi Bb #2ii2` iQ /Q Bi rBi? �MiB@T`QiQMb
`�i?2` i?�M TQbBi`QMb\

:PG., � b+?2K2 Bb TQbbB#H2 �++Q`/BM; iQ r?B+? @ MQi i?�i A #2HB2p2 Bi @
�MiB@;`�pBiv rQmH/ #2 TQbb2bb2/ QMHv #v T�`iB+H2b Q7 � bT2+B}+ ;`�pBi�iBQM�H
+?�`;2c i?2M Bi rQmH/ MQi #2 TQbbB#H2 iQ ?�p2 KQ`2 i?�M QM2 ivT2 Q7 bm+?
+?�`;2- �M/ vQm rQmH/ ?�p2 iQ �bbB;M Bi iQ i?2 Mm+H2QMX

qAhh1L, q2 �`2 bi�`iBM; �i Qm` H�#Q`�iQ`v bQK2 2tT2`BK2Mib iQ K2�@
bm`2 T`2+Bb2Hv i?2 iBK2 /BH�iBQM 2z2+i T`2/B+i2/ #v i?2 bT2+B�H i?2Q`v Q7
`2H�iBpBivX hrQ b2ib Q7 Q#b2`p�iBQMb 2tBbi `2;�`/BM; i?Bb T`2/B+iBQMX PM2
Bb i?2 7�KQmb 2tT2`BK2Mi Q7 Ap2b �M/ aiBHr2HH r?Q Q#b2`p2/ i?2 2z2+i #v
K2�bm`BM; i?2 b?B7ib Q7 bT2+i`�H HBM2b QKBii2/ #v KQpBM; �iQKbc i?2 Qi?2`
Bb i?2 p�`BQmb K2�bm`2K2Mib QM i?2 HB72iBK2 Q7 i?2 µ@K2bQM BM /Bz2`2Mi
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7`�K2b Q7 `272`2M+2X L2Bi?2` K2i?Q/ ?�b bQ 7�` #22M +�``B2/ iQ Bib ?B;?2bi
�ii�BM�#H2 �++m`�+vX

q2 �`2 ;QBM; iQ /Q i?2 2tT2`BK2Mi mbBM; #�bB+�HHv i?2 i2+?MB[m2b
Q7 Ap2b �M/ aiBHr2HH rBi? BKT`Qp2K2MibX q2 b?�HH Q#b2`p2 HBM2b 2KBii2/
Q` �#bQ`#2/ #v ?v/`Q;2M- ?2HBmK- Q` HBi?BmK �iQKb Q` BQMbX h?2 2tT2+i2/
�++m`�+v �i p2HQ+BiB2b +QKT�`�#H2 iQ i?Qb2 mb2/ #v Ap2b �M/ aiBHr2HH b?QmH/
#2 � 7�+iQ` Q7 �#Qmi Ryy ;`2�i2` i?�M i?2B`bX "v ;QBM; iQ ?B;?2` p2HQ+BiB2b
i?2 `2H�iBp2 �++m`�+v b?QmH/ #2 ;`2�i2`X q2 ?QT2 iQ K2�bm`2 i?2 �M;mH�`
/2T2M/2M+2 Q7 i?2 2z2+ic Bi ?�b #22M K2�bm`2/ bQ 7�` QMHv BM QM2 /B`2+iBQMX
Hp2b �M/ aiBHr2HHR ?�p2 Q#b2`p2/ BM i?2B` 2tT2`BK2Mi � i2M/2M+v iQr�`/b
/Bb�;`22K2Mi rBi? i?2Q`v �i ?B;? p2HQ+BiB2b �M/ ?�p2 bm;;2bi2/ � TQbbB#H2
bQm`+2 Q7 2tT2`BK2Mi�H 2``Q` i?�i H2�/b iQ i?Bb i2M/2M+vX h?Bb TQBMi b?QmH/
#2 BMp2biB;�i2/X q2 b?�HH 2p2Mim�HHv 2ti2M/ i?2 K2�bm`2K2Mib iQ v/c H�`;2
2MQm;? iQ /2i2+i 2z2+ib Q7 i?2 7Qm`i? Q`/2` (v/c)4X q2 ?QT2 iQ /2p2HQT
i2+?MB[m2b bm{+B2MiHv r2HH iQ /Q � T`2+Bb2 K2�bm`2K2Mi Q7 i?2 2z2+i �i
?B;?Hv `2H�iBpBbiB+ p2HQ+BiB2bX �MQi?2` ;Q�H Bb iQ K�F2 i?2 iBK2 /BH�iBQM
K2�bm`2K2Mi 7Q` BQMb KQpBM; BM � K�;M2iB+ }2H/ �M/ #2BM; �++2H2`�i2/X
h?2 Tm`TQb2 ?2`2 Bb iQ b22 B7 i?2`2 Bb �Mv b?B7i BM i?2 bT2+i`�H HBM2 Q7 �
FBM2K�iB+ Q`B;BM /m2 bQH2Hv iQ i?2 �++2H2`�iBQM Q7 i?2 +HQ+F rBi? `2bT2+i iQ
i?2 Q#b2`p2`X

RCX PTiX aQ+X �KX jR- jeN URN9RV
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ej

"1_:J�LL- r?Q QT2M2/ i?2 b2bbBQM- T`QTQb2/ i?�i i?2 7QHHQrBM;
iQTB+b b?QmH/ #2 /Bb+mbb2/ iQ;2i?2` BM i?Bb b2bbBQM, i?2 BMi2;`�iBQM Q7 i?2
T�`iB�H /Bz2`2MiB�H 2[m�iBQMb Q7 ;2M2`�H `2H�iBpBiv- i?2 T`QT2`iB2b Q7 i?2B`
bQHmiBQMb- i?2 BMp�`B�Mib Q7 i?2 i?2Q`v- �M/ p�`BQmb iQTQHQ;B+�H T`Q#H2KbX
GA*>L1_PqA*w r�b i?2 }`bi bT2�F2`X 6Q` /2i�BHb- BM+Hm/BM; i?Qb2 Q7
MQi�iBQM �M/ i2`KBMQHQ;v- i?2 `2�/2` Bb `272``2/ iQ ?Bb #QQF- h?ûQ`B2b
_2H�iBpBbi2b /2 H� :`�pBi�iBQM 2i /2 HǶúH2+i`QK�;MûiBbK2- S�`Bb- RN88X





*?�Ti2` 8
PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb
�M/`û GB+?M2`QrB+x

h?Bb Bb � bm`p2v Q7 i?2 K�BM `2bmHib QM i?2 BMi2;`�iBQM Q7 i?2 1BMbi2BM
2[m�iBQMb �M/ i?2 T`Q#H2Kb r?B+? `2K�BM QT2MX

8XR h?2 aT�+2@hBK2 J�MB7QH/

AM �Mv `2H�iBpBbiB+ i?2Q`v Q7 i?2 ;`�pBi�iBQM�H }2H/- i?2 K�BM 2H2K2Mi Bb �
/Bz2`2MiB�#H2 K�MB7QH/ Q7 7Qm` /BK2MbBQMb- i?2 bT�+2@iBK2V4X hQ #2 T`2+Bb2,
A �bbmK2 i?�i i?Bb /Bz2`2MiB�#H2 bi`m+im`2 Bb ǳC2- TB2+2rBb2C4XǴ h?Bb K2�Mb
i?�i BM i?2 BMi2`b2+iBQM Q7 i?2 /QK�BMb Q7 irQ �/KBbbB#H2 bvbi2Kb Q7 HQ+�H
+QQ`/BM�i2b i?2 HQ+�H +QQ`/BM�i2b Q7 � TQBMi 7Q` QM2 bvbi2K �`2 7mM+iBQMb Q7
+H�bb C2- BX2X- TQbb2bb +QMiBMmQmb /2`Bp�iBp2b mT iQ b2+QM/ Q`/2`- rBi? MQM@
p�MBb?BM; C�+Q#B�M- Q7 i?2 +QQ`/BM�i2b Q7 i?2 TQBMi BM i?2 Qi?2` bvbi2KX
h?B`/ �M/ 7Qm`i? /2`Bp�iBp2b �HbQ 2tBbi- #mi �`2 QMHv TB2+2rBb2 +QMiBMmQmbX

PM V4 r2 ?�p2 � ?vT2`#QHB+ MQ`K�H _B2K�MMB�M K2i`B+

ds2 = gαβ dxα dxβ U8XRV

r?B+? Bb 2p2`vr?2`2 ǳC1- TB2+2rBb2 C3XǴ h?Bb K2i`B+ Bb b�B/ iQ #2 `2;mH�` QM
V4X LQi2 i?�i i?2 K�MB7QH/b r?B+? �/KBi ?vT2`#QHB+ K2i`B+b �`2 T`2+Bb2Hv
i?Qb2 QM r?B+? i?2`2 2tBbi p2+iQ` }2H/b rBi?Qmi x2`QbX am+? � K�MB7QH/
�/KBib ;HQ#�H bvbi2Kb Q7 iBK2@HBF2 +m`p2b- #mi ;2M2`�HHv /Q2b MQi �/KBi
;HQ#�H bvbi2Kb Q7 bT�+2@HBF2 ?vT2`bm`7�+2bX

q2 bmTTQb2 i?�i MQ 7m`i?2` bT2+B}+�iBQM Q7 i?2 /Bz2`2MiB�#H2 bi`m+im`2
Q7 i?2 K�MB7QH/ Q` Q7 i?2 K2i`B+ ?�b �Mv T?vbB+�H K2�MBM;X

6Q` i?2 bim/v Q7 ;HQ#�H T`Q#H2Kb �bbmKTiBQMb #2HQM;BM; iQ i?2 /Bz2`@
2MiB�H ;2QK2i`v BM i?2 H�`;2 �`2 Q7i2M M22/2/X 6`2[m2MiHv V4 Bb B/2MiB}2/
rBi? � iQTQHQ;B+�H T`Q/m+i V3×R- R #2BM; i?2 `2�H MmK#2`b- r?2`2 bi`�B;?i
HBM2b �`2 iBK2@HBF2 +m`p2b �M/ i?mb i`�D2+iQ`B2b Q7 � mMBi�`v p2+iQ` }2H/ uX
h?2 bT�+2 b2+iBQMb /2}M2/ #v V3 �`2 i?2M ;2M2`�HHv 2Bi?2` +HQb2/ K�MB7QH/b
Q` +QKTH2i2 _B2K�MMB�M K�MB7QH/b 7Q` i?2 K2i`B+ /2}M2/ QM i?2K #v
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ds∗2 = (gαβ −uα uβ )dxα dxβ U8XkV
KQ`2Qp2`- BM i?Bb +�b2 V4 �/KBib � JBMFQrbFB�M �bvKTiQiB+ #2?�pBQ` �i
BM}MBivX

h?2 T`Q#H2K r?2i?2` i?2b2 �bbmKTiBQMb �`2 M2+2bb�`v Q` bm{+B2Mi Bb
QT2MX

8Xk h?2 *�m+?v S`Q#H2K 7Q` i?2 :`�pBi�iBQM�H 6B2H/

AM ;2M2`�H `2H�iBpBiv i?2 K2i`B+ ds2 b�iBb}2b i?2 1BMbi2BM 2[m�iBQMb,

Sαβ ≡ Rαβ − 1
2

gαβ R = χTαβ (α,β = 0,1,2,3) U8XjV

r?2`2 i?2 2M2`;v@KQK2MimK i2MbQ` Tαβ Bb TB2+2rBb2 +QMiBMmQmbX Ai /2}M2b
i?2 bQm`+2b Q7 i?2 }2H/X AM i?2 `2;BQMb r?2`2 Tαβ = 0 r2 ?�p2 i?2 ǳ2ti2`BQ`
+�b2XǴ

G2i Σ #2 � HQ+�H ?vT2`bm`7�+2 Q7 V4 r?B+? Bb MQi i�M;2Mi iQ i?2 +QM2b
ds2 = 0X A7 x0 = 0 /2}M2b Σ HQ+�HHv- r2 ?�p2 g00 ̸= 0X h?2 1BMbi2BM 2[m�iBQMb
+�M i?2M #2 r`Bii2M �bR

Ri j ≡
1
2

g00∂00gi j +Fi j = χ(Ti j −gi jT ) (i, j = 1,2,3) U8X9V

S0
α ≡ Gα = χTα U8X8V

r?2`2 Fi j �M/ Gα �`2 FMQrM 7mM+iBQMb QM Σ B7 r2 FMQr i?2 p�Hm2b Q7 i?2
TQi2MiB�Hb gαβ �M/ i?2B` }`bi /2`Bp�iBp2b Uǳ*�m+?v /�i�ǴVX

1[X U8X8V HBMFb i?2 *�m+?v /�i� iQ i?2 bQm`+2bX 1[X U8X9V ;Bp2b i?2
p�Hm2b QM Σ Q7 i?2 bBt b2+QM/ /2`Bp�iBp2b ∂00gi j r?B+? A ?�p2 +�HH2/ i?2
bB;MB}+�Mi /2`Bp�iBp2bX h?2 7Qm` /2`Bp�iBp2b `2K�BM mMFMQrM �M/ K�v #2
/Bb+QMiBMmQmb �i ΣX "mi- �++Q`/BM; iQ Qm` /Bz2`2MiB�#H2 bi`m+im`2- i?2b2
/Bb+QMiBMmBiB2b ?�p2 MQ T?vbB+�H Q` ;2QK2i`B+�H K2�MBM;X q2 ;`�bT ?2`2 i?2
+QMM2+iBQM #2ir22M i?2 +Qp�`B�M+2 Q7 i?2 7Q`K�HBbK �M/ i?2 �bbmKTiBQMb
QM i?2 bi`m+im`2X

6`QK 1[XU8X9V QM2 b22b i?�i i?2 bB;MB}+�Mi /2`Bp�iBp2b 7Q` Σ +�M ?�p2
/Bb+QMiBMmBiB2b QMHv B7 Σ Bb i�M;2Mi iQ i?2 7mM/�K2Mi�H +QM2b- Q` B7 i?2
2M2`;v@KQK2MimK i2MbQ` Bb /Bb+QMiBMmQmb �i ΣX :`�pBi�iBQM�H r�p2b �`2
/2}M2/ �b i?2 ?vT2`bm`7�+2b f (xα) = 0- i�M;2Mi iQ i?2 7mM/�K2Mi�H +QM2-
BX2X- bm+? i?�i
Rq2 mb2 i?2 MQi�iBQM ∂α = ∂

∂xα - ∂αβ = ∂ 2

∂xα ∂xβ X



8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb ed

∆1 f ≡ gαβ ∂α f ∂β f = 0. U8XeV

Uq>11G1_ TQBMi2/ Qmi- �b � K�ii2` Q7 i2`KBMQHQ;v i?�i r?�i Bb +�HH2/
ǳ;`�pBi�iBQM�H r�p2Ǵ #v GB+?M2`QrB+x Bb � Tm`2Hv ;2QK2i`B+�H +QM+2Ti- HBF2
i?2 2BFQM�H BM QTiB+b- �M/ MQi i?2 b�K2 �b i?2 T?vbB+�H ǳ;`�pBi�iBQM�H
r�p2bXǴ h?2 [m2biBQM r?2i?2` ;`�pBi�iBQM�H `�/B�iBQM /Q2b Q` /Q2b MQi
2tBbi r�b �B`2/ i?Q`Qm;?Hv BM H�i2` b2bbBQMbXV :`�pBi�iBQM�H `�vb �`2 /2@
}M2/ �b i?2 +?�`�+i2`BbiB+b Q7 ∆1 f = 0- Q` �b i?2 bBM;mH�` ;2Q/2bB+b Q7 i?2
K2i`B+X

AM i?2 ?v/`Q/vM�KB+ BMi2`BQ` +�b2 i?2 2t+2TiBQM�H ?vT2`bm`7�+2b �`2
URV i?2 ;`�pBi�iBQM�H r�p2b- UkV i?2 K�MB7QH/b ;2M2`�i2/ #v bi`2�KHBM2b-
�M/ UjV i?2 ?v/`Q/vM�KB+ r�p2bX

8Xj GQ+�H aQHmiBQMb 7Q` i?2 1ti2`BQ` *�b2

AM i?2 2ti2`BQ` +�b2- Tαβ = 0- i?2 bvbi2K Q7 1BMbi2BM 2[m�iBQMb ?�b i?2
BMpQHmiBQM T`QT2`iv, A7 � K2i`B+ b�iBb}2b 1[X U8X8V �M/- QM Σ QMHv- i?2
2[m�iBQMb S0

α = 0- i?2M Bi b�iBb}2b i?2b2 2[m�iBQMb �HbQ QmibB/2 Q7 ΣX h?Bb Bb
� i`BpB�H +QMb2[m2M+2 Q7 i?2 +QMb2`p�iBQM B/2MiBiB2bX h?mb- 7Q` � bT�+2@HBF2
?vT2`bm`7�+2 i?2 *�m+?v T`Q#H2K H2�/b iQ irQ /Bz2`2Mi T`Q#H2Kb,

RX h?2 b2�`+? 7Q` *�m+?v /�i� b�iBb7vBM; i?2 bvbi2K Sβ
α ∂β f = 0 QM Σ( f =

0)X h?Bb Bb i?2 T`Q#H2K Q7 i?2 BMBiB�H p�Hm2bX

kX h?2 2pQHmiBQM�`v T`Q#H2K Q7 BMi2;`�iBM; 1[X U8X9V bm#D2+i iQ i?2b2
*�m+?v /�i�X

�bbmKBM; QMHv /Bz2`2MiB�#BHBiv- JK2X 6Qm`ĕb ?�b `2+2MiHv bQHp2/ i?Bb b2+@
QM/ T`Q#H2K HQ+�HHv #v +QMbB/2`BM; � /B{+mHi bvbi2K Q7 T�`iB�H /Bz2`2MiB�H
2[m�iBQMbX a?2 mb2b BbQi?2`K�H +QQ`/BM�i2b U7Q` r?B+? ∆xρ = 0V �M/ i?mb
T`Qp2b i?2 HQ+�H 2tBbi2M+2 �M/ T?vbB+�H mMB[m2M2bb i?2Q`2K 7Q` i?2 bQHm@
iBQM Q7 i?2 *�m+?v T`Q#H2K Q7 i?2 1BMbi2BM 2[m�iBQMbX h?2 +?�`�+i2`BbiB+
+QMQB/ ;2M2`�i2/ #v i?2 bBM;mH�` ;2Q/2bB+b r?B+? Bbbm2 7`QK � TQBMi x TH�vb
i?2 2bb2MiB�H T�`i- �M/ Bi Bb +H2�` i?�i i?2 p�Hm2b Q7 i?2 bQHmiBQM BM x /2@
T2M/ QMHv QM i?2 p�Hm2b Q7 i?2 *�m+?v /�i� BM i?2 T�`i Q7 Σ BMi2`BQ` iQ
i?2 +?�`�+i2`BbiB+ +QMQB/X q2 Q#i�BM i?mb �HH i?2 `2bmHib Q7 � +H�bbB+�H r�p2
T`QT�;�iBQM i?2Q`vX



e3 8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb

8X9 h?2 S`Q#H2K Q7 i?2 AMBiB�H o�Hm2b

h?Bb- KQbi BMi2`2biBM;- T`Q#H2K Bb bBKTH2 B7 Σ Bb � KBMBK�H ?vT2`bm`7�+2X
A7

ds2 =V 2(dx0)2 +gi jdxidx j (i, j = 1,2,3) U8XdV

r2 i�F2

Ωi j =
1
2

∂0gi j, K = Ωi
i, H2 = Ωi jΩi j U8X3V

�M/ r2 Q#i�BM 7Q` i?2 2ti2`BQ` +�b2

K = 0, ∇ jΩi j = 0, R+H2 = 0 U8XNV

r?2`2 ∇ Bb i?2 QT2`�iQ` Q7 +Qp�`B�Mi /Bz2`2MiB�iBQM- �M/ R i?2 b+�H�` +m`@
p�im`2 Q7 ΣX A7 r2 b2i

gi j = exp(2θ) g∗i j U8XRyV

r?2`2 r2 �bbmK2 i?2 K2i`B+ ds∗2 = g∗i jdxidx j iQ #2 FMQrM QM Σ- i?2M Bi Bb
TQbbB#H2 iQ BMi`Q/m+2 i?2 7mM+iBQMb

ϕ2 = eθ , Πi j = e5θ Ωi j, L2 = g∗ikg∗jlΠi jΠkl . U8XRRV

6Q` i?2b2 7mM+iBQMb � p2`v bBKTH2 bvbi2K Q7 2[m�iBQMb ?QH/b,

g∗i jΠi j = 0 ∇∗
jΠi j = 0 U8XRkV

�M/ i?2 2HHBTiB+ 2[m�iBQM,

−8∆∗ϕ +R∗ϕ =− L2

ϕ7 . U8XRjV

h?2 .B`B+?H2i T`Q#H2K 7Q` 1[XU8X8V �/KBib bQHmiBQMb B7 i?2 /QK�BM Q7 Σ Bb
bm{+B2MiHv bK�HH Q` B7 R∗ ≤ 0 �M/ B7 L2 Bb bm{+B2MiHv bK�HHX h?Bb bim/v +�M
#2 2ti2M/2/ iQ bQK2 ?v/`Q/vM�KB+ BMi2`BQ` +�b2b- �M/ Bi Bb i?mb TQbbB#H2 iQ
+QMbi`m+i 2t�KTH2b Q7 *�m+?v /�i� +Q``2bTQM/BM; iQ i?2 KQiBQM Q7 n #Q/@
B2bX 6Q` i?2 irQ@#Q/v T`Q#H2K- L2riQMǶb H�r Bb Q#i�BM2/ �TT`QtBK�i2HvX

_2+2MiHv JK2X 6Qm`ĕb ?�b 2ti2M/2/ Kv K2i?Q/ iQ i?2 ;2M2`�H +�b2X
Ai rQmH/ #2 BKTQ`i�Mi iQ Q#i�BM M2r ;HQ#�H i?2Q`2Kb 7Q` i?Bb T`Q#H2K-

+m``2MiHv T2`?�Tb i?2 KQbi BKTQ`i�Mi T`Q#H2K Q7 i?2 i?2Q`vX



8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb eN

8X8 h?2 *�m+?v S`Q#H2K 7Q` i?2 �bvKK2i`B+ h?2Q`v

h?2 *�m+?v T`Q#H2K Q7 i?2 �bvKK2i`B+ i?2Q`v r�b bim/B2/ BM +QHH�#Q`�iBQM
rBi? JK2X J�m`2`X

PM i?2 /Bz2`2MiB�#H2 K�MB7QH/ V4 r2 ?�p2,

RX �M �bvKK2i`B+ i2MbQ` }2H/ gαβ Q7 +H�bb ǳC1- TB2+2rBb2 C3-Ǵ rBi? �
MQM@p�MBb?BM; /2i2`KBM�Mi g- i?2 �bbQ+B�i2/ [m�/`�iB+ 7Q`K /2}M2/
#v hαβ = g(αβ ) #2BM; ?vT2`#QHB+ MQ`K�HX

kX �M �{M2 +QMM2+iBQM Q7 +H�bb ǳC0- TB2+2rBb2 C2cǴ Sα Bb i?2 iQ`bBQM
p2+iQ` Q7 i?2 +QMM2+iBQMX

A7 r2 bm#biBimi2 BMiQ i?Bb +QMM2+iBQM i?2 +QMM2+iBQM L rBi?Qmi iQ`bBQM p2+@
iQ`- r?B+? �/KBib i?2 b�K2 T�`�HH2HBbK- i?2 }2H/ 2[m�iBQMb /2/m+2/ 7`QK
i?2 +H�bbB+�H p�`B�iBQM�H T`BM+BTH2 7Q` i?2 }`bi +QMM2+iBQM ;Bp2 irQ T�`iB�H
bvbi2KbX �++Q`/BM; iQ JK2X hQMM2H�i �M/ >H�p�iɷ- i?2 }`bi bvbi2K ;Bp2b
i?2 +QMM2+iBQM L 7`QK gαβ �M/ i?2 }`bi /2`Bp�iBp2b Q7 i?2 i2MbQ`X h?2 }2H/
Bb MQr /2}M2/ #v gαβ ,Sα r?B+? b�iBb7v i?2 2[m�iBQMb

Rαβ − 2
3
(∂α Sβ −∂β Sα) = 0, ∂ρ(g[ρβ ]√|g|) = 0 U8XR9V

r?2`2 Rαβ Bb i?2 _B++B i2MbQ` Q7 LX AM �//BiBQM r2 ?�p2 � MQ`K�HBx�iBQM
+QM/BiBQM 7Q` Sα ,

∂α(g(ρβ ))Sβ
√
|g|) = 0. U8XR8V

h?2 *�m+?v T`Q#H2K +�M MQr #2 BMp2biB;�i2/X h?2 bvbi2K Q#i�BM2/ biBHH
TQbb2bb2b i?2 BMpQHmiBQM T`QT2`ivX h?2 }2H/ r�p2b �`2 ?vT2`bm`7�+2b i�M@
;2Mi iQ QM2 Q7 i?2 7QHHQrBM; irQ +QM2b,

U�V A7 lαβ = g(αβ ) r2 ?�p2 i?2 +QM2

(C1) lαβ dxα dxβ = 0 U8XReV

r?2`2 lαβ Bb /m�H iQ lαβ X

U#V A7 γαβ = 2h
g hαβ − lαβ (h = det hαβ ) r2 ?�p2 i?2 +QM2

(C2) γαβ dxα dxβ = 0 U8XRdV

r?2`2 γαβ Bb /m�H iQ γαβ X



dy 8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb

A7 i?2 bF2rbvKK2i`B+ T�`i Q7 gαβ Bb bK�HH +QKT�`2/ iQ i?2 bvKK2i`B+ T�`i-
i?2M C2 +QMi�BMb C1X hαβ Bib2H7 ?�b MQ r�p2 T`QT2`iB2b BM i?2 mMB}2/ }2H/
i?2Q`vX

h?2 2pQHmiBQM�`v T`Q#H2K Q7 i?2 �bvKK2i`B+ i?2Q`v `2K�BMb mMbQHp2/X

8Xe :HQ#�H aQHmiBQMb �M/ lMBp2`b2b

A MQr `2im`M iQ ;2M2`�H `2H�iBpBivX h?2 K�BM [m2biBQM Q7 i?2 i?2Q`v Bb i?2
7QHHQrBM;, q?2M Bb � ;`�pBi�iBQM T`Q#H2K 2z2+iBp2Hv bQHp2/\

� KQ/2H Q7 i?2 mMBp2`b2 @ Q` b?Q`iHv- ǳ� mMBp2`b2Ǵ @ Bb � V4 rBi? �
`2;mH�` K2i`B+ b�iBb7vBM; i?2 1BMbi2BM 2[m�iBQMb �M/ +2`i�BM �bvKTiQiB+
+QM/BiBQMbX q?2M Tαβ Bb /Bb+QMiBMmQmb i?`Qm;? � ?vT2`bm`7�+2 Σ( f = 0)
r2 �bbmK2 i?�i ds2 Bb �Hr�vb ǳC1- TB2+2rBb2 C3Ǵ BM i?2 M2B;?#Q`?QQ/ Q7
ΣX h?2 DQBMBM; Q7 i?2 /Bz2`2Mi BMi2`BQ` K�i2`B�H }2H/b rBi? i?2 b�K2 }2H/
+�mb2b i?2 BMi2`/2T2M/2M+2 Q7 i?2 KQiBQMb- �M/ i?2 +H�bbB+�H 2[m�iBQMb Q7
KQiBQM �`2 /m2 iQ i?2 +QMiBMmBiv i?`Qm;? Σ Q7 i?2 7Qm` [m�MiBiB2b

Vα = Sβ
α ∂β f . U8XR3V

AM i?Bb pB2r i?2 K�BM T`Q#H2K Bb iQ +QMbi`m+i �M/ bim/v mMBp2`b2bX h?Bb
#2BM; � ?vT2`#QHB+ MQM@HBM2�` ;HQ#�H T`Q#H2K- Bi Bb p2`v /B{+mHi iQ /Q i?BbX
*H2�`Hv ;HQ#�H bQHmiBQMb Q7 i?2 T`Q#H2K Q7 i?2 BMBiB�H p�Hm2b rQmH/ #2 p2`v
?2HT7mH ?2`2X

�MQi?2` �TT`Q�+? KB;?i #2 i?2 bim/v Q7 bQK2 2H2K2Mi�`v ;HQ#�H bQ@
HmiBQMb Q7 i?2 1BMbi2BM 2[m�iBQMbX Ai �TT2�`b i?�i bm+? bQHmiBQMb �`2 +QM@
M2+i2/ rBi? i?2 bQHmiBQMb rBi? bBM;mH�`BiB2b BMi`Q/m+2/ #v p�`BQmb �mi?Q`bX

8Xd :HQ#�H S`Q#H2Kb

h?Bb pB2r Q7 i?2 mMBp2`b2 H2�/b mb iQ i?2 7QHHQrBM; [m2biBQM, Ab Bi TQbbB#H2
iQ BMi`Q/m+2 BM � mMBp2`b2 M2r 2M2`;v /Bbi`B#miBQMb- i?2 BMi2`BQ` }2H/b Q7
r?B+? �`2 +QMbBbi2Mi rBi? i?2 2ti2`BQ` }2H/ Q7 i?2 mMBp2`b2\ 6m`i?2`KQ`2-
B7 � mMBp2`b2 KQ/2H Bb /2}M2/ #v � Tm`2Hv 2ti2`BQ` }2H/- `2;mH�` 2p2`vr?2`2-
Bb i?2 mMBp2`b2 2KTiv �M/ i?mb HQ+�HHv ~�i\

h?2 `2;mH�`Biv T`Q#H2K Bb i?2 bim/v Q7 i?2 2ti2`BQ` }2H/b `2;mH�` 2p2`v@
r?2`2 mM/2` bQK2 ;2M2`�H iQTQHQ;B+�H Q` ;2QK2i`B+�H �bbmKTiBQMbX :QQ/
`2bmHib �`2 FMQrM QMHv BM i?2 bi�iBQM�`v +�b2X q2 �bbmK2 V4 = V3 ×R-
�M/ r2 mb2 i?2 2tTHB+Bi �bbmKTiBQMb K�/2 �i i?2 #2;BMMBM; Q7 i?Bb bm`p2vX
h?2M r2 ?�p2 i?2 7QHHQrBM; `2bmHib,

RX �M 2ti2`BQ` bi�iBQM�`v }2H/ r?B+? Bb `2;mH�` 2p2`vr?2`2 Bb HQ+�HHv ~�i



8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb dR

U�V B7 V3 Bb +QKT�+i- Q`
U#V B7 V3 Bb +QKTH2i2 �M/ ?�b � JBMFQrbFB�M �bvKTiQiB+ #2?�pBQ`X

kX AM � bi�iBQM�`v mMBp2`b2 i?2 2ti2`BQ` }2H/ 2ti2M/2/ i?`Qm;? +QMiBMm@
Biv Q7 i?2 b2+QM/ /2`Bp�iBp2 BMiQ i?2 BMi2`BQ` Q7 i?2 #Q/B2b Bb bBM;mH�`
BM i?2 BMi2`BQ`X

jX � bi�iBQM�`v mMBp2`b2 r?B+? �/KBib � /QK�BM bm``QmM/BM; BM}MBiv
�M/ r?B+? BM i?Bb /QK�BM ?�b � JBMFQrbFB�M �bvKTiQiB+ #2?�pBQ`
�M/ 7Q` r?B+? i?2 bi`2�KHBM2b �`2 iBK2 HBM2b- Bb bi�iB+X h?2`2 2tBbi
bT�+2 b2+iBQMb Q`i?Q;QM�H iQ i?2 iBK2 HBM2bX h?Bb Bb Q7 BMi2`2bi BM i?2
a+?r�`xb+?BH/ i?2Q`vX

Jm+? H2bb Bb FMQrM BM i?2 MQM@bi�iBQM�`v +�b2- r?B+? Bb Q7 +Qm`b2 KQ`2
BMi2`2biBM;X *QM+2`MBM; i?2 `2;mH�`Biv T`Q#H2K- bQK2 +QmMi2`2t�KTH2b
?�p2 #22M +QMbi`m+i2/- 2bT2+B�HHv #v _�+BM2- h�m# �M/ "QMM2`X "mi 7Q`
i?2b2 2t�KTH2b 2Bi?2` i?2 2tBbi2M+2 Q7 i?2 bQHmiBQMb Bb +2`i�BM QMHv BM � }MBi2
BMi2`p�H Q7 iBK2- Q` i?2 +QMbi`m+i2/ bQHmiBQMb /Q MQi #2?�p2 JBMFQrbFB�M
�bvKTiQiB+�HHvX h?2 ;2M2`�H `2;mH�`Biv T`Q#H2K Bb biBHH �M QT2M QM2X

>Qr2p2`- i?2 `2bmHib QM i?2 T`Q#H2K Q7 i?2 BMBiB�H p�Hm2b ;Bp2 M2r
i?2Q`2Kb mM/2` i?2 7QHHQrBM; �bbmKTiBQMb,
U�V Ai Bb TQbbB#H2 iQ /B�;QM�HBx2 i?2 K�i`Bt Ωi j r?B+? /2}M2b i?2 b2+QM/

7mM/�K2Mi�H [m�/`�iB+ 7Q`K Q7 Σ �M/ i?2`2 2tBbi 7QHB�iBQMb Q7 Σ #v
i?2 +Q``2bTQM/BM; bvbi2K Q7 +m`p2b- i?�i Bb iQ b�v #v +m`p�im`2 HBM2bX

U#V ds∗2 ?�b � ~�i �bvKTiQiB+ #2?�pBQ`X
U+V h?2 i2MbQ` Ωi j ?�b � bmKK�#H2 b[m�`2 QM ΣX

A7 i?2b2 �bbmKTiBQMb �`2 b�iBb}2/ QM Σ(x0 = 0) �M/ �HbQ QM i?2 b2+iBQMb
+Q``2bTQM/BM; iQ �`#Bi`�`BHv bK�HH x0- i?2 mMBp2`b2 Bb bi�iB+ �M/ i?mb HQ+�HHv
~�iX

   

JAaL1_ }`bi bi`2bb2/ i?2 T?vbB+�H B/2�b BM r?B+? ?2 �M/ q?22H2` r2`2 BM@
i2`2bi2/ �M/ r?B+? ?�/ H2/ i?2K iQ BM[mB`2 BMiQ i?2 /2i�BHb Q7 i?2 1BMbi2BM@
J�tr2HH 2[m�iBQMb- T�`iB+mH�`Hv r?2i?2` Q` MQi i?2v �`2 bBM;mH�`X

ǳh?Bb +QK2b �#Qmi #2+�mb2- �++Q`/BM; iQ rQ`F Q7 _�BMB+?-k i?2 1BMbi2BM@
J�tr2HH 2[m�iBQMb +�M #2 BMi2`T`2i2/ �b �M �H`2�/v mMB}2/ }2H/ i?2Q`vX
1tTHB+Bi K2MiBQM Q7 i?2 2H2+i`QK�;M2iB+ }2H/ Bb MQi M2+2bb�`v 2p2M r?BH2
k:X uX _�BMB+?X h`�MbX �KX J�i?X aQ+X kd Rye URNk8VX



dk 8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb

rQ`FBM; rBi? � bvbi2K 2[mBp�H2Mi BM �HH +�b2b- 2t+2Ti i?2 MmHH 2H2+i`QK�;@
M2iB+ }2H/- iQ i?2 1BMbi2BM@J�tr2HH b2i Q7 2[m�iBQMbX PM2 �BK Q7 mMB}2/
}2H/ i?2Q`v ?�b �Hr�vb #22M i?2 MQiBQM i?�i }2H/b �`2 KQ`2 7mM/�K2Mi�H
i?�M T�`iB+H2b- �M/ i?�i Bi b?QmH/ #2 TQbbB#H2 iQ +QMbi`m+i �HH T�`iB+H2b
7`QK i?2 Tm`2Hv ;2QK2i`B+�H +QM+2Ti Q7 i?2 }2H/X hQ �HHQr bBM;mH�`BiB2b
BM i?2 }2H/b iQ `2T`2b2Mi i?2 T�`iB+H2b rQmH/ #2 � /2HmbBQM- bBM+2 i?2M
i?2 bi`2bb i2MbQ` Bb MQi K2`2Hv i?2 2H2+i`QK�;M2iB+ QM2 #mi BM+Hm/2b K�bb
i2`Kb- 2p2M i?Qm;? B/2�HBx2/ iQ /2Hi� 7mM+iBQMbX aBM+2 r2 rBb? iQ #2 +�`2@
7mH �#Qmi bBM;mH�`BiB2b i?2 `2bmHib Q7 JK2X 6Qm`ĕb �M/ GB+?M2`QrB+xj ?�p2
#22M BKTQ`i�Mi iQ mbX h?2v �bbm`2 mb i?�i B7 r2 bT2+B7v +2`i�BM BMBiB�H +QM@
/BiBQMb r2 b?�HH ?�p2 MQM@bBM;mH�` bQHmiBQMb �i H2�bi 7Q` � b?Q`i iBK2X q2
�`2 BMi2`2bi2/ BM }M/BM; bQHmiBQMb iQ i?2b2 BMBiB�H p�Hm2 2[m�iBQMb �M/ b22@
BM; r?�i i?2v H2�/ iQ- r?2i?2` i?2v BM/B+�i2 �Mv TQbbB#BHBiv Q7 +QMbi`m+iBM;
T�`iB+H2b 7`QK i?2b2 2H2+i`QK�;M2iB+ �M/ ;`�pBi�iBQM�H }2H/bX LQiB+2 i?�i
2p2M i?Qm;? QM2 bT2�Fb Q7 i?2 2H2+i`QK�;M2iB+ }2H/ ?2`2- QM2 /Q2b MQi
`2�HHv ?�p2 iQ- bBM+2 QM2 +�M mb2 i?2 B/2�b Q7 _�BMB+? iQ ;Bp2 � +QKTH2i2
/2b+`BTiBQM Q7 i?2 2H2+i`QK�;M2iB+ }2H/ BM i2`Kb Q7 K2i`B+ [m�MiBiB2b �HQM2X
h?2 BM~m2M+2 Q7 i?2 2H2+i`QK�;M2iB+ bi`2bb 2M2`;v i2MbQ` mTQM i?2 ;`�pB@
i�iBQM�H }2H/ Bb bm{+B2MiHv bT2+B}+ bQ i?�i 7`QK i?2 +m`p�im`2 [m�MiBiB2b
QM2 +�M rQ`F #�+Fr�`/b iQ i?2 2H2+i`QK�;M2iB+ }2H/ �M/ ?�p2 � Tm`2Hv
K2i`B+ /2b+`BTiBQM Q7 #Qi? 2H2+i`QK�;M2iBbK �M/ ;`�pBi�iBQMX

ǳq2 ?�p2 bim/B2/ � +2`i�BM +H�bb Q7 bQHmiBQMb iQ i?2 T`Q#H2K Q7 BMBiB�H
p�Hm2bX h?2b2 bQHmiBQMb �`2 ;HQ#�H #mi #v MQ K2�Mb i?2 KQbi ;2M2`�HX h?2v
b2`p2 �b 2t�KTH2bX h?2b2 bQHmiBQMb �`2 �Hr�vb +QMiBMmQmb �M/ BMbi�Mi�@
M2QmbHv bi�iB+X q2 }M/ i?�i i?2`2 2tBbi 2t�+i bQHmiBQMb Q7 i?2 1BMbi2BM@
J�tr2HH 2[m�iBQMb 7Q` r?B+? i?2 }2H/b QM � +2`i�BM bm`7�+2 t = 0 �`2 ;Bp2M
#v,

ds2 =−dt2 +(χ2 −Φ2)2(dx2 +dy2 +dz2) U8XRNV

Fi0 = 2(χ2 −Φ2)−1(Φ ∂ χ
∂xi −χ ∂Φ

∂xi ) U8XkyV

Fi j = 0 U8XkRV
∂gµν

∂ t
= 0 U8XkkV

r?2`2 χ ,Φ b�iBb7v

j�X GB+?M2`QrB+x- HQ+X +BiX- TX 8yX



8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb dj

∇2χ = ∇2Φ = 0, ∇2 =
∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2 . U8XkjV

h?Bb K2i`B+ iQ;2i?2` rBi? i?2 2H2+i`B+ }2H/ Fi0 ;Bp2b � bQHmiBQM Q7 i?2 BMB@
iB�H p�Hm2 2[m�iBQMbX AM i?2 M2B;?#Q`?QQ/ Q7 i?2 bm`7�+2 t = 0 r2 ?�p2
� bQHmiBQM Q7 i?2 iBK2@/2T2M/2Mi 2[m�iBQM #mi /Q MQi FMQr r?�i Bi BbX
S2`?�Tb QM2 b?QmH/ mb2 � ?B;? bT22/ +QKTmiBM; K�+?BM2X h?2 `2;mH�`Biv
+QM/BiBQMb Q7 GB+?M2`QrB+x- i?�i i?2 i?`22@/BK2MbBQM�H K�MB7QH/ b?QmH/ #2
2Bi?2` +QKT�+i Q` +QKTH2i2 #mi �bvKTiQiB+�HHv ~�i- H2�/ iQ }2H/b r?B+?
�`2 +QKTH2i2Hv 7`22 Q7 bBM;mH�`BiB2bX h?2 7mM+iBQMb χ �M/ Φ +�M QMHv ?�p2
i?2 7Q`K,

χ = 1+∑
a

αa

γa
Φ = ∑ βa

γa
U8Xk9V

r?2`2

γa = |−→γ −−→a | αa ! |βa| γ =
√

x2 + y2 + z2. U8Xk8V

h?2b2 7mM+iBQMb �TT2�` iQ +QMi�BM bBM;mH�`BiB2b- #mi i?2v `2�HHv /Q MQiX
h?Bb #`BM;b mb BMiQ i?2 bim/v Q7 i?2 iQTQHQ;v Q7 i?Bb bBim�iBQMX h?2 TQBMi
�i r?B+? i?2 K2i`B+ b22Kb iQ #2+QK2 bBM;mH�` +�M #2 i?`QrM �r�vX h?Bb
Bb +QMbBbi2Mi rBi? i?2 `2[mB`2K2Mi Q7 +QKTH2i2M2bb- #mi rQmH/ MQi #2 +QM@
bBbi2Mi B7 i?2 TQBMi r?B+? Bb i?`QrM �r�v r2`2 QM2 �i r?B+? i?2 K2i`B+ /B/
MQi #2+QK2 bBM;mH�`X � TB+im`2 +�M #2 /`�rM iQ BM/B+�i2 r?�i i?2 bT�+2
bQ Q#i�BM2/ HQQFb HBF2X L2�` i?2 TQBMi −→a i?2 bT�+2- r?B+? Bb ~�i 7m`i?2`
�r�v- +m`p2b �M/ ~�`2b Qmi �M/ ;Q2b Qp2` BMiQ �MQi?2` `Qm;?Hv ~�i TQ`iBQM
HBF2 i?Bb,

6B;m`2 8XR



d9 8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb

q2 ?�p2 ?2`2 �b K�Mv `2;BQMb r?2`2 i?2 bT�+2 Bb �bvKTiQiB+�HHv ~�i �b r2
?�p2 T�`iB+H2bX h?2 M2ti T`Q#H2K Bb iQ Tmi i?2b2 TQ`iBQMb iQ;2i?2`X PM2
b?QmH/ i?2M i`v iQ +QMbi`m+i i?2 BMBiB�H p�Hm2b r?B+? rQmH/ ;Bp2 `Bb2 iQ i?2
rQ`K?QH2 TB+im`2 Q7 q?22H2` Ub22 a2bbBQM RVX �HH i?2b2 i?BM;b �`2 TQbbB#H2c
i?2v Dmbi ?�p2 iQ #2 rQ`F2/ QmiX

6B;m`2 8Xk, ǳqQ`K?QH2Ǵ

ǳPM2 �//BiBQM�H �/p�Mi�;2 Q7 i?2 bQHmiBQMb 2t?B#Bi2/ ?2`2 Qp2` BMi`Q@
/m+BM; TQBMi bBM;mH�`BiB2b BMiQ i?2 i?2Q`v Bb i?�i #v mbBM; GB+?M2`QrB+xǶb
`2;mH�`Biv +QM/BiBQMb vQm 2HBKBM�i2 �miQK�iB+�HHv �HH M2;�iBp2 K�bb2b- K�bb
/BTQH2b �M/ ?B;?2` KmHiBTQH2bX Ai �HbQ- mM7Q`imM�i2Hv- BKTHB2b i?�i 7Q` �Mv
T�`iB+H2 Q` +Hmbi2` Q7 T�`iB+H2b /2b+`B#2/ #v i?2b2 /27Q`KBiB2b i?2 iQi�H
+?�`;2 �M/ K�bb ?�p2 � `�iBQ e/m ≤ 1- r?BH2 7Q` �M 2H2+i`QM BM i?2b2 mMBib-
r?2`2 G = c = 1- e/m = 2.04×1021X h?2 `2�bQM 7Q` i?Bb iQQ H�`;2 K�bb- 7Q`
� ;Bp2M 2H2+i`QM +?�`;2- Bb i?�i vQm /QMǶi ?�p2 2MQm;? Q7 � +mi@Qz 7Q` i?2
2H2+i`QK�;M2iB+ K�bbX S2`?�Tb QM2 KB;?i ?QT2 i?�i [m�MimK K2+?�MB+b
KB;?i ?2HT ?2`2X AM �Mv 2p2Mi- r2 ?�p2 ?2`2 bi`QM; BM/B+�iBQMb i?�i i?2
1BMbi2BM@J�tr2HH i?2Q`v Bb � ;QQ/ KQ/2H 7Q` � mMB}2/ }2H/ i?2Q`vX Ai +�M
i2HH mb r?�i � mMB}2/ }2H/ i?2Q`v K�v ?�p2 iQ b�v �#Qmi T?vbB+bXǴ

AM i?2 /Bb+mbbBQM- SA_�LA �bF2/ 7Q` i?2 /2}MBiBQM Q7 ǳ+QKTH2i2M2bbXǴ
JAaL1_ b�B/ i?�i � K�MB7QH/ Bb +QKTH2i2 B7 �HH ;2Q/2bB+b +�M #2 +QMiBMm2/
iQ BM}MBi2 H2M;i?X

"1_:J�LL +QKT�`2/ i?2 T`2b2Mi iQTQHQ;v rBi? i?2 bvKK2i`B+ QM2
Q7 1BMbi2BM �M/ _Qb2MX9
.1 qAhh MQi2/ i?2 bBKBH�`Biv #2ir22M JBbM2`Ƕb KQ/2H �M/ i?2 a+?r�`x@
b+?BH/ bQHmiBQM 7Q` � +?�`;2/ K�bb T�`iB+H2X JAaL1_ �;`22/ �M/ b�B/ i?�i
?2 ?�/ #22M H2/ iQ ?Bb bQHmiBQMb #v i?2 Q#b2`p�iBQM i?�i i?2 bT�+2 T�`i Q7
i?2 a+?r�`xb+?BH/ K2i`B+ +�M #2 r`Bii2M BM i?2 7Q`K
9�X 1BMbi2BM �M/ LX _Qb2MX S?vbX _2pX 93 UdjV URNj8VX



8X PM i?2 AMi2;`�iBQM Q7 i?2 1BMbi2BM 1[m�iBQMb d8

[(1+
m
2r

)2 − e2

4r2 ]
2(dx2 +dy2 +dz2). U8XkeV

6B;m`2 8Xj, 1BMbi2BM@_Qb2M hQTQHQ;v

JHaL1_ i?2M �//2/ bQK2 `2K�`Fb QM ;HQ#�H bQHmiBQMbX





*?�Ti2` e
_2K�`Fb QM :HQ#�H aQHmiBQMb
*X qX JBbM2`

ǳamTTQb2 r2 +QMbB/2` i?2 7QHHQrBM; b2i Q7 2[m�iBQMb,

Ei
;i = 0 (div

−→
E = 0) UeXRV

Hi
;i = 0 (div

−→
H = 0) UeXkV

ϕ j
i ; j =−√

gεi jkE jHk ≡ Si (Poynting vector) UeXjV

1
2

ϕ2 −ϕ i jϕi j +
1
4

R(3) =
1
2
(E2 +H2) UeX9V

r?2`2 ϕ = ϕ i
i �M/ ϕi j = 1/4(χi j −gi jχ)

χi j =
∂gi j

∂ t
.

q2 bim/v i?2b2 2[m�iBQMb BM Q`/2` Q7 /B{+mHivX 1[XUeXRV ?�b �b Bib KQbi
;2M2`�H bQHmiBQM,

Ei =
1
√g

∂
∂x j (

√
gAi j)+Ei

Coulomb UeX8V

r?2`2 Ei
Coulomb ?�b p�MBb?BM; /Bp2`;2M+2 �M/ �HbQ p�MBb?BM; +m`H,

Ei, j −E j,i = 0 UeXeV
#mi

Q ≡ 1
8π

∫ √
gεi jkEidx jdxk ̸= 0 for some closed surface. UeXdV

h?Bb Bb QMHv TQbbB#H2 B7 ǳrQ`K?QH2bǴ �`2 T`2b2MiX h?2`2 �`2 �b K�Mv BM/2@
T2M/2Mi bQHmiBQMb �b i?2`2 �`2 rQ`K?QH2b- �M/ QM2 +�M bT2+B7v �`#Bi`�`BHv



d3 eX _2K�`Fb QM :HQ#�H aQHmiBQMb

i?2 +?�`;2 Q7 2�+?X 1[XUeXjV +�M MQr #2 `2;�`/2/ �b �M BM?QKQ;2M2Qmb
HBM2�` 2[m�iBQMX � bQHmiBQM Q7 i?2 BM?QKQ;2M2Qmb 2[m�iBQM 2tBbib QM �
+QKT�+i K�MB7QH/ B7 �M/ QMHv B7

∫
KiSi√gd3x = 0 UeX3V

7Q` 2p2`v EBHHBM; p2+iQ` Ki U;2M2`�iBM; � ;`QmT Q7 KQiBQMbV b�iBb7vBM;

Ki; j +Kj;i = 0. UeXNV
q?2i?2` i?Bb ?�b �Mv bB;MB}+�Mi �TTHB+�iBQMb A /Q MQi FMQrX �#Qmi 1[X
UeX9V A +�M b�v MQi?BM;X

ǳH +QMD2+im`2 i?�i i?2 ?QKQ;2M2Qmb 2[m�iBQM +QmH/ #2 bQHp2/ #v i?2
mb2 Q7 TQi2MiB�Hb- T`QpB/2/ r2 mb2 � `�i?2` #`Q�/ B/2� Q7 � TQi2MiB�HX "v
i?Bb A K2�M � bQHmiBQM r?B+? bQK2?Qr BMpQHp2b i?2 mb2 Q7 �M �`#Bi`�`v
7mM+iBQMX hQ BHHmbi`�i2 i?2 B/2� A ;Bp2 � T�`iB+mH�` +H�bb Q7 bQHmiBQMb iQ i?2
2[m�iBQM ϕ i j

; j = 0- M�K2Hv,

ϕ j
i = [∇i∇ j −δ j

i ∇k∇k −R(3) j
i ] f ′(R(3))+

1
2

δ j
i f (R(3)) UeXRyV

r?2`2 f Bb �M �`#Bi`�`v 7mM+iBQM Q7 i?2 b+�H�` +m`p�im`2 QM i?2 bm`7�+2- �M/
f ′ Bb i?2 /2`Bp�iBp2 Q7 f X ∇i Bb i?2 +Qp�`B�Mi /2`Bp�iBp2X

ǳ"2bB/2b i?2 T`Q#H2Kb Q7 iQTQHQ;v BM i?2 bK�HH �bbQ+B�i2/ rBi? ǳ~�`2bǴ
�M/ rQ`K?QH2b- Q` rBi? i?2 bvKK2i`B+ 1BMbi2BM@_Qb2M TB+im`2- i?2`2 �`2
i?2 T`Q#H2Kb Q7 iQTQHQ;v BM i?2 H�`;2X h?2b2 �`2 7�KBHB�` T`Q#H2Kb, Ab
i?2 mMBp2`b2 +HQb2/ �M/ bT?2`B+�H BM � `2�bQM�#H2 �TT`QtBK�iBQM- Q` Bb Bi
QT2M\ Pi?2` iQTQHQ;B+�H T`Q#H2Kb �`2 i?2 T`Q#H2Kb Q7 +H�bbB7vBM; i?`22@
/BK2MbBQM�H +QKT�+i K�MB7QH/bX PM2 +�M �i T`2b2Mi r`Bi2 Qmi � HBbi +QM@
i�BMBM; �HH i?`22@/BK2MbBQM�H +QKT�+i K�MB7QH/b- #mi QM2 ?�b MQ r�v Q7
i2HHBM; r?2i?2` irQ �`2 i?2 b�K2 Q` /Bz2`2Mi #v � }MBi2 �H;Q`Bi?K- bBM+2 i?2
HBbi K�v +QMi�BM `2/mM/�Mi +�b2bX JQbi K�i?2K�iB+B�Mb b22K iQ #2HB2p2
i?�i i?2 bQHmiBQM iQ i?Bb T`Q#H2K Bb MQi BM bB;?iX

ǳ�MQi?2` TQBMi Bb i?Bb, PM+2 vQm i�F2 i?2 +Qm`b2 BM/B+�i2/ ?2`2 �M/
/2+B/2 iQ K�F2 � mMB}2/ }2H/ i?2Q`v iQ �pQB/ bBM;mH�`BiB2b �M/ vQm #`BM;
BM i?2 TQbbB#BHBiv Q7 MQM@1m+HB/2�M iQTQHQ;v- i?2M vQm rQmH/ HBF2 iQ FMQr
i?2 HBKBi�iBQMb QM i?2 MmK#2` Q7 iQTQHQ;B2b i?�i �`2 HBF2Hv iQ �TT2�`X h?2
T`Q#H2K Bb MQi QM2 Q7 }M/BM; BM;2MBQmb 2MQm;? iQTQHQ;B2b iQ /Q r?�i vQm
r�Mi i?2K iQ /Q- #mi `�i?2` iQ }M/ � `2�bQM r?v � ?Qbi Q7 iQTQHQ;B2b rBHH
M2p2` �TT2�`X PM2 Kmbi 2t�KBM2 i?2 9@/BK2MbBQM�H K�MB7QH/X S`Q72bbQ`
GB+?M2`QrB+x ?�b K2MiBQM2/ i?�i 7Q` KQbi K�MB7QH/b r?B+? �`2 MQi Q7 i?2
ivT2 V3 ×R i?2`2 rBHH MQi 2tBbi `2�bQM�#H2 bT�+2@HBF2 bm`7�+2bX >Qr2p2`-



eX _2K�`Fb QM :HQ#�H aQHmiBQMb dN

i?2 HBKBi�iBQM V4 =V3×RKB;?i #2 iQQ `2bi`B+iBp2X AM Qi?2` rQ`/b, *�M i?2
MmK#2` Q7 T�`iB+H2b BM � mMBp2`b2 rBi? rQ`K?QH2b +?�M;2\ 6Q` BMbi�M+2-
QM2 KB;?i �bF B7 � rQ`K?QH2 +�M /Bb�TT2�` BM iBK2X *�M Bi ?�TT2M i?�i
bi�`iBM; 7`QK � rQ`K?QH2 iQTQHQ;v �i t = 0 vQm �``Bp2 �i � 1m+HB/2�M bT�+2
�i t = 1\

6B;m`2 eXR

6`QK i?2 rQ`F Q7 h?QKR QM2 +�M b?Qr i?�i i?2`2 �`2 7Qm`@/BK2MbBQM�H
K�MB7QH/b r?B+? ?�p2 i?2b2 irQ bm`7�+2b �b #QmM/�`B2bX h?2 [m2biBQM
r?2i?2` � +QMiBMmQmb K2i`B+ Q7 GQ`2Mix bB;M�im`2 +�M #2 Tmi QM bm+? K�M@
B7QH/b +�M- A #2HB2p2- #2 �Mbr2`2/X AM bm+? � K2i`B+ +�M vQm }M/ bQHmiBQMb
iQ �Mv ?vT2`#QHB+ 2[m�iBQMb- Q` #2ii2`- J�tr2HHǶb 2[m�iBQMb\ �MvQM2 i`v@
BM; iQ bim/v i?Bb rQmH/ #2 Km+? �B/2/ #v +2`i�BM [m�HBi�iBp2 +H�bbB}+�iBQMb
Q7 K2i`B+bX A +QMD2+im`2 i?�i B7 vQm /BpB/2 i?2 K2i`B+b r?B+? Bi Bb TQbbB@
#H2 iQ Tmi QM � ;Bp2M K�MB7QH/ r?Qb2 irQ #QmM/�`B2b �`2 bT�+2@HBF2- BMiQ
?QKQiQTv 2[mBp�H2M+2 +H�bb2b- i?2M Q`/BM�`BHv i?2`2 rBHH MQi #2 KQ`2 i?�M
QM2 Q7 i?2b2 +H�bb2b r?B+? �HHQrb �Mv bQHmiBQMb iQ � ?vT2`#QHB+ 2[m�iBQMc
BX2X- KQbi ?QKQiQTv +H�bb2b �`2 BM+QMbBbi2Mi rBi? ?vT2`#QHB+ /Bz2`2MiB�H
2[m�iBQMbXǴ
JAaL1_ +QM+Hm/2/ rBi? � 72r `2K�`Fb �#Qmi HQ+�H BMp�`B�Mib- bm+? �b
i?Qb2 ;Bp2M #v :û?ûMB�mk �M/ Qi?2`b, ǳAMbi2�/ Q7 i?2 bi`BM; Q7 +QKTQM2Mib
Q7 i?2 _B++B i2MbQ`- QM2 HQQFb �i �HH i?2 BMp�`B�Mib r?B+? +�M #2 +QMbi`m+i2/
7`QK i?2b2X PM2 TQbbB#H2 mb2 Q7 i?2b2 KB;?i #2 �b p�`B�#H2b BM /Bb+mbbBM;
i?2 [m�MiBx�iBQM Q7 ;2M2`�H `2H�iBpBiv- bBM+2 [m�MiBx�iBQM b22Kb iQ ?�M/H2
R*QKK2Mi J�i?X >2HpX k3- Rd@3e URN89V- h?2Q`2K Ao- RjX �HbQ b22 "X �X _QF?HBM-

.QFH�/v �F�/X L�mFX aaa_ 3R- j88 URN8RVX
kCX :û?ûMB�m �M/ _X .2#2p2`- "mHHX *HX /2b a+BX- �+�/X `QvX "2H;X- 5e aû`X- 9k-

URN8eVX



3y eX _2K�`Fb QM :HQ#�H aQHmiBQMb

BMp�`B�Mi [m�MiBiB2b #2ii2` i?�M i2MbQ` +QKTQM2MibX �HbQ Bi rQmH/ #2 BM@
i2`2biBM; iQ b22 :2/�MF2M2tT2`BK2Mi iQ K2�bm`2 2�+? Q7 i?2b2 +m`p�im`2
BMp�`B�MibX h?Bb rQmH/ #2 � #2;BMMBM; 7Q` K�FBM; bBKTH2 [m�MimK K2+?�M@
B+�H �`;mK2Mib �#Qmi K2�bm`�#BHBiv BM ;2M2`�H `2H�iBpBivX S2`?�Tb SB`�MB
+QmH/ ;Bp2 � +?�`�+i2`Bx�iBQM Q7 Tm`2 ;`�pBi�iBQM�H `�/B�iBQM BM i2`Kb Q7
i?2b2 BMp�`B�Mib\Ǵ
"1_:J�LL TQBMi2/ Qmi i?�i BM i?2 bim/v Q7 i?2 2[m�iBQMb Q7 ;2M2`�H
`2H�iBpBiv iQ/�v QM2 b22Kb iQ ?�p2 � +?QB+2 Q7 Q#i�BMBM; 2Bi?2` ;2M2`�H
HQ+�H T`QT2`iB2b Q` bT2+B�H ;HQ#�H i?2Q`2KbX
JJ1X 6Pl_1a i?2M ;�p2 ?2` bQHmiBQM Q7 i?2 T`Q#H2K Q7 i?2 BMBiB�H p�Hm2b
mbBM; *�`i�MǶb 2ti2`BQ` /Bz2`2MiB�H +�H+mHmb,



*?�Ti2` d
aQHpBM; h?2 AMBiB�H o�Hm2 S`Q#H2K lbBM; *�`i�M *�H@
+mHmb
uX 6Qm`ĕb

A r`Bi2 7Q` i?2 bT�+2@iBK2 K�MB7QH/

ds2 =
3

∑
α=0

ω2
α UdXRV

r?2`2 A i�F2 �b i?2 #�bBb BM Kv 7Qm`@/BK2MbBQM�H K�MB7QH/ QM2 p2+iQ` Q`@
i?Q;QM�H iQ i?2 BMBiB�H ?vT2`bm`7�+2- bQ i?�i

ω0 =V dx0 UdXkV
ωi = ai jdx j +λidx0 (i, j = 1,2,3). UdXjV

h?2M i?2 /Bz2`2MiB�H `2H�iBQMb 7Q` i?2 }2H/ +�M #2 r`Bii2M BM i?2 7Q`K

S0k = ∇hPhk −∇kP UdX9V
S00 = R+H2 −P2 , P = Phh , H2 = PhkPhk UdX8V

r?2`2 ∇h Bb i?2 +Qp�`B�Mi /2`Bp�iBp2- �M/ Phk Bb r?�i GB+?M2`QrB+x BM i?2
Q`i?Q;QM�H +�HHb ΩhkX U6Q` 7m`i?2` MQi�iBQM b22 a2+iBQM 8X9 Q7 i?2 i�HF #v
GB+?M2`QrB+x 2�`HB2` BM i?Bb b2bbBQMXV A7 i?2 +QQ`/BM�i2b r2`2 Q`i?Q;QM�H
r2 rQmH/ ?�p2 λi = 0- �M/ ?2M+2

Phk =
1
2v

∂0ghk. UdXeV

h?2 +Q2{+B2Mib Phk �`2 i?2 +Q2{+B2Mib Q7 i?2 b2+QM/ 7mM/�K2Mi�H [m�/`�iB+
7Q`K Q7 i?2 ?vT2`bm`7�+2 ΣX



3k dX aQHpBM; h?2 AMBiB�H o�Hm2 S`Q#H2K lbBM; *�`i�M *�H+mHmb

q2 �`2 /2�HBM; rBi? i?2 Tm`2Hv ;`�pBi�iBQM�H +�b2X hQ bQHp2 i?2 /Bz2`@
2MiB�H 2[m�iBQMb A +?QQb2 QM i?2 ?vT2`bm`7�+2 i?`22 T�`iB+mH�` p2+iQ`b- i?2
2B;2Mp2+iQ` Q7 i?2 i2MbQ` Phk- i?�i Bb iQ b�v r2 rBHH ?�p2

Phk = 0 for h ̸= k. UdXdV

P11- P22- P33 �`2 mMFMQrMbX h?2 K2i`B+ Q7 i?2 ?vT2`bm`7�+2 Σ Bb

ds2 = ∑
i

ω2
i . UdX3V

A7 A b2i u1 = P22 +P33- 2i +v+HX- �M/ B7 A mb2 GB+?M2`QrB+xǶb B/2� iQ i�F2 i?2
K2i`B+ QM i?2 ?vT2`bm`7�+2 +QM7Q`K�H iQ � ;Bp2M K2i`B+- /2MQi2/ #v �M
�bi2`BbF,

ds2 = e2θ ds⋆2 UdXNV

i?2M A Q#i�BM i?2 7QHHQrBM; bvbi2K Q7 2[m�iBQMb,

∂ ⋆
1 u1 −∂ ⋆

1 θ(u2 +u3 −2u1)− j⋆1kku1 = 0 etc. UdXRyV
−4△⋆

2θ −2(∂ ⋆
i θ)2 +Le2θ +R⋆ = 0 UdXRRV

r?2`2 △2 Bb i?2 "2Hi`�KB QT2`�iQ` Q7 b2+QM/ Q`/2`- �M/ r?2`2

L = H2 −P2 , P = P11 +P22 +P33 , H2 = PhkPhk. UdXRkV

ǳAi Bb TQbbB#H2 iQ bQHp2 i?Bb bvbi2K Q7 2[m�iBQMb r?B+? �`2 HBM2�` rBi? `2@
bT2+i iQ i?2 ?B;?2bi /2`Bp�iBp2bX 6Q` BMbi�M+2- A +�M bQHp2 i?2K #v ;BpBM;
i?2 p�Hm2b Q7 i?2 mMFMQrM u BM Kv i?`22@/BK2MbBQM�H bT�+2 Σ QM � irQ@
/BK2MbBQM�H p�`B2iv S- �M/ A +�M bQHp2 i?2M i?2 *�m+?v T`Q#H2K 7Q` i?2
bvbi2K r?B+? +QMi�BMb θ X � ;2M2`�H Bi2`�iBQM K2i?Q/ +�M #2 mb2/ iQ bQHp2
i?2 b2i Q7 2[m�iBQMb #v r`BiBM; i?2K BM i?2 7Q`K Q7 BMi2;`�H 2[m�iBQMb mbBM;
:`22MǶb 7mM+iBQMbX A7 A ;Bp2 i?2 p�Hm2 Q7 θ QM i?2 #QmM/�`v- �M/ i?2 p�Hm2b
Q7 i?2 u QM S- i?2M A }M/ i?2 ;2M2`�H bQHmiBQM Q7 i?2b2 2[m�iBQMbX h?Bb Bb �
`B;Q`Qmb K�i?2K�iB+�H i`2�iK2Mi Q7 i?2 T`Q#H2K Q7 BMBiB�H p�Hm2bXǴ

q>11G1_ TQBMi2/ Qmi i?2 �M�HQ;v rBi? i?2 2H2+i`QK�;M2iB+ +�b2 r?2`2
i?2 2[m�iBQM div

−→
E = 0 vB2H/b −→

E BM �HH bT�+2 B7 Bi Bb FMQrM Qp2` � irQ@
/BK2MbBQM�H bm`7�+2X >Qr2p2`- QM2 rQmH/ biBHH HBF2 iQ ?�p2 � TQi2MiB�H
r?B+? ;Bp2b i?2 }2H/ �miQK�iB+�HHv rBi?Qmi ?�pBM; iQ /Q �Mv BMi2;`�iBQMX
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JJ1X 6Pl_1a- �Mbr2`BM; � [m2biBQM Q7 JAaL1_- TQBMi2/ Qmi i?�i i?2
bi�i2K2Mi i?�i i?2 K2i`B+ Bb +QM7Q`K�H iQ � 1m+HB/2�M QM2 Bb �M �bb2`iBQM-
MQi �M �bbmKTiBQM- �M/ i?�i ?2` K2i?Q/ ;Bp2b ;2M2`�H bQHmiBQMb 7Q` �M
QT2M bT�+2X
.1 qAhh �bF2/ B7 i?2 *�m+?v T`Q#H2K Bb MQr mM/2`biQQ/ bm{+B2MiHv
iQ #2 Tmi QM �M 2H2+i`QMB+ +QKTmi2` 7Q` �+im�H +�H+mH�iBQMX ǳ.Q r2 MQr
FMQr 2MQm;? �#Qmi +QMbi`�BMib �M/ BMBiB�H +QM/BiBQMb iQ /Q i?Bb �i H2�bi
7Q` +2`i�BM bvKK2i`B+�H +�b2b\Ǵ
JAaL1_ `2THB2/ i?�i vQm +QmH/ i�F2 bQK2 Q7 i?2 T�`iB+mH�` bQHmiBQMb r?B+?
?2 ?�b ;Bp2M- �M/ r?B+? bi�`i Qmi �b BMbi�Mi�M2QmbHv bi�iB+ }2H/b- Q` i?2
BMi2`2biBM; 2t�KTH2 Q7 irQ T�`iB+H2b r?B+? bi�`i iQ `Qi�i2 �#Qmi 2�+? Qi?2`-
�M/ vQm +QmH/ T2`7Q`K �+im�H +�H+mH�iBQMbX ǳuQm bi�`i Qmi rBi? � 1m+HB/2�M
K2i`B+ �M/ rQmH/ mb2 i?2 K2i?Q/ Q7 JK2X 6Qm`ĕbǶ T`QQ7XR PM i?2 bm`7�+2
z = 0 vQm Tmi

e
θ
2 = 1+

m
r1

+
m
r2

UdXRjV

r1 �M/ r2 #2BM; /Bbi�M+2b K2�bm`2/ 7`QK irQ TQBMib BM bT�+2X h?2M vQm
�bbB;M BMBiB�H +QM/BiBQMb 7Q` i?2 2B;2Mp�Hm2b uX uQm r�Mi iQ bT2+B7v u BM
bm+? � r�v i?�i i?2 p2HQ+BiB2b Q7 i?2 irQ T�`iB+H2b �`2 BMBiB�HHv HBF2 i?�i,

⇓ ⇑

h?2M vQm i`v iQ mb2 i?2 b�K2 K2i?Q/ r?B+? r�b mb2/ 7Q` i?2 ;2M2`�H T`QQ7b
iQ }M/ T�`iB+mH�` bQHmiBQMb MQi Dmbi QM z = 0 #mi i?`Qm;? �HH bT�+2X h?2b2
+�M #2 BMi2`T`2i2/ �b irQ T�`iB+H2b r?B+? �`2 MQM@bBM;mH�`- Q` i?2v +�M #2
i?Qm;?i Q7 �b i?2 FBM/ Q7 1/r ivT2 bBM;mH�`Biv Q7 r?B+? QM2 Q`/BM�`BHv i?BMFb
BM ;`�pBi�iBQM�H i?2Q`vX h?2b2 T�`iB�H /Bz2`2MiB�H 2[m�iBQMb- �Hi?Qm;? p2`v
/B{+mHi- +�M i?2M BM T`BM+BTH2 #2 Tmi QM � +QKTmi2`XǴ JAaL1_ i?BMFb
i?�i QM2 +�M MQr ;Bp2 BMBiB�H +QM/BiBQMb bQ i?�i QM2 rQmH/ 2tT2+i iQ ;2i
;`�pBi�iBQM�H `�/B�iBQM- �M/ +QKTmi2`b +QmH/ #2 mb2/ 7Q` i?BbX
.1 qAhh TQBMi2/ Qmi bQK2 /B{+mHiB2b 2M+QmMi2`2/ BM ?B;? bT22/ +QK@
Tmi�iBQM�H i2+?MB[m2bX ǳaBM;mH�`BiB2b �`2 Q7 +Qm`b2 /B{+mHi iQ ?�M/H2X a2+@
QM/Hv- �Mv MQM@HBM2�` ?v/`Q/vM�KB+ +�H+mH�iBQMb �`2 �Hr�vb /QM2 BM bQ@
+�HH2/ G�;`�M;B�M +QQ`/BM�i2b- bQ i?�i i?2 K2b? TQBMib KQp2 rBi? i?2
K�i2`B�H BMbi2�/ Q7 #2BM; }t2/ BM bT�+2X aBKBH�` T`Q#H2Kb rQmH/ �`Bb2 BM
�TTHvBM; +QKTmi2`b iQ ;`�pBi�iBQM�H `�/B�iBQM bBM+2 vQm /QMǶi r�Mi i?2
`�/B�iBQM iQ KQp2 [mB+FHv Qmi Q7 i?2 `�M;2 Q7 vQm` +QKTmi2`XǴ
RCX _�iX J2+?X �M�HX k- N8R URN8eVX
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"1_:J�LL `2K�`F2/ QM i?2 ;2M2`�H /Bb+mbbBQM Q7 i?2 �7i2`MQQM i?�i bBt
v2�`b �;Q Bi r�b /Bb+Qp2`2/ i?�i QM2 +�M }M/ � +HQb2/ 7Q`K 7Q` i?2 >�KBH@
iQMB�M Q7 i?2 1BMbi2BM 2[m�iBQMb- �M/ Bi r�b i?Qm;?i i?2M i?�i �HH i`Qm#H2b
rBi? i?2 *�m+?v T`Q#H2K 7Q` ;`�pBi�iBQM�H i?2Q`v r2`2 Qp2`X ǳh?Bb Bb MQi
bQ- 7Q` i?2 bBKTH2 `2�bQM i?�i i?2`2 �`2 2B;?i +QMbi`�BMib 7Q` i?2 ir2Miv
+�MQMB+�H p�`B�#H2bX P7 i?2 `2K�BMBM; ir2Hp2 p�`B�#H2b 2B;?i ?�p2 MQi?BM;
iQ /Q rBi? i?2 T`Q#H2K- i?2v +Q``2bTQM/ iQ �M �`#Bi`�`BM2bb BM i?2 +?QB+2
Q7 +QQ`/BM�i2b- bQ i?�i QM2 Bb H27i rBi? 7Qm` +�MQMB+�H p�`B�#H2bX *�M vQm
BMi`Q/m+2 M2r p�`B�#H2b bm+? i?�i i?2b2 p�`B�#H2b +QmH/ #2 b2i mT �`#Bi`�`@
BHv\ h?Bb Bb 2bb2MiB�HHv � b2�`+? 7Q` TQi2MiB�Hb BM i?2 ;2M2`�H b2Mb2 BM r?B+?
i?�i i2`K ?�b #22M mb2/ ?2`2XǴ "1_:J�LL Bb T2`bQM�HHv +QMpBM+2/ i?�i
i?2 b2�`+? 7Q` HQ+�HHv /2}M2/ TQi2MiB�Hb Bb T`Q#�#Hv ?QT2H2bb- #2+�mb2 i?2v
T`Q#�#Hv /Q MQi 2tBbiX ǳh?Bb Bb QMHv � #2HB27- Q7 +Qm`b2XǴ

�L.1_aPL +QKK2Mi2/ QM i?2 T`Q#H2K Q7 irQ@bm`7�+2 #QmM/�`v +QM@
/BiBQMbX >2 bm;;2bi2/ i?�i bBM+2 Bi Bb TQbbB#H2 iQ Tmi i?2 ;`�pBi�iBQM�H
G�;`�M;B�M BMiQ � 7Q`K BM r?B+? i?2 iBK2 /2`Bp�iBp2b Q7 g0µ /Q MQi �TT2�`-
Dmbi �b i?2 iBK2 /2`Bp�iBp2 Q7 i?2 b+�H�` TQi2MiB�H /Q2b MQi �TT2�` BM i?2
2H2+i`QK�;M2iB+ G�;`�M;B�M- Bi K�v #2 TQbbB#H2 iQ #`2�F mT gi j BM � 7�b?BQM
�M�HQ;Qmb iQ i?2 b2T�`�iBQM Q7 i?2 p2+iQ` TQi2MiB�H BM i?2 2H2+i`QK�;M2iB+
+�b2 BMiQ i`�Mbp2`b2 �M/ HQM;Bim/BM�H T�`ibX PMHv QM2 Q7 i?2b2 T�`ib �TT2�`b
BM i?Qb2 2[m�iBQMb Q7 KQiBQM r?B+? �`2 7`22 7`QK b2+QM/ iBK2 /2`Bp�iBp2bX
PM2 +QmH/ i?2M BMBiB�HHv �M/ }M�HHv bT2+B7v i?2 T�`i r?B+? /Q2b MQi �TT2�`
BM i?2b2 2[m�iBQMb- �M/ Q#i�BM � +QKTH2i2 bQHmiBQMX h?2`2 K�v #2 QM2
+�i+? iQ i?BbX h?2`2 Bb `2�bQM iQ #2HB2p2 i?�i QM2 Q7 i?2 }2H/ 2[m�iBQMb-
r?B+? /Q MQi /2T2M/ QM b2+QM/ iBK2 /2`Bp�iBp2b- Bb `2�HHv i?2 >�KBHiQMB�M
Q7 i?2 i?2Q`vX A7 i?�i Bb i?2 +�b2 QM2 rQmH/ MQi #2 �HHQr2/ iQ bT2+B7v
BM/2T2M/2Mi BMBiB�H �M/ }M�H p�Hm2b 7Q` i?2 [m�MiBiB2b Dmbi /Bb+mbb2/X

.Bb+mbbBQM Q7 i?2b2 TQBMib- r?B+? �`2 +HQb2Hv `2H�i2/ rBi? i?2 T`Q#H2K
Q7 [m�MiBx�iBQM- r�b TQbiTQM2/ mMiBH H�i2`X

q>11G1_ `2im`M2/ iQ i?2 +2Mi`�H T`Q#H2K Q7 i?2 �7i2`MQQM- i?2 BMBiB�H
p�Hm2 T`Q#H2KX >2 �bF2/ r?2i?2`- H2�pBM; i2+?MB+�H /2i�BHb �bB/2- i?2`2 Bb
� TQBMi Q7 pB2r r?B+? rQmH/ T2`KBi mb iQ }M/ Qm` r�v �`QmM/ bQK2 Q7
i?2b2 bm#iH2iB2bX

ǳA rQmH/ HBF2 iQ `�Bb2 BM i?Bb +QMM2+iBQM i?2 [m2biBQM Q7 i?2 mb2 Q7 i?2
p�`B�iBQM�H T`BM+BTH2 Bib2H7X h?2 p�`B�iBQM�H T`BM+BTH2 BM ;2M2`�H `2H�iBpBiv
?�b � +?�`�+i2` `�i?2` /Bz2`2Mi 7`QK i?�i BM 2H2+i`QK�;M2iB+ i?2Q`vX AM i?2
H�ii2` r2 ?�p2 i?2 b[m�`2 Q7 i?2 }2H/ p�`B�#H2b- r?2`2�b BM i?2 ;`�pBi�iBQM�H
+�b2 r2 ?�p2 i?2 +m`p�im`2- BX2X- i?2 b2+QM/ /2`Bp�iBp2b Q7 i?2 TQi2MiB�Hb
2Mi2`BM;X h?Bb ?�b �Hr�vb TmxxH2/ mb, q?v Bb i?2 p�`B�iBQM�H 7Q`KmH�iBQM
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Q7 i?2 ;`�pBi�iBQM�H }2H/ bQ /Bz2`2Mi\ A rQmH/ HBF2 iQ 2KT?�bBx2 i?�i i?2
+QMp2MB2M+2 r?B+? QM2 bQ Q7i2M ?�b bQm;?i BM i`�Mb7Q`KBM; #v T�`iB�H BMi2@
;`�iBQM i?2 b2+QM/ /2`Bp�iBp2b BMiQ }`bi /2`Bp�iBp2b ?�b +QM+2�H2/ r?�i i?2
2[m�iBQMb �`2 i`vBM; iQ i2HH mbX A rQmH/ HBF2 iQ BHHmbi`�i2 i?Bb #v � i`BpB�H
2t�KTH2X h�F2 i?2 7`22 T�`iB+H2 Q7 Q`/BM�`v K2+?�MB+bX h?2 p�`B�iBQM�H
T`BM+BTH2 Bb,

δ
∫ 2

1

1
2

ẋ2dt = 0. UdXR9V

>Qr /Q r2 i2HH r?�i iQ }t �i i?2 2M/TQBMib Q7 i?2 iBK2 BMi2`p�H\ q2 /Q
i?Bb #v T2`7Q`KBM; �M BMi2;`�iBQM #v T�`ib,

= ẋδx|21 −
∫ 2

1
ẍδxdt. UdXR8V

6`QK i?Bb r2 /`�r irQ b2T�`�i2 +QM+HmbBQMb,

RX ẍ = 0X

kX δx = 0 �i i?2 irQ 2M/TQBMib Q7 i?2 KQiBQM- BX2X- r2 Kmbi bT2+B7v
i?2 +QQ`/BM�i2 x �i i?2 iBK2b R �M/ kX h?Bb Bb � iBK2@bvKK2i`B+
bT2+B}+�iBQMX PM2 Bb bQ �++mbiQK2/ iQ i?Bb T�ii2`M Q7 i?BMFBM; i?�i
r?2M ;2M2`�H `2H�iBpBiv T`2b2Mib mb rBi? � /Bz2`2Mi T�ii2`M r2 �`2
MQi T`2T�`2/ 7Q` i?�iX h?2`27Q`2- H2i K2 BMi`Q/m+2 � T`Q#H2K r?B+?
/Q2b ?�p2 i?2 T�ii2`M +?�`�+i2`BbiB+ Q7 ;2M2`�H `2H�iBpBiv- �M/ H2i mb
b22 ?Qr r2 rQmH/ 7�+2 mT iQ BiX *QMbB/2` i?Bb,

δ
∫ 2

1
xẍdt = 0. UdXReV

h`�/BiBQM�HHv QM2 �#?Q`b i?2b2 b2+QM/ /2`Bp�iBp2b BM i?2 T`Q#H2K- bQ
QM2 [mB+FHv i`�Mb7Q`Kb Bi BMiQ i?2 T`2pBQmb T`Q#H2KX A T`QTQb2 iQ
/2�H `�i?2` /B`2+iHv rBi? i?2 M2r T`Q#H2K HBF2 i?Bb,

= (xδ ẋ− ẋδx)|21 +2
∫

ẍδxdt. UdXRdV

h?2 +QM+HmbBQMb rQmH/ MQr #2,

RX ẍ = 0X

kX δ
( ẋ

x
)
= 0- BX2X- r2 �`2 iQ bT2+B7v i?2 p�Hm2 Q7 ẋ

x �i i?2 irQ 2M/TQBMib
Q7 i?2 KQiBQMX
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ǳAM Qi?2` rQ`/b- r2 �`2 H2/ ?2`2 iQ � /Bz2`2Mi FBM/ Q7 bT2+B}+�iBQM Q7 i?2
T`Q#H2KX A K2`2Hv r�Mi iQ TQBMi Qmi i?�i i?2 p�`B�iBQM�H T`Q#H2K Bib2H7
?�b i?2 T`QT2`iv B7 r2 /QMǶi KQMF2v rBi? Bi- iQ i2HH mb r?�i Bi Bb i?�i r2
b?QmH/ /2�H rBi?XǴ

ǳAM i?2 +�b2 Q7 2H2+i`QK�;M2iBbK r2 +�M �HbQ H2i i?2 p�`B�iBQM�H T`BM@
+BTH2 i2HH mb r?�i i?2 [m�MiBiv Bb i?�i r2 �`2 +QM+2`M2/ rBi?X LQi2 i?2
2[m�iBQM,k

δ
∫ 2

1
(E2 −H2) dΩ = 0 =

[∫ −→
E ·δ−→A dS

]
|21 −volume integral UdXR3V

h?2 pQHmK2 BMi2;`�H ;Bp2b mb i?2 mbm�H }2H/ 2[m�iBQMbX h?2 #QmM/�`v
i2`K i2HHb mb i?�i r2 b?QmH/ bT2+B7v Atransverse �i i?2 HBKBibX A7 vQm bT2+B7v
A Bib2H7- `�i?2` i?�M Bib i`�Mbp2`b2 T�`i- vQm rQmH/ #2 i�FBM; iQQ b2`BQmbHv
i?2 /2K�M/ i?�i i?2 #QmM/�`v i2`K Kmbi p�MBb?X *H2�`Hv vQm /QMǶi ?�p2
iQ #2 i?�i ?�`/ QM AX �M�HQ;Qmb +QMbB/2`�iBQMb +�M �M/ ?�p2 #22M �TTHB2/
iQ i?2 ;2M2`�H `2H�iBpBiv #v JBbM2` �M/ 6H2i+?2`XǴ

JAaL1_ QmiHBM2/ ?Bb T`2b2Mi- i2Mi�iBp2 `2bmHib QM i?Bb [m2biBQMX >2 MQi2/
i?�i QM2 ?�b MQi v2i #22M �#H2 iQ bT2+B7v i?2 ;`�pBi�iBQM�H p�`B�#H2b r?B+?
�`2 �M�HQ;Qmb iQ Atransverse BM i?2 b2Mb2 K2MiBQM2/ #v q?22H2`X ǳqBi?
�`;mK2Mib #�b2/ QM i?2 MQ`K�HBx�iBQM BM 62vMK�M BMi2;`�iBQM QM2 +�M
bBM;H2 Qmi i?2 BMp�`B�Mi p�`B�iBQM�H T`BM+BTH2,

δ
∫

R
√
−gdΩ = 0. UdXRNV

6`QK i?Bb QM2 ;2ib i?2 bm`7�+2 i2`K Q7 7Q`K,

∫
[γ i jδ χi j +

1
2

χi jδγ i j]
√
−g d3x

gi jγ jk = δ k
i

χi j =
∂gi j

∂ t
if Gaussian coordinates are used.
Otherwise the formula for χij is long.

h?2 bm;;2biBQM Bb i?�i B7 vQm HQQF �i i?2 bm`7�+2 i2`K +�`27mHHv vQm rBHH
}M/ r?�i i?2 +Q``2+i p�`B�#H2b iQ mb2 �`2- �M/ r?�i vQm +�M bT2+B7v QM i?2
BMBiB�H �M/ }M�H bm`7�+2XǴ

kq2 �`2 mbBM; i?2 MQi�iBQM Q7 G�M/�m �M/ GB7b?Bix- *H�bbB+�H h?2Q`v Q7 6B2H/bX
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JAaL1_ bmKK�`Bx2/ i?2 /Bb+mbbBQM Q7 i?Bb b2bbBQM, ǳ6B`bi r2 �bbmK2
i?�i vQm ?�p2 � +QKTmiBM; K�+?BM2 #2ii2` i?�M �Mvi?BM; r2 ?�p2 MQr-
�M/ K�Mv T`Q;`�KK2`b �M/ � HQi Q7 KQM2v- �M/ vQm r�Mi iQ HQQF �i �
MB+2 T`2iiv bQHmiBQM Q7 i?2 1BMbi2BM 2[m�iBQMbX h?2 +QKTmi2` r�Mib iQ
FMQr 7`QK vQm r?�i �`2 i?2 p�Hm2b Q7 gµν �M/ ∂gµν

∂ t �i bQK2 BMBiB�H bm`7�+2-
b�v �i t = 0X LQr- B7 vQm /QMǶi r�i+? Qmi r?2M vQm bT2+B7v i?2b2 BMBiB�H
+QM/BiBQMb- i?2M 2Bi?2` i?2 T`Q;`�KK2` rBHH b?QQi ?BKb2H7 Q` i?2 K�+?BM2
rBHH #HQr mTX AM Q`/2` iQ �pQB/ i?Bb +�H�KBiv vQm Kmbi K�F2 bm`2 i?�i i?2
BMBiB�H +QM/BiBQMb r?B+? vQm T`2b+`B#2 �`2 BM �++Q`/ rBi? +2`i�BM /Bz2`2MiB�H
2[m�iBQMb BM i?2B` /2T2M/2M+2 QM x,y,z �i i?2 BMBiB�H iBK2X h?2b2 �`2 r?�i
�`2 +�HH2/ i?2 ǳ+QMbi`�BMibXǴ h?2v �`2 i?2 2[m�iBQMb �M�HQ;Qmb iQ #mi Km+?
KQ`2 +QKTHB+�i2/ i?�M div

−→
E = 0X h?2v �`2 i?2 2[m�iBQMb iQ r?B+? r2 ?�p2

#22M }M/BM; T�`iB+mH�` bQHmiBQMbc �M/ QM i?2 Qi?2` ?�M/- JK2X 6Qm`ĕb ?�b
b?QrM i?2 2tBbi2M+2 Q7 KQ`2 ;2M2`�H FBM/b Q7 bQHmiBQMbX JK2X 6Qm`ĕb ?�b
iQH/ mb i?�i iQ ;2i i?2b2 BMBiB�H +QM/BiBQMb vQm Kmbi bT2+B7v bQK2i?BM; 2Hb2
QM � irQ@/BK2MbBQM�H bm`7�+2 �M/ ?�M/ Qp2` i?�i T`Q#H2K- i?2 T`Q#H2K Q7
i?2 BMBiB�H p�Hm2b- iQ � bK�HH2` +QKTmi2` }`bi- #27Q`2 vQm bi�`i QM r?�i
GB+?M2`QrB+x +�HH2/ i?2 2pQHmiBQM�`v T`Q#H2KX h?2 bK�HH +QKTmi2` rQmH/
T`2T�`2 i?2 BMBiB�H +QM/BiBQMb 7Q` i?2 #B; QM2X h?2M i?2 i?2Q`v- r?BH2 MQi
;m�`�Mi22BM; bQHmiBQMb 7Q` i?2 r?QH2 7mim`2- b�vb i?�i Bi rBHH #2 bQK2 }MBi2
iBK2 #27Q`2 �Mvi?BM; #HQrb mTXǴ
GA*>L1_PqA*w 2KT?�bBx2/ i?�i QM2 b22Fb iQ �Mbr2` i?2 [m2biBQM r?2i?2`
V4 Bb +QKT�+i �M/ r?2i?2` V4 Bb Q`B2Mi�#H2X
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_X qX "�bb �M/ GX qBii2M

Ai Bb mMmbm�H iQ ?vTQi?2bBx2 i?�i i?2 7Qm`@/BK2MbBQM�H bT�+2@iBK2 mMBp2`b2
Q7 ;2M2`�H `2H�iBpBiv Bb +QKT�+i UBX2X- ǳ}MBi2ǴVX "mi BM bm+? � +�b2 b2p2`�H
BMi2`2biBM; +QM+HmbBQMb +�M #2 /`�rMX AM i?2 }`bi TH�+2- B7 i?2 K�bb /Bb@
i`B#miBQM Bb �bbmK2/ iQ #2 +QMiBMmQmb- bQ i?�i i?2 K2i`B+ i2MbQ` ?�b MQ
bBM;mH�`BiB2b- i?2M i?2 1mH2`@SQBM+�`û +?�`�+i2`BbiB+ Q7 i?2 mMBp2`b2 Kmbi
#2 x2`Q (e)X h?Bb BKTHB2b- 7Q` 2t�KTH2- i?�i i?2 mMBp2`b2 +�MMQi #2 � 7Qm`@
/BK2MbBQM�H bT?2`2X Ai �HbQ BKTHB2b i?�i � }MBi2 mMBp2`b2 +�MMQi #2 bBKTHv@
+QMM2+i2/- BM i?2 b2Mb2 i?�i i?2 }`bi "2iiB MmK#2` +�MMQi p�MBb?X h?Bb Bb
`2KBMBb+2Mi Q7 S`Q72bbQ` CX�X q?22H2`Ƕb MQM@bBKTHv +QMM2+i2/ KQ/2HbXV

AM i?2 b2+QM/ TH�+2- Bi b22Kb iQ #2 ;2M2`�HHv FMQrM i?�i BM � }MBi2
+QbKQHQ;v i?2`2 Kmbi 2tBbi � +HQb2/ +m`p2 BM bT�+2@iBK2 r?Qb2 i�M;2Mi
p2+iQ` �i 2p2`v TQBMi Bb iBK2@HBF2X S`Q72bbQ` GX J�`Fmb ?�b BM/B+�i2/
� T`QQ7 iQ mbX G2i V4 /2MQi2 i?2 9@K�MB7QH/ Q7 i?2 mMBp2`b2X LQr- QM V4
+QMbi`m+i � +QMiBMmQmb- MQr?2`2 p�MBb?BM; }2H/ Q7 iBK2@HBF2 p2+iQ`b U(e)- TTX
e@dc +7X(d)- TX kydVX "v "B`F?QzǶb 7mM/�K2Mi�H i?2Q`2K QM i?2 2tBbi2M+2
Q7 `2+m``2Mi Q`#Bib BM +QKT�+i /vM�KB+�H bvbi2Kb (j)- i?2`2 Kmbi 2tBbi
2Bi?2` �M Q`#Bi Q7 i?2 ivT2 bQm;?i Q` 2Hb2 �M ǳ�HKQbi@+HQb2/Ǵ iBK2@HBF2 Q`#Bi
r?B+? +�M b2`p2 7Q` i?2 +QMbi`m+iBQM Q7 bm+? � +HQb2/ Q`#Bi #v �M Q#pBQmb
T`Q+2/m`2X

� KQ`2 bi�M/�`/ ?vTQi?2bBb- ?Qr2p2`- Bb i?�i i?2 mMBp2`b2 V4 Bb MQi
+QKT�+i- #mi Bb i?2 iQTQHQ;B+�H T`Q/m+i Q7 i?2 BM}MBi2 `2�H HBM2 U� iBK2 �tBbV
rBi? � j@K�MB7QH/ V3X h?2 K�MB7QH/ V3 Bb Q7i2M �bbmK2/ iQ #2 +QKT�+i-
�M/ �Mv HQ+�H U?2M+2 2tT2`BK2Mi�HHv p2`B}�#H2V +QM/BiBQM r?B+? BKTHB2b
+QKT�+iM2bb Bb Q7 Km+? BMi2`2biX 6Q` 2t�KTH2- B7 V3 ?�b +QMbi�Mi +m`p�im`2
K i?2M V3 Bb +QKT�+i B7- �M/ QMHv B7- K Bb TQbBiBp2 U(9)- TTX 39 �M/ kyjV- �M/
BM i?Bb +�b2 Bb � j@bT?2`2 B7 Bib }`bi "2iiB MmK#2` p�MBb?2b- �M/ BM ;2M2`�H
�/KBib i?2 j@bT?2`2 �b � +Qp2`BM; bT�+2X

q2 rBb? iQ TQBMi Qmi � M2r K2i?Q/ 7Q` bim/vBM; i?2 iQTQHQ;v Q7
K�MB7QH/b bm+? �b V3 �M/ V4X h?Bb K2i?Q/ +QMbBbib Q7 i?2 +QMbi`m+iBQM Q7
� +QMiBMmQmb- MQr?2`2 p�MBb?BM;- B``Qi�iBQM�H p2+iQ` }2H/ QM i?2 K�MB7QH/
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mM/2` +QMbB/2`�iBQMX PM+2 bm+? p2+iQ` }2H/ ?�b #22M +QMbi`m+i2/- r2 +�M
�bb2`i i?�i 2Bi?2` i?2 K�MB7QH/ Bb MQM@+QKT�+i UBX2X- QT2M Q` ǳBM}MBi2ǴV- Q`
i?�i Bi +�MMQi #2 bBKTHv@+QMM2+i2/X

q2 b?�HH T`Qp2 � bHB;?i ;2M2`�HBx�iBQM Q7 i?Bb i?2Q`2Kc #mi }`bi- H2i mb
MQi2 i?�i � bBKBH�`- #mi KQ`2 `2bi`B+iBp2 �M/ H2bb 2�bBHv �TTHB+�#H2 +QM/BiBQM
Bb � i`BpB�H +QMb2[m2M+2 Q7 >Q/;2Ƕb r2HH@FMQrM i?2Q`2K i?�i i?2 MmK#2`
Q7 HBM2�`Hv BM/2T2M/2Mi ?�`KQMB+ p2+iQ` }2H/b QM � +QKT�+i _B2K�MMB�M
K�MB7QH/ Bb 2[m�H iQ Bib }`bi "2iiB MmK#2`X 6Q` B7 �7i2` +QMbi`m+iBM; QM Qm`
K�MB7QH/ �M B``Qi�iBQM�H p2+iQ` }2H/ Ur?B+? Bb MQM@i`BpB�H #mi K�v p�MBb?
�i KQ`2 i?�M QM2 TQBMiV- r2 i?2M �b+2`i�BM i?�i Bi Bb �HbQ bQH2MQB/�H UBX2X-
Q7 p�MBb?BM; /Bp2`;2M+2V- i?2M i?2 p2+iQ` }2H/ Kmbi #2 ?�`KQMB+ U(N)- TX
8eVX

h?2Q`2K R U>Q/;2V, G2i Vn #2 �M n@/BK2MbBQM�H _B2K�MMB�M K�MB7QH/
UrBi? TQbBiBp2 /2}MBi2 K2i`B+ i2MbQ`V- �M/ H2i F /2MQi2 � MQM@i`BpB�H
+H�bb C2 p2+iQ` }2H/ /2}M2/ QM VnX amTTQb2 i?�i i?2 +m`H �M/ i?2 /B@
p2`;2M+2 Q7 F #Qi? p�MBb? B/2MiB+�HHvc Q` 2[mBp�H2MiHv- bmTTQb2 i?�i
i?2 }2H/ F b�iBb}2b i?2 ;2M2`�HBx2/ G�TH�+2 2[m�iBQM 7Q` ?�`KQMB+
p2+iQ` }2H/bX h?2M- B7 Vn Bb +QKT�+i- Bib }`bi "2iiB MmK#2` Bb MQi
x2`QX

*Q`QHH�`v U"Q+?M2`@Jv2`bV, A7 Vn Bb Q`B2Mi�#H2 �M/ ?�b TQbBiBp2 /2}MBi2
_B++B +m`p�im`2 i?`Qm;?Qmi- i?2M Bib }`bi "2iiB MmK#2` p�MBb?2bX
U(N)- TX jdVX

_2+�HH i?�i i?2 +m`H i2MbQ` Q7 � p2+iQ` }2H/ Bb BM/2T2M/2Mi Q7 i?2 K2i`B+
i2MbQ`- �M/ bQ Bb � MQM@K2i`B+ MQiBQMX �++Q`/BM;Hv- i?2 7QHHQrBM; i?2Q`2K
�TTHB2b 2[m�HHv r2HH iQ V4 rBi? Bib BM/2}MBi2 ?vT2`#QHB+ K2i`B+ �b iQ V4 rBi?
Bib TQbBiBp2 /2}MBi2 _B2K�MMB�M K2i`B+X

h?2Q`2K k, G2i Vn #2 �M n@/BK2MbBQM�H /Bz2`2MiB�#H2 K�MB7QH/- �M/ H2i F
#2 � +QMiBMmQmb- +H�bb C1 p2+iQ` }2H/ /2}M2/ QM VnX amTTQb2 i?�i
6 p�MBb?2b �i KQbi QM+2 �M/ i?�i Bib +m`H p�MBb?2b B/2MiB+�HHv QM
VnX h?2M 2Bi?2` Vn Bb MQM@+QKT�+i- Q` Vn Bb +QKT�+i �M/ Bib }`bi
"2iiB MmK#2` /Q2b MQi p�MBb?X AM 2Bi?2` +�b2- Q7 +Qm`b2- B7 F �+im�HHv
p�MBb?2b MQr?2`2- i?2 1mH2`@SQBM+�`û +?�`�+i2`BbiB+ Q7 Vn Bb x2`QX

6Q` MQM@p�MBb?BM; F i?Bb i?2Q`2K Bb � +QMb2[m2M+2 Q7 � KQ`2 ;2M2`�H i?2@
Q`2K (R) r?B+? �TTHB2b- 7Q` 2t�KTH2- iQ K�MB7QH/b rBi? #QmM/�`vX AM 7�+i-
#v � ;2M2`�HBx�iBQM iQ �`#Bi`�`v ~Qrb Q7 � i?2Q`2K T`Qp2/ #v GB+?M2`QrB+x
7Q` � p2`v bT2+B�H +H�bb Q7 ~Qrb U(8)- TX dNV- r2 +�M T`Qp2 (k) i?�i Vn Bb
?QK2QKQ`T?B+ iQ i?2 T`Q/m+i Q7 i?2 `2�H HBM2 rBi? �M (n−1)@/BK2MbBQM�H
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bT�+2 r?B+? Bb � +QMM2+i2/ bm#b2i Q7 � Vn−1X "mi BM i?2 T`2b2Mi +�b2- #2@
+�mb2 r2 �`2 /2�HBM; rBi? � K�MB7QH/- i?2`2 Bb � Km+? bBKTH2` T`QQ7X q2
rBb? iQ i?�MF S`Q72bbQ` E2`p�B`2 7Q` TQBMiBM; Qmi iQ mb i?Bb bBKTH2` T`QQ7
/m`BM; i?2 *QM72`2M+2 QM i?2 _QH2 Q7 :`�pBi�iBQM BM S?vbB+bX h?2 T`QQ7
`mMb �b 7QHHQrbX A7 Vn Bb bBKTHv +QMM2+i2/- i?2M i?2 ;2M2`�HBx2/ aiQF2b
h?2Q`2K �bbm`2b mb i?�i i?2`2 2tBbib QM Vn � bBM;H2@p�Hm2/ b+�H�` TQi2MiB�H
7mM+iBQM Q7 r?B+? F Bb i?2 ;`�/B2Mi }2H/X Ua22 i?2 bm`p2v Q7 p2+iQ` �M�HvbBb
BM (3)XV "mi B7 Vn Bb +QKT�+i- i?Bb TQi2MiB�H 7mM+iBQM Kmbi �bbmK2 #Qi?
Bib K�tBKmK �M/ KBMBKmK p�Hm2b QM M- �M/ �i i?2b2 2ti`2K2 TQBMib i?2
;`�/B2Mi Kmbi p�MBb?X h?Bb +QMi`�/B+ib i?2 ?vTQi?2bBb i?�i F ?�b �i KQbi
QM2 x2`Q QM Vn- �M/ bQ T`Qp2b i?2 i?2Q`2KX

Ai Bb TQbbB#H2 i?�i h?2Q`2Kb R �M/ k ?�p2 �TTHB+�iBQMb iQ i?2 bim/v Q7
bT2+B}+ +QbKQHQ;B+�H KQ/2HbX AM 7�+i- i?2`2 �`2 K�Mv r�vb Q7 +QMbi`m+iBM;
QM V3- Q` QM V4 +QMiBMmQmb p2+iQ` }2H/b r?B+? �`2 mMB[m2 QM+2 i?2 BM/2}MBi2
K2i`B+ UQ` b2i Q7 ;`�pBi�iBQM�H TQi2MiB�HbV 7Q` V4 ?�b #22M bT2+B}2/X

S`Q72bbQ` CX�X q?22H2` ?�b TQBMi2/ Qmi iQ mb �M �TTHB+�iBQM Q7 h?2@
Q`2K k iQ V4X

h?2Q`2K j, *QMbB/2` i?2 +QK#BM2/ 1BMbi2BM@J�tr2HH }2H/ i?2Q`v QM V4X
A7 i?2 p2+iQ` }2H/

ui = εi jklR j;l
m

Rmk

Rpq
Rpq

Bb /2}M2/ 2p2`vr?2`2 �M/ Q7 +H�bb C1 QM V4- �M/ B7 ui /Q2b MQi p�MBb?
KQ`2 i?�M QM+2- i?2M i?2 mMBp2`b2 V4 +�MMQi #2 +QKT�+iX

h?2 p2+iQ` }2H/ ui- r?B+? r�b /2}M2/ #v .`X *X qX JBbM2`- Bb 2bb2MiB�HHv
i?2 ;`�/B2Mi Q7 i?2 `�iBQ UBM � +2`i�BM +QQ`/BM�i2 bvbi2KV Q7 i?2 2H2+i`B+ iQ
i?2 K�;M2iB+ }2H/ bi`2M;i?X .`X JBbM2` ?�b b?QrM i?�i J�tr2HHǶb 2[m�@
iBQMb BKTHv i?�i ui; j − u j;i ≡ 0X >2M+2- h?2Q`2K j 7QHHQrb 7`QK h?2Q`2K
kX

_272`2M+2b
(R) "�bb- _X qX ǳ� *`Bi2`BQM 7Q` i?2 1tBbi2M+2 Q7 lMbi�#H2 a2ibXǴ � _A�a

T`2T`BMi- .2+2K#2` ke- RN8eX *QTB2b �p�BH�#H2 QM `2[m2biX

(k) ěěěěX ǳhQTQHQ;B+�H .vM�KB+b �M/ LQM@HBM2�` .Bz2`2MiB�H 1[m�@
iBQMbXǴ � _A�a T`2T`BMi- iQ �TT2�`X

(j) "B`F?Qz- :X .X .vM�KB+�H avbi2KbX L2r uQ`F- RNkdX
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(9) 1Bb2M?�`i- GX SX _B2K�MMB�M :2QK2i`vX S`BM+2iQM lMBp2`bBiv S`2bb-
RN9NX

(8) GB+?M2`QrB+x- h?ûQ`B2b _ûH�iBpBbi2b /2 H� :`�pBi�iBQM 2i /2 HǶ1H2+i`Q@
K�;MûiBbK2X J�bbQM 2i *B2X- S�`Bb- RN88X

(e) J�`Fmb- GX ǳGBM2 1H2K2Mi 6B2H/b �M/ GQ`2Mix ai`m+im`2b QM .Bz2`2M@
iB�#H2 J�MB7QH/bXǴ �MM�Hb Q7 J�i?2K�iB+b ek URN88V- 9RR@9RdX

(d) ai22M`Q/- LX h?2 hQTQHQ;v Q7 6B#`2 "mM/H2bX S`BM+2iQM lMBp2`bBiv
S`2bb- RN8RX

(3) q2vH- >X ǳh?2 J2i?Q/ Q7 P`i?Q;QM�H S`QD2+iBQMb BM SQi2MiB�H h?2Q`vXǴ
.mF2 J�i?2K�iB+�H CQm`M�H d URN9yV- 9RR@999X

(N) u�MQ- EX �M/ aX "Q+?M2`X *m`p�im`2 �M/ "2iiB LmK#2`bX �MM�Hb Q7
J�i?2K�iB+b aim/B2b LQX jk- S`BM+2iQM- RN8jX



a2bbBQM AAA lM[m�MiBx2/ :2M2`�H _2H�iBpBiv- *QMiBMm2/
*?�B`K�M, >X "QM/B
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AMi`Q/m+iQ`v `2K�`Fb iQ i?2 b2bbBQM QM ;`�pBi�iBQM�H `�/B�iBQM r2`2
K�/2 #v "PL.AX

h?2`2 �`2 irQ [mBi2 /Bz2`2Mi �iiBim/2b QM2 +�M i�F2 iQr�`/ i?2 ;2M2`�H
i?2Q`v Q7 `2H�iBpBivX 6B`bi- QM2 +�M `2;�`/ Bi T`BM+BT�HHv �b � i?2Q`v Q7
;`�pBi�iBQMX h?2M QM2 FMQrb i?�i Bi Kmbi #2 �M QT2M i?2Q`v BMiQ r?B+?
FMQrH2/;2 ;�BM2/ BM Qi?2` }2H/b +�M #2 }ii2/X a2+QM/Hv- QM2 +�M i�F2 i?2
�iiBim/2 i?�i `2H�iBpBiv Bb KQ`2 i?�M Qi?2` i?2Q`B2b BM i?�i Bi b�vb KQ`2
i?�M Dmbi bQK2i?BM; �#Qmi ;`�pBi�iBQMc �M/ i?2M QM2 bmTTQb2b i?�i i?2`2
�`2 bQK2?Qr bQK2 rQM/2`7mH +Hm2b ?B//2M BM BiX h?2 H�ii2` �iiBim/2- r?B+?
Bb r?�i i?2 bT2�F2`b Q7 v2bi2`/�v Tmi 7Q`r�`/- Bb QM2 r?B+? "QM/B +�MMQi
�++2TiX

h?2 i?2Q`v Q7 `2H�iBpBiv Bb #�b2/ QM irQ T`BM+BTH2b, URV i?2 T`BM+BTH2
Q7 2[mBp�H2M+2- �M/ UkV i?2 ;2M2`�H T`BM+BTH2 Q7 `2H�iBpBivX h?2 T`BM+BTH2
Q7 2[mBp�H2M+2- r2 �HH �;`22- Bb T`Q7QmM/X h?2 T`BM+BTH2 Q7 ;2M2`�H `2H�iBp@
Biv- QM i?2 Qi?2` ?�M/- �+im�HHv b�vb MQi?BM; T?vbB+�H �i �HHc Bi Bb Tm`2Hv �
K�i?2K�iB+�H +?�HH2M;2- r?B+? ?�b #22M mb2/ bm++2bb7mHHv BM ;`�pBi�iBQM�H
i?2Q`v �b � ?2m`BbiB+ T`BM+BTH2X PM i?2 #�bBb Q7 i?2 }`bi B/2QHQ;v- "PL.A
T`Q+22/2/ iQ /Bb+mbb bQK2 Q7 i?2 T`BM+BT�H [m2biBQMb BM ;`�pBi�iBQM�H `�/B@
�iBQMX

h?2 �M�HQ;v #2ir22M 2H2+i`QK�;M2iB+ �M/ ;`�pBi�iBQM�H r�p2b ?�b Q7@
i2M #22M K�/2- #mi /Q2bMǶi ;Q p2`v 7�`- ?QH/BM; QMHv iQ i?2 p2`v [m2biBQM@
�#H2 2ti2Mi iQ r?B+? i?2 2[m�iBQMb �`2 bBKBH�`X h?2 +�`/BM�H 72�im`2 Q7
2H2+i`QK�;M2iB+ `�/B�iBQM Bb i?�i r?2M `�/B�iBQM Bb T`Q/m+2/ i?2 `�/B�iQ`
HQb2b �M �KQmMi Q7 2M2`;v r?B+? Bb BM/2T2M/2Mi Q7 i?2 HQ+�iBQM Q7 i?2 �#@
bQ`#2`bX qBi? ;`�pBi�iBQM�H `�/B�iBQM- QM i?2 Qi?2` ?�M/- r2 biBHH /Q MQi
FMQr r?2i?2` � ;`�pBi�iBQM�H `�/B�iQ` i`�MbKBib 2M2`;v r?2i?2` i?2`2 Bb
� M2�` `2+2Bp2` Q` MQiX

:`�pBi�iBQM�H `�/B�iBQM- #v /2}MBiBQM- Kmbi i`�MbKBi BM7Q`K�iBQMc �M/
i?Bb BM7Q`K�iBQM Kmbi #2 bQK2i?BM; M2rX h?2 TB+im`2 Q7 � ;`�pBi�iBQM�H
i`�MbKBii2` "QM/B ?�b Bb � }MBi2 `2;BQM Q7 bT�+2- BMbB/2 Q7 r?B+? bQK2i?BM;
Bb ;QBM; QM �M/ QmibB/2 Q7 r?B+? bT�+2 Bb 2KTivX �M 2t�KTH2 Q7 � ;`�pBi�@
iBQM�H i`�MbKBii2` Bb � T2`bQM bBiiBM; p2`v [mB2iHv ?QH/BM; irQ /mK##2HHb-
r?Q bm//2MHv- mMT`2/B+i�#Hv- bi�`ib i�FBM; 2t2`+Bb2 rBi? i?2KX q?�i r2
r�Mi iQ FMQr Bb r?�i Bb i?2 2z2+i Q7 ?Bb KQiBQM\ .Q2b Bi i`�MbKBi BM7Q`K�@
iBQM iQ Qi?2` `2;BQMb Q7 bT�+2 Q7 r?�i i?2 T2`bQM i�FBM; 2t2`+Bb2 Bb /QBM;-
�M/ /Q2b Bi i`�MbKBi 2M2`;v\ AM +QMM2+iBQM rBi? i?2b2 [m2biBQMb- "PL.A
`2TQ`ib QM bQK2 rQ`F Q7 GX J�_.1_ +�``B2/ Qmi �i EBM;Ƕb *QHH2;2X h?2
7QHHQrBM; Bb � bmKK�`v Q7 J�`/2`Ƕb `2bmHib,





*?�Ti2` N
:`�pBi�iBQM�H q�p2b
GX J�`/2`- S`2b2Mi2/ #v >X "QM/B

NXR ai�iB+ *vHBM/2`

h?2 ;2M2`�H 2ti2`M�H bQHmiBQM K�v #2 `2/m+2/ iQ

ds2 = r2cdt2 − r2(1−c)dϕ2 −A2r−2c(1−c)(dr2 +dz2). UNXRV

h?Bb Bb 2[mBp�H2Mi iQ qBHbQMǶb `2bmHi URNkyV- r?Q }M/b c ∼= 2M #v +QMbB/@
2`�iBQMb Q7 ;2Q/2bB+ KQiBQMX

*QMbB/2` bQHmiBQMb BMbB/2 i?2 +vHBM/2` U`�/Bmb r = aV +Q``2bTQM/BM; iQ
K2i`B+b Q7 i?2 ivT2 UMQi i?2 KQbi ;2M2`�HV

ds2 = e2ψ dt2 − r2e−2ψ dψ2 − e2γ−2ψ(dr2 +dz2), (functions r only) UNXkV

Q7 r?B+? UNXRV Bb � T�`iB+mH�` +�b2X
amTTQb2 r2 i�F2 ψ ′ = Xr- γ ′ = Y rm- r?2`2 X �M/ Y �`2 +QMbi�Mib

/2i2`KBM2/ #v #QmM/�`v +QM/BiBQMbX 6B2H/ 2[m�iBQMb ;Bp2

p1 =−p3 ∼=
C2

8πa2A2 u2(1−um−3) u = r/a

p2 ∼=
C2

8πa2A2 u2(1+mum−3) x1 = r, x2 = ϕ , x3 = z, x4 = t .

ρ ∼=
C

2πa2A2

C Bb bK�HH U<< 10−10- b�vV bBM+2 C ∼= 2MX S`2bbm`2b �`2 i?2`27Q`2 bK�HH
+QKT�`2/ rBi? /2MbBiv r?B+? Bb TQbBiBp2 �M/ �TT`QtBK�i2Hv +QMbi�MiX p2
Bb H�`;2` i?�M Qi?2` T`2bbm`2b �M/ #�H�M+2b ;`�pBi�iBQM�H �ii`�+iBQMX AM@
i2;`�iBM; ρ ;Bp2b M = C

2 +O(C2) r?2`2 O(C2) /2T2M/b QM /Bbi`B#miBQMX
*QMbB/2`�iBQMb Q7 T2`BQ/B+Biv Q7 ϕ b?Qr A = 1+O(C2)X Pi?2` bQHmiBQMb
7Q` ψ ′- γ ′ ;Bp2 �Hi2`M�iBp2 #mi H2bb BMi2`2biBM; bQHmiBQMbX :2Q/2bB+ KQiBQM



N3 NX :`�pBi�iBQM�H q�p2b

b?Qrb i?�i 7`22 T�`iB+H2b QmibB/2 i?2 +vHBM/2` ?�p2- BM ;2M2`�H- �M �++2H2`@
�iBQM BM i?2 z@/B`2+iBQMX

NXk S2`BQ/B+ q�p2b

h�F2 K2i`B+ Q7 7Q`K

ds2 = e2γ−2ψ(dt2 −dr2)− e−2ψ r2dϕ2 − e2ψ+2µ dz2, UNXjV
rBi? γ- ψ- µ 7mM+iBQMb r- t UMQi iQ #2 +QM7mb2/ rBi? T`2pBQmb γ- ψVX _Qb2M
bQHp2b i?2 +�b2 µ = 0 (}2H/ 2[m�iBQMb ψrr +(1/r)ψr −ψtt = 0- γt = 2rψrψt -
γr = r(ψ2

r +ψ2
t V) BM 7`22 bT�+2- �M/ i�F2b �b T2`BQ/B+ r�p2 bQHmiBQM U/2MQi2/

#v ψ- 3 QM /2i�BH2/ T�T2`VX

ψ = AJ0(wr)coswt +AN0(wr)sinwt (do not confuse A with previous)

�M/ � +Q``2bTQM/BM; γ r?B+? ?�b � 7�+iQ` A2 �M/ +QMi�BMb �M �T2`BQ/B+
i2`K- −2

π A2wtX q2 ?�p2 bmT2`BKTQb2/ i?2 bi�iB+ 2ti2`BQ` bQHmiBQM Ui`�Mb@
7Q`K2/V QM iQ _Qb2MǶbbQHmiBQM �M/ 2ti2M/2/ iQ rBi?BM i?2 +vHBM/2` Q#i�BM@
BM; � bvbi2K r?B+? Bb BMBiB�HHv T?vbB+�H- 7Q` A Q7 Q`/2` C2X h?2 �T2`BQ/B+
i2`K K�F2b i?2 bvbi2K mMT?vbB+�H #v +?�M;BM; i?2 bB;M Q7 i?2 /2MbBiv �i
r = OX h?Bb Bb i?2 }`bi mMT?vbB+�H #2?�pBQ` Q7 i?2 bvbi2KX h?2 K�bb Q7 i?2
+vHBM/2`fmMBi H2M;i? Bb BMBiB�HHv M ∼= C

2 −
A2

2π wt- b?QrBM; i?�i M p�MBb?2b �i
t = πC

A2w X h?2 /2MbBiv +?�M;2b bB;M �i r = 0 �i t = πC
3A2w X

6B;m`2 NXR
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NXj SmHb2 q�p2b

� bQHmiBQM Q7 }2H/ 2[m�iBQMb `2H�iBM; iQ UNXjV Bb

ψ =
1

2π

∫ t−r

−∞

f (β )dβ
[(t −β )2 − r2]1/2

r?2`2 f (t) `2T`2b2Mib i?2 bQm`+2 Q7 i?2 TmHb2X

A7 URV f (t) Bb Q7 }MBi2 /m`�iBQM
Q` UkV f (t) Bb Q7 BM}MBi2 /m`�iBQM rBi? � }MBi2 MmK#2` Q7 bB;M

+?�M;2b-
and

∫ ∞

−∞
f (t)dt is convergent

Q` UjV f (t) Bb Q7 BM}MBi2 /m`�iBQM rBi? �M BM}MBi2 MmK#2` Q7
bB;M +?�M;2b-

and
∫ ∞

−∞
| f (t)|dt and

∫ ∞

−∞
| f ′(t)|dt are both convergent

i?2M ψ- ψr- ψt → 0- t → ∞- 7Q` }t2/ r- b?QrBM;- #v #QmM/�`v +QM/BiBQMb-
2i+X- i?�i r?2M i?2 TmHb2 ?�b i`�p2HH2/ iQ BM}MBiv i?2 K�bb Q7 i?2 +vHBM/2`
`2p2`ib iQ Bib p�Hm2 T`BQ` iQ i?2 TmHb2X *QMbB/2`�iBQMb Q7 � T�`iB+mH�` 7Q`K
Q7 TmHb2 b?Qr i?�i i?2 K�bb /Q2b +?�M;2 /m`BM; 2�`Hv KQiBQM Q7 i?2 TmHb2X
Ai Bb +H2�` i?�i ψ �M/ /2`Bp�iBp2b �`2 MQi Q7 bm+? � 7Q`K �b iQ �HHQr i?2 K�bb
iQ `2im`M iQ Bib Q`B;BM�H p�Hm2 r?�i2p2` i?2 7Q`K Q7 f (t)- �b bm+? 7mM+iBQMb
�b f (t) = cos wt /Q MQi +Q``2bTQM/ iQ i`m2 TmHb2b- #mi iQ i`�p2HHBM; r�p2b
bm+? �b i?Qb2 +QMbB/2`2/ �#Qp2- r?B+? +H2�`Hv `�/B�i2 K�bbX

   

.1 qAhh �bF2/- ǳA7 i?2 K�bb 2p2Mim�HHv `2im`Mb iQ Bib Q`B;BM�H bi�i2- �`2
i?2`2 �Mv r�p2b H27i Qmi BM bT�+2\Ǵ
"PL.A `2THB2/ i?�i i?2 r�p2b i`�p2H Qmi iQr�`/ BM}MBivX h?2v +�``v MQ
2M2`;v rBi? i?2KX A7 QM2 BMi2;`�i2b i?2 2M2`;v KQK2MimK i2MbQ` i?`Qm;?
i?2 BMi2`BQ` /m`BM; i?2 iBK2 i?2 KQiBQM Bb ;QBM; QM- i?2M r?BH2 i?2 r�p2 Bb
#2BM; b2Mi Qmi i?2 K�bb Bb /2+`2�bBM;- #mi �b i?2 r�p2 /B2b /QrM i?2 K�bb
`2im`Mb iQ Bib Q`B;BM�H p�Hm2X

AM �Mbr2` iQ � [m2biBQM �b iQ r?v Bi r�b M2+2bb�`v 7Q` i?2 T`Q+2bb
Q7 2KBbbBQM Q7 ;`�pBi�iBQM�H r�p2b iQ #2 bQ mMT`2/B+i�#H2- "PL.A `2THB2/
i?�i i?2M �M/ QMHv i?2M Bb BM7Q`K�iBQM #2BM; i`�MbKBii2/X



Ryy NX :`�pBi�iBQM�H q�p2b

.1 qAhh �//2/- ǳAM Qi?2` rQ`/b- B7 A FMQr �i �M BMBiB�H iBK2 i?�i A �K
;QBM; iQ ;Bp2 vQm � v2b �Mbr2`- i?2M i?2 }2H/ �H`2�/v +QMi�BMb BiXǴ
"1GAL6�Lh1 �bF2/ B7 i?2`2 r2`2 �Mv BM+QKBM; r�p2bX "PL.A `2THB2/
i?�i i?2`2 r2`2 MQ BM+QKBM; r�p2b BM i?Bb 2t�KTH2 �i �HHX >2 i?2M +QMiBM@
m2/ rBi? i?2 �M�HQ;v #2ir22M 2H2+i`QK�;M2iB+ �M/ ;`�pBi�iBQM�H }2H/, ǳhQ
Kv KBM/ i?2 2H2+i`QK�;M2iB+ }2H/ Bb HBF2 KQM2v bT2MiX A /Q MQi ;2i Bi #�+F
mMH2bb bQK2QM2 Bb p2`v +?�`Bi�#H2X h?2 ;`�pBi�iBQM�H }2H/ Bb KQ`2 HBF2 Kv
#`2�i?H2bbM2bb r?2M A /Q Kv 2t2`+Bb2X q?2M A biQT- A `2;�BM Kv #`2�i?X
A7 A /Q MQi biQT U�b BM i?2 T2`BQ/B+ +�b2V A rBHH +QHH�Tb2X AM i?2 }MBi2 +�b2-
r?B+? iQ Kv KBM/ Bb i?2 KQ`2 T?vbB+�H QM2- MQ B``2p2`bB#H2 +?�M;2 ?�b
i�F2M TH�+2XǴ
"1GAL6�Lh1 �bF2/ B7 QM2 rQmH/ }M/- �Hi?Qm;? QM2 bi�`ib rBi? MQ }2H/b-
�b BM i?Bb +�b2- i?�i �i � +2`i�BM iBK2 i?2 2M2`;v +2�b2b iQ ;Q Qmir�`/ �M/
bi�`ib iQ ;Q BMr�`/X "QM/B `2THB2/ i?�i ?2 ?�b MQi bQ 7�` 2t�KBM2/ i?Bb-
bQ ?2 /Q2b MQi ?�p2 i?2 �Mbr2` iQ i?2 [m2biBQMbX
q>11G1_ `2K�`F2/- ǳ>Qr QM2 +QmH/ i?BMF i?�i � +vHBM/`B+�HHv bvK@
K2i`B+ bvbi2K +QmH/ `�/B�i2 Bb � bm`T`Bb2 iQ K2X h?2`2 b22Kb iQ #2 �
7�`@`2�+?BM; �M�HQ;v #2ir22M i?Bb +�b2 �M/ i?2 T`Q#H2K Q7 2KBbbBQM Q7 2H2+@
i`QK�;M2iB+ `�/B�iBQM 7`QK � x2`Q@x2`Q i`�MbKBbbBQM BM �M �iQK Q` Mm+H2mbX
h?2 +?�`;2 +�M Qb+BHH�i2 bT?2`B+�HHv bvKK2i`B+�HHv- #mi i?2 bvbi2K /Q2bMǶi
`�/B�i2X >Qr2p2`- B7 r2 ?�p2 �M 2H2+i`QM BM i?2 M2B;?#Q`?QQ/- BMi2`M�H
+QMp2`bBQM +�M i�F2 TH�+2- rBi? biBHH MQ 2H2+i`QK�;M2iB+ `�/B�iBQM 2KBi@
i2/X h?Bb rQmH/ +Q``2bTQM/ iQ i?2 mTi�F2 Q7 2M2`;v Q7 i?2 ;`�pBi�iBQM�H
/Bbim`#�M+2 +`2�i2/ #v i?2 ǵ+vHBM/`B+�H bvKK2i`B+Ƕ 2t2`+Bb2 Q7 vQm`bXǴ

6B;m`2 NXk
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"PL.A `2THB2/ i?�i ?2 ?�b ?�/ bmbTB+BQMb QM i?�i bB/2 �HbQX hQ Tmi Bi
+`m/2Hv- r?�i biQTb i?2 2KBbbBQM Q7 2H2+i`QK�;M2iB+ `�/B�iBQM BM i?2 �iQK
Bb i?2 H�r Q7 +QMb2`p�iBQM Q7 +?�`;2- �M/ r?�i biQTb ;`�pBi�iBQM�H `�/B�iBQM
7`QK i�FBM; TH�+2 Bb i?2 +QMb2`p�iBQM Q7 K�bb �M/ Q7 KQK2MimKX "mi ?2
/Q2b MQi i?BMF i?2`2 Bb M2+2bb�`BHv �Mvi?BM; �;�BMbi `�/B�iBQM Q7 +vHBM/`B+�H
bvKK2i`vX >Qr2p2`- ?2 ?QT2b iQ #2 �#H2 iQ /2KQMbi`�i2 bQK2 /�v i?�i B7
QM2 ?�b � +vHBM/2` bm``QmM/2/ #v � b?2HH Q7 K�ii2` QM2 +�M i`�Mb72` 2M2`;v
7`QK i?2 +vHBM/2` iQ i?2 b?2HH #v K2�Mb Q7 +vHBM/`B+�HHv bvKK2i`B+ KQiBQMbX
h?Bb- ?2 �;`22b- Bb `2[mB`2/ iQ +QKTH2i2 i?2 T`Q#H2KX
"PL.A i?2M `2TQ`i2/ QM bQK2 Q7 ?Bb QrM `2b2�`+?X >2 i�F2b � }MBi2 i?`22@
/BK2MbBQM�H `2;BQM BM r?B+? i?2`2 Bb K�bb- �M/ +QMbB/2`b i?2 ;`�pBi�iBQM�H
}2H/ �i H�`;2 /Bbi�M+2b 7`QK i?2 K�bbX AM i?Bb `2;BQM i?2 K2i`B+ ?�b i?2
�TT`QtBK�i2 7Q`K

gµν = δµν +

(
t −r

θ1 ϕ

)
r−1 +

( )
r−2 + · · ·

h?2 +Q2{+B2Mib �`2 7mM+iBQMb Q7 i?2 p�`B�#H2b BM i?2 #`�+F2ibX >2 BMp2biB@
;�i2b r?�i QM2 ;2ib B7 QM2 T`Q+22/b iQ i?2 �TT`QtBK�iBQM r?B+? BM+Hm/2b
i?2 r−1 i2`KX >Bb bi`QM; BKT`2bbBQM Bb i?�i i?Bb +Q2{+B2Mi Bb BM/2T2M/2Mi
Q7 iBK2X A7 r2 �;�BM +QMbB/2` i?2 i`�MbKBii2`- QMHv i?Bb iBK2 � Km+? KQ`2
;2M2`�H QM2 Ui?2 bvbi2K Bb i?`22@/BK2MbBQM�HV @ #mi bmTTQb2 i?2 bvbi2K iQ
#2 bT?2`B+�HHv bvKK2i`B+�H #Qi? #27Q`2 �M/ �7i2` 2KBbbBQM @ i?2 ǳmǴ Q7 i?2
irQ a+?r�`xb+?BH/ bQHmiBQMb Bb i?2M i?2 b�K2, ?2M+2 MQ 2M2`;v rBHH ?�p2
#22M HQbiX

h?2 M2ti bT2�F2` r�b q1"1_- r?Q K�/2 bQK2 `2K�`Fb QM +vHBM/`B@
+�H r�p2b- mbBM; i?2 Tb2m/Q@i2MbQ` 7Q`K�HBbKX >2 +QMbB/2`2/ i?2 1BMbi2BM@
_Qb2M K2i`B+- �M/ Bib `2H2p�Mi bQHmiBQMX "2+�mb2 Q7 i?2 HBM2�` M�im`2 Q7
i?2 2[m�iBQM QM2 +�M +QMbi`m+i � TmHb2 r?B+?- 7Q` 2t�KTH2- +�M BKTHQ/2
7`QK H�`;2 /Bbi�M+2bX h?Bb +vHBM/`B+�H TmHb2 rBHH ?�p2 � K2i`B+ r?B+? Bb r2HH
#2?�p2/ �i H�`;2 /Bbi�M+2b �M/ i?Bb BKTHB2b BKK2/B�i2Hv i?�i i?2 2M2`;v
T2` mMBi H2M;i? Q7 i?Bb r�p2 rBHH #2 x2`QX h?Bb ǳ?Q`b2 b2Mb2Ǵ �`;mK2Mi Bb
#QHbi2`2/ #v �M 2t�+i +�H+mH�iBQM Q7 i?2 Tb2m/Q@i2MbQ`X A7 QM2 +�H+mH�i2b
t0
0 �M/ t0

1 - ?2 }M/b i?�i i?2v p�MBb? 2p2`vr?2`2X h?Bb ?�b i?2 +QMb2[m2M+2
i?�i 2M2`;v +�MMQi #2 i`�Mb72``2/ �`QmM/ �b HQM; �b QM2 ?�b i?Bb ivT2 Q7
bvKK2i`v �M/ i?2 �#Qp2 K2i`B+X
"PL.A, ǳq?2`2 /B/ vQm 722/ BM i?2 +QM/BiBQM i?�i i?2 bQHmiBQM Bb r2HH
#2?�p2/ �i BM}MBiv\Ǵ
q1"1_ `2THB2/ i?�i ?2 /B/ MQi K�F2 mb2 Q7 i?Bb �i �HH- #mi B7 Bi Bb r2HH
#2?�p2/ �i BM}MBiv- i?2M MQi?BM; +�M ?�TT2MX >2 +QMiBMm2/, A7 QM2 ?�b �



Ryk NX :`�pBi�iBQM�H q�p2b

r�p2 rBi? 2M2`;v T2` mMBi H2M;i? r?B+? Bb x2`Q- � T�`iB+H2 Tmi BM i?2 bvbi2K
rBHH KQp2 BM bQK2 7�b?BQMX aBM+2 i?Bb b22Kb MQMb2MbB+�H- QM2 i?BMFb Q7 bQK2
�Hi2`M�iBp2X � TQbbB#H2 QM2 Bb i?�i i?2 iQi�H 2M2`;v Q7 i?2 r�p2 Bb MQi x2`QX
>2 ?�b b?QrM i?�i i?2 2M2`;v Q7 i?2 2MiB`2 /Bbim`#�M+2 Bb x2`QX >2 ?�b
�HbQ Q#i�BM2/ �M �TT`QtBK�i2 bQHmiBQM Q7 i?2 >�KBHiQM@C�+Q#B 2[m�iBQM
Q7 � T�`iB+H2 r?B+? BMi2`�+ib rBi? i?Bb r�p2X h?2 �TT`QtBK�i2 bQHmiBQM
b�vb i?�i B7 i?2 T�`iB+H2 Bb BMBiB�HHv �i `2bi- Bi rBHH #2 �i `2bi �HbQ �7i2` i?2
/Bbim`#�M+2 ?�b T�bb2/ Qp2` BiX h?2 r�p2 BMi2`�+ib rBi? i?2 T�`iB+H2 BM
i?Bb `2bT2+i HBF2 � +QMb2`p�iBp2 }2H/ @ Bi i�F2b MQ 2M2`;v 7`QK i?2 r�p2X AM
+QMM2+iBQM rBi? i?2 [m2biBQM Q7 r?2i?2` Q` MQi i?2b2 bQHmiBQMb �`2 i`BpB�H-
?2 ?�b +�H+mH�i2/ �HH Q7 i?2 +QKTQM2Mib Q7 i?2 _B2K�MM i2MbQ`- �M/ ?�b
7QmM/ i?�i MQi �HH Q7 i?2K p�MBb?X
"PL.A `2K�`F2/ i?�i Bi Bb pBi�H- BM i?Bb +QM7mbBM; bm#D2+i- iQ K�F2 bm`2
i?�i QM2 +�M T?vbB+�HHv /2i2+i r?�i QM2 Bb i�HFBM; �#QmiX �HbQ � bBM;H2
T�`iB+H2 Bb � p2`v TQQ` �#bQ`#2` Q7 �Mv bQ`i Q7 2M2`;vX
q1"1_ `2THB2/ i?�i ?2 i?BMFb QM2 +QmH/ +�``v i?Bb bQ`i Q7 +�H+mH�iBQM Qmi
7Q` � +QmTH2 Q7 T�`iB+H2bX
"1_:J�LL `2K�`F2/ i?�i B7 r2 i`v iQ #`BM; BM /2+2Mi +QM/BiBQMb �i
BM}MBiv- r2 �`2 HB+F2/ #27Q`2 r2 bi�`iX �HbQ B7 r2 ?�p2 � bT�iB�HHv HBKBi2/
�`2� Q7 /Bbim`#�M+2- r2 +�MMQi �bbmK2 iQQ HQr 7Q`Kb Q7 bvKK2i`v #2+�mb2
r2 �`2 HBKBi2/ #v 7Qm` +QMb2`p�iBQM H�rb- r?B+? ?�p2 `B;Q`Qmb bB;MB}+�M+2X

h?2 M2ti bT2�F2` r�b SA_�LAX �M �ii2KTi r�b K�/2 iQ 7Q`KmH�i2
� /2}MBiBQM Q7 ;`�pBi�iBQM�H `�/B�iBQM BM �M BMp�`B�Mi r�vX h?2 /2}MBiBQM
r�b �``Bp2/ �i #v K�FBM; irQ �bbmKTiBQMb, URV ;`�pBi�iBQM�H `�/B�iBQM Bb
+?�`�+i2`Bx2/ #v i?2 _B2K�MM i2MbQ`- �M/ UkV `�/B�iBQM Kmbi #2 T`QT�@
;�i2/ �HQM; i?2 MmHH +QM2X 6`QK i?Bb TQBMi Q7 pB2r- QM � r�p2 7`QMi QM2
+QmH/ 2tT2+i iQ }M/ � /Bb+QMiBMmBiv BM i?2 _B2K�MM i2MbQ`X PM2 i�F2b
� bT�+2@iBK2 BM r?B+? GB+?M2`QrB+xǶb +QM/BiBQMb ?QH/- �M/ +�H+mH�i2b i?2
T2`KBii2/ /Bb+QMiBMmBiv �+`Qbb i?2 r�p2 7`QMi BM i?2 _B2K�MM i2MbQ`X hQ
K�F2 � T?vbB+�H BMi2`T`2i�iBQM QM2 BMi`Q/m+2b � pB2`#2BM �i �Mv bT�+2@iBK2
2p2Mic Bib BMi2`T`2i�iBQM Bb i?�i i?2 iBK2@HBF2 p2+iQ` Bb i?2 Q#b2`p2`Ƕb 7Qm`@
p2HQ+Biv- �M/ i?2 i?`22 bT�+2@HBF2 p2+iQ`b �`2 i?2 *�`i2bB�M +QQ`/BM�i2 �t2b
r?B+? ?2 ?�TT2Mb iQ #2 mbBM; �i i?�i iBK2X AM Q`/2` iQ r`Bi2 /QrM i?2 T2`@
KBbbB#H2 /Bb+QMiBMmBiB2b- Bi Bb +QMp2MB2Mi iQ BMi`Q/m+2 i?2 bBt@/BK2MbBQM�H
7Q`K�HBbKX PM2 `2@H�#2Hb i?2 T?vbB+�H +QKTQM2Mib Hαβ Q7 � bF2r i2MbQ`-
`2;�`/BM; Bi �b � bBt /BK2MbBQM�H p2+iQ`X h?2 +m`p�im`2 i2MbQ` Rαβγδ +�M
#2 bBKBH�`Hv +�bi BM i?2 bBt /BK2MbBQM�H 7Q`K�HBbK- �TT2�`BM; �b � bvK@
K2i`B+ e@i2MbQ`X A7 QM2 BKTQb2b i?2 2KTiv bT�+2@iBK2 }2H/ 2[m�iBQMb QM2
}M/b i?�i Bib 7Q`K Kmbi #2



NX :`�pBi�iBQM�H q�p2b Ryj

[R(αβ )(γδ )] =

[
P Q
Q −P

]

r?2`2 P �M/ Q �`2 bvKK2i`B+ 3× 3 �``�vbX h?2 bTm`b Q7 #Qi? P �M/ Q
�`2 x2`QX GB+?M2`QrB+xǶb +QMiBMmBiv +QM/BiBQMb T2`KBi i?2 7QHHQrBM; �``�v
Q7 /Bb+QMiBMmBiB2b Ui�FBM; i?2 /Bb+QMiBMmBiv �+`Qbb i?2 bm`7�+2 t − x = 0V,

∆P =

⎡

⎣
· · ·
· −σ −Φ
· −Φ σ

⎤

⎦ , ∆Q =

⎡

⎣
· · ·
· −Φ σ
· σ Φ

⎤

⎦ ;

σ �M/ Φ �`2 BM/2T2M/2Mi MmK#2`bX h?Bb 7Q`K Bb Q#i�BM2/ #v i�FBM; �
T�`iB+mH�` +?QB+2 Q7 x �M/ t �t2bX >2`2 Φ +�M #2 K�/2 iQ p�MBb? #v �
bmBi�#H2 +?QB+2 Q7 y �M/ z �t2bX h?2 �#Qp2 �``�v- mbBM; i?2 T`2+2/BM;
/2}MBiBQM- +?�`�+i2`Bx2b � ;`�pBi�iBQM�H r�p2 7`QMi UQ` b?Q+F r�p2VX h?2
`2K�`Fb 7`QK ?2`2 QM `272` QMHv iQ i?2 Tm`2 ;`�pBi�iBQM�H }2H/- r?B+? Bb
�M�HQ;Qmb iQ i?2 Tm`2 2H2+i`QK�;M2iB+ }2H/X

AM i?2 2H2+i`QK�;M2iB+ +�b2- QM2 +�M /2}M2 �M BMp�`B�Mi SQvMiBM; p2+@
iQ`

Pρ = (δ ν
ρ − vρ vν)Tµν vµ .

A7 i?2 }2H/ Bb MQi Q7 i?2 b2H7 +QMDm;�i2 ivT2- i?2M �M Q#b2`p2` 7QHHQrBM;
i?2 }2H/ +�M K�F2 i?2 SQvMiBM; p2+iQ` p�MBb? #v �+[mB`BM; � bmBi�#H2 9@
p2HQ+BivX A7 Bi Bb b2H7@+QMDm;�i2- i?2M i?2 }2H/ +QMi�BMb Tm`2 `�/B�iBQM- �M/
i?2 SQvMiBM; p2+iQ` p�MBb?2b QMHv B7 i?2 Q#b2`p2` �+[mB`2b i?2 p2HQ+Biv Q7
T`QT�;�iBQM Q7 i?2 r�p2X

aBKBH�`Hv- BM i?2 ;`�pBi�iBQM�H +�b2 QM2 +�M /2}M2 � +2`i�BM iBK2HBF2
2B;2Mp2+iQ`- BM i2`Kb Q7 i?2 _B2K�MM i2MbQ`X h?Bb p2+iQ` Bb BMi2`T`2i2/ �b
i?2 9@p2HQ+Biv Q7 �M Q#b2`p2` 7QHHQrBM; i?2 }2H/- �M/ B7 7Q` bQK2 }2H/ i?Bb
p2+iQ` +QHH�Tb2b QMiQ i?2 MmHH +QM2- QM2 ?�b `�/B�iBQMX h?2 2B;2Mp2+iQ`b Q7
i?2 ;`�pBi�iBQM�H }2H/ �`2 /2}M2/ rBi? i?2 �B/ Q7 S2i`QpǶb +H�bbB}+�iBQM Q7
2KTiv bT�+2@iBK2 _B2K�MM i2MbQ`b BMiQ i?`22 +�MQMB+�H ivT2bX h?2b2 �`2,



Ry9 NX :`�pBi�iBQM�H q�p2b

A : P=

⎡

⎣
α1 · ·
· α2 ·
· · α3

⎤

⎦ Q=

⎡

⎣
β1 · ·
· β2 ·
· · β3

⎤

⎦ Σα =Σβ = 0

AA : P =

⎡

⎣
−2α · ·
· α −σ ·
· · α +σ

⎤

⎦ Q =

⎡

⎣
−2β · ·
· β σ
· σ β

⎤

⎦

AAA : P =

⎡

⎣
· −α ·

−α · ·
· · ·

⎤

⎦ Q =

⎡

⎣
· · σ
· · ·
σ · ·

⎤

⎦

h?2 α Ƕb �M/ β Ƕb �`2 BM/2T2M/2Mi b+�H�` BMp�`B�Mib Q7 i?2 _B2K�MM i2MbQ`X
6Q` 2t�KTH2- BM i?2 a+?r�`xb+?BH/ bQHmiBQM- r?B+? Bb Q7 i?2 }`bi ivT2-

−1
2

α1 = α2 = α3 =
m
r3 , βr = 0.

h?2 1BMbi2BM@_Qb2M K2i`B+ ;Bp2b � _B2K�MM i2MbQ` Q7 i?2 b2+QM/ ivT2X
lbBM; i?2b2 7Q`Kb QM2 K�v rQ`F Qmi i?2 2B;2M e@p2+iQ`b Q7 i?2 _B2K�MM
i2MbQ`- �M/ B7 QM2 i�F2b i?2 BMi2`b2+iBQMb Q7 i?2 +Q``2bTQM/BM; k@TH�M2b BM
T�B`b- QM2 Q#i�BMb 9@p2+iQ`b- i?2 _B2K�MM T`BM+BT�H p2+iQ`bX h?2 /2}MBiBQM
Q7 ;`�pBi�iBQM�H `�/B�iBQM Bb i?�i B7 i?2 _B2K�MM i2MbQ` Bb Q7 i?2 b2+QM/ Q`
i?B`/ ivT2- QM2 ?�b `�/B�iBQM- �M/ B7 Bi Bb Q7 i?2 }`bi ivT2- QM2 /Q2b MQi
?�p2 `�/B�iBQMX Ai +�M #2 b?QrM i?�i i?2 /Bz2`2M+2 #2ir22M i?2 MQM@
`�/B�iBQM ivT2 �M/ QM2 Q7 i?2 `�/B�iBQM ivT2b +�M #2 K�/2 iQ +Q``2bTQM/
iQ i?2 /Bb+QMiBMmBiv BM i?2 _B2K�MM i2MbQ` �+`Qbb � r�p2 7`QMi T2`KBii2/
#v GB+?M2`QrB+xǶb +QM/BiBQMbX U.2i�BHb Q7 i?Bb rQ`F �`2 iQ #2 Tm#HBb?2/ BM
i?2 S?vbB+�H _2pB2r- 62#`m�`v RN8dXV

L2ti- a*>AG. T`2b2Mi2/ bQK2 `2K�`Fb QM �M �TT�`2Mi TQbbB#BHBiv iQ
;2i BM/B`2+i BM7Q`K�iBQM QM ;`�pBi�iBQM�H `�/B�iBQM #v HQQFBM; 7Q` ;`�p@
Bi�iBQM�H `�/B�iBQM `2�+iBQM 7Q`+2X h?2 B/2� Bb #mBHi QM �M �M�HQ;v iQ
2H2+i`QK�;M2iB+ `�/B�iBQM `2�+iBQM 7Q`+2X AM i?2 2H2+i`QK�;M2iB+ +�b2- i?2
2[m�iBQMb Q7 KQiBQM Q7 � T�`iB+H2 �`2

mẍµ − eẋν ext
Fµ

ν
=

2
3

e2(ẍµ − ẋµ ẍν ẍν).



NX :`�pBi�iBQM�H q�p2b Ry8

PM2 T`Q+22/b #v �M�HQ;v �M/ �ii2KTib iQ r`Bi2 i?2 ;2Q/2bB+ 2[m�iBQMb BM
i?2 ;`�pBi�iBQM�H +�b2 �b

m
d2xµ

ds2 +m
{

µ
α β

}
dxα

ds
dxβ

ds
= m2Aµ

r?2`2- BM �M�HQ;v rBi? i?2 2H2+i`QK�;M2iB+ +�b2

Aµ = α
(

d3xµ

ds3 − tangential terms
)
.

� T`Q+2/m`2 HBF2 i?Bb /Q2b MQi rQ`F BM T`BM+BTH2- �M/ i?Bb 7Q` i?2 7QHHQrBM;
`2�bQMb, 6Q` �M 2[m�iBQM HBF2 i?Bb iQ K�F2 b2Mb2- QM2 Kmbi ;Q iQ � HBKBiBM;
#�+F;`QmM/ }2H/- H2iiBM; i?2 K�bb i2M/ iQ x2`QX h?�i Bb- r?�i QM2 `2�HHv
Bb +QMbB/2`BM; Bb i?2 HBKBi Q7 i?2 }2H/ +QMi�BMBM; K�bb �b i?2 K�bb ;Q2b iQ
x2`Q,

gµν(x;m)−gµν(x;0) = g
0

µν

ds2
0 = g

0
µν dxµ dxν .

h?Bb K2�Mb i?�i r2 �`2 +QMbB/2`BM; /Bz2`2Mi _B2K�MMB�M 9@bT�+2b- rBi? MQ
M�im`�H QM2@iQ@QM2 +Q``2bTQM/2M+2 #2ir22M i?2 TQBMib Q7 �Mv irQ bT�+2bX
h?mb r2 Kmbi /2K�M/ BMp�`B�M+2 mM/2` BM/2T2M/2Mi i`�Mb7Q`K�iBQMb BM
/Bz2`2Mi bT�+2b,

x ′ µ = Fµ(x1,x2,x3,x4 ; m).

aBM+2 i?2 2[m�iBQMb �`2 i2MbQ`B�H mM/2`

x ′ µ = Fµ(x1,x2,x3,x4)

Bi `2K�BMb iQ /2K�M/ UiQ Q`/2` BM m +QMbB/2`2/V BMp�`B�M+2 mM/2`

x ′ µ = xµ +m f µ(x).

>Qr2p2`- i?2 2[m�iBQMb �`2 MQi BMp�`B�Mi mM/2` bm+? � i`�Mb7Q`K�iBQMX Ai
�TT2�`b 7`QK �M BMp2biB;�iBQM biBHH BM T`Q;`2bb i?�i �Mv `B;?i ?�M/ bB/2
m2Aµ +�M #2 rBT2/ Qmi #v � bmBi�#H2 +?QB+2 Q7 bm+? � i`�Mb7Q`K�iBQMX



Rye NX :`�pBi�iBQM�H q�p2b

:2QK2i`B+�HHv QM2 K�v TB+im`2 i?Bb �b 7QHHQrb,

6B;m`2 NXj

A7 QM2 +?�M;2b +QQ`/BM�i2 bvbi2Kb BM Rm UQ` 2[mBp�H2MiHv- � QM2@iQ@QM2
+Q``2bTQM/2M+2 Rm ↔ R0V QM2 +�M KQp2 Lm BMiQ +QBM+B/2M+2 rBi? L0mX

SA_�LA `2TQ`i2/ i?2 7QHHQrBM; +QKKmMB+�iBQM 7`QK _Pa1LX



*?�Ti2` Ry
:`�pBi�iBQM�H 6B2H/ Q7 �M �tB�HHv avKK2i`B+ avbi2K
LX _Qb2M �M/ >X a?�KB`- S`2b2Mi2/ #v 6X SB`�MB

AM Q`/2` iQ BMp2biB;�i2 i?2 TQbbB#BHBiv Q7 � T?vbB+�H bvbi2K `�/B�iBM; ;`�p@
Bi�iBQM�H r�p2b- Bi b22Kb /2bB`�#H2 iQ +?QQb2 � bBKTH2 bvbi2K- QM2 rBi?
�tB�H bvKK2i`vX A7 i?2 }2H/ Q7 bm+? � bvbi2K Bb /2b+`B#2/ #v K2�Mb Q7
� bT?2`B+�H TQH�` +QQ`/BM�i2 bvbi2K- Ux1,x2,x3,x4) ≡ (r,θ ,ϕ , t)- i?2M #v �
bmBi�#H2 +?QB+2 Q7 +QQ`/BM�i2b QM2 +�M b�iBb7v irQ +QM/BiBQMb,

U�V h?2 K2i`B+ i2MbQ` gµν Bb BM/2T2M/2Mi Q7 i?2 �M;H2 ϕX
U#V Ai Bb /B�;QM�HX

A7 QM2 r`Bi2b /QrM i?2 }2H/ 2[m�iBQMb BM i?2 2KTiv bT�+2 bm``QmM/BM; i?2
bvbi2K

Gµν ≡ Rµν −
1
2

gµν R = 0,

QM2 Q#i�BMb � b2i Q7 d 2[m�iBQMb UbBM+2 Gµν p�MBb?2b B/2MiB+�HHv B7 QM2 BM/2t
Bb 2[m�H iQ jV 7Q` i?2 9 /B�;QM�H +QKTQM2Mib Q7 gµν X �KQM; i?2b2 i?2`2
2tBbi j B/2MiBiB2b Ui?2 "B�M+?B B/2MiBiB2b- 2t+2Ti 7Q` i?2 QM2 rBi? BM/2t jVX

h?2 }2H/ 2[m�iBQMb �`2 MQM@HBM2�` �M/ /B{+mHi iQ bQHp2X Ai Bb T`QTQb2/
iQ BMp2biB;�i2 i?2K #v i?2 K2i?Q/ Q7 bm++2bbBp2 �TT`QtBK�iBQMbX �b �
#2;BMMBM;- i?2 }`bi �TT`QtBK�iBQM +�M #2 +�H+mH�i2/X G2i mb r`Bi2 i?2 HBM2
2H2K2Mi BM i?2 7Q`K

ds2 =−(1+ρ)dr2 − r2(1+σ)dθ 2 − r2sin2θdϕ2 +(1+µ)dt2

r?2`2 ρ- σ - τ- �M/ µ �`2 `2;�`/2/ �b bK�HH Q7 i?2 }`bi Q`/2`X h?2 HBM@
2�` �TT`QtBK�iBQM Q7 i?2 }2H/ 2[m�iBQMb ?�b i?2 7QHHQrBM; 7Q`K UBM/2t2b
/2MQiBM; T�`iB�H /Bz2`2MiB�iBQMV,



Ry3 RyX :`�pBi�iBQM�H 6B2H/ Q7 �M �tB�HHv avKK2i`B+ avbi2K

σ44 + τ44 − 1
r2 (τ22 +µ22)+

cotθ
r2 (σ2 −2τ2 −µ2)− 1

r (σ1 + τ1 +2µ1)

+ 2
r2 (ρ −σ) = 0,

−τ11 −µ11 +ρ44 + τ44 − cotθ
r2 (ρ2 +µ2)+

1
r (σ1 −2τ1 −µ1) = 0,

−σ11 −µ11 +ρ44 +σ44 − 1
r2 (ρ22 +µ22)+

1
r (ρ1 −2σ1 −µ1) = 0,

σ11 + τ11 +
1
r2 (ρ22 + τ22)+

cotθ
r2 (ρ2 −σ2 +2τ2)− 1

r (2ρ1 −3σ1 −3τ1)

− 2
r2 (ρ −σ) = 0,

τ12 +µ12 − 1
r (ρ2 +µ2)− cotθ(σ1 − τ1) = 0,

σ14 + τ14 − 1
r (2ρ4 −σ4 − τ4) = 0,

ρ24 + τ24 − cotθ(σ4 − τ4) = 0.

6`QK i?2b2 2[m�iBQMb Bi Bb TQbbB#H2 iQ /2`Bp2 i?2 r�p2 2[m�iBQM 7Q` ρ-

ρ11 +
2
r

ρ1 +
1
r2 ρ22 +

cotθ
r2 ρ2 −ρ44 = 0,

�M/ iQ 2tT`2bb i?2 Qi?2` mMFMQrMb BM i2`Kb Q7 i?2 bQHmiBQM 7Q` ρX

A7 r2 `2T`2b2Mi i?2 `�/B�iBM; bvbi2K #v � [m�/`mTQH2 K�bb KQK2Mi
ρ- i?2M i?2 bQHmiBQM /2b+`B#BM; Qmi;QBM; KQMQ+?`QK�iB+ r�p2b +�M #2
r`Bii2M BM i2`Kb Q7 i?2 7`2[m2M+v ω �M/ i?2 �KTHBim/2 Q7 i?2 KQK2Mi
p0 (p = p0 cosωtV �b 7QHHQrb,

ρ =−ω3

6π p0[ j2(x)sinωt + j−2(x)cosωt]P2(cosθ),

σ =− ω3

12π p0{[(3k2(x)+ j2(x))sinωt +(3k−2(x)+ j−2(x))cosωt]P2(cosθ)

− (k2(x)+ j2(x))sinωt − (k−2(x)+ j−2(x))cosωt},

τ =− ω3

12π p0{[(k2(x)− j2(x))sinωt +(k−2(x)− j−2(x))cosωt]P2(cosθ)

+(k2(x)+ j2(x))sinωt +(k−2(x)+ j−2(x))cosωt},

µ =−ω3

6π p0[(2q2(x)+ j2(x))sinωt +(2q−2(x)+ j−2(x))cosωt]P2cosθ ].



RyX :`�pBi�iBQM�H 6B2H/ Q7 �M �tB�HHv avKK2i`B+ avbi2K RyN

>2`2

x = ωr ,

jn(x) =
(π

2

)1/2
x−1/2Jn+1/2(x),

kn(x) =
1
x

∫ x

∞
jn(u)du,

qn(x) = x
∫ x

∞
u−2 jn(u)du.

Ai Bb TH�MM2/ iQ mb2 i?Bb bQHmiBQM �b i?2 bi�`iBM; TQBMi 7Q` � KQ`2 �++m@
`�i2 +�H+mH�iBQMX h?2 BMi2`2biBM; [m2biBQM- Q7 +Qm`b2- Bb r?2i?2` i?2 2t�+i
2[m�iBQMb ?�p2 � bQHmiBQM ;QBM; Qp2` BMiQ i?2 �#Qp2 7Q` bm{+B2MiHv r2�F
}2H/bX

   

CX LX :PG."1_: T`2b2Mi2/ �M �TT`QtBK�iBQM K2i?Q/ 7Q` ?B;? p2HQ+@
BiB2bX h?2 Q#pBQmb QM2 Bb � K�bb 2tT�MbBQM Q7 i?2 ;`�pBi�iBQM�H }2H/X AM
i?2 }`bi �TT`QtBK�iBQM i?2`2 Bb MQ �++2H2`�iBQM Q7 i?2 T�`iB+H2b- r?B+? �`2
`2T`2b2Mi2/ #v bBM;mH�`BiB2bX h?Bb bBim�iBQM /Bz2`b 7`QK i?2 +Q``2bTQM/BM;
+�b2 BM 2H2+i`QK�;M2iB+ i?2Q`vX h?2 `2�bQM 7Q` i?Bb Bb i?�i i?2 2H2+i`QK�;@
M2iB+ }2H/ Bb /2b+`B#2/ #v � p2+iQ` TQi2MiB�H r?2`2�b i?2 ;`�pBi�iBQM�H }2H/
Bb i2MbQ` BM +?�`�+i2`X AM i?2 1XAX>X K2i?Q/- i?2 KQiBQM Q7 i?2 T�`iB+H2b Bb
/2i2`KBM2/ #v +2`i�BM +QMbBbi2M+v +QM/BiBQMb BM i?2 7Q`K Q7 bm`7�+2 BMi2@
;`�Hb 2�+? Q7 r?B+? +QMi�BMb irQ i2`KbX PM2 Q7 i?2b2 Bb i?2 iBK2 /2`Bp�iBp2
Q7 �M 2tT`2bbBQM r?B+? Bb HBM2�` BM i?2 }`bi /2`Bp�iBp2b Q7 i?2 TQi2MiB�Hb- i?2
Qi?2` Bb [m�/`�iB+ BM i?2 }`bi /2`Bp�iBp2b Q7 i?2 TQi2MiB�HbX h?2`27Q`2- BM
2�+? Q`/2` i?2 bm`7�+2 BMi2;`�Hb TH�+2 `2bi`B+iBQMb QM i?2 bQHmiBQMb Q7 HQr2`
Q`/2`X h?2b2 `2bi`B+iBQMb K�v #2 `2H�t2/ #v �//BM; �TT`QT`B�i2 TQH2b �M/
/BTQH2b BM i?2 HQr2` Q`/2`bX h?2 `2[mB`2K2Mi i?�i i?2 bmK Q7 i?2 /BTQH2b
�//2/ Kmbi p�MBb? H2�/b iQ i?2 2[m�iBQMb Q7 KQiBQMX >Qr2p2`- bBM+2 r2 /Q
MQi /Bb+`BKBM�i2 �;�BMbi i?2 iBK2 BM i?2 K�bb 2tT�MbBQM- i?2 bm`7�+2 BMi2@
;`�H +QM/BiBQMb Kmbi #2 b�iBb}2/ BM i?2 b�K2 Q`/2` �b i?2 +Q``2bTQM/BM;
}2H/ 2[m�iBQMbX h?Bb bBim�iBQM Bb p2`v mMb�iBb7�+iQ`vX h?2 bm`7�+2 BMi2@
;`�Hb- ?Qr2p2`- �`2 `2H�i2/ iQ i?2 "B�M+?B B/2MiBiB2bX AMbi2�/ Q7 i?2 bm`7�+2
BMi2;`�H +QM/BiBQMb- QM2 +�M `2[mB`2 i?�i i?2 "B�M+?B B/2MiBiB2b #2 b�iBb}2/
2p2`vr?2`2- 2p2M �+`Qbb i?2 bBM;mH�`BiB2bX AM i?Bb K�MM2` QM2 +�M Q#i�BM
?B;?2` Q`/2` 2[m�iBQMb Q7 KQiBQM 7`QK i?2 HQr2` Q`/2` }2H/ 2[m�iBQMb #Qi?
BM i?2 1XAX>X K2i?Q/ �M/ BM i?2 K�bb 2tT�MbBQMX



RRy RyX :`�pBi�iBQM�H 6B2H/ Q7 �M �tB�HHv avKK2i`B+ avbi2K

hPLL1G�h, h?2 bi�`iBM; TQBMi Q7 i?2 MQM@bvKK2i`B+ mMB}2/ }2H/ i?2Q`v
Bb mbm�HHv i?2 BMp�`B�Mi /2MbBiv,

L = Gµν Rµν

BM r?B+? Rµν Bb i?2 _B++B i2MbQ` #mBHi 7`QK �M �`#Bi`�`v �{M2 +QMM2+iBQM
Γλ

ρσ X h?2 p�`B�iBQMb δΓλ
ρσ - δGµν H2�/ iQ i?2 }2H/ 2[m�iBQMbX >Qr2p2`- B7

QM2 i`B2b iQ �TTHv i?2 1BMbi2BM- AM72H/- >QzK�MM K2i?Q/ iQ i?2b2 2[m�@
iBQMb- QM2 Q#i�BMb K2`2Hv i?2 `2bmHib Q7 ;2M2`�H `2H�iBpBiv- �M/ QM2 /Q2b
MQi Q#i�BM i?2 2[m�iBQMb 7Q` � +?�`;2/ T�`iB+H2X h?Bb `2bmHi bi2Kb 7`QK i?2
+QM/BiBQM

∂ρ G
µρ
⌣ = 0

r?B+? Bb BKTQb2/ #v i?2 i?2Q`vX
hQ �pQB/ i?Bb bBim�iBQM- QM2 +�M bi�`i 7`QK �M �{M2 +QMM2+iBQM Γρ

µν
rBi? p�MBb?BM; iQ`[m2

Lρ ≡ Lσ
ρσ
⌣

= 0.

G�;`�M;2 KmHiBTHB2`b �`2 M22/2/ BM i?2 p�`B�iBQMb Q7 δLρ
µν #2+�mb2 i?2 e9

Lρ
µν �`2 MQi BM/2T2M/2Mi �M/- KQ`2Qp2`- i?2 p2+iQ` Aρ `2H�i2/ iQ i?2 iQ`[m2

Bb BMi`Q/m+2/X AM i?Bb +�b2- QM2 Q#i�BMb

∂ρ G
µρ
⌣ ̸= 0.

AMi`Q/m+BM; i?2 K2i`B+
√
−a aµρ = Gµρ

QM2 Q#i�BMb

∇ρ ϕρ
µ = Fµρ Jρ

rBi?

Sµρ = Rµσ − 1
2

aµρ Rρσ aρσ .

a2iiBM;

Rµν ≡ Gµν({ }a)+Vµν

/2}M2b � i2MbQ` Vµν r?Qb2 /Bp2`;2M+2 ;Bp2b � GQ`2Mix 7Q`+2X h?Bb i2MbQ`
TH�vb BM i?2 }2H/ 2[m�iBQMb i?2 `QH2 Q7 � J�tr2HH i2MbQ` �M/ H2�/b- rBi?



RyX :`�pBi�iBQM�H 6B2H/ Q7 �M �tB�HHv avKK2i`B+ avbi2K RRR

i?2 mb2 Q7 �M 2ti2MbBQM Q7 i?2 1BMbi2BM- AM72H/- >QzK�MM K2i?Q/- iQ �
*QmHQK# 7Q`+2X





*?�Ti2` RR
h?2 .vM�KB+b Q7 � G�iiB+2 lMBp2`b2
_X qX GBM/[mBbi

PM2 +QMbB/2`b � +QbKQHQ;B+�H mMBp2`b2 rBi? i?2 +QbKQHQ;B+�H +QMbi�Mi b2i
2[m�H iQ x2`Q �M/ �bFb r?2i?2` Bi Bb TQbbB#H2 iQ +QMbi`m+i � +HQb2/ mMBp2`b2
r?B+? +QMi�BMb � }MBi2 MmK#2` Q7 K�bb bBM;mH�`BiB2bX AM /2�HBM; rBi? i?Bb
T`Q#H2K- QM2 rQ`Fb rBi? r?�i Bb 2bb2MiB�HHv i?2 qB;M2`@a2Bix �TT`QtBK�@
iBQM +�``B2/ Qp2` #Q/BHv 7`QK bQHB/ bi�i2 T?vbB+bX PM2 #2;BMb #v i�FBM; �
bT�+2@HBF2 ?vT2`bm`7�+2 Q` xQM2 Q7 BM~m2M+2 bm``QmM/BM; � T�`iB+H2X h?2b2
xQM2b �`2 �bbmK2/ iQ #2 bT?2`2b �M/ 7Q` i?2 �;;`2;�i2 Q7 T�`iB+H2b 2�+?
bT?2`2 Bb i�M;2Mi iQ �HH Q7 Bib M2�`2bi M2B;?#Q`bX L2ti QM2 K�F2b i?2 bQK2@
r?�i KQ`2 /`�biB+ �bbmKTiBQM i?�i BMbB/2 2�+? xQM2 Q7 BM~m2M+2 QM2 ?�b �
Tm`2 a+?r�`xb+?BH/ bQHmiBQMX h?2b2 bBM;mH�`BiB2b +�M i?2M #2 }ii2/ QMiQ i?2
bm`7�+2 Q7 � ?vT2`bT?2`2 �b b?QrM BM i?2 };m`2 iQ i?2 H27iX h?2 `2[mB`2K2Mi
i?�i 2�+? xQM2 iQm+?2b Bib M2�`2bi M2B;?#Q` �i QMHv QM2 TQBMi `2[mB`2b- BM
pB2r Q7 i?2 p2`v ?B;? bvKK2i`v Q7 i?2 T`Q#H2K- i?�i QM2 i�F2b i?2 MmK@
#2` Q7 T�`iB+H2b BM i?2 T`Q#H2K iQ #2 2[m�H iQ i?2 MmK#2` Q7 p2`iB+2b BM
� `2;mH�` ?vT2`TQHv?2/`QM- BX2X- N = [5,8,16,24,120,600]X PM2 Kmbi MQr
b2i mT i?2 i�M;2M+v +QM/BiBQM- �M/ `2[mB`2 i?�i i?2 a+?r�`xb+?BH/ 7mMM2Hb
b?�HH #2 i�M;2Mi iQ i?2 ?vT2`bT?2`2X

6B;m`2 RRXR



RR9 RRX h?2 .vM�KB+b Q7 � G�iiB+2 lMBp2`b2

h?Bb +�M #2 /QM2 BM �M BMp�`B�Mi K�MM2`X PM2 Kmbi �HbQ }M/ ?Qr iQ
/2}M2 i?2 ?vT2`bm`7�+2b iQ #2;BM rBi?X h?Bb +�M �HbQ #2 /QM2X h?Bb- rBi?
i?2 i�M;2M+v +QM/BiBQM- ;Bp2b i?2 KQiBQM Q7 i?2 ?vT2`bT?2`2X PM2 ;2ib
7`QK i?Bb KQ/2H �M 2tT�M/BM; �M/ +QMi`�+iBM; mMBp2`b2- rBi? � +v+HQB/�H
#2?�pBQ`X
"PL.A +QKK2Mi2/ i?�i i?Bb Bb BMi2`2biBM; 7`QK i?2 TQBMi Q7 pB2r Q7 i?2
1//BM;iQM mMBp2`b2- �/KBiiBM; i?�i i?Bb Bb i?2 +�b2 rBi? i?2 +QbKQHQ;B+�H
+QMbi�Mi MQi 2[m�H iQ x2`QX PM2 +�M �bF- B7 QM2 �HHQrb 7Q` i?2 ;`�MmH�`
bi`m+im`2 Q7 K�bb- ?Qr K�Mv ;`�MmH2b +�M QM2 �HHQr\ P7 +Qm`b2 Bi Bb vQm`
MmK#2` eyyX
GAL.ZlAah �;`22/ �M/ +QMiBMm2/, AM Q`/2` iQ ;2i �M B/2� Q7 ?Qr ;QQ/
�M �TT`QtBK�iBQM i?2 a+?r�`xb+?BH/ bBM;mH�`BiB2b �`2- QM2 +�M +QKTmi2
i?2 K�tBKmK `�/Bmb Q7 i?2 i�M;2Mi ?vT2`bT?2`2- 7Q` i?2 p�`BQmb MmK#2`
Q7 T�`iB+H2bX

!"#$%&'()*(#+$",$

- ./ 01 .023

04.00

�
�

2m

6B;m`2 RRXk

h?Bb Bb b?QrM BM i?2 �#Qp2 ;`�T?- BM r?B+? Γ0 Bb i?2 K�tBKmK `�/Bmb Q7
2tT�MbBQMX q2 ?�p2 �HbQ +QKTmi2/ i?2 BMp�`B�Mi /Bbi�M+2 #2ir22M irQ
a+?r�`xb+?BH/ bBM;mH�`BiB2b U�i i?2 `�/Bmb Q7 K�tBKmK 2tT�MbBQMVX h?Bb
?�b #22M /QM2 #Qi? `B;Q`QmbHv @ �b �M BMBiB�H p�Hm2 T`Q#H2K @ �M/ rBi? i?2
�#Qp2 �TT`QtBK�iBQMX PM2 }M/b i?2 p�Hm2b ;Bp2M #2HQr,

Rigorous Approx.
d/2m .9994 1.18

h?2 b2bbBQM r�b +QM+Hm/2/ #v q>11G1_- r?Q bmKK�`Bx2/ i?2 `2@
bmHib T`2b2Mi2/ #v i?2 p�`BQmb bT2�F2`bX



RRX h?2 .vM�KB+b Q7 � G�iiB+2 lMBp2`b2 RR8

6B`bi- 7`QK r?�i SA_�LA ?�b b�B/- r2 ?�p2 ;�BM2/ bQK2 BMbB;?i BMiQ
?Qr r2 K�v /2}M2 r?�i i?2 K2�bm`�#BHBiv T`QT2`iB2b �`2 HQ+�HHv Q7 i?2
;`�pBi�iBQM�H }2H/X h?2 i2MbQ`b �M/ BMp�`B�Mib ?2 ?�b /2b+`B#2/ �`2 �i
i?2 ?2�`i Q7 i?2 K�ii2`X a2+QM/- �b +QM+2`Mb i?2 `�/B�iBQM T`Q#H2K- r2
rQmH/ HBF2 iQ FMQr r?�i Bb i?2 ?B;?2bi /2;`22 Q7 bvKK2i`v QM2 +�M ?�p2
BM � T`Q#H2K- �M/ biBHH ?�p2 BMi2`2biBM; `�/B�iBQMX h?Bb H2�/b QM2 iQ i?2
[m2biBQM Q7 r?2i?2`- 2p2M BM i?2 +�b2b r?2`2 i?2`2 Bb MQ bvKK2i`v- QM2
?�b `2�bQM iQ 2tT2+i `�/B�iBQMX PM i?Bb b+Q`2- Bi rQmH/ #2 r2HH iQ `2+�HH
�M BKTQ`i�Mi T?vbB+�H 7�+i, i?�i i?2 ;`�pBi�iBQM�H }2H/ Q7 � TQBMi +?�`;2
?�b +HQb2 �M�HQ;B2b iQ i?2 2H2+i`B+ }2H/X PM2 FMQrb i?�i i?2`2 Bb � +2`@
i�BM HBM2�` �TT`QtBK�iBQM iQ i?2 }2H/ 2[m�iBQMb bBKBH�` BM M�im`2 iQ i?2
2H2+i`QK�;M2iB+ 2[m�iBQMb- bQ i?�i B7 � K�bb Bb �++2H2`�iBM;- QM2 }M/b Bi
T`Q/m+2b `�/B�iBQM bBKBH�` iQ i?2 2H2+i`QK�;M2iB+ `�/B�iBQM Q7 �M �++2H2`@
�iBM; +?�`;2X PM i?Bb �++QmMi- QM2 2tT2+ib ;`�pBi�iBQM�H `�/B�iBQMX lbBM;
i?Bb �M�HQ;v- 1BMbi2BM r�b �#H2 iQ +�H+mH�i2 i?2 `�i2 Q7 `�/B�iBQM 7`QK �
/Qm#H2 bi�`X h?2 Bbbm2 r?B+? a*>AG. #`Qm;?i mT Bb QM2 [mBi2 /Bz2`2Mi
7`QK i?2 /Qm#H2 bi�` `�/B�iBQM- BM i?�i i?2 bvbi2K Bb iBK2@MQMbvKK2i`B+X
>2 BMpBi2b mb iQ +QMbB/2` i?2 `�/B�iBQM T`Q/m+2/ BM � ;`�pBi�iBQM�H b+�ii2`@
BM; T`Q+2bbX h?2 �++2H2`�iBQM Q7 i?2 T�`iB+H2 �b Bi xQQKb #v i?2 bi�iBQM�`v
QM2 rBHH ;Bp2 `�/B�iBQM �i H�`;2 /Bbi�M+2b- #mi i?2 `2+QBH �++2H2`�iBQM Q7
i?2 T�`iB+H2 r?B+? r�b BMBiB�HHv �i `2bi rBHH T`Q/m+2 � r�p2 Q7 M2�`Hv i?2
QTTQbBi2 T?�b2 Q7 i?2 }`bi- bQ i?�i QM2 2tT2+ib i?2 `�i2 Q7 `�/B�iBQM iQ
#2 T`QTQ`iBQM�H iQ bQK2i?BM; �M�HQ;Qmb iQ i?2 KQK2Mi Q7 BM2`iB� Q7 i?2
/Qm#H2 bi�` bvbi2KX h?Bb K2�Mb i?�i i?2 /�KTBM; Q7 i?Bb bvbi2K /2T2M/b
QM bQK2 +QKTHB+�i2/ ;2QK2i`B+ +QM+2Ti HBF2 mr2X h?2`27Q`2- B7 QM2 ?QT2b
iQ ;2i � T`QT2` �Mbr2` iQ i?2 [m2biBQM Q7 ?Qr iQ /2b+`B#2 i?2 ǳ7`B+iBQM�H
7Q`+2Ǵ #2ir22M i?2 irQ K�bb2b- QM2 Kmbi }M/ bQK2 [mBi2 ;2M2`�H r�v Q7
/2b+`B#BM; BMp�`B�MiHv i?�i `2;BQM Q7 bT�+2 BM r?B+? i?2 T�`iB+H2 mM/2`;Q2b
Bib �++2H2`�iBQMX

6B;m`2 RRXj



RRe RRX h?2 .vM�KB+b Q7 � G�iiB+2 lMBp2`b2

"PL.A ?�b `2KBM/2/ mb i?�i B7 QM2 HQQFb 7Q` `�/B�iBQM T`2bbm`2 QM �
T�`iB+H2 BM ;`�pBi�iBQM�H r�p2b- ?2 Kmbi i�F2 BMiQ �++QmMi i?2 `�/B�iBQM
T`Q/m+2/ #v i?2 KQiBQM Q7 i?2 T�`iB+H2 Bib2H7X h?2 bBim�iBQM ?2`2 Bb �M�H@
Q;Qmb iQ �M 2H2+i`QK�;M2iB+ r�p2 T�bbBM; Qp2` � T�`iB+H2X hQ i?2 HQr2bi
�TT`QtBK�iBQM- i?2 T�`iB+H2 QMHv 722Hb i?2 2H2+i`B+ }2H/ �M/ Qb+BHH�i2b rBi?
BiX A7 QM2 BKT`Qp2b ?Bb �TT`QtBK�iBQM- ?2 }M/b i?�i i?2 T�`iB+H2 #2;BMb
iQ `2bTQM/ iQ i?2 K�;M2iB+ }2H/- �M/ KQp2b BM � };m`2 2B;?iX aiBHH i?2`2
Bb MQ `�/B�iBQM T`2bbm`2X Ai Bb QMHv r?2M QM2 BM+Hm/2b i?2 `�/B�iBQM i?�i
i?2 T�`iB+H2 Bib2H7 ;Bp2b Qmi i?�i QM2 ;2ib `�/B�iBQM T`2bbm`2X h?�i Bb- Bi Bb
QMHv r?2M QM2 �HHQrb 7Q` i?2 `�/B�iBQM /�KTBM; 7Q`+2 i?�i QM2 }M/b i?2
T�`iB+H2 KQpBM; 7Q`r�`/X aBKBH�`Hv- BM i?2 +�b2 Q7 ;`�pBi�iBQM�H `�/B�iBQM-
QM2 7�+2b bBKBH�` T`Q#H2KbX

6B;m`2 RRX9

�b q1"1_ #`Qm;?i Qmi- BM i?2 +�b2 Q7 i?2 +vHBM/`B+�H r�p2- � ;`�p@
Bi�iBQM�H K2i`B+ +?�`;2 T�bbBM; Qp2` � T�`iB+H2 H2�p2b i?2 T�`iB+H2 rBi? Bib
BMBiB�H 2M2`;v �7i2` i?2 /Bbim`#�M+2 ?�b H27iX �i }`bi bB;?i- QM2 KB;?i #2@
HB2p2 i?�i i?2`2 Bb MQ Q#b2`p�#H2 +QMb2[m2M+2 Q7 i?2 �+iBQM Q7 i?2 r�p2 QM
i?2 T�`iB+H2X >Qr2p2`- i?2 2H2+i`QK�;M2iB+ �M�HQ;v bm;;2bib i?�i B7 QM2
r2`2 iQ ;Q 7m`i?2`- QM2 KB;?i 2tT2+i iQ }M/ `�/B�iBQM T`2bbm`2X



RRX h?2 .vM�KB+b Q7 � G�iiB+2 lMBp2`b2 RRd

PM2 ?�b �HbQ iQ +QMbB/2` i?2 M�im`2 Q7 i?2 QM2@bB/2/M2bb Q7 ;`�pBi�@
iBQM�H `�/B�iBQMX >2`2 QM2 7�+2b i?2 T`Q#H2K Q7 r?�i Bb iQ #2 K2�Mi #v
i?2 /Bz2`2M+2 #2ir22M `2i�`/2/ �M/ �/p�M+2/ r�p2bX A7 QM2 2KTHQvb i?2
�#bQ`TiBQM i?2Q`v Q7 `�/B�iBQM /�KTBM; BM i`2�iBM; i?2 �#Qp2 T`Q#H2K- QM2
Kmbi 2KTHQv i?2 mb2 Q7 �/p�M+2/ �M/ `2i�`/2/ r�p2bX AM ~�i bT�+2 i?2
+QM+2Tib Q7 �/p�M+2/ Q` `2i�`/2/ r�p2b �`2 2�bBHv mM/2`biQQ/X >Qr2p2`-
rBi? ;`�pBi�iBQM�H r�p2b- bT�+2 Bb +m`p2/- �M/ i?Bb ?�b i?2 +QMb2[m2M+2
i?�i Bi Bb /B{+mHi iQ /BbiBM;mBb? #2ir22M `2i�`/2/ �M/ �/p�M+2/ r�p2bX
h?Bb Bb /m2 iQ i?2 7�+i i?�i � TmHb2 b2Mi Qmi #v � bQm`+2 ;2ib /27`�+i2/ #v
i?2 +m`p�im`2 Q7 bT�+2 �M/ b2+QM/�`v r�p2b �`2 i?2`2#v ;2M2`�i2/- r?B+?
�`2 BM im`M b+�ii2`2/X AM i?Bb r�v- QM2 K�v mHiBK�i2Hv ;2i +QMi`B#miBQMb iQ
�M BM+QKBM; r�p2- bQ i?�i i?2 /BbiBM+iBQM #2ir22M `2i�`/2/ �M/ �/p�M+2/
r�p2b Bb HQbiX





a2bbBQM Ao AMpBi2/ _2TQ`ib QM *QbKQHQ;v
*?�B`K�M, 6X CX "2HBM7�Mi2





*?�Ti2` Rk
J2�bm`�#H2 Zm�MiBiB2b i?�i J�v 1M�#H2 Zm2biBQMb Q7
*QbKQHQ;v iQ #2 �Mbr2`2/
h?QK�b :QH/

RkXR AMi`Q/m+iBQM

� /Bb+mbbBQM Q7 � MmK#2` Q7 +QbKQHQ;B+�H T`Q#H2Kb r�b T`2b2Mi2/ BM+Hm/BM;
`�/BQ �M/ QTiB+�H �bi`QMQKv �b BKTQ`i�Mi Q#b2`p�iBQM�H i2bib Q7 +QbKQHQ;@
B+�H i?2Q`vX h?2 TQBMi Q7 pB2r �/QTi2/ r�b i?�i- r?BH2 HQ+�HHv /Bb+Qp2`2/
H�rb Q7 T?vbB+b K�v TQbbB#Hv bm{+2 iQ /2b+`B#2 Q#b2`p�iBQMb QM i?2 H�`;2
b+�H2- Bi Bb +QM+2Bp�#H2 i?�i i?Bb K�v MQi #2 i`m2 QM i?2 p2`v H�`;2 b+�H2
`2[mB`BM; 2ti`2K2 2ti`�TQH�iBQMX *QbKQHQ;B+�H KQ/2Hb b?QmH/ i?2`27Q`2 #2
+QMbi`m+i2/ i?�i �`2 bBKTH2 �M/ +�M #2 bm#D2+i2/ iQ Q#b2`p�iBQM�H i2bibX
qBi? `2bT2+i iQ i?2 /Bbi`B#miBQM Q7 K�ii2`- Bi Bb M2+2bb�`v iQ /Bb+mbb MQi
QMHv i?2 ;2QK2i`B+�H �M/ FBM2K�iB+�H �bT2+ib #mi �HbQ T?vbB+�H +?�`�+i2`Bb@
iB+b bm+? �b i?2 �#mM/�M+2 Q7 i?2 2H2K2Mib- ;�H�tB2b- �M/ ;�H�+iB+ +Hmbi2`bX
JQ/2Hb Kmbi #2 +�T�#H2 Q7 �HHQrBM; 7Q` bm+? 2pQHmiBQMX q2 +�MMQi #2 bm`2
i?�i r2 FMQr �HH i?2 H�rb Q7 T?vbB+b `2[mB`2/ 7Q` � `2�H mM/2`bi�M/BM; Q7
i?2 bBim�iBQM- �M/ r2 b?QmH/ +QMbB/2` b2`BQmbHv �Mv KQ/2H r?B+? Bb bBKTH2
�M/ T`2b2Mib i?2 ;`2�i2bi p�`B2iv Q7 2tT2`BK2Mi�HHv p2`B}�#H2 +QM+HmbBQMbX

RkXk J2�bm`2K2Mib �M/ P#b2`p�iBQMb

h?2 Q#b2`p�iBQMb r?B+? �`2 KQbi 2�bBHv BMi2`T`2i�#H2 �b Q7 � +QbKQHQ;B+�H
M�im`2 rBi? `2bT2+i iQ ;�H�tB2b �`2 i?2 7QHHQrBM; [m�MiBiB2b,

RX /Bbi�M+2 U#`B;?iM2bbV

kX `2/ b?B7i

jX MmK#2` Q7 ;�H�tB2b

9X /Bbi`B#miBQM Q7 θ �M/ ϕ UQM i?2 +2H2biB�H bT?2`2V

8X +QHQ` �M/ Qi?2` T?vbB+�H +?�`�+i2`BbiB+b



Rkk RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v

eX K2�M /2MbBiv Q7 K�ii2` BM i?2 rQ`H/

dX /Bbi`B#miBQM �M/ �#mM/�M+2 Q7 2H2K2Mib

AM i?2 �#Qp2 HBbi- R iQ 9 rQmH/ `2T`2b2Mi � /Bbi`B#miBQM BM T?�b2 bT�+2X
h?2b2 rQmH/ #2 2tT2+i2/ iQ #2 T`2/B+i2/ U�b r2HH �b i?2 Qi?2` K2�bm`2@
K2MibV #v � +QbKQHQ;B+�H KQ/2HX

RkXj *QbKQHQ;B+�H JQ/2Hb

�X h?2 ǳ1tTHQbBQMǴ JQ/2H
h?2 T`2b2Mi bi�i2 Q7 i?2 mMBp2`b2 Bb i?2 `2bmHi Q7 �M 2tTHQbBQM Q7
� T`2pBQmb /2Mb2 bi�i2 Q7 K�ii2` �i � iBK2 Q7 i?2 Q`/2` >m##H2Ƕb
+QMbi�Mi v2�`b �;QX

"X h?2 ǳPb+BHH�iQ`vǴ JQ/2Hb
h?2b2 �`2 bBKBH�` iQ i?2 2tTHQbBQM KQ/2H- �M/ r2 �`2 bmTTQb2/Hv MQr
QM �M 2tT�MbBQM T?�b2 Q7 i?2 ǳQb+BHH�iBQMǴ r?B+? b?QmH/ #2 7QHHQr2/
#v � ǳ+QMi`�+iBQMǴ Q7 i?2 mMBp2`b2 iQ � `2T2iBiBQM Q7 i?2 +v+H2X

*X h?2 ǳai2�/v ai�i2Ǵ JQ/2H
AM i?Bb KQ/2H i?2 Q#b2`p�iBQM�H [m�MiBiB2b QM i?2 �p2`�;2 /Q MQi
+?�M;2 rBi? iBK2X Ai 2HBKBM�i2b i?2 2z2+ib Q7 HQ+�H 2pQHmiBQM QM
�HH bi�iBbiB+�H Q#b2`p�iBQMb �M/ �pQB/b i?2`27Q`2 � ;`2�i /B{+mHiv BM
i2biBM; i?2 KQ/2H BM +QMi`�bi iQ Qi?2` KQ/2HbX �HH Q#b2`p�iBQMb QM
/Bbi�Mi K�bb2b �`2 T�bi ?BbiQ`v Q7 i?Qb2 /Bbi�Mi K�bb2bX PM i?2
bi2�/v bi�i2 KQ/2H i?2 �p2`�;2 Q7 bm+? Q#b2`p�iBQMb Bb iQ #2 i?2
b�K2 �b 7Q` M2�`#v K�bb2bX lMH2bb r2 FMQr ?Qr iQ +�H+mH�i2 i?2
+?�M;2b BM /Bbi�Mi ;�H�tB2b rBi? iBK2 �b � 7mM+iBQM Q7 � rB/2 `�M;2 Q7
/2i�BH2/ BM7Q`K�iBQM- r2 rQmH/ MQi FMQr ?Qr iQ BMi2`T`2i i?2 /�i�X
h?2 pB`im2 Q7 i?2 bi2�/v bi�i2 KQ/2H Bb i?�i Bi #vT�bb2b i?Bb T`Q#H2K
�M/ i?�i Bi +QmH/ i?2`27Q`2 #2 /BbT`Qp2/ #v i?2 Q#b2`p�iBQMb �b i?2v
�`2 �HH +`m+B�HX

RkX9 P#b2`p�iBQM�H .�i�

�X .Bbi�M+2 pbX _2/ a?B7i UC ∆λ/λ V
h?2 #2bi bmKK�`v ?�b #22M ;Bp2M #v a�M/�;2 QM i?2 rQ`F Q7 a�M/�;2
�M/ >mK�bQMX �++Q`/BM; iQ i?2 *QbKQHQ;B+�H S`BM+BTH2- �i � bmBi�#H2
KQK2Mi BM iBK2 �HH i?2 HQ+�HBiB2b- bmBi�#Hv +?Qb2M- HQQF �HBF2X



RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v Rkj

h?2 /�i� Bb iQ #2 bmKK�`Bx2/ #v i?2 `2H�iBQMb,

C (∆λ/λ ) = H ·D

r?2`2
C 4 bT22/ Q7 HB;?i-
H 4 >m##H2Ƕb +QMbi�Mi-
D 4 /Bbi�M+2-
∆λ/λ 4 7`�+iBQM�H b?B7i BM r�p2 H2M;i?c

1
R

dR
dt

= H0

/2}M2b i?2 T`2b2Mi Q#b2`p�iBQM�H K�;MBim/2 Q7 >m##H2Ƕb +QMbi�Mic

1
R

d2R
dt2 =−q0H2

0

r?2`2 q0 Bb � [m�MiBiv iQ #2 /Bb+Qp2`2/ #v i?2 Q#b2`p�iBQMbX

h?2 Q#b2`p�iBQMb iQ #2 K�/2 /m`BM; i?2 M2ti 72r v2�`b b?QmH/ ;Bp2
mb i?2 `2[mB`2/ FBM2K�iB+�H BM7Q`K�iBQMX h?2 T`2/B+iBQMb Q7 i?2 /B7@
72`2Mi KQ/2Hb BM `2;�`/ iQ q0 �`2 MQi `2bQHp�#H2 #v T`2b2Mi Q#b2`@
p�iBQMb r?2M QM2 +QKT�`2b i?2 `2/ b?B7i pbX #QHQK2i`B+ K�;MBim/2X
Ai �TT2�`b i?�i i?2 M2rHv@/2p2HQT2/ T?QiQ2H2+i`B+ BK�;2 KmHiBTHB2`
i2+?MB[m2 mb2/ �i JiX S�HQK�` #v "�mK b?QmH/ 2ti2M/ i?2 /�i�
bm{+B2MiHv iQ K�F2 TQbbB#H2 i?2 `2bQHmiBQM #2ir22M KQ/2Hb BM `2;�`/
iQ i?2 `2/ b?B7i /�i�X

AM `2;�`/ iQ i?2 [m�MiBiv q- Bi Bb iQ ?�p2 i?2 7QHHQrBM; +QbKQHQ;B+�H
bB;MB}+�M+2,

q hvT2 Q7 lMBp2`b2
q > 1/2 +HQb2/ bT?2`B+�H mMBp2`b2
q = 1/2 ~�i

0 ≤ q < 1/2 QT2M U?vT2`#QHB+V
q =−1 bi2�/v bi�i2



Rk9 RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v

"X _2/ a?B7i �M/ LmK#2` Q7 :�H�tB2b

h?Bb +Q``2H�iBQM rQmH/ #2 �M 2bT2+B�HHv �ii`�+iBp2 `2bmHiX >Qr2p2`-
BMbm{+B2Mi /�i� 2tBbi #2+�mb2 Q7 i?2 H�#Q`BQmb 2zQ`i BMpQHp2/ BM 2t@
�KBMBM; ?mM/`2/b Q7 bT2+i`Q;`�Kb Q7 /Bbi�Mi ;�H�tB2b iQ Q#i�BM MmK@
#2` +QmMib �M/ bT2+i`�H K2�bm`2K2MibX Ai rQmH/ #2 ?2HT7mH iQ ?�p2
i?Bb BM7Q`K�iBQM Q#i�BM2/ #v K2+?�MB+�H K2�MbX

*X *QHQ` pbX .Bbi�M+2 U_2/ a?B7iV

h?2 �#b2M+2 Q7 +QHQ` 2z2+i �b � 7mM+iBQM Q7 /Bbi�M+2 U/2}M2/ #v `2/
b?B7iV �b MQr Q#b2`p2/ #v ai2##BMb �M/ q?Bi7Q`/ +�M #2 BMi2`T`2i2/
iQ K2�M i?2`2 Bb MQ H�`;2 bT�+2 �#bQ`TiBQM �M/ U�i ;`2�i /Bbi�M+2bV
i?2`2 �`2 MQ H�`;2 2pQHmiBQM�`v 2z2+ib BM iBK2b Q7 i?2 Q`/2` Q7 QM2
[m�`i2` Q7 >m##H2Ƕb +QMbi�MiX h?Bb rQmH/ �;`22 rBi? i?2 bi2�/v bi�i2
KQ/2HX

.X _�/BQ *QmMib Q7 :�H�+iB+ LmK#2` ULmK#2` pbX "`B;?iM2bb U/Bbi�M+2VV

�HH MmK#2` +QmMib �`2 bm#D2+i iQ � ivT2 Q7 2``Q` r?B+? Kmbi #2
�pQB/2/X AM � ?QKQ;2M2Qmb bvbi2K i?2 H�r Q7 MmK#2` UNV p2`bmb
BMi2MbBiv UIV b?QmH/ #2

lnN ≈−3/2 ln I

A7 i?2 2``Q` BM I Bb bvKK2i`B+ �M/ 2[m�H �i �HH BMi2MbBiB2b- Bi /Q2b
MQi �z2+i i?2 ;`�/B2Mi Q7 i?2 `2H�iBQMb?BT r?B+? Bb 3/2 BM K�;MBim/2
#mi rBHH b?B7i i?2 +m`p2 T�`�HH2H iQ Bib2H7X q?2M i?2 2``Q` Bb ;`2�i2`
�i bK�HH BMi2MbBiB2b- i?2 2z2+i Bb iQ +?�M;2 i?2 ;`�/B2Mi �M/ Bb i?2M
p2`v bi`QM;Hv /2T2M/2Mi QM i?2 2ti2Mi Q7 i?2 i�BH Q7 i?2 2``Q` /Bbi`B@
#miBQM Ui?2 bK�HH MmK#2` Q7 H�`;2 2``Q`bVX h?2 2z2+i Bb iQ bi22T2M
i?2 ;`�/B2Mi- �M/ +�M #2 +�H+mH�i2/ 7`QK i?2 `�/BQ bQm`+2 /�i� B7 �M
BM/2T2M/2Mi K2�bm`2 Q7 i?2 2``Q` 2tBbibX

h?2 `�/BQ +QmMib �`2 MQi �#H2 iQ T`Q/m+2 � +QbKQHQ;B+�H �Mbr2` �i
i?Bb iBK2 2t+2Ti B7 Bi r2`2 7QmM/ mM�K#B;mQmbHv i?�i i?2 ;`�/B2Mi
r�b ;`2�i2` i?�M 3/2 Q` i?�i Bi r�b 7QmM/ TQbbB#H2 iQ Q#b2`p2 BM/2@
T2M/2MiHv i?2 /Bbi�M+2 Q7 bQm`+2b `�i?2` i?�M Dmbi i?2B` #`B;?iM2bb-
7Q` BM i?2 +�b2 i?�i i?2v 7QHHQr i?2 3/2 H�r i?2v +�M #2 �bbmK2/ iQ
#2 iQQ M2�` iQ ?�p2 �Mv +QbKQHQ;B+�H bB;MB}+�M+2X



RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v Rk8

1X J2�M .2MbBiv Q7 J�ii2` BM i?2 lMBp2`b2

�MQi?2` ivT2 Q7 `�/BQ Q#b2`p�iBQM Q7 +QbKQHQ;B+�H bB;MB}+�M+2 Bb i?2
K2�M /2MbBiv Q7 K�ii2`X h?Bb Bb BMpQHp2/ BM i?2 `2H�iBQM U�++Q`/BM;
iQ bQK2 +QbKQHQ;B+�H i?2Q`B2bV

4π Gρτ2 ≈ 6

r?2`2
G = mMBp2`b�H ;`�pBi�iBQM�H +QMbi�Mi-
ρ = K2�M /2MbBiv ∼ 10−28gm/cm3-
τ = >m##H2Ƕb +QMbi�Mi U�b � iBK2VX

h?2 `�/BQ Q#b2`p�iBQMb QM M2mi`�H ?v/`Q;2M UkR +K r�p2H2M;i?V BM
/Bbi�Mi ;�H�+iB+ +Hmbi2`b BM/B+�i2 �TT`2+B�#H2 �//BiBQM Q7 M2mi`�H ?v@
/`Q;2M bQ i?�i Km+? Q7 i?2 K�ii2` Q7 i?2 mMBp2`b2 +�M MQ HQM;2` #2
+QMbB/2`2/ HmKBMQmbX h?Bb Bb iQ i?2 2z2+i i?�i ρ rBHH �Hr�vb i2M/ iQ
BM+`2�b2 �b K2i?Q/b �`2 7QmM/ iQ /2i2+i K�ii2`X Ai rQmH/ #2 MB+2 iQ
FMQr i?2 �KQmMi Q7 K�ii2` BM BMi2`;�H�+iB+ bT�+2X Ai Bb T`2bmK�#Hv
H�`;2Hv BQMBx2/ #2+�mb2 i?2 `2+QK#BM�iBQM iBK2 Bb �#Qmi 1010 v2�`bX
U.mbi Bb 2t+22/BM;Hv `�`2XV 1MQm;? /mbi iQ �z2+i i?2 `2+QK#BM�iBQM
iBK2 rQmH/ K�F2 BMi2`;�H�+iB+ bT�+2 QT�[m2 iQ pBbB#H2 `�/B�iBQMX

6X P`B;BM Q7 i?2 1H2K2Mib �M/ �#mM/�M+2

h?2 `2+2Mi /2p2HQTK2Mib Ui?2 rQ`F Q7 6QrH2`- >QvH2- "m`#B/;2- �M/
*�K2`QM QM 2H2K2Mi ;2M2`�iBQM BM bi�`bV �`2 iQ #2 `2;�`/2/ �b �
;`2�i i`BmKT?X �++Q`/BM; iQ i?Bb i?2Q`v- 2H2K2Mib �`2 #2BM; ;2M2`@
�i2/ �i T`2b2Mi BM bi�`b i?�i �`2 b22M �i T`2b2Mi #v +�H+mH�#H2 Mm+H2�`
T`Q+2bb2bX h?2 K�bbBp2 bi�`b ?�p2 � b?Q`i2` HB72 �M/ b+�ii2` i?2K@
b2Hp2bX h?2v i?`Qr Qmi i?2B` K�ii2` +QMi�BMBM; 2H2K2Mib mT iQ i?2
62@;`QmTX h?Bb K�ii2` Bb +�m;?i BM Qi?2` bi�`b �M/ BM im`M +�Tim`2b
M2mi`QMb U#2+�mb2 Q7 i?2 H�`;2` +`Qbb@b2+iBQMV 7`QK HB;?i 2H2K2Mi `2@
�+iBQMb rBi?BM i?2 bi�`bX AM i?Bb r�v � bK�HH T`QTQ`iBQM Q7 ?2�pv
2H2K2Mib rBHH #2 #mBHi mTX Ai ?�b #22M TQbbB#H2 iQ ;Bp2 2tTH�M�iBQM
7Q` bQK2 Q7 i?2 /2i�BHb BM i?2 Mm+H2�` �#mM/�M+2 /B�;`�K @ �M 2t@
i`2K2Hv +QKTHB+�i2/ TB+im`2X � T�`iB+mH�` i`BmKT? rBi?BM i?Bb i?2Q@
`2iB+�H TB+im`2 Q7 2H2K2Mi #mBH/mT BM bi�`b Bb i?2 T`2/B+iBQM #v >QvH2
Q7 � *12 Mm+H2�` 2M2`;v H2p2H Ur?B+? r�b p2`B}2/ iQ 2tBbiVX � +QbKQ@
HQ;B+�H `2[mB`2K2Mi i?mb b2`p2/ �b � T`2/B+iBQM Q7 � Mm+H2�` T?vbB+b
2tT2`BK2MiX



Rke RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v

�++Q`/BM; iQ i?2 bi2�/v bi�i2 KQ/2H- i?2`2 Bb MQ M22/ iQ BK�;BM2
� T�`iB+mH�` bi�i2 Q7 K�ii2` r?B+? r�b /Bz2`2Mi BM i?2 T�biX �b i?2
7Q`K�iBQM Q7 i?2 2H2K2Mib Bb T`Q+22/BM; +QMiBMmQmbHv- i?2 Qp2`r?2HK@
BM; �#mM/�M+2 Q7 ?v/`Q;2M MQr BKTHB2b i?�i i?2 #mHF Q7 K�i2`B�H Bb
vQmM; 2MQm;? MQi iQ ?�p2 mM/2`;QM2 i?2b2 T`Q+2bb2bX AM Qi?2` KQ/@
2Hb Bi Bb M2+2bb�`v iQ �bbmK2 �HbQ i?�i i?2 K�i2`B�H Bb K�BMHv vQmM;-
Q` i?�i Bi ?�b #22M BM � MQM@`2�+iBp2 bi�i2 mMiBH `2+2MiHvX hQ bmTTQb2
i?�i bQK2 T`Q+2bb mM/B/ i?2 Mm+H2�` +QK#BM�iBQMb BK�;BM2/ �b ?�p@
BM; i�F2M TH�+2 T`2pBQmbHv Bb p2`v /B{+mHi �M/ `2[mB`2b +B`+mKbi�M+2b
bQ 7�` 7`QK i?Qb2 r2 FMQr i?�i bm+? bT2+mH�iBQM b22Kb mMT`Q}i�#H2X

.Bb+mbbBQM

"PL.A `2K�`F2/ i?�i q Bb MQi � Tm`2Hv ;2QK2i`B+ [m�MiBivX h?2 }`bi i?`22
p�Hm2b ;Bp2M UT�;2 RkjV BMpQHp2 i?2 mb2 Q7 i?2 }2H/ 2[m�iBQMb Q7 ;2M2`�H
`2H�iBpBiv �M/ i?2 +QMb2`p�iBQM Q7 K�ii2`X h?2 bi2�/v bi�i2 KQ/2H Bb ~�i
BM i?2 H�`;2X
"1GAL6�Lh1 BM[mB`2/ �#Qmi i?2 HQbb Q7 MmK#2` +QmMib #2+�mb2 Q7 �#@
bQ`TiBQM Q7 BMi2`;�H�+iB+ K�ii2`X
"PL.A `2THB2/ i?�i i?Bb +QmH/ �HKQbi #2 `mH2/ Qmi #2+�mb2 QM2 +QmH/ b22
bQ p2`v 7�` �M/ i?2 T?QiQ2H2+i`B+ K2�bm`2K2Mib Q7 "�mK BM/B+�i2 i?2`2
+�MMQi #2 iQQ Km+? �#bQ`TiBQM Qmi iQ i?2 HBKBib Q7 Q#b2`p�iBQMX
.A*E1 Q#b2`p2/ i?�i QM2 +QmH/ MQi b22 �Mvi?BM; #2vQM/ i?�i TQBMi �M/
`�Bb2/ i?2 [m2biBQM Q7 i?2 bB;MB}+�M+2 Q7 MmK#2` +QmMib rBi?Qmi ;QBM; BMiQ
`2/ b?B7iX
:PG. bi�i2/ i?�i i?2`2 2tBbi MQ ;QQ/ MmK#2` +QmMib bBM+2 R8 v2�`b �;Q-
�M/ i?2v /Q MQi /BbiBM;mBb? #2ir22M i?2 KQ/2HbX
"PL.A bi�i2/ i?2 �bi`QMQK2`b b�v i?2v +�MMQi ;2i bm+? MmK#2`b 2�bBHv
#2+�mb2 Q7 i?2 ;`2�i �++m`�+v `2[mB`2/ BM #`B;?iM2bb K2�bm`2K2Mib �M/
i?2 bi22TM2bb Q7 i?2 +m`p2 `2H�iBM; MmK#2` �M/ #`B;?iM2bbX
:PG. `2K�`F2/ i?�i i?2 [m2biBQM Q7 �#bQ`TiBQM Bb BKTQ`i�Mi #mi BM � r�v
i?2 Q#b2`p�iBQMb BM/B+�i2 Bi /Q2b MQi 2tBbi BM 7�+i iQ � bB;MB}+�Mi 2ti2MiX
"PL.A BM[mB`2/ r?�i 7`�+iBQM Q7 i?2 K�bb Q7 ;�H�+iB+ +Hmbi2`b Bb 2biBK�i2/
iQ #2 M2mi`�H ?v/`Q;2MX
:PG. `2THB2/ b2p2`�H iBK2b i?2 bi2HH�` K�bb2bX



RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v Rkd

.1 qAhh BM[mB`2/ �#Qmi r?�i ?�TT2Mb iQ i?2 2M2`;v@bi`2bb i2MbQ` r?B+?
Bb MQi +QMb2`p2/ BM i?2 bi2�/v@bi�i2 i?2Q`vX
"PL.A `2THB2/ i?�i i?2`2 Bb MQ +H2�`@+mi K�i?2K�iB+�H �M�HvbBbX h?2
�bbmKTiBQM Q7 i?2 bi2�/v bi�i2 i?2Q`v Bb � T?vbB+�H ?vTQi?2bBb 7`QK r?B+?
Bi Bb TQbbB#H2 iQ K�F2 T`2/B+iBQMb- p2`B}�#H2 #v Q#b2`p�iBQM- rBi?Qmi ;QBM;
BMiQ i?2 i2MbQ` +�H+mHmbX J+*`2� bm;;2bib i?2`2 Bb � x2`Q TQBMi i2MbBQM BM
i?2 p�+mmK r?B+? QM 2tT�MbBQM T`Q/m+2b Qmi;QBM; 2M2`;vX
.1 qAhh �bF2/ r?v T`QiQMb b?QmH/ #2 +?Qb2M �b i?2 2MiBiB2b r?B+? �`2
ǳ+`2�i2/ Qmi Q7 MQi?BM;XǴ aBM+2 i?2v �`2 �H`2�/v +QKTHB+�i2/ bi`m+im`2b-
r?v MQi ;Q �HH i?2 r�v �M/ mb2 ?2�pB2` Mm+H2BB @ bm+? �b 62 @ �b r2HH\ P`
Bb i?2 i?2Q`v iQ #2 +QMbB/2`2/ Tm`2Hv T?2MQK2MQHQ;B+�H\
:PG. b�B/ i?�i B7 �Mv KQ`2 #�bB+ ?2�pv T�`iB+H2b r2`2 iQ #2 K�/2 i?2v
rQmH/ 2M/ mT �b T`QiQMb �M/ ?2M+2 ?v/`Q;2M ;�bX hQ �bbmK2 i?2 +`2�iBQM
Q7 62 rQmH/ b22K p2`v �`iB}+B�H �M/ Bb BM 7�+i mMM2+2bb�`vX
"PL.A TQBMi2/ Qmi i?�i i?2 2pQHmiBQM�`v ?BbiQ`v Q7 �Mv ;�H�tv `2[mB`2/
i?2 T`2@2tBbi2M+2 Q7 K�ii2` �M/ BM i?2 bi2�/v bi�i2 KQ/2H i?Bb K2�Mb +QH/
?v/`Q;2M ;�b Bb i?2 bBKTH2bi ?vTQi?2bBb �M/ `2�bQM�#H2X
:PG. `2K�`F2/ i?�i QM2 Bb 7Q`+2/ iQ i?2 bmTTQbBiBQM Q7 i?2 +QKBM; BMiQ
#2BM; Q7 i?2 K�ii2` �Mvr�v- �b Bi +QmH/ MQi ?�p2 #22M �`QmM/ 7Q` �M BM@
/2}MBi2 T2`BQ/ rBi?Qmi ;QBM; BMiQ ?2�pB2` 2H2K2MibX
.1 qAhh b�B/ i?�i i?2 +`2�iBQM Q7 K�ii2` `2[mB`2/ i?2 2tBbi2M+2 Q7 bQK2
mMFMQrM /vM�KB+�H T`Q+2bb �b � T`2+m`bQ` iQ i?2 +`2�iBQM r?B+? 7Q`+2b i?2
T`Q/m+iBQM Q7 T`QiQMb `�i?2` i?�M bQK2i?BM; 2Hb2X
a*A�J� `2K�`F2/ i?�i �Mv 7mim`2 /2i�BH2/ 7Q`KmH�iBQM Q7 i?2 i?2Q`v
rQmH/ ?�p2 iQ �++QmMi 7Q` i?2 T`Q/m+iBQM Q7 T`QiQMbX
"1_:J�LL 2KT?�bBx2/ i?�i i?2 T`BM+BTH2 Q7 2[mBp�H2M+2 Q7 i?2 ;2M2`�H
i?2Q`v +�``B2/ rBi? Bi +2`i�BM /2i�BH2/ +QMb2[m2M+2b r?B+? BM+Hm/2b i?2
+QMb2`p�iBQM Q7 i?2 bi`2bb i2MbQ` r?B+? 7QHHQrb 7`QK i?2 +Qp�`B�M+2 �M/
�+iBQM T`BM+BTH2bX
"PL.A bi�i2/ i?�i r?�i QM2 ?�b Bb bQK2i?BM; r?B+? Bb BMi2`T`2i2/ �b
?�pBM; +QKTQM2Mib K2�bm`�#H2 BM i?2 7Q`K Q7 bi`2bbX
"1_:J�LL `2THB2/ i?�i r?�i2p2` Bi Bb r?B+? Bb +QMb2`p2/ Bb bi`2bb #v
/2}MBiBQMX A7 2tT�MbBQM �M/ +`2�iBQM Q++m` bBKmHi�M2QmbHv- bi`2bb +�M #2
+QMb2`p2/ QMHv #v ?�pBM; BM~mt Q7 K�ii2` �HQM; rBi? 2|mt bQ i?�i i?2
+QM+2Ti Q7 +`2�iBQM Bb bmT2`~mQmbX h?2 bi2�/v bi�i2 ?vTQi?2bBb `2[mB`2b
i`m2 +`2�iBQM r?B+? Bb � pBQH�iBQM Q7 bi`2bb +QMb2`p�iBQMX Ai Bb +QM+2Bp@



Rk3 RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v

�#H2 i?�i i?2 T`BM+BTH2 Q7 2[mBp�H2M+2 �M/ i?2 �+iBQM T`BM+BTH2 K�v `2[mB`2
KQ/B}+�iBQM 7`QK i?2 Qi?2` TQBMi Q7 pB2rX

SA_�LA T`QTQb2/ i?�i QM2 2MpBb�;2 � .B`�+ ivT2 /Bbi`B#miBQM Q7 bi�i2b
r?B+? +QMi`B#mi2/ iQ i?2 2M2`;v i2MbQ` �M/ +QM/2Mb2/ BMiQ i?2 T`QiQMb �i
i?2 `2[mB`2/ `�i2X

"1_:J�LL b�B/ i?Bb +QmH/ MQi H2�/ iQ bi2�/v bi�i2X

SA_�LA b�B/ Bi +QmH/X

:PG. TQBMi2/ Qmi i?�i B7 +`2�iBQM Bb /2MB2/ +m``2MiHv- Bi +�MMQi #2 K�BM@
i�BM2/ 7Q` i?2 T�bic �M/ i?Bb Bbbm2 +�MMQi #2 �pQB/2/ QM �Mv i?2Q`vX

"1_:J�LL bi�i2/ i?�i ?2 /B/ MQi 7�pQ` i?2 2tTHQbBQM ?vTQi?2bBb 2Bi?2`X

a*A�J� 72Hi i?�i i?2 +QMb2`p�iBQM 2[m�iBQMb �b MQr FMQrM �`2 BMi2`@
T`2i2/ iQQ b2`BQmbHvX PM2 +QmH/ /2pBb2 � KQ`2 +QKTHB+�i2/ i?2Q`v rBi?
+QMb2`p�iBQM 2[m�iBQMb �`BbBM; 7`QK B/2MiBiB2bX h?2 2ti`� p�`B�#H2 BM bm+?
� i?2Q`v +QmH/ �HHQr 7Q` +`2�iBQMX

q>11G1_ iQQF i?2 TQBMi Q7 pB2r i?�i QM2 b?QmH/ MQi ;Bp2 mT �++2Ti2/
B/2�b Q7 rB/2 �TTHB+�#BHBiv bm+? �b ;2M2`�H `2H�iBpBiv #mi b?QmH/ BMp2biB;�i2
i?2K +QKTH2i2HvX h?2 irQ i?BM;b H27i BM [m2biBQM �`2 i?2 2tT�MbBQM �M/ i?2
+`2�iBQM Q7 2H2K2MibX h?2 }`bi /Q2b MQi �TT2�` iQ +�mb2 �Mv /B{+mHiv BM
;2M2`�H `2H�iBpBiv i?2Q`vX >v/`Q;2M +�M #2 +`2�i2/ Qmi Q7 ?2�pv 2H2K2Mib
#v i?2 `2�+iBQM Q7 K�ii2` BM bi�`bX h?Bb T`Q+2bb +QMiBMm2/ bm{+B2MiHv 7�`
rBHH ;2i QM2 /QrM iQ i?2 �#bQHmi2 x2`Q Q7 i2KT2`�im`2X h?2`2 Bb � r2HH
/2}M2/ bi�i2 Q7 �#bQHmi2 x2`Q �M/- BM i?2 #2;BMMBM;- 7Q` MQi iQQ ;`2�i
� K�bb- QM2 ?�b B`QMX A7 i?2 K�bb Bb iQQ ;`2�i- i?2 +QKTQbBiBQM Q7 i?2
BMi2`BQ` Bb Tmb?2/ BMiQ M2mi`QMbX � M2mi`QM +Q`2 bi�` mM/2`;QBM; 2tTHQbBQMb
rBHH i?`Qr H�`;2 [m�MiBiB2b Q7 M2mi`QM@`B+? K�ii2` BMiQ bT�+2 r?B+? vB2H/b
?v/`Q;2MX

:PG. [m2biBQM2/ r?2i?2` bm+? � T`Q+2bb +QmH/ vB2H/ NN% ?v/`Q;2M �M/
?2HBmKX

q>11G1_ `2THB2/ i?�i MQ /2i�BH2/ +�H+mH�iBQM ?�/ #22M K�/2 #mi rQmH/
MQi b�v i?�i Bi +QmH/ MQi #2 2tTH�BM2/ rBi?BM i?2 T`2b2Mi 7`�K2rQ`F Q7
�++2Ti2/ B/2�bX

"1_:J�LL BM[mB`2/ �#Qmi i?2 i?2`KQ/vM�KB+ �M�HvbBb Q7 i?2 M2mi`QM
+Q`2 KQ/2H H2�/BM; iQ i?2 ?v/`Q;2M +HQm/b 7`QK i?2 TQBMi Q7 pB2r Q7 2M@
i`QTvX



RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v RkN

q>11G1_ b�B/ i?�i BMBiB�HHv Bi Bb � M2mi`QM bBim�iBQM �i �#bQHmi2 x2`Q
mM/2` ?B;? T`2bbm`2X
"PL.A +QKK2Mi2/ QM i?2 7�+i i?�i 1BMbi2BMǶb T`QTQb�H Q7 i?2 *QbKQHQ;@
B+�H S`BM+BTH2 9y v2�`b �;Q Q++m``2/ �i � iBK2 rBi?Qmi FMQrH2/;2 Q7 i?2
;�H�tB2bX h?2 2ti2MbBQM Q7 i?2 `�M;2 Q7 Q#b2`p�iBQM #v `�/BQ �M/ QTiB+�H
K2�Mb ?�b b?QrM i?�i � ?QKQ;2M2Qmb bvbi2K Q#2vBM; i?2 *QbKQHQ;B+�H
S`BM+BTH2 /2K�M/b i?2 /Bbi�M+2 pbX `2+2bbBQM@p2HQ+Biv `2H�iBQM �++Q`/BM;
iQ J+*`2� �M/ JBHM2X h?2 #Q/v Q7 2pB/2M+2 BM bmTTQ`i Q7 i?2 *QbKQHQ;B@
+�H S`BM+BTH2 K�F2b Bi �M �biQmM/BM; T`2/B+iBQM- KQ`2 bi`BFBM;- BM � b2Mb2-
i?�M i?Qb2 Q7 ;2M2`�H `2H�iBpBiv
q>11G1_ `2K�`F2/ i?�i 1BMbi2BM b�B/ �HbQ i?�i bvKK2i`B+ KQiBQMb b�v
MQi?BM; �#Qmi H�rb Q7 KQiBQMX q?�i Bb bBKTH2 BM T?vbB+b �`2 i?2 H�rb Q7
KQiBQM �M/ MQi i?2 KQiBQMb i?2Kb2Hp2b �b- 7Q` 2t�KTH2 i?2 bBim�iBQM BM
?v/`Q/vM�KB+b rBi? im`#mH2M+2X h?2 *QbKQHQ;B+�H S`BM+BTH2 Bb MQi BM i?2
b�K2 +�i2;Q`v �b Qi?2` T?vbB+�H H�rb #2+�mb2 Bi Bb MQi � 7mM/�K2Mi�H H�rX
"PL.A b�B/ Bib 7mM/�K2Mi�H +?�`�+i2` K�v #2 /2#�i�#H2 #mi MQi Bib bm+@
+2bbX
1_Lah [m2biBQM2/ B7 � bi2�/v@bi�i2 i?2Q`Bbi rQmH/ /`QT i?2 ;2M2`�HBx2/
*QbKQHQ;B+�H S`BM+BTH2 B7 Q#b2`p�iBQMb /B/ MQi }i i?2 bi2�/v@bi�i2 i?2Q`vX
"PL.A `2THB2/- ǳGBF2 � ?Qi #`B+FXǴ
1_Lah +QMiBMm2/ rBi? i?2 bi�i2K2Mi i?�i i?Bb rQmH/ T2`7Q`+2 H2�p2 QMHv
i?2 bi`2bb@i2MbQ` �M/ �bF2/ r?2`2 +QmH/ QM2 ;Q 7`QK i?2`2X
"PL.A b�B/ ?2 rQmH/ /`QT i?2 bm#D2+iX
:PG. `2K�`F2/ i?�i i?2 bi2�/v@bi�i2 i?2Q`v Bb +2`i�BMHv bm++2bb7mH BM i?2
bB7iBM; Q7 Q#b2`p�iBQM�H /�i�X



Rjy RkX J2�bm`�#H2 Zm�MiBiB2b �M/ Zm2biBQMb Q7 *QbKQHQ;v

6B;m`2 RkXR, J�T b?QrBM; i?2 /Bbi`B#miBQM Q7 `�/BQ bQm`+2b BM ;�H�+iB+ +Q@
Q`/BM�i2bX h?2 QT2M +B`+H2b `2T`2b2Mi i?2 bQm`+2b Q7 H�`;2 �M@
;mH�` /B�K2i2`- �M/ BM #Qi? +�b2b i?2 bBx2b BM/B+�i2 i?2 ~mt
/2MbBiv Q7 i?2 bQm`+2b



*?�Ti2` Rj
_�/BQ �bi`QMQKB+�H J2�bm`2K2Mib Q7 AMi2`2bi iQ *Qb@
KQHQ;v
�X 1X GBHH2v

qBi? i?2 /Bb+Qp2`v Q7 `�/BQ `�/B�iBQM Q7 ;�H�+iB+ Q`B;BM BM RNjk #v E�`H
C�MbFv- i?Bb M2r b+B2M+2 Q7 `�/BQ �bi`QMQKv ?�b `�TB/Hv K�im`2/ �M/ �H@
`2�/v ?�b T`Q/m+2/ K2�bm`2K2Mib r?B+? �`2 Q7 BMi2`2bi iQ +QbKQHQ;BbibX
h?Bb �7i2`MQQM r2 b?�HH i�F2 mT b2p2`�H Q7 i?2b2- �M/ BM T�`iB+mH�` /Bb+mbb
i?Qb2 `�/BQ �bi`QMQKB+�H K2�bm`2K2Mib r?B+? ?�p2 Q` K�v T`Q/m+2 /�i�
Q7 [m�MiBi�iBp2 bB;MB}+�M+2 7Q` +QbKQHQ;Bbibc ?Qr2p2`- #27Q`2 2t�KBMBM;
i?2b2 K2�bm`2K2Mib BM /2i�BH- H2i mb `2pB2r #`B2~v i?2 �TT2�`�M+2 Q7 i?2
`�/BQ bFv �b 2pB/2M+2/ #v i?2 `�/BQ /�i�X q2 K�v +QMp2MB2MiHv /BpB/2 i?2
`�/BQ `�/B�iBQM BMiQ irQ +QKTQM2Mib, i?�i Q`B;BM�iBM; 7`QK �M �TT�`2MiHv
+QMiBMmQmbHv /Bbi`B#mi2/ bQm`+2 �M/ i?�i Q`B;BM�iBM; 7`QK /Bb+`2i2 bQm`+2b-
i?2 bQ@+�HH2/ `�/BQ bi�`bX h?2 +QMiBMmQmb `�/B�iBQM }2H/ /BbTH�vb � /Bbi`B@
#miBQM QM i?2 +2H2biB�H bT?2`2 r?B+? +QM+2Mi`�i2b Bib2H7 iQr�`/ i?2 TH�M2
Q7 i?2 JBHFv q�vX Ai `2�+?2b K�tBKmK BMi2MbBiv BM i?2 a�;Bii�`Bmb `2;BQM-
r?B+? +QMi�BMb i?2 Mm+H2mb Q7 Qm` ;�H�tvX h?2 p�`B�iBQM Q7 BMi2MbBiv rBi?
r�p2H2M;i? Bb bm+? i?�i i?2 HQM;2` i?2 r�p2H2M;i? i?2 ;`2�i2` i?2 Q#b2`p2/
BMi2MbBivX h?Bb `�/B�iBQM +QKTQM2Mi i?2`27Q`2 Bb Q7 MQM@i?2`K�H Q`B;BMX am@
T2`BKTQb2/ QM i?2 +QMiBMmQmb `�/B�iBQM }2H/ �`2 i?2 `�/BQ bi�`bX Ai Bb i?2
�M�Hvb2b Q7 i?2 `�/BQ bi�` bim/B2b r?B+? ?�p2 #22M K�/2 iQ /�i2 r?B+? r2
b?�HH +QMbB/2` }`bi �b QM2 2t�KTH2 Q7 `�/BQ �bi`QMQKB+�H K2�bm`2K2Mi Q7
+QbKQHQ;B+�H BMi2`2biX

1ti2MbBp2 bm`p2vb ?�p2 #22M K�/2 Q7 `�/BQ bi�`b- �M/ i?2b2 bm`p2vb
+QMiBMm2 +m``2MiHvX h?2 bm`p2v /�i� T`Q/m+2 TQbBiBQMb �M/ �TT�`2Mi BM@
i2MbBiB2b Q7 i?2 `�/BQ bi�`bX �TT`QtBK�i2Hv k-yyy /Bb+`2i2 bQm`+2b ?�p2
#22M Q#b2`p2/ rBi? +m``2Mi BMbi`mK2MibX h?Bb MmK#2` rBHH mM/Qm#i2/Hv
BM+`2�b2 �b BMbi`mK2Mi�iBQM BKT`Qp2bX

A7 r2 �bbmK2 i?�i i?2 `�/BQ bQm`+2b ?�p2 � +QMbi�Mi HmKBMQbBiv- Q`-
Q#2v bQK2 `2;mH�` HmKBMQbBiv 7mM+iBQM r?B+? /Q2b MQi p�`v rBi? /Bbi�M+2-
i?2 /Bbi`B#miBQM Q7 `�/BQ bQm`+2b i?`Qm;?Qmi i?2 Q#b2`p�#H2 mMBp2`b2 K�v
#2 BM72``2/ 7`QK i?2 bm`p2v /�i�X q2 K�v r`Bi2 /QrM ?Qr i?2 MmK#2`



Rjk RjX _�/BQ �bi`QMQKB+�H J2�bm`2K2Mib Q7 AMi2`2bi iQ *QbKQHQ;v

Q7 Q#b2`p2/ `�/BQ bQm`+2b T2` mMBi bQHB/ �M;H2 rBHH BM+`2�b2 rBi? /2+`2�bBM;
�TT�`2Mi BMi2MbBiv B7 QM2 Bb pB2rBM; � mMBp2`b2 ?�pBM; �M BbQi`QTB+ /Bbi`B@
#miBQMX h?2 MmK#2` Q7 Q#b2`p2/ bQm`+2b ?�pBM; �M BMi2MbBiv ;`2�i2` i?�M
I Bb THQii2/ �;�BMbi BMi2MbBiv �M/ i?2 `2bmHiBM; +m`p2 Bb +QKT�`2/ rBi? i?2
+m`p2 r?B+? rQmH/ `2bmHi 7`QK �M BbQi`QTB+ /Bbi`B#miBQMX PM � logN p2`bmb
log I THQi- �M BbQi`QTB+ /Bbi`B#miBQM rQmH/ T`Q/m+2 � bi`�B;?i HBM2 ?�pBM; �
bHQT2 Q7 −3/2X

ż Extended Sources  b > 12°,    (b)

Ɣ Sources of small angular diameter, (a)

∆ Extended Sources  b<12°,   (c)
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6B;m`2 RjXR, *m`p2b Q7 logN �;�BMbi log I- r?2`2 N Bb i?2 MmK#2` Q7 bQm`+2b
T2` mMBi bQHB/ �M;H2 ?�pBM; � ~mt /2MbBiv ;`2�i2` i?�M IX



RjX _�/BQ �bi`QMQKB+�H J2�bm`2K2Mib Q7 AMi2`2bi iQ *QbKQHQ;v Rjj

_vH2 �M/ a+?2m2` Q7 *�K#`B/;2 �M�Hvx2/ i?2 }`bi bm+? bm`p2v /�i�
r?B+? BMpQHp2/ � bi�iBbiB+�HHv bB;MB}+�Mi b�KTH2 Q7 `�/BQ bQm`+2bX h?2 bHB/2
b?Qrb i?2 Q#b2`p2/ /Bbi`B#miBQM Q7 `�/BQ bQm`+2b Qp2` i?2 bFv /BbTH�v2/ BM
;�H�+iB+ +QQ`/BM�i2bX h?2 +B`+mH�` `2;BQM BM r?B+? MQ `�/BQ bi�`b �TT2�`
Bb bBKTHv i?2 `2;BQM BM�++2bbB#H2 iQ Q#b2`p�iBQMX h?2 M2ti bHB/2 r?B+? Bb-
�b i?2 }`bi- i�F2M 7`QK i?2 rQ`F Q7 i?2 *�K#`B/;2 ;`QmT- /BbTH�vb i?2
logN p2`bmb log I #2?�pBQ` Q7 i?2 /�i�X uQm rBHH MQi2 i?�i �b i?2 /�i�
T`Q+22/ iQr�`/ /2+`2�bBM; BMi2MbBiv- i?2 �+im�H THQi b?Qrb i?�i i?2`2 Bb �M
�TT�`2Mi �++mKmH�iBQM Q7 `�/BQ bi�`b r?B+? Bb KQ`2 `�TB/ i?�i QM2 rQmH/
2tT2+i 7`QK �M BbQi`QTB+ /Bbi`B#miBQMX h?2 BMi2`T`2i�iBQM TH�+2/ mTQM i?2
Q#b2`p2/ +m`p2 #v i?2 *�K#`B/;2 ;`QmT bm;;2bib i?�i i?2`2 Bb �M BM+`2�bBM;
/2MbBiv Q7 `�/BQ bi�`b rBi? BM+`2�bBM; /Bbi�M+2 7`QK i?2 M2B;?#Q`?QQ/ Q7
Qm` ;�H�tvX

h?Bb rBHH bm;;2bi /2T�`im`2b 7`QK �M BbQi`QTB+ �M/ mMB7Q`K mMBp2`b2
�M/ i?2 `2bmHib- B7 p�HB/- �`2 MQi +QMbBbi2Mi rBi? � bi2�/v@bi�i2 mMBp2`b2X
>Qr2p2`- i?2 BMi2`T`2i�iBQM Q7 i?Bb +m`p2 ?�b #22M /Bb+mbb2/ #v "QHiQM-
r?Q ?�b bm;;2bi2/ i?�i r?2M QM2 ?�b Q#b2`p�iBQM�H 2``Q`b r?B+? BM+`2�b2
rBi? /2+`2�bBM; BMi2MbBiv- 2p2M �M BbQi`QTB+ /Bbi`B#miBQM +�M T`Q/m+2 �
+m`p2 Q7 i?2 7Q`K b?QrM BM i?2 bHB/2X

AM �//BiBQM iQ i?2 BMi2`T`2i�iBp2 /B{+mHiv TQBMi2/ Qmi #v "QHiQM- Q#@
b2`p�iBQM�H +QM~B+i MQr 2tBbibX � bBKBH�` Q#b2`p�iBQM�H bm`p2v ?�b #22M
+QM/m+i2/ #v JBHHb BM �mbi`�HB� rBi? � /Bz2`2Mi ivT2 Q7 �Mi2MM� bvbi2Kc
�M/ i?Bb bvbi2K �HbQ TQbb2bb2b � ;`2�i2` b2MbBiBpBiv i?�M i?2 *�K#`B/;2
BMbi`mK2Mi�iBQMX q?2`2 i?2 bm`p2vb Q7 i?2 �mbi`�HB�M �M/ *�K#`B/;2
rQ`F2`b Qp2`H�T- �M/ r?2`2 � /2i�BH2/ BMi2`+QKT�`BbQM +�M #2 K�/2- i?2
�;`22K2Mi #2ir22M i?2 b2T�`�i2 bm`p2vb ?�b #22M /Bb�TTQBMiBM;X AM �//B@
iBQM- i?2 logN p2`bmb log I �M�HvbBb #v JBHHb b?Qrb MQ bB;MB}+�Mi /2T�`im`2
7`QK i?2 −3/2 +m`p2 mMiBH i?2 �TT`QtBK�i2 b2MbBiBpBiv HBKBi Bb `2�+?2/
r?2`2 i?2 +m`p2 /Q2b /BbTH�v bQK2 BM+`2�b2c ?Qr2p2`- i?Bb 7�BMi HBKBi BM@
+`2�b2 Bb p2`v bm;;2biBp2 Q7 i?2 2z2+i TQBMi2/ Qmi #v "QHiQMX

h?mb- i?2 �M�HvbBb Q7 `�/BQ bi�` /�i� BM [m2bi Q7 i?2B` /Bbi`B#miBQM
i?`Qm;?Qmi bT�+2 ?�b `2bmHi2/ BM Q#b2`p�iBQM�H +QM~B+iX aBM+2 i?Bb iQTB+
Bb Q7 +QMbB/2`�#H2 BMi2`2bi iQ i?2 M2ti bT2�F2`- .`X :QH/- A rBHH H2�p2 Bib
7m`i?2` /Bb+mbbBQM iQ ?BKX

G2i mb MQr /Bb+mbb b2p2`�H TQbbB#H2 K2�bm`2K2Mib r?B+? +�M #2 K�/2
#v 2KTHQvBM; KB+`Qr�p2 bT2+i`�H HBM2b r?B+? Q`B;BM�i2 BM i?2 ;�b2b r?B+?
+QKTQb2 i?2 BMi2`bi2HH�` K2/BmKX �Hi?Qm;? Qi?2`b �`2 2tT2+i2/- QMHv QM2
bm+? HBM2 ?�b #22M bm++2bb7mHHv /2i2+i2/ �M/ bim/B2/ iQ /�i2 @ i?2 ?vT2`@
}M2 i`�MbBiBQM Q`B;BM�iBM; BM i?2 ;`QmM/@bi�i2 Q7 �iQKB+ ?v/`Q;2MX h?Bb
i`�MbBiBQM Q++m`b BM i?2 KB+`Qr�p2 /QK�BM M2�` � r�p2 H2M;i? Q7 kR +KX



Rj9 RjX _�/BQ �bi`QMQKB+�H J2�bm`2K2Mib Q7 AMi2`2bi iQ *QbKQHQ;v

�b i?2 }`bi bm`p2vb Q7 i?Bb `�/B�iBQM BM Qm` ;�H�tv r2`2 M2�`BM; +QKTH2@
iBQM- +QMbB/2`�iBQM r�b ;Bp2M iQ i?2 TQbbB#H2 #2?�pBQ` Q7 i?2 bT2+i`�H HBM2
T`Q}H2 BM /B`2+iBQMb r?B+? +QMi�BM `�/BQ bi�`bX �Hi?Qm;? i?2 HBM2 T`2/QKB@
M�MiHv �TT2�`b BM 2KBbbBQM /Bbi`B#mi2/ �`QmM/ i?2 ;�H�+iB+ TH�M2- i?2 }`bi
Q#b2`p�iBQMb BM `�/BQ bi�` /B`2+iBQMb `2p2�H2/ i?2 HBM2 BM �#bQ`TiBQMX

�M �M�HvbBb Q7 i?2 �#bQ`TiBQM 2z2+i b?Qrb i?2 �#bQ`TiBQM bim/B2b iQ
#2 2ti`2K2Hv ?B;? `2bQHmiBQM BMp2biB;�iBQMb Q7 i?2 BMi2`bi2HH�` ;�bX JBMBK�H
/Bbi�M+2b iQ `�/BQ bi�`b �M/ Q#b2`p�iBQMb Q7 bK�HH@b+�H2 im`#mH2Mi bi`m+im`2
Q7 i?2 BMi2`bi2HH�` K2/BmK r2`2 2�`Hv +QMb2[m2M+2b Q7 i?2 �#bQ`TiBQM bim/@
B2bX h?2 �#BHBiv Q7 i?2 �#bQ`TiBQM 2z2+i iQ K�F2 2ti`2K2Hv ?B;? `2bQHmiBQM
bim/B2b Q7 i?2 BMi2`bi2HH�` K2/BmK rBHH T`Q#�#Hv T`Qp2 KQ`2 p�Hm�#H2 i?�M
miBHBx�iBQM Q7 i?2 /�i� 7Q` K2�bm`2K2Mi Q7 `�/BQ bi�` /Bbi�M+2bX

h?2 �#bQ`TiBQM HBM2b T`Q/m+2/ BM i?2 +QMiBMmmK Q7 `�/BQ bi�`b �`2
b2MbBiBp2 iQ i?2 bBx2 Q7 i?2 �Mi2MM� r?B+? pB2rb i?2 ;�b2Qmb �bb2K#HvX "v
2KTHQvBM; H�`;2` �Mi2MM�b �M/ HQQFBM; 7Q` �#bQ`TiBQM HBM2b BM i?2 bT2+i`�
Q7 i?2 `�/BQ bi�`b- r2 mHiBK�i2Hv ?QT2 iQ Q#b2`p2 Qi?2` ;�b2Qmb +QKTQ@
M2Mib Q7 i?2 BMi2`bi2HH�` K2/BmKX � i`�MbBiBQM BM /2mi2`BmK �i � 7`2[m2M+v
Q7 jkd K+ �M/ BM i?2 ?v/`QtvH `�/B+�H �i � 7`2[m2M+v Q7 Reed K+ �`2 2t@
�KTH2b Q7 M2r HBM2b r?B+? K�v mHiBK�i2Hv #2 /2i2+i2/ #v H�`;2` `�/BQ
i2H2b+QT2bX qBi? i?2 /2p2HQTK2Mi Q7 � M2r ivT2 Q7 KB+`Qr�p2 `2+2Bp2` Q7
p�biHv BKT`Qp2/ b2MbBiBpBiv- i?2 bQ@+�HH2/ bQHB/@bi�i2 K�b2`- r2 K�v +QM@
}/2MiHv 2tT2+i /2i2+iBQM Q7 Qi?2` ;�b2Qmb +QKTQM2Mib BM i?2 BMi2`bi2HH�`
K2/BmKX q?2M bm+? HBM2b �`2 /2i2+i2/- `�/BQ �bi`QMQKv rBHH T`QpB/2 �
72r MmK#2`b BM i?2 i�#H2b Q7 +QbKB+ �#mM/�M+2X

P7 +QMbB/2`�#H2 BMi2`2bi iQ +QbKQHQ;Bbib Bb i?2 bBx2 Q7 i?2 Q#b2`p�#H2
b�KTH2 mMBp2`b2X G2i mb #`B2~v +QKT�`2 i?2 bBx2 Q7 i?2 mMBp2`b2 �p�BH�#H2 iQ
`�/BQ �bi`QMQKB+�H K2�bm`2K2Mib rBi? i?2 bBx2 �p�BH�#H2 7Q` QTiB+�H 2t�K@
BM�iBQMX hrQ #BHHBQM HB;?i v2�`b K�v #2 i�F2M �b � K2�bm`2 Q7 i?2 HBKBiBM;
/Bbi�M+2 �i r?B+? Q#D2+ib �`2 /2i2+i�#H2 #v i?2 >�H2 200 ′′ i2H2b+QT2X h?Bb
Bb � K2�bm`2 Q7 i?2 HBKBiBM; /Bbi�M+2 rBi?Qmi 2H2+i`QMB+ �B/bX q2 K�v
+QKT�`2 i?2 QTiB+�H k #BHHBQM HB;?i v2�` };m`2 rBi? � ?vTQi?2iB+�H `�/BQ
+�b2X _2bi`B+iBM; Qm` �ii2MiBQM iQ i?2 /2i2+iBQM Q7 `�/BQ ~mt UM2;H2+iBM; 7Q`
i?2 KQK2Mi `2/ b?B7i +Q``2+iBQMbV � 150 ′ /B�K2i2` T�`�#QHB+`�/BQ i2H2b+QT2
2[mBTT2/ rBi? � +QMp2MiBQM�H KB+`Qr�p2 `2+2Bp2` +QmH/ /2i2+i � `�/BQ bi�`
Q7 i?2 *v;Mmb � ivT2 �i � /Bbi�M+2 Q7 3 #BHHBQM HB;?i v2�`bX A7 i?2 150 ′ �M@
i2MM� r2`2 2[mBTT2/ rBi? � bQHB/@bi�i2 K�b2`- i?2 K�b2` rQmH/ Qp2`+QK2
bQK2 Q7 i?2 `2/@b?B7i ~mt `2/m+iBQM �M/ 7`mBi7mH K2�bm`2K2Mib +QmH/ #2
K�/2 �i /Bbi�M+2b bB;MB}+�MiHv #2vQM/ i?2 `�M;2 Q7 k #BHHBQM HB;?i v2�`bX

�MQi?2` iQTB+ Q7 BMi2`2bi iQ +QbKQHQ;Bbib �M/ Q7 BMi2`2bi iQ rQ`F2`b
2KTHQvBM; i?2 ?v/`Q;2M HBM2 Bb i?2 TQbbB#H2 2tBbi2M+2 Q7 ?v/`Q;2M ;�b BM
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i?2 BMi2`;�H�+iB+ K2/BmKX lM7Q`imM�i2Hv- i?2 BMi2`;�H�+iB+ ;�b Bb T`Q#�#Hv
BQMBx2/- �M/ i?2 iBK2 7Q` `2+QK#BM�iBQM Bb 2tT`2bb2/ BM #BHHBQMb Q7 v2�`bX
>Qr2p2`- Bi Bb Q7 BMi2`2bi iQ �bF r?�i /2MbBiv +QmH/ #2 /2i2+i2/ BM i?2
BMi2`;�H�+iB+ K2/BmK B7 Bi r2`2 M2mi`�H 7Q`KX q2 rQmH/ b2�`+? 7Q` �M
�#bQ`TiBQM HBM2 BM i?2 bT2+i`mK Q7 �M 2ti`�;�H�+iB+ `�/BQ bQm`+2X h?2
KBMBKmK /2i2+i�#H2 /2MbBiv Bb Q7 i?2 Q`/2`

ρ igm ∼ 3×10−11 TS∆TminH
TA

r?2`2 H Bb >m##H2Ƕb +QMbi�Mi- ∆Tmin Bb i?2 b2MbBiBpBiv HBKBi Q7 i?2 KB+`Qr�p2
`�/BQK2i2`- TS Bb i?2 bi�i2 i2KT2`�im`2 Q7 i?2 BMi2`;�H�+iB+ ;�b �M/ TA Bb
i?2 �Mi2MM�i2KT2`�im`2 Q7 i?2 2ti`�;�H�+iB+ bQm`+2X h�FBM; �b �M 2t�KTH2
i?2 150 ′ �Mi2MM� 2[mBTT2/ rBi? � bQHB/ bi�i2 K�b2` �M/ mbBM; i?2 *v;Mmb
� bQm`+2 �b � i2bi Q#D2+i- i?2 +Q``2bTQM/BM; KBMBKmK /2i2+i�#H2 /2MbBiv
Bb �#Qmi 3× 10−33 TS ;Kf+K3X h?Bb MmK#2` `272`b QMHv iQ i?2 mMBQMBx2/
+QKTQM2Mi UB7 �MvV BM i?2 BMi2`;�H�+iB+ K2/BmKX

Ai �HbQ `272`b iQ �p2`�;2 `2;BQMb Q7 BMi2`;�H�+iB+ bT�+2 r?B+? �`2 r2HH
`2KQp2/ 7`QK `B+? +Hmbi2`b Q7 ;�H�tB2bX h?2 /2MbBiv Q7 K�i2`B�H /Bbi`B#miBQM
BM i?2 +QM}M2b Q7 `B+? +Hmbi2`b Q7 ;�H�tB2b +QmH/ MQi #2 `2;�`/2/ �b BM/B+�@
iBp2 Q7 i?2 �p2`�;2 K2�M /2MbBiv i?`Qm;?Qmi BMi2`;�H�+iB+ bT�+2X >Qr2p2`-
i?2 +QMi`B#miBQM iQ i?2 �p2`�;2 /2MbBiv #v i?2 +Hmbi2`b Bb KQbi BKTQ`i�Mi-
�M/ K2�bm`2b Q7 i?2 +Hmbi2` K�bb2b �`2 `2[mB`2/X

>22b+?2M ?�b bm++22/2/ BM /2i2+iBM; 2KBbbBQM 7`QK ?v/`Q;2M ;�b BM
i?2 *QK� +Hmbi2` Q7 ;�H�tB2bX h?Bb Bb T`2bmK�#Hv ;�b2Qmb 2KBbbBQM 7`QK
i?2 ǳ+Hmbi2` K2/BmKXǴ h?2 2KBbbBQM `2bmHib BM/B+�i2 i?�i i?2 ;�b2Qmb K�bb
Q7 i?2 +Hmbi2` K2/BmK Bb Q7 i?2 Q`/2` 1/3 i?2 iQi�H K�bb Q7 i?2 +Hmbi2`X
J2�bm`2K2Mib Q7 kR +K 2KBbbBQM 7`QK +Hmbi2`b Q7 ;�H�tB2b K�v `2pBb2 �M/
bi`2M;i?2M Qm` 2biBK�i2b Q7 i?2 K2�M /2MbBiv Q7 K�i2`B�H BM i?2 mMBp2`b2X

6BM�HHv- r2 b?�HH i�F2 mT i?2 K2�bm`2K2Mi Q7 i?2 `2/ b?B7ib Q7 2t@
i`�;�H�+iB+ Q#D2+ib #v `�/BQ i2+?MB[m2bX h?2 B/2MiB}+�iBQM #v "��/2 �M/
JBMFQrbFB Q7 i?2 *v;Mmb � `�/BQ bi�` �b � T�B` Q7 ;�H�tB2b BM +QHHBbBQM
T`Q/m+2 � bi`QM; Qmi@TQm`BM; Q7 `�/BQ 2M2`;vX h?2 `�/BQ BMi2MbBiv Q7 i?2
;�H�tB2b BM +QHHBbBQM Bb 2M?�M+2/ #v � 7�+iQ` Q7 i?2 Q`/2` 108 +QKT�`2/ iQ
i?2 MQ`K�H `�/BQ BMi2MbBiv Q7 BbQH�i2/ ;�H�tB2bX AM bm+? +QHHB/BM; ;�H�tB2b-
Bi Bb TQbbB#H2 i?�i T2`BT?2`�H ;�b2b MQi v2i BMpQHp2/ BM i?2 +QHHBbBQM +QMi�BM
�iQKB+ ?v/`Q;2M ;�bX h?Bb ;�b rQmH/ �#bQ`# T�`i Q7 i?2 `�/BQ +QMiBMmmK
Q`B;BM�iBM; BM i?2 +QHHBbBQM�H xQM2 i?2`2#v T`Q/m+BM; �M �#bQ`TiBQM HBM2 BM
i?2 +QMiBMmQmb bT2+i`mKX h?2 QTiB+�H bim/B2b Q7 "��/2 �M/ JBMFQrbFB
b?Qr2/ i?�i i?2 *v;Mmb � bvbi2K ?�b � `2/ b?B7i BM/B+�iBM; � `2+2bbBQM�H
p2HQ+Biv Q7 �TT`QtBK�i2Hv Rd-yyy FKfb2+X h?2 +Q``2bTQM/BM; b?B7i Q7 i?2



Rje RjX _�/BQ �bi`QMQKB+�H J2�bm`2K2Mib Q7 AMi2`2bi iQ *QbKQHQ;v

?v/`Q;2M HBM2 rQmH/ #2 � /2+`2�b2 Q7 �#Qmi 3R K+ 7`QK i?2 `2bi 7`2[m2M+v
Q7 R9ky K+X h?Bb HBM2 r�b bQm;?i �M/ 7QmM/ #v BMp2biB;�iQ`b �i i?2 L�p�H
_2b2�`+? G�#Q`�iQ`v BM q�b?BM;iQM- r?Q mb2/ � 8yǶ �Mi2MM�X �Hi?Qm;?
i?Bb }`bi K2�bm`2K2Mi r�b +`m/2- Bi `2p2�H2/ i?�i i?2 KB+`Qr�p2 .QTTH2`
/BbTH�+2K2Mi r�b- rBi?BM i?2 HBKBib BKTQb2/ #v 2tT2`BK2Mi�H 2``Q`- B/2M@
iB+�H 7Q` QTiB+�H �M/ KB+`Qr�p2 /2i2`KBM�iBQMbX h?Bb Bb r?�i i?2 `2bmHi
Kmbi #2 B7 i?2 mMBp2`b2 Bb 2tT�M/BM;X

qBi? i?2 BM+`2�bBM; /Bbi�M+2b �p�BH�#H2 7Q` Q#b2`p�iBQM BM `�/BQ �b@
i`QMQKv- i?2 TQbbB#BHBiv Q7 K�FBM; `2/ b?B7i K2�bm`2K2Mib QM *v;Mmb �
ivT2 bvbi2Kb r2HH #2vQM/ i?2 irQ #BHHBQM HB;?i v2�` `�M;2 bm;;2bib Bib2H7X
J2�bm`2K2Mib bm+? �b i?Bb K�v mHiBK�i2Hv T`Qp2 Q7 +QMbB/2`�#H2 p�Hm2 BM
/2i2`KBMBM; i?2 2t�+i b?�T2 Q7 i?2 `2/ b?B7i +m`p2 rBi? /Bbi�M+2 r?B+?-
�b vQm rBHH ?2�` BM .`X :QH/Ƕb i�HF- Bb � K2�Mb 7Q` i2biBM; KQ/2Hb Q7 i?2
mMBp2`b2X

�Hi?Qm;? `�/BQ �bi`QMQKv Bb BM Bib }`bi bi�;2 Q7 /2p2HQTK2Mi- Bi Bb
�H`2�/v 2pB/2Mi i?�i i?Bb M2r 2M/2�pQ` +�M T`Q/m+2 K2�bm`2K2Mib Q7 +QM@
bB/2`�#H2 BMi2`2bi iQ +QbKQHQ;vX



a2bbBQM o lM[m�MiBx2/ :2M2`�H _2H�iBpBiv- *QM+Hm/2/
*?�B`K�M, �X GB+?M2`QrB+x
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q>11G1_ QT2M2/ i?2 b2bbBQM rBi? � T`2b2Mi�iBQM Q7 bQK2 +QM+HmbBQMb
`2�+?2/ #v K2K#2`b Q7 ?Bb ;`QmTX EQK�` ?�b BMp2biB;�i2/ i?2 BMi2`T`2i�@
iBQM Q7 J�+?Ƕb S`BM+BTH2 �M/ ?�b 7QmM/ ;`2�i /B{+mHiB2b- r?B+? �`2 �b+`B#2/
iQ i?2 H�+F Q7 mM/2`bi�M/BM; Q7 i?2 BMBiB�H p�Hm2 T`Q#H2KX h?2 bi�#BHBiv Q7 �
a+?r�`xb+?BH/ bBM;mH�`Biv BM 2KTiv bT�+2 iQ bK�HH /Bbim`#�M+2b r�b BMp2biB@
;�i2/ rBi? hX _2;;2X Ai r�b +QM+Hm/2/ i?�i i?2 a+?r�`xb+?BH/ bBM;mH�`Biv
Bb- iQ i?2 2ti2Mi BMp2biB;�i2/- bi�#H2 �;�BMbi bK�HH /Bbim`#�M+2b �r�v 7`QK
Bib MQ`K�H bT?2`B+�H 7Q`KX h?2`K�H ;2QMb r2`2 BMp2biB;�i2/ rBi? 1X SQr2`X
� b2H7@+QMbBbi2Mi T`Q#H2K r�b b2i mT 7Q` i?2 KQiBQM Q7 T?QiQMb Q7 i?2`K�H
`�/B�iBQM BM � bT?2`B+�HHv bvKK2i`B+ ;`�pBi�iBQM�H }2H/ T`Q/m+2/ #v i?2b2
T?QiQMbX Ai r�b 7QmM/ i?�i � `2;BQM 2tBbi2/ BM r?B+? T?QiQMb rQmH/ #2
i`�TT2/c i?2`2 Bb � bi�#H2 +B`+mH�` Q`#Bi BM i?Bb `2;BQM- �M/ i?2 Qi?2` Q`#Bib
+QMbBbi Q7 Qb+BHH�iBQMb �#Qmi i?2 +B`+mH�` Q`#BiX h?2 HBKBiBM; Q`#Bi Bb � bTB`�H
r?B+? Bb �bvKTiQiB+ iQ i?2 Qmi2` #QmM/�`vX

�K#B;mBiv BM � :`�pBi�iBQM�H ai`2bb 1M2`;v Sb2m/Qi2MbQ` AM@
i2`T`2i2/ BM h2`Kb Q7 �`#Bi`�`BM2bb BM � ǵ"�b2 GBM2 *QQ`/BM�i2
avbi2KǶ
qX _X .�pBb

AM Q`/2` iQ �pQB/ i?2 MQM@HQ+�HBx�#BHBiv iQ i`�Mb7Q`K i?2 bi`2bb 2M2`;v Tb2m@
/Qi2MbQ`- EQ?H2` �ii2KTib iQ i`�Mb7Q`K i?2 bi`2bb 2M2`;v Tb2m/Qi2MbQ` BM
i?2 ;Bp2M +QQ`/BM�i2 bvbi2K- BMi`Q/m+BM; BM �//BiBQM iQ i?2 gik �MQi?2`
b2i Q7 [m�MiBiB2b- gik- bm+? i?�i i?2 �`iB}+B�H K2i`B+ /2b+`B#2/ #v i?2 gikǶb
TQbb2bb2b � x2`Q +m`p�im`2X >2 i?2M b?Qrb i?�i i?2 /Bz2`2M+2 #2ir22M i?2
;`�pBi�iBQM�H Tb2m/Qi2MbQ` /2}M2/ #v i?2 gik �M/ gik Bib2H7 i`�Mb7Q`Kb HBF2
� i2MbQ` mM/2` +QQ`/BM�i2 +?�M;2bX h?Bb `2bmHi KB;?i b22K iQ ;Bp2 � +2`@
i�BM mMB[m2M2bb iQ i?2 /2}MBiBQM Q7 � ;`�pBi�iBQM�H bi`2bb 2M2`;v i2MbQ` B7
QM2 +QmH/ BK�;BM2 i?�i i?2 [m�MiBiB2b- gik- r2`2 mMB[m2X >Qr2p2`- � bBKTH2
BMp2biB;�iBQM b?Qrb i?�i i?2 gikǶb �`2 ?B;?Hv �`#Bi`�`vX AM 7�+i- 7Q` 2p2`v
+QQ`/BM�i2 bvbi2K- xi- i?�i Bb �bvKTiQiB+�HHv bi`�B;?i �i BM}MBiv QM2 +�M
BMi`Q/m+2 � b2i Q7 gikǶb r?B+? ?�p2 i?2 MQ`K�H GQ`2Mix p�Hm2b 2p2`vr?2`2X
"v i?Bb T`Q+2/m`2 i?2 gikǶb �`2 Q7 +Qm`b2 /2}M2/ BM �Mv Qi?2` +QQ`/BM�i2
bvbi2KX h?2 �K#B;mBiv BM i?2 +?QB+2 Q7 i?2 gikǶb BM bQK2 bT2+B}+ +QQ`/BM�i2
bvbi2K Bb i?2`27Q`2 �b ;`2�i �b i?2 �K#B;mBiv BM i?2 +?QB+2 Q7 i?2 Q`B;BM�H
+QQ`/BM�i2 bvbi2K r?B+? #2+QK2b �bvKTiQiB+�HHv ~�i @ �M �K#B;mBiv +�M
#2 `2;�`/2/ �b � #�b2 HBM2X JQiBQMb rBi? `2bT2+i iQ i?Bb #�b2 HBM2 +�M
#2 i?Qm;?i Q7 �b /m2 iQ ǳ;`�pBi�iBQM�HǴ 7Q`+2bX h?2b2 ;`�pBi�iBQM�H 7Q`+2b
/2}M2 � ;`�pBi�iBQM�H bi`2bb 2M2`;v i2MbQ`X h?Bb TQBMi Q7 pB2r ?�b i?2
7QHHQrBM; mb27mHM2bb, PM2 Bb BM i?Bb r�v 2�bBHv �#H2 iQ 2ti2M/ i?2 /Bb+mb@



R9y

bBQMb Q7 i?2 2[mBp�H2M+2 T`BM+BTH2 7`QK i?2 /QK�BM Q7 2[mBp�H2M+2 #2ir22M
;`�pBi�iBQM �M/ �++2H2`�iBQM �i � TQBMi iQ i?2 [m2biBQM Q7 2[mBp�H2M+2 BM
i?2 H�`;2X �i � TQBMi i?2 K�;MBim/2 �M/ /B`2+iBQM Q7 i?2 �++2H2`�iBQM �`2
�`#Bi`�`vX 6Q` /Bb+mbbBM; i?2 2[mBp�H2M+2 T`BM+BTH2 BM i?2 H�`;2- i?2 +?QB+2
Q7 i?2 #�b2 +QQ`/BM�i2 bvbi2K Bb �`#Bi`�`vX PM+2 QM2 ?�b b2H2+i2/ i?Bb #�b2
+QQ`/BM�i2 bvbi2K �HH 2Hb2 Bb mMB[m2Hv /2i2`KBM2/X



*?�Ti2` R9
J2�bm`2K2Mi Q7 *H�bbB+�H :`�pBi�iBQM 6B2H/b
62HBt SB`�MB

"2+�mb2 Q7 i?2 T`BM+BTH2 Q7 2[mBp�H2M+2- QM2 +�MMQi �b+`B#2 � /B`2+i T?vb@
B+�H BMi2`T`2i�iBQM iQ i?2 ;`�pBi�iBQM�H }2H/ BMbQ7�` �b Bi Bb +?�`�+i2`Bx2/
#v *?`BbiQz2H bvK#QHb Γµ

νρ X PM2 +�M- ?Qr2p2`- ;Bp2 �M BMp�`B�Mi BMi2`@
T`2i�iBQM iQ i?2 p�`B�iBQMb Q7 i?2 ;`�pBi�iBQM�H }2H/X h?2b2 p�`B�iBQMb �`2
/2b+`B#2/ #v i?2 _B2K�MM i2MbQ`c i?2`27Q`2- K2�bm`2K2Mib Q7 i?2 `2H�iBp2
�++2H2`�iBQM Q7 M2B;?#Q`BM; 7`22 T�`iB+H2b- r?B+? vB2H/ BM7Q`K�iBQM �#Qmi
i?2 p�`B�iBQM Q7 i?2 }2H/- rBHH �HbQ vB2H/ BM7Q`K�iBQM �#Qmi i?2 _B2K�MM
i2MbQ`X

LQr i?2 `2H�iBp2 KQiBQM Q7 7`22 T�`iB+H2b Bb ;Bp2M #v i?2 2[m�iBQM Q7
;2Q/2bB+ /2pB�iBQM

∂ 2ηµ

∂τ2 +Rµ
νρσ vν ηρ vσ = 0 (µ ,ν ,ρ ,σ = 1,2,3,4) UR9XRV

>2`2 ηµ Bb i?2 BM}MBi2bBK�H Q`i?Q;QM�H /BbTH�+2K2Mi 7`QK i?2 U;2Q/2bB+V
rQ`H/HBM2 ζ Q7 � 7`22 T�`iB+H2 iQ i?�i Q7 � M2B;?#Q`BM; bBKBH�` T�`iB+H2X
vν Bb i?2 9@p2HQ+Biv Q7 i?2 }`bi T�`iB+H2- �M/ τ i?2 T`QT2` iBK2 �HQM; ζ X
A7 MQr QM2 BMi`Q/m+2b �M Q`i?QMQ`K�H 7`�K2 QM ζ - vµ #2BM; i?2 iBK2HBF2
p2+iQ` Q7 i?2 7`�K2- �M/ �bbmK2b i?�i i?2 7`�K2 Bb T�`�HH2HHv T`QT�;�i2/
�HQM; ζ Ur?B+? BMbm`2b i?�i �M Q#b2`p2` mbBM; i?Bb 7`�K2 rBHH b22 i?BM;b BM
�b L2riQMB�M � r�v �b TQbbB#H2V i?2M i?2 2[m�iBQM Q7 ;2Q/2bB+ /2pB�iBQM
UR9XRV #2+QK2b

∂ 2ηa

∂τ2 +Ra
0b0ηb = 0 (a,b = 1,2,3,) UR9XkV

>2`2 ηa �`2 i?2 T?vbB+�H +QKTQM2Mib Q7 i?2 BM}MBi2bBK�H /BbTH�+2K2Mi �M/
Ra

0b0 bQK2 Q7 i?2 T?vbB+�H +QKTQM2Mib Q7 i?2 _B2K�MM i2MbQ`- `272``2/ iQ
i?2 Q`i?QMQ`K�H 7`�K2X

"v K2�bm`2K2Mib Q7 i?2 `2H�iBp2 �++2H2`�iBQMb Q7 b2p2`�H /Bz2`2Mi T�B`b
Q7 T�`iB+H2b- QM2 K�v Q#i�BM 7mHH /2i�BHb �#Qmi i?2 _B2K�MM i2MbQ`X PM2
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+�M i?mb p2`v 2�bBHv BK�;BM2 �M 2tT2`BK2Mi 7Q` K2�bm`BM; i?2 T?vbB+�H
+QKTQM2Mib Q7 i?2 _B2K�MM i2MbQ`X

LQr i?2 L2riQMB�M 2[m�iBQM +Q``2bTQM/BM; iQ UR9XkV Bb

∂ 2ηa

∂τ2 +
∂ 2v

∂xa∂xb ηb = 0 UR9XjV

Ai Bb BMi2`2biBM; i?�i i?2 2KTiv@bT�+2 }2H/ 2[m�iBQMb BM i?2 L2riQMB�M
�M/ ;2M2`�H `2H�iBpBiv i?2Q`B2b i�F2 i?2 b�K2 7Q`K r?2M QM2 `2+Q;MBx2b
i?2 +Q``2bTQM/2M+2 Ra

0b0 ∼ ∂ 2v
∂xa∂xb #2ir22M 2[m�iBQMb UR9XkV �M/ UR9XjV-

7Q` i?2 `2bT2+iBp2 2KTiv@bT�+2 2[m�iBQMb K�v #2 r`Bii2M Ra
0a0 = 0 �M/

∂ 2v
∂xa∂xb = 0X U.2i�BHb Q7 i?Bb rQ`F �`2 BM i?2 +Qm`b2 Q7 Tm#HB+�iBQM BM �+i�
S?vbB+� SQHQMB+�XV
"PL.A, *�M QM2 +QMbi`m+i BM i?Bb r�v �M �#bQ`#2` 7Q` ;`�pBi�iBQM�H 2M@
2`;v #v BMb2`iBM; � dη

dτ i2`K- iQ H2�`M r?�i T�`i Q7 i?2 _B2K�MM i2MbQ`
rQmH/ #2 i?2 2M2`;v T`Q/m+BM; QM2- #2+�mb2 Bi Bb i?�i T�`i i?�i r2 r�Mi
iQ BbQH�i2 iQ bim/v ;`�pBi�iBQM�H r�p2b\
SA_�LA, A ?�p2 MQi Tmi BM �M �#bQ`TiBQM i2`K- #mi A ?�p2 Tmi BM � ǳbT`BM;XǴ
uQm +�M BMp2Mi � bvbi2K rBi? bm+? � i2`K [mBi2 2�bBHvX
GA*>L1_PqA*w, Ab Bi TQbbB#H2 iQ bim/v bi�#BHBiv T`Q#H2Kb 7Q` η\
SA_�LA, Ai Bb i?2 b�K2 �b i?2 bi�#BHBiv T`Q#H2K BM +H�bbB+�H K2+?�MB+b-
#mi A ?�p2MǶi i`B2/ iQ b22 7Q` r?B+? FBM/ Q7 _B2K�MM i2MbQ` Bi rQmH/ #HQr
mTX

AMi2`�+iBQM Q7 L2mi`BMQb rBi? i?2 :`�pBi�iBQM�H 6B2H/
.X "`BHH

h?2 r�p2 2[m�iBQM Q7 � M2mi`BMQ BM � +2Mi`�HHv bvKK2i`B+ ;`�pBi�iBQM�H }2H/
r�b /2`Bp2/- mbBM; i?2 7Q`K�HBbK Q7 a+?`ƺ/BM;2` �M/ "�`;K�MMX AM Q`/2`
iQ +QMbi`m+i � M2mi`BMQ ;2QM- QM2 Kmbi �HbQ }M/ i?2 ;`�pBi�iBQM�H }2H/
T`Q/m+2/ #v � bi�iBbiB+�H /Bbi`B#miBQM Q7 M2mi`BMQb �KQM; �p�BH�#H2 bi�i2b
Q7 bm+? � +?�`�+i2` i?�i i?2 `2bmHiBM; bi`2bb 2M2`;v i2MbQ` Bb bT?2`B+�HHv
bvKK2i`B+X h?2 bi`2bb 2M2`;v i2MbQ` r�b rQ`F2/ Qmi 7`QK � p�`B�iBQM�H
T`BM+BTH2X h?2 2[m�iBQMb r?B+? Kmbi #2 bQHp2/ b2H7@+QMbBbi2MiHv r2`2 �HbQ
rQ`F2/ Qmi 7Q` i?2 +�b2 Q7 � bT?2`B+�HHv bvKK2i`B+ M2mi`BMQ /Bbi`B#miBQMX
"1_:J�LL, q?�i Bb i?2 T`2b2Mi KQiBp�iBQM 7Q` i?2 ;2QM `2b2�`+?\
q>11G1_, h?2 KQiBp�iBQM Bb bBKTHv iQ mM/2`bi�M/ KQ`2 �#Qmi ?Qr QM2
/2�Hb rBi? MQM@HBM2�` }2H/ 2[m�iBQMbX h?2 B/2� Bb MQi i?�i i?2 ;2QM ?�b i?2
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bHB;?i2bi iQ /Q rBi? �M 2H2K2Mi�`v T�`iB+H2- MQ` rBi? �bi`QMQKB+�H Q#D2+ibX
h?2 BMi2`2biBM; i?BM;b i?�i +QK2 Qmi- BM i?2 +�b2 Q7 i?2 2H2+i`QK�;M2iB+
;2QM- �`2, B7 i?2v ?�p2 �Mv bi�#BHBiv �i �HH- �M/ i?2 M�im`2 Q7 i?2 `�/B�H r�p2
2[m�iBQM 7Q` i?2 2H2+i`QK�;M2iB+ }2H/X AM i?2 M2mi`BMQ +�b2, }`bi- i?2`2 Bb �
bBKBH�`Biv iQ i?2 2H2+i`QK�;M2iB+ +�b2c b2+QM/- i?2 `�/B�H 2[m�iBQM +QMi�BMb
� bTBM Q`#Bi +QmTHBM; i2`K r?B+? /Q2b MQi �TT2�` BM i?2 2H2+i`QK�;M2iB+
+�b2- r?B+? K�v ?2HT iQ mM/2`bi�M/ i?2 /vM�KB+b Q7 M2mi`BMQbX
.1 qAhh, AM i?Bb rQ`F i?2 M2mi`BMQb �`2 MQi [m�MiBx2/c i?2v �`2 MQi `2�H
M2mi`BMQb- �`2 i?2v\
q>11G1_, PM2 Tmib BMiQ 2�+? M2mi`BMQ bi�i2 Dmbi QM2 M2mi`BMQc i?Bb
BM+Hm/2b �HH Q7 i?2 `2bmHib Q7 b2+QM/ [m�MiBx�iBQMX
.1 qAhh, JB;?i MQi i?2 ;`�pBi�iBQM�H }2H/ BM/m+2 i`�MbBiBQMb BMiQ M2;�@
iBp2 2M2`;v bi�i2b\
q>11G1_, h?Bb �H`2�/v +QK2b mT BM i?2 2H2+i`QK�;M2iB+ +�b2c r?�i
b?QmH/ QM2 mb2 7Q` i?2 bi`2bb 2M2`;v i2MbQ`\ PM2 +QmMib �b ;`�pBi�iBQM
T`Q/m+BM; QMHv i?2 2t+Bi�iBQMb �#Qp2 i?2 p�+mmK bi�i2- BM Q`/2` iQ �pQB/
BM}MBiB2bX >2`2 i?2 QMHv M2mi`BMQ bi�i2b QM2 +QMbB/2`b �`2 i?2 TQbBiBp2
2M2`;v bi�i2bc i?2 M2;�iBp2 2M2`;v bi�i2b �`2 �HH }HH2/X
"1GAL6�Lh1, uQm +QMbB/2` � +QKTH2i2 �#b2M+2 Q7 �MiBM2mi`BMQbc MQ ?QH2b
BM M2;�iBp2 2M2`;v bi�i2bX
q>11G1_X u2b- Dmbi 2t�+iHv �b QM2 /Q2b BM i?2 .B`�+ i?2Q`v Q7 i?2
2H2+i`QMX

GBM2�` �M/ hQ`QB/�H :2QMb
6X CX 1`Mbi

hQHK�M ?�b b?QrM i?�i i?2`2 Bb MQ ;`�pBi�iBQM�H �ii`�+iBQM #2ir22M T�`�H@
H2H HB;?i `�vb �M/ i?�i i?2 �ii`�+iBQM BM+`2�b2b rBi? i?2 �M;H2 #2ir22M i?2
`�vb- mMiBH i?2v �`2 �MiBT�`�HH2HX 6Q` i?Bb `2�bQM- � bT?2`B+�H 2H2+i`QK�;@
M2iB+ ;2QM Bb 2tT2+i2/ iQ #2 H2bb bi�#H2 i?�M � iQ`QB/�H QM2X >Qr2p2`- i?2
K�i?2K�iB+�H /B{+mHiB2b BM i?Bb +�b2 �`2 ;`2�i- �M/ i?mb �b � T`2HBKBM�`v
bi2T r2 +QMbB/2` � HBM2�` ;2QM- BM r?B+? i?2 K�DQ` `�/Bmb Q7 i?2 iQ`QB/
?�b #2+QK2 BM}MBi2c r2 +QMbB/2` HB;?i `�vb i`�p2HHBM; �HQM; � +2Mi`�H �tBb
BM #Qi? /B`2+iBQMbX q2 HQQF 7Q` i?2 bQHmiBQM Q7 i?2 +QmTH2/ 2[m�iBQMb Q7
;2M2`�H `2H�iBpBiv �M/ 2H2+i`QK�;M2iBbK rBi? � 9@p2+iQ` TQi2MiB�H Q7 � 7Q`K
/2/m+2/ #v �M�HQ;v rBi? i?2 KQ/2b Q7 2t+Bi�iBQM Q7 � +B`+mH�` r�p2 ;mB/2X
h?2 2[m�iBQMb +�M i?2M #2 r`Bii2M /QrM �M/ MmK2`B+�HHv BMi2;`�i2/X PM2
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Q#i�BMb � +QKTH2i2 bQHmiBQM Q7 i?2 }2H/ 2[m�iBQM r?B+? +QMi�BMb MQ bBM@
;mH�`BiB2bX h?Bb bQHmiBQM +QMi�BMb �M �`#Bi`�`v +QMbi�Mi i?`Qm;? r?B+? Bi
+�M #2 `2H�i2/ iQ i?2 iQ`QB/�H bQHmiBQMX q?2M i?2 HBM2�` ;2QM Bb #2Mi BMiQ
iQ`mb- i?Bb +QMbi�Mi Bb T`QTQ`iBQM�H iQ i?2 K�DQ` `�/BmbXR

lMB}2/- LQM@avKK2i`B+�H 6B2H/ h?2Q`v
JX hQMM2H�i

h?2 mMB}2/ �M/ MQM@bvKK2i`B+�H }2H/ i?2Q`v bi�`ib rBi? � T`BM+BTH2 r?B+?
2ti2M/b i?2 T`BM+BTH2 Q7 i?2 "Q`M@AM72H/ 2H2+i`Q/vM�KB+bX Ai +QMbBbib BM
`2/m+BM; i?2 bQm`+2b Q7 i?2 2H2+i`QK�;M2iB+ �M/ ;`�pBi�iBQM�H }2H/ iQ i?2
}2H/ Bib2H7X

AM Q`/2` iQ �pQB/ � TQBMi bBM;mH�`Biv- Bi Bb M2+2bb�`v BM i?2 bi�iB+ +�b2
iQ /2}M2 �M 2H2+i`B+ }2H/ r?B+? Bb }MBi2 �i i?2 Q`B;BMX h?2 7Q`K�HBbK Q7
i?2 mMB}2/ �M/ MQM@bvKK2i`B+�H }2H/ i?2Q`v BKK2/B�i2Hv BMi`Q/m+2b i?2
+?�`�+i2`BbiB+ 2tT`2bbBQMb Q7 "Q`M@AM72H/ i?2Q`vX

"v r`BiBM; i?2 7mM/�K2Mi�H i2MbQ` �b i?2 bmK Q7 irQ T�`ib- r2 +�M
`2H�i2 Bi iQ i?2 BMp�`B�Mi G�;`�M;B�M i?�i �TT2�`b BM i?2 "Q`M@AM72H/ 2H2+@
i`Q/vM�KB+b �M/ i?2 irQ BMp�`B�Mib Q7 i?2 J�tr2HH i?2Q`vX

PM i?2 Qi?2` ?�M/- i?2 1BMbi2BM i?2Q`v BMi`Q/m+2b i?2 +QMi`�p�`B@
�Mi i2MbQ`- r?B+? K�v �HbQ #2 r`Bii2M �b � bmK Q7 bvKK2i`B+ �M/ bF2r
bvKK2i`B+ T�`ib- r?B+? b?�HH #2 +�HH2/ BM/m+iBQMbX h?2 `2H�iBQMb 7Q`2b22M
T�`iHv #v i?2 "Q`M@AM72H/ i?2Q`v �TT2�` #2ir22M i?2 }2H/ �M/ i?2 BM/m+@
iBQMb �7i2` K�FBM; �TT`QT`B�i2 /2}MBiBQMbX h?2 /2}MBiBQMb Q7 K2i`B+- }2H/
�M/ BM/m+iBQMb K�v #2 +?Qb2M BM irQ r�vbX h?2b2 /2}MBiBQMb /2T2M/ QMHv
QM i?2 T`QT2`iB2b Q7 /2i2`KBM�Mib �M/ QM i?2 +?QB+2 Q7 }2H/ �M/ Q7 K2i`B+c
i?2v /Q MQi /2T2M/ QM i?2 G�;`�M;B�M Q7 i?2 i?2Q`vX

q2 �TTHv i?2 2[m�iBQMb Q7 i?2 }2H/ iQ i?2 +�H+mH�iBQMb Q7 � bi�iB+ �M/
bT?2`B+�HHv bvKK2i`B+ bQHmiBQM Q7 i?2 7Q`K +?Qb2M #v S�T�T2i`QmX q2 +�M
i?2M /2/m+2 i?2 `�/B�H +QKTQM2Mi Q7 i?2 2H2+i`Qbi�iB+ }2H/- p14X LQr BM@
i`Q/m+BM; HBF2 "Q`M@AM72H/ � }2H/ b = e/r2

0- r2 b2i E = bp14X h?2M- r?2M r
�TT`Q�+?2b y- E �TT`Q�+?2b b- � }MBi2 p�Hm2X h?2 Q`B;BM�HBiv Q7 i?Bb +QM@
+HmbBQM +QK2b 7`QK i?2 7�+i i?�i i?2 p�Hm2b Q7 i?2 }2H/ �M/ Q7 i?2 K2i`B+
�`2 MQi ;Bp2M � T`BQ`B- #mi `2bmHi 7`QK i?2 }2H/ 2[m�iBQMb BM i?2 T�`iB+mH�`
+�b2 Q7 i?2 a+?r�`xb+?BH/ bQHmiBQMX q2 �`2 MQr H2/ iQ /2}M2 � +m``2Mi
7QHHQrBM; i?2 T`BM+BTH2b Q7 i?2 "Q`M@AM72H/ i?2Q`vX q2 }M/ i?2 +?�`;2
/2MbBiv- �7i2` bm#biBimiBQM Q7 i?2 p�Hm2b Q#i�BM2/ BM i?2 a+?r�`xb+?BH/ bQ@
HmiBQM- �M/ mTQM BMi2;`�iBM; i?Bb Qp2` �HH bT�+2- r2 }M/ i?2 }MBi2 p�Hm2 eX
aQ 7`QK i?2 p2`v T`BM+BTH2b Q7 i?2 mMBi�`v �M/ MQM@bvKK2i`B+ i?2Q`v- i?2
R6Q` 7mHH /Bb+mbbBQM- b22 6X CX 1`Mbi- S?vbX _2pX Ry8 URN8dVX
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/Bbi`B#miBQM Q7 +?�`;2 Bb +?�`�+i2`Bx2/ #v � ǳ7`22 /2MbBivǴ r?B+? H2�/b iQ
� }MBi2 2tT`2bbBQM r?2M BMi2;`�i2/ Qp2` i?2 r?QH2 bT�+2X Ai Bb `2K�`F�#H2
i?�i i?Bb +QM+HmbBQM r?B+? `2bmHib 7`QK i?2 "Q`M@AM72H/ 2H2+i`Q/vM�KB+b-
Bb +QMM2+i2/ ?2`2 rBi? � +?QB+2 Q7 i?2 7mM/�K2Mi�H i2MbQ` �M/ rBi? �M
2ti2MbBQM Q7 i?2 a+?r�`xb+?BH/ bQHmiBQMX
61uLJ�L, >Qr #B; Bb r0 7Q` �M 2H2+i`QM\
hPLL1G�h, Ai Bb 2t�+iHv HBF2 BM i?2 "Q`M@AM72H/ i?2Q`vc Bi /2T2M/b QM
i?2 +?QB+2 Q7 bc r0 Bb � 7mM/�K2Mi�H H2M;i?X h?2`2 �`2 irQ +QMbi�Mib Q7
BMi2;`�iBQM r?B+? +Q``2bTQM/ iQ r0 �M/ K�bb- #mi i?2`2 Bb � 7m`i?2` �`#B@
i`�`BM2bb BM i?2 +?QB+2 Q7 b- bQ i?�i i?2 +?�`;2 e Bb MQi /2i2`KBM2/ #v i?2
+?QB+2 Q7 r0 �M/ mX
.�oAa, A mM/2`bi�M/ i?�i b +�M #2 `2;�`/2/ �b i?2 `�iBQ Q7 i?2 Q`/BM�`v
2H2+i`QK�;M2iB+ }2H/ iQ i?2 M�im`�H 2H2+i`QK�;M2iB+ }2H/X Ai �TT2�`b i?�i
b- �b BM i?2 "Q`M@AM72H/ i?2Q`v +QmH/ /2T2M/ QM i?2 bB;M Q7 i?2 +?�`;2X Ab
i?Bb +Q``2+i\
hPLL1G�h, u2b- b �TT2�`b HBF2 i?2 [mQiB2Mi Q7 i?2 T?vbB+�H }2H/ �M/ i?2
K�i?2K�iB+�H }2H/X





*?�Ti2` R8
*Q``2bTQM/2M+2 BM i?2 :2M2`�HBx2/ h?2Q`v Q7 :`�pBi�@
iBQM
"2?`�K Em`bmMQ;Hm

Ai Bb ?QT2/ i?�i � `2+QM+BHB�iBQM Q7 [m�MiBx2/ ;`�pBi�iBQM�H }2H/b- i?2 K�i@
i2` }2H/- �M/ 2H2+i`QK�;M2iB+ }2H/ KB;?i BM/m+2 � 7m`i?2` bi`m+im`2 QM
i?2 2H2K2Mi�`v T�`iB+H2b- �M/ KB;?i `2bmHi BM bQ7i2MBM; i?2 /Bp2`;2M+2b-
Q` 2HBKBM�iBM; i?2K �HiQ;2i?2`X Ai Bb r2HH FMQrM i?�i i?2 ;`�pBi�iBQM�H
}2H/ ?�b � MQM@HQ+�H +?�`�+i2`- bQ Bi T`Q#�#Hv rQmH/ MQi #2 TQbbB#H2 #v
[m�MiBxBM; i?2 ;`�pBi�iBQM�H }2H/ iQ }M/ � 9@p2+iQ` KQK2MimK ;BpBM; �
T�`iB+H2 T`QT2`iv iQ ;`�pBivX PM2 i`B2b i?2 �TT`Q�+? Q7 ;2M2`�HBxBM; 1BM@
bi2BMǶb i?2Q`v- K�FBM; Bi KQ`2 +QKTHB+�i2/ i?�M Bi Bb- ?QTBM; iQ ;2i bQK2
KQ`2 T?vbB+b Qmi Q7 BiX aBM+2 i?2`2 Bb MQ T?vbB+�H #�bBb BM mMB}2/ }2H/ i?2@
Q`v- �b i?2`2 Bb BM ;2M2`�H `2H�iBpBiv- QM2 T`Q+22/b BM � KQ`2 K�i?2K�iB+�H
7�b?BQMX L�im`2 Kmbi #2 /2b+`B#2/ #v � +QKTH2i2 i2MbQ` rBi? bvKK2i`B+
�M/ �MiBbvKK2i`B+ }2H/bX PM2 i?2M +QMbi`m+ib �HH Q7 i?2 [m�MiBiB2b `2+Q;@
MBx2/ BM ;2M2`�H `2H�iBpBiv �M/ Q#i�BMb- 7Q` 2t�KTH2- "B�M+?B B/2MiBiB2b �M/
J�tr2HH B/2MiBiB2bX AM Q`/2` iQ +QKT�`2 i?2 i?2Q`v rBi? ;2M2`�H `2H�iBpBiv-
r2 ?�p2 � +QMb2`p�iBQM H�r BM i?2 �#b2M+2 Q7 +?�`;2b �M/ i?Bb BMi`Q/m+2b
� 7mM/�K2Mi�H H2M;i? r0X h?2 `2�H KQiBp�iBQM 7Q` i?Bb T`Q+2/m`2 Bb i?2
/2p2HQTK2Mi Q7 � +Q``2bTQM/2M+2 �`;mK2Mi BM Q`/2` iQ B/2MiB7v i?2 7Q`@
K�HBbK rBi? � i?2Q`vX h?2 [m2biBQM �`Bb2b r?�i ?�TT2Mb B7 r2 �bbB;M MQ
bi`m+im`2 iQ i?2 i?2Q`v �M/ r0 �TT`Q�+?2b yX q2 Q#i�BM i?2 2[m�iBQMb Q7
;2M2`�H `2H�iBpBiv rBi? i?2 2H2+i`QK�;M2iB+ }2H/ �b i?2 bQm`+2 Q7 ;`�pBi�iBQM
THmb J�tr2HHǶb 2[m�iBQMb 7Q` +?�`;2@7`22 }2H/bX h?2 2tBbi2M+2 Q7 +?�`;2b Bb
HBMF2/ mT rBi? � MQM@p�MBb?BM; 7mM/�K2Mi�H H2M;i? Dmbi �b i?2 2tBbi2M+2
Q7 bTBM �`Bb2b 7`QK � }MBi2 hX

LQr- i?2 K2i`B+b /2T2M/b QM H2M;i?X q2 ?�p2 +�H+mH�i2/ i?2 T`QT�@
;�iBQM Q7 HB;?i BM i?2 T`2b2M+2 Q7 p2`v bi`QM; #�+F;`QmM/ }2H/bc i?2 `2bmHi
Bb BM �;`22K2Mi rBi? i?Qb2 Q7 a+?`ƺ/BM;2` 7`QK MQM@HBM2�` QTiB+bX PM2 K�v
�HbQ +?�M;2 i?2 bB;M Q7 r0- #mi r2 +�MMQi }M/ � r�v Q7 K2�bm`BM; M2;�iBp2
H2M;i?X h?2 +QM+2Ti Q7 M2;�iBp2 H2M;i? K�v #2 HBMF2/ mT rBi? M2;�iBp2
K�bb UQ` �MiBK�ii2`VX



R93 R8X *Q``2bTQM/2M+2 BM i?2 :2M2`�HBx2/ h?2Q`v Q7 :`�pBi�iBQM

.1 qAhh, *�M vQm bi�i2 �Mv +QM+HmbBQMb �#Qmi K�ii2` �M/ �MiBK�ii2`\
El_alLP:Gl, A +�MMQi bi�i2 �Mv +QM+HmbBQMb #2+�mb2 A Kmbi bQHp2
i?2 2[m�iBQMb �M/ b?Qr i?�i bQHmiBQMb BMpQHpBM; � M2;�iBp2 �M/ � TQbBiBp2
H2M;i? rBHH ;Bp2 `2TmHbBQMX
hPLL1G�h, Ai Bb MQi M2+2bb�`v iQ BMi`Q/m+2 i?2 7�+iQ` 1/r0 BMiQ i?2
G�;`�M;B�M Bib2H7 BM Q`/2` iQ Q#i�BM E → D- B → H r?2M r0 → 0- #2+�mb2 Bi
Bb � +QM+HmbBQM Q7 i?2 "Q`M@AM72H/ i?2Q`vX >Qr2p2`- Bi Bb M2+2bb�`v iQ ?�p2
i?Bb 7�+iQ` 1/r0 Q` bQK2i?BM; 2Hb2- BM Q`/2` iQ Q#i�BM 2[m�iBQMb Q7 KQiBQMX
El_alLP:Gl, 6B`biHv- A /QMǶi #2HB2p2 BM i?2 "Q`M@AM72H/ i?2Q`vc b2+@
QM/Hv- 2[m�iBQMb Q7 KQiBQM �`2 � /B{+mHi +QM+2Ti BM i?Bb i?2Q`v #2+�mb2
QM2 ?�b iQ /2}M2 r?�i � T�`iB+H2 Bb }`biX lbm�HHv i?2 }2H/ p�`B�#H2b �`2
bBM;mH�` �i i?2 TQBMi Q7 � T�`iB+H2c ?2`2 r?�i +�M A H2i KQp2 B7 A /QMǶi ?�p2
� T�`iB+H2 v2i\
a�G1*E1_, *�M vQm MQi [m�MiBx2 i?Bb i?2Q`v iQ ;2i i?2 `2bmHib 7Q` 2H2@
K2Mi�`v 7Q`+2b\
El_alLP:Gl, PM2 /2p2HQTb � mMB}2/ i?2Q`v BM Q`/2` MQi iQ /Q �Mv@
i?BM; rBi? [m�MimK i?2Q`vX A7 i?2`2 �`2 �Mv [m�MimK 2z2+ib- i?2v Kmbi
#2 +QMi�BM2/ BM i?2 MQM@HBM2�`Biv r?B+? Bb +�mb2/ #v i?2 }MBi2 p�Hm2 i?�i
r2 ?�p2 BMi`Q/m+2/ 7Q` i?2 2H2+i`QK�;M2iB+ }2H/X Zm�MiBx�iBQM Bb Qmi Q7
i?2 [m2biBQMX
GA*>L1_PqA*w, Ai b22Kb iQ K2 i?�i K�Mv T?vbB+Bbib /Q MQi HBF2 i?Bb
ivT2 Q7 mMB}2/ }2H/ i?2Q`vX q2 ?�p2 � p2`v ;QQ/ i?2Q`v Q7 T`QT�;�iBQM-
#mi Bi Bb /B{+mHi iQ }M/ T?vbB+�H BMi2`T`2i�iBQMb- #2+�mb2 i?2 i?2Q`v Bb BM
� b2Mb2 iQQ mMB}2/X q2 ?�p2 � ;QQ/ BMi2`T`2i�iBQM 7Q` i?2 K2i`B+ Q` i?2
;`�pBi�iBQM�H T�`i- #mi Bi Bb /B{+mHi iQ Q#i�BM � ;QQ/ BMi2`T`2i�iBQM 7Q`
i?2 2H2+i`QK�;M2iB+ T�`iX h?2 }`bi T`Q#H2K Bb MQi iQ Q#i�BM i?2 2[m�iBQMb
Q7 KQiBQMc i?2 }`bi T`Q#H2K Bb iQ Q#i�BM #v � T`Q+2bb Q7 �TT`QtBK�iBQM �
;QQ/ B/2MiB}+�iBQMX
"1_:J�LL, A #2HB2p2 i?�i r2 ?�p2 i?2 7QHHQrBM; T`BM+BT�H T`Q#H2Kb,
6B`biHv- i?2 B/2MiB}+�iBQM- A �;`22 rBi? vQmX a2+QM/Hv- i?2 �+im�H }M/BM; Q7
i?2 bQHmiBQMb r?B+? �`2 7`22 Q7 bBM;mH�`BiB2bX A7 QM2 #2HB2p2b BM i?2 mMB}2/
}2H/ i?2Q`v �TT`Q�+?- ?2 Kmbi 7�+2 i?2 [m2biBQM, /Q2b i?2 i?2Q`v H2�/ iQ
bQHmiBQMb r?B+? +�M #2 BMi2`T`2i2/ �b T�`iB+H2b\ h?2 2[m�iBQMb Q7 KQiBQM
�`2 � bm#bB/B�`v T`Q#H2KX A7 i?2`2 �`2 bm+? bQHmiBQMb- �`2 i?2v bi�#H2\
q>11G1_, S2`?�Tb i?2 }`bi [m2biBQM iQ #2 �bF2/ �#Qmi mMB}2/ }2H/
i?2Q`v Bb ǳr?v\ǴX q2 ?�p2 MQM@bBM;mH�` bQHmiBQMb BM ;2QMb BM i?2 T`2b2Mi
i?2Q`vX



R8X *Q``2bTQM/2M+2 BM i?2 :2M2`�HBx2/ h?2Q`v Q7 :`�pBi�iBQM R9N

"1_:J�LL, �HH Q7 i?2 ;2QMb BMpQHp2 biQ+?�biB+ K2i?Q/bX � `B;Q`Qmb
bQHmiBQM rQmH/ #2 QM2 BM r?B+? MQ �p2`�;BM; QT2`�iBQM r2`2 T2`7Q`K2/-
r?2`2 vQm +�M iB2 /QrM � bBM;H2 bQHmiBQMX

q>11G1_, � ;2QM ?�b 2t�+iHv i?2 T`QT2`iv Q7 #2BM; QMHv �M �TT`QtBK�i2
bQHmiBQMc Q` `�i?2`- �M �++m`�i2 bQHmiBQM r?B+? Bb MQi 7mHHv bi�#H2 rBi? iBK2
@ Bi H2�Fb 2M2`;vX h?mb Bi Bb MQi BM �;`22K2Mi rBi? QM2Ƕb T`2+QM+2Bp2/ B/2�
i?�i i?2`2 b?QmH/ #2 � T�`iB+H2@HBF2 bQHmiBQM i?�i Bb 7mHHv bi�#H2c #mi �`2MǶi
r2 #2BM; p2`v #`�b? B7 r2 b�v i?�i i?2 rQ`H/ BbMǶi #mBHi i?�i r�v\ >Qr /Q
r2 FMQr i?�i i?2 H2�F�;2 Q7 2M2`;v Bb MQi � T`QT2`iv Q7 ?B;? K�bb T�`iB+H2b
r?B+? H2�F 2M2`;v �M/ /`QT /QrM iQ HQr2` K�bb T�`iB+H2b\ S2`?�Tb i?2
bi�#BHBiv Q7 i?2 T�`iB+H2b r2 FMQr Bb /m2 iQ bQK2 BMi`BMbB+�HHv [m�MimK
+?�`�+i2`- r?B+? r2 +�MMQi 2tT2+i iQ b?Qr mT #27Q`2 r2 ?�p2 ;QM2 iQ i?2
[m�MimK H2p2HX

"1_:J�LL, h?2 Q`B;BM�H KQiBp�iBQM Q7 mMB}2/ }2H/ i?2Q`v Bb ;2i �
i?2Q`v Q7 2H2K2Mi�`v T�`iB+H2b- r?B+? BM+Hm/2b 2H2+i`QMb �M/ MQi QMHv ?v@
T2`7`�;K2Mib- �M/ 7m`i?2`KQ`2 iQ Q#pB�i2 i?2 M22/ 7Q` [m�MiBx�iBQM r?B+?
rQmH/ `2bmHi 7`QK i?2 BMi`BMbB+ MQM@HBM2�`BivX

61uLJ�LL, >BbiQ`B+�HHv- r?2M i?2 mMB}2/ }2H/ i?2Q`v r�b }`bi i�+FH2/-
r2 ?�/ QMHv ;`�pBi�iBQM- 2H2+i`Q/vM�KB+b- �M/ � 72r 7�+ib �#Qmi [m�MiB@
x�iBQM- bQ Bi r�b M�im`�H iQ i`v iQ r`Bi2 /QrM 2[m�iBQMb r?B+? rQmH/ QMHv
mMBi2 i?2 J�tr2HH 2[m�iBQMb rBi? i?2 ;`�pBiv 2[m�iBQMb �M/ H2�p2 Qmi Q7
�++QmMi i?2 bi`�M;2 [m�MimK 2z2+ib- rBi? i?2 ?QT2 i?�i i?2 MQM@HBM2�`Biv
rQmH/ T`Q/m+2 i?Bb #mbBM2bbX AM i?2 K2�MiBK2- i?2 `2bi Q7 T?vbB+b ?�b
/2p2HQT2/- #mi biBHH MQ �ii2KTi bi�`ib Qmi HQQFBM; 7Q` i?2 [m�MimK 2z2+ibX
h?2`2 Bb MQ +Hm2 i?�i � mMB}2/ }2H/ i?2Q`v rBHH ;Bp2 [m�MimK 2z2+ibX

_Pa1L61G., q2 FMQr i?�i i?2`2 �`2 7Q`+2b r?B+? �`2 +2`i�BMHv MQi `2@
/m+B#H2 iQ 2H2+i`QK�;M2iB+ �M/ ;`�pBi�iBQM�H 7Q`+2bc 7Q`+2b Q7 }MBi2 `�M;2X
Ai b22Kb i?�i i?Bb mMB}+�iBQM T`Q;`�K Bb �M�+?`QMBbiB+X A i?BMF i?�i Bi Bb
�M BHHmbBQM iQ ?QT2 i?�i i?2 T�`iB+H2 +�M #2 `2/m+2/ iQ bQK2 /BbiBM+i /Bbi`B@
#miBQM- 2Bi?2` bBM;mH�` Q` MQM@bBM;mH�`- 7Q` i?2 T�`iB+H2 Kmbi #2 `2;�`/2/
�b � }2H/ Bib2H7 BM [m�MimK i?2Q`vX

GA*>L1_PqA*w, q2 ?�p2 ?2`2 � i?2Q`v r?B+? ?�b � /2}MBi2 K�i?2K�i@
B+�H K2�MBM;X AM [m�MimK i?2Q`v- i?2`2 �`2 K�Mv ;QQ/ 2tT2`BK2Mib- #mi
K�Mv T�`ib Q7 [m�MimK i?2Q`v �`2 MQi ;QQ/ i?2Q`B2bX h?2`2 �`2 p�`BQmb
/B{+mHiB2b rBi? K�i?2K�iB+�H +QMbBbi2M+v BM � H�`;2 T�`i Q7 i?2 [m�MimK
i?2Q`vX



R8y R8X *Q``2bTQM/2M+2 BM i?2 :2M2`�HBx2/ h?2Q`v Q7 :`�pBi�iBQM

"PL.A, q2 b?QmH/ `2;�`/ ;2M2`�H `2H�iBpBiv MQi �b � bmT2`i?2Q`v- #mi �b
i?2 #2bi i?2Q`v Q7 ;`�pBi�iBQM r2 ?�p2 ;Qi- r?B+? /2b+`B#2b � +2`i�BM b2i
Q7 T?2MQK2M� #2ii2` i?�M �Mv Qi?2` i?2Q`v r2 ?�p2X
El_alLP:Gl, AM mMB}2/ }2H/ i?2Q`v- QM2 i`B2b iQ K�F2 T�`iB+H2b- bQ`i
Q7 K�bb- Qmi Q7 i?2 2H2+i`QK�;M2iB+ }2H/X h?Bb Bb �HbQ i?2 +�b2 BM [m�MimK
2H2+i`Q/vM�KB+bc i?2 }2H/ +`2�i2b K�bb- i?2 2H2+i`QM@TQbBi`QM T�B`bX
61uLJ�L, G2iǶb �bF Qm`b2Hp2b i?2 [m2biBQM, A7 r2 HQQF2/ �i i?BM;b QM
� H�`;2 b+�H2- �M/ b�r i?2K ;`�pBi�iBM;- r2 b?QmH/ /Bb+mbb i?2 +?�`�+i2`
Q7 i?2 bBM;mH�`BiB2bc #mi- ;2MiH2K2M- HQQF �i QM2 Q7 i?2 bBM;mH�`BiB2b, r2Ƕ`2
bBiiBM; QM BiX GQQF �i i?2 /2;`22 Q7 +QKTH2tBiv i?�i Bi ?�bc i?2 HB;?ib �M/
i?2 +QHQ`b- �M/ i?2 i`22b- �M/ i?2 T�`iB+H2b i?�i BiǶb K�/2 Qmi Q7X *�M vQm
#2HB2p2 i?�i BM i?2 7�+i i?�i i?2v ;`�pBi�i2 i?2`2 HB2b i?2 F2v iQ �HH i?Bb
+QM7mbBQM\ qQmH/MǶi Bi #2 KQ`2 `2�bQM�#H2 i?�i ;`�pBiv r2`2 � `2bmHi Q7
bQK2i?BM; QM i?2 bK�HH b+�H2\
�L.1_aPL, hQ /2b+`B#2 2H2K2Mi�`v T�`iB+H2b- r2 Kmbi �/QTi � bT�+2@
iBK2 /2b+`BTiBQMc vQm Kmbi b�v bQK2i?BM; �#Qmi i?2 K2i`B+X _2H�iBpBiv Bb
MQi QMHv � i?2Q`v Q7 ;`�pBiv- #mi �HbQ � i?2Q`v Q7 bT�+2 bi`m+im`2X
qAhh1L, h?2`2 K�v #2 �MQi?2` `2�bQM iQ HQQF 7Q` � mMB}2/ }2H/ i?2Q`v-
�b � bi2T iQr�`/ [m�MiBx�iBQMX LQr r2 [m�MiBx2 � HQi Q7 }2H/b- �M/ Bi
KB;?i #2 2�bB2` iQ [m�MiBx2 Dmbi QM2 mMB}2/ }2H/X
"PL.A, PM2 BKTQ`i�Mi TQBMi, ;`�pBi�iBQM�H 7Q`+2b �`2 MQi b2H7@+QKT2M@
b�iBM; �M/ i?�i Bb r?v i?2v T`2/QKBM�i2 QM i?2 H�`;2 b+�H2X A i?BMF i?�iǶb
� bB/2 i?�i b?QmH/ #2 HQQF2/ �i KQ`2- BM i?2 H�`;2X



*?�Ti2` Re
S`2b2Mi�iBQM Q7 qQ`F #v hX h�MBm+?B
_vQvm liBv�K�

lhAu�J�, A �K ;QBM; iQ i�HF �#Qmi �M �`iB+H2 Q7 Kv +QHH2�;m2- .`X hX
h�MBm+?BX

AM [m�MiBxBM; i?2 ;`�pBi�iBQM�H }2H/- Q` �Mv ivT2 Q7 MQM@HBM2�` }2H/b-
T�`iB+mH�` �ii2MiBQM b?QmH/ #2 T�B/ iQ i?2 7QHHQrBM; TQBMibX

AM ;2M2`�H � /Bbim`#�M+2 Q7 MQM@HBM2�` }2H/b BM JBMFQrbFB@bT�+2 T`QT�@
;�i2b rBi? � bmT2`@HB;?i p2HQ+Biv BM bQK2 +�b2b �M/ rBi? � bm#@HB;?i p2HQ+Biv
BM bQK2 Qi?2` +�b2bX L�K2Hv- i?2 p2HQ+Biv Q7 MQM@HBM2�` }2H/b mbm�HHv /2@
T2M/b QM i?2 bi`2M;i? Q7 }2H/bX h?Bb K2�Mb i?�i Bi Bb MQi bQ +H2�` �b BM i?2
+�b2 Q7 HBM2�` }2H/b r?2i?2` �Mv +QmTH2 Q7 }2H/@[m�MiBiB2b QM � bT�+2@HBF2
bm`7�+2 Bb +QKKmi�#H2 Q` MQiX �MQi?2` `2K�`F�#H2 72�im`2 Q7 MQM@HBM2�`
}2H/b Bb i?2 7QHHQrBM;X amTTQb2 i?�i bQK2 BMBiB�H p�Hm2 Bb ;Bp2M r?B+? ?�b MQ
/Bb+QMiBMmBiv QM i?2 BMBiB�H bT�+2HBF2 bm`7�+2X AM bQK2 +�b2b- ?Qr2p2`- bQK2
/Bb+QMiBMmBiv Q7 i?2 }2H/ bi`2M;i? Ub?Q+F r�p2V K�v #2 2tT2+i2/ iQ Q++m`
�7i2` i?2 iBK2 T�bb2/X PM i?2 +QMi`�`v- 2p2M i?Qm;? i?2 BMBiB�H p�Hm2 ?�b
bQK2 /Bb+QMiBMmBiv- �i � H�i2` iBK2 bm+? � /Bb+QMiBMmBiv rBHH #2 2tT2+i2/
iQ #2 bK2�`2/ Qmi QrBM; iQ i?2 MQM@HBM2�`BivX AM ;2M2`�H i?2 Q++m``2M+2 Q7
b?Q+F r�p2b /2T2M/b MQi QMHv QM i?2 ivT2 Q7 MQM@HBM2�` }2H/b #mi �HbQ QM
i?2 ivT2 Q7 BMBiB�H p�Hm2bX

PrBM; iQ i?2b2 bBim�iBQMb K2MiBQM2/ �#Qp2- Bi b22Kb M2+2bb�`v iQ
BMp2biB;�i2 i?2 +?�`�+i2` Q7 T`QT�;�iBQM Q7 i?2 ;`�pBi�iBQM�H }2H/ #27Q`2
K�FBM; [m�MiBx�iBQM Q7 i?Bb }2H/X

>Qr2p2`- bBM+2 i?2 ;`�pBi�iBQM�H }2H/ Bb iQQ +QKTHB+�i2/ iQ /2�H rBi?-
r2 +QMbB/2`2/ i?2 7QHHQrBM; irQ +�b2b �b Qm` i`�BMBM;- i?2 "Q`M@ivT2 }2H/
rBi? i?2 G�;`�M;B�M /2MbBiv (R)

L = l2
√

1+ l−2(Φ2
,x −Φ2

,t)

l = +QMbi�Mi rBi? � /BK2MbBQM UH2M;i?V−2-

�M/ i?2 G�M/�m@E?�H�iMBFQr@ivT2 }2H/ (k- j)



R8k ReX S`2b2Mi�iBQM Q7 qQ`F #v hX h�MBm+?B

L =
1
4
{Φ2

,x −Φ2
,t}2.

h?2b2 irQ ivT2b Q7 MQM@HBM2�` }2H/ r2`2 �/QTi2/ #v >2Bb2M#2`; �M/ G�M@
/�m `2bT2+iBp2Hv BM Q`/2` iQ 2tTH�BM i?2 T?2MQK2M� Q7 KmHiBTH2 K2bQM@
T`Q/m+iBQMbX

Pm` K2i?Q/ Q7 bQHpBM; i?2b2 2[m�iBQMb Bb +QKTH2i2Hv bBKBH�` iQ i?�i Q7
*Qm`�Mi �M/ 6`B2/`B+?b bi�i2/ BM i?2B` i2ti#QQF (9)X q2 �`2 �HbQ TH�MMBM;
iQ BMp2biB;�i2 i?2 2[m�iBQM Q7 ;`�pBi�iBQM�H }2H/ BM bQK2 bBKTH2 +�b2X

URV *�b2 Q7 "Q`M@ivT2 }2H/, h?2 G�;`�M;B�M /2MbBiv Bb

L = l2
√

1+ l−2(Φ2
,x −Φ2

,t).

Put u = Φ,x , v =−Φ,t .

h?2M i?2 }2H/ 2[m�iBQM Bb

(v2 − l2)ux +(ut − vx)uv− (u2 + l2)vt = 0,
ut + vx = 0.

AM i?Bb +�b2 i?2 irQ FBM/b Q7 +?�`�+i2`BbiB+b c+@+m`p2b �M/ c−@+m`p2b
+QMbBbi Q7 irQ b2ib Q7 T�`�HH2H bi`�B;?i HBM2b `2bT2+iBp2Hv �M/ b?Q+F
r�p2b /Q MQi Q++m`X
*QMbB/2` i?2 7QHHQrBM; BMBiB�H +QM/BiBQM,

at t = 0

u(x) = 0 for all x

v(x)
{

= 0 for |x|> a
= const. = α for |x|< a

h?2 bQHmiBQM BM i?Bb +�b2 Bb b?QrM BM 6B;m`2 ReXR- r?2`2

OP = a/{1− (α/l)2}1/2.



ReX S`2b2Mi�iBQM Q7 qQ`F #v hX h�MBm+?B R8j

t

x0 AA‘

C+

C+

P

C–
C–

u = v = 0

l(l −
√

l2 − α2)

α
u = v = 

u = 0
v = Į

a a

u = v = 0

45° 45°

6B;m`2 ReXR, aQHmiBQM Q7 "Q`M@ivT2 }2H/

h?2 BMBiB�H /Bb+QMiBMmBiv �i � T`QT�;�i2b rBi? i?2 HB;?i p2HQ+BivX h?2
72�im`2 Q7 T`QT�;�iBQM Bb [mBi2 bBKBH�` iQ i?�i Q7 HBM2�` }2H/b- #2+�mb2
i?Bb T�`iB+mH�` MQM@HBM2�` }2H/ #2+QK2bB/2MiB+�H rBi? i?2 HBM2�` }2H/
BM +�b2 Q7 �M 2ti`2K2Hv r2�F }2H/X



R89 ReX S`2b2Mi�iBQM Q7 qQ`F #v hX h�MBm+?B

UkV *�b2 Q7 G�M/�m@E?�H�iMBFQr@ivT2 }2H/, h?2 G�;`�M;B�M /2MbBiv Bb

L = l2
√

1+ l−2(Φ2
,x −Φ2

,t).

Put u = Φ,x , v =−Φ,t .

0 A
a

v(x)

Į(x)

x

Į0

Case (a)

0 A
a

v(x)

Į(x)

x

Į0

Case (b)

6B;m`2 ReXk, AMBiB�H p�Hm2 7Q` G@E@ivT2 }2H/

G2i mb +QMbB/2` i?2 irQ FBM/b Q7 BMBiB�H p�Hm2b b?QrM BM 6B;m`2 ReXkX
AM i?2 +�b2 Q7 U�V- M�K2Hv α(x)> α0- i?2 c+@+?�`�+i2`BbiB+b BMi2`b2+i
rBi? 2�+? Qi?2` �M/ i?2 b?Q+F r�p2 Q++m`b BM bTBi2 Q7 i?2 +QMiBMmQmb
BMBiB�H p�Hm2 Ub22 6B;m`2 ReXjVX PM i?2 Qi?2` ?�M/- BM i?2 +�b2 Q7 U#V-
M�K2Hv α(x) < α0- i?2 c+@+?�`�+i2`BbiB+b /Bp2`;2 7`QK 2�+? Qi?2`-
i?�i Bb- i?2 `�`27�+iBQM r�p2 Q++m`b Ub22 6B;m`2 ReX9VX
G2i mb �HbQ +QMbB/2` i?2 b�K2 BMBiB�H +QM/BiBQM �b i?�i Q7 "Q`M@ivT2
}2H/X h?2 bQHmiBQM Bb BHHmbi`�i2/ BM 6B;m`2 ReX8X AM i?Bb +�b2 i?2
/Bb+QMiBMmBiv Q7 v �i A Bb bK2�`2/ Qmi- �M/ u �M/ v �i �Mv H�i2` iBK2
t > 0 +QMiBMmQmbHv p�MBb? QM i?2 HB;?i@+QM2 ABX *QMi`�`v iQ HBM2�`
}2H/b- i?2 /Bbim`#�M+2 Q7 i?2 }2H/ bQ�Fb BMiQ i?2 `2;BQM *S*ǶX

6`QK i?2b2 `2bmHib r2 +�M b22 i?�i i?2 H�ii2` ivT2 Q7 }2H/ Bb KQ`2 �/2[m�i2
iQ i?2 2tTH�M�iBQM Q7 i?2 T?2MQK2M� Q7 KmHiBTH2 K2bQM@T`Q/m+iBQMX



ReX S`2b2Mi�iBQM Q7 qQ`F #v hX h�MBm+?B R88

ƘƘƘƘƘƘƘ

t

x0 A

C

C+

C–

a

60°60°

C+C+C+

6B;m`2 ReXj, *?�`�+i2`BbiB+b 7Q` U�V



R8e ReX S`2b2Mi�iBQM Q7 qQ`F #v hX h�MBm+?B

ƘƘƘƘƘƘƘ

t

x0 A

C+

C–

60°60°

C+C+C+

C–

C–

6B;m`2 ReX9, *?�`�+i2`BbiB+b 7Q` U#V



ReX S`2b2Mi�iBQM Q7 qQ`F #v hX h�MBm+?B R8d

ƘƘƘƘƘƘƘ

t

x0 AA‘

C+

C+ = C-

P

C–

C–

a

u = v = 0

45° 45°60°

u = v = 0

B‘ B

C- = C+

C+ C–

C–

C+

C+

C+

C+

C+

C+
C–

C–

C+

C–

C+

C+

C–

6B;m`2 ReX8, aQHmiBQM Q7 G@E@ivT2 }2H/



R83 ReX S`2b2Mi�iBQM Q7 qQ`F #v hX h�MBm+?B

.1qAhh, .Q2b S`Q72bbQ` GB+?M2`QrB+x FMQr r?2i?2` ;`�pBi�iBQM�H r�p2b
7Q`K b?Q+Fb\ .Q i?2 +?�`�+i2`BbiB+b +`Qbb\

GA*>L1_PqA*w, LQi 7Q` � `2;mH�` KQ/2HX

_272`2M+2b
(R) JX "Q`MX S`Q+X _QvX aQ+X GQM/X a2`X � R9j URNjjV- 9RyX

qX >2Bb2M#2`;X waX 7X S?vbX RRj URNjNV- eRc Rke URN9NV- 8RNc Rjj
URN8kV- dNX

(k) GX G�M/�mX AxpX �F�/X L�mFX aXaXaX_X Rd URN8RV- 8RX

(j) CX AX E?�H�iMBFQrX CQm`X 1tTX h?2Q`X S?vbX kd URN89V- 8kNX

(9) _X *Qm`�Mi �M/ EX PX 6`B2/`B+?b, amT2`bQMB+ 6HQr �M/ a?Q+F q�p2bX
AMi2`b+B2M+2 Sm#HBb?2`b- AM+X- RN93X



*?�Ti2` Rd
L2;�iBp2 J�bb BM :2M2`�H _2H�iBpBiv
>2`K�MM "QM/B

AM ;2M2`�H `2H�iBpBiv i?2`2 Bb MQ Q#pBQmb `2�bQM r?v K�bb2b b?QmH/MǶi #2
M2;�iBp2- bQ r2 rBHH BMp2biB;�i2 i?Bb +QM+2TiX q2 +�M ;2i i?`22 /2}MBiBQMb
Q7 K�bb, BM2`iB�H K�bb- T�bbBp2 ;`�pBi�iBQM�H K�bb QM r?B+? i?2 }2H/ �+ib
�M/ �+iBp2 ;`�pBi�iBQM�H K�bb r?B+? Bb i?2 bQm`+2 Q7 i?2 }2H/X AM L2riQ@
MB�M i?2Q`v- /m2 iQ �+iBQM �M/ `2�+iBQM- T�bbBp2 �M/ �+iBp2 ;`�pBi�iBQM�H
K�bb2b Kmbi #2 i?2 b�K2X h?2 7�+i i?�i T�bbBp2 �M/ BM2`iB�H K�bb2b �`2 i?2
b�K2 Bb i?2 +QMb2[m2M+2 Q7 2tT2`BK2MibX AM ;2M2`�H `2H�iBpBiv- T�bbBp2 �M/
BM2`iB�H K�bb2b �`2 i?2 b�K2 /m2 iQ i?2 T`BM+BTH2 Q7 2[mBp�H2M+2X h?2 }`bi
TH�+2 r?2`2 �+iBp2 ;`�pBi�iBQM�H K�bb Q++m`b Bb i?2 m BM i?2 a+?r�`xb+?BH/
bQHmiBQMX h?2`2 Bb MQ �+iBQM �M/ `2�+iBQM T`BM+BTH2- �M/ r2 FMQr i?�i �+@
iBp2 �M/ T�bbBp2 K�bb2b K�v MQi #2 2[m�HX AM L2riQMB�M i?2Q`v- i?2 KQbi
Q#pBQmb MQiBQM Q7 � M2;�iBp2 K�bb Bb bBKBH�` iQ +?�`;2c HBF2 K�bb2b �ii`�+i
�M/ mMHBF2 `2T2HX AM ;2M2`�H `2H�iBpBiv- � M2;�iBp2 K�bb `2T2Hb �HH K�bb2b-
� TQbBiBp2 �ii`�+ib �HHX A7 r2 ?�p2 � bvbi2K rBi? QM2 K�bb Q7 2�+? ivT2-
i?2 bvbi2K rBHH mMB7Q`KHv �++2H2`�i2X A ?�p2 +QMbi`m+i2/ �M 2t�+i bQHmiBQM
Q7 i?2 }2H/ 2[m�iBQMb r?B+? b?Qrb i?2b2 T`QT2`iB2bX h?2 bQHmiBQM }HHb QMHv
QM2@7Qm`i? Q7 bT�+2@iBK2X A ?�p2 7QmM/ � K2i?Q/ Q7 +QMiBMmBM; i?2 bQHmiBQM
BMiQ i?2 Qi?2` `2;BQMbX
"1_:J�LL, A i?BMF QM2 +�M b?Qr i?�i rBi?BM i?2 ;2M2`�H i?2Q`v- Bi Bb
MQi TQbbB#H2 iQ ?�p2 i?2 �+iBp2 �M/ T�bbBp2 K�bb2b /Bz2`2MiX
"PL.A, h?Bb Bb � [m2biBQM Q7 +QMb2`p�iBQM Q7 KQK2MimK- r?B+? K2�Mb
BMi2;`�Hb Qp2` 2ti2M/2/ `2;BQMb Q7 bT�+2X "mi r?�i /Q vQm b�v �#Qmi i?2
a+?r�`xb+?BH/ BMi2`BQ` bQHmiBQM r?2`2 i?2 m Bb +2`i�BMHv MQi Dmbi i?2 BMi2;`�H
Q7 i?2 g00\
:PG., q?�i ?�TT2Mb B7 QM2 �ii�+?2b � M2;�iBp2 �M/ TQbBiBp2 K�bb T�B`
iQ i?2 `BK Q7 � r?22H\ h?Bb Bb BM+QKT�iB#H2 rBi? ;2M2`�H `2H�iBpBiv- 7Q` i?2
/2pB+2 ;2ib KQ`2 K�bbBp2X
"PL.A, h?2 Tm`TQb2 Q7 i?Bb Bb iQ b?Qr i?�i M2;�iBp2 K�bb Bb BM+QKT�iB#H2-
#mi A ?�p2MǶi ;Qi i?2`2 v2iX



Rey RdX L2;�iBp2 J�bb BM :2M2`�H _2H�iBpBiv

SA_�LA, A r�Mi iQ `2THv �#Qmi �+iBp2 �M/ T�bbBp2 K�bbX PM2 +�M b?Qr
bBKTHv i?�i i?2v �`2 /Bz2`2Mi �M/ i?�i i?2 /2MbBiv Q7 QM2 Bb ;Qi #v i�FBM;
i?2 /2MbBiv Q7 i?2 Qi?2` �M/ bm#i`�+iBM; i?2 T`BM+BT�H bi`2bb2bX

� .vM�KB+ AMbi�#BHBiv Q7 1tT�M/BM; lMBp2`b2b
_X JDQHbM2bb

aK�HH /2pB�iBQMb Q7 i?2 K2i`B+ 7`QK 2t�+i bT?2`B+Biv �`2 +QMbB/2`2/ BM Q`@
/2` iQ BMp2biB;�i2 i?2 bi�#BHBiv Q7 i?2 bi�M/�`/ 6`B2/K�M bQHmiBQMX �M
Qb+BHH�iBM; +QbKQHQ;B+�H KQ/2H Bb mb2/ rBi? TQbBiBp2 +m`p�im`2 �M/ x2`Q
+QbKQHQ;B+�H +QMbi�MiX AM Q`/2` iQ bQHp2 i?2 T`Q#H2K 2t�+iHv- � `2H�iBQM
#2ir22M i?2 T`2bbm`2 �M/ i?2 /2MbBiv Bb M22/2/X hrQ +�b2b �`2 +QMbB/2`2/
7Q` r?B+? i?Bb `2H�iBQM Bb FMQrMc i?2 /mbi@}HH2/ �M/ i?2 `�/B�iBQM@}HH2/
mMBp2`b2X h?Bb T`Q#H2K Bb bBKBH�` iQ QM2 /QM2 #v GB7b+?Bix BM RN9eX >2
rBb?2/ iQ /Bb+Qp2` r?2i?2` QM2 +�M �++QmMi 7Q` i?2 7Q`K�iBQM Q7 M2#mH�2
BM �M 2tT�M/BM; mMBp2`b2 Q7 M2;�iBp2 +m`p�im`2X >2 7QmM/ i?�i i?2 T2`im`@
#�iBQMb /Q MQi ;`Qr bm{+B2MiHv `�TB/HvX >2`2- i?2 [m2biBQM Bb `2QT2M2/-
7Q` i?2 T2`im`#�iBQMb /Q ;`Qr bm{+B2MiHv `�TB/HvX .2pB�iBQMb Q7 i?2 K2i@
`B+ 7`QK bT?2`B+�H bvKK2i`v �`2 2tT�M/2/ BM i2`Kb Q7 i2MbQ`b 7Q`K2/ 7`QK
?vT2`bT?2`B+�H ?�`KQMB+bX hrQ Q7 i?2 7Qm` ivT2b Q7 i2MbQ`b 7Q`K2/ ;Bp2
MQ +QMi`B#miBQM iQ � +?�M;2 BM i?2 /2MbBiv- #mi irQ Q7 i?2K /QX h?2b2
irQ `2bmHi BM irQ +QmTH2/ Q`/BM�`v /Bz2`2MiB�H 2[m�iBQMbX h?2 +�b2 Q7
i?2 /mbi@}HH2/ mMBp2`b2 Bb +QKTH2i2Hv bQHp�#H2 �M/ mMbi�#H2X qQ`F QM i?2
`�/B�iBQM@}HH2/ +�b2 ?�b #22M bi�`i2/X >2`2 Bi �TT2�`b i?�i i?2`2 Bb � bQ@
HmiBQM BM r?B+? i?2 T2`im`#�iBQMb ;`QrX h?2`2 Bb � +HQb2 �M�HQ;v rBi? i?2
T`Q#H2K Q7 �M Qb+BHH�iBM; mM/2`r�i2` #m##H2 r?B+? Bb r2HH FMQrM iQ b?Qr
_�vH2B;?@h�vHQ` BMbi�#BHBiv �;�BMbi bK�HH /2T�`im`2b 7`QK � bT?2`B+�H 7Q`KX
"PL.A, >�p2 vQm i`B2/ i?Bb 7Q` i?2 L2riQMB�M +QbKQHQ;B+�H KQ/2Hb Q7
JBHM2 �M/ J+*`�2\
JCPGaL1aa, LQX
"PL.A, h?2v ?�p2 �M 2ti`2K2Hv +HQb2 �M�HQ;vc QM i?2 +QbKQHQ;B+�H �M/
;�H�+iB+ b+�H2 r2 ;2i i?2 b�K2 2[m�iBQMbX A ?�p2 TH�v2/ �#Qmi rBi? i?�i-
�M/ A i?BMF i?�i vQm �Hr�vb ;2i i?�i r?BH2 i?2 `2H�iBp2 /2MbBiv ~m+im�iBQMb
BM+`2�b2b- i?2 /2MbBiv ;Q2b /QrMX
q1"1_, AM i?2 iQTQHQ;B+�H KQ/2Hb Q7 q?22H2`- QM2 7Q`Kb +?�`;2b Qmi Q7
}2H/bX h?2 [m2biBQM �`Bb2b ?Qr QM2 +�M K2�bm`2 }2H/b rBi?Qmi +?�`;2bX A
rBHH QmiHBM2 QM2 K2i?Q/X A7 � M2mi`�H #Q/v Bb +QMbi`m+i2/ Qmi Q7 }2H/b �M/
TH�+2/ BM �M 2ti2`M�H mMB7Q`K }2H/- i?2 #Q/v rBHH #2+QK2 TQH�`Bx2/ �M/



RdX L2;�iBp2 J�bb BM :2M2`�H _2H�iBpBiv ReR

�TT2�` iQ ?�p2 � /BTQH2 KQK2MiX A7 irQ bm+? M2mi`�H #Q/B2b �`2 TH�+2/
BM � }2H/- QM2 +�M /2i2`KBM2 i?2 2tBbi2M+2 Q7 �M 2ti2`M�H }2H/ 7`QK i?2B`
KQiBQMX AM �//BiBQM- i?2 7�+i i?�i � }2H/ Bb +�T�#H2 Q7 TQH�`BxBM; � M2mi`�H
#Q/v BKTHB2b i?�i � M2mi`�H #Q/v b?QmH/ `2T2H � +?�`;2/ #Q/vX h?Bb K�v
?�p2 bQK2 +QbKQHQ;B+�H bB;MB}+�M+2- #mi i?2 7Q`+2b �`2 p2`v bK�HHX
a*A�J�, AMbi2�/ Q7 bim/vBM; �HH Q7 i?2 +QKTH2tBiB2b i?�i 2tBbi BM i?2
bvKK2i`B+ i?2Q`v Q7 ;`�pBi�iBQM- A r�Mi iQ T`QTQb2 i?2 TQbbB#BHBiv i?�i i?2
i?2Q`v Q7 i?2 Tm`2 ;`�pBi�iBQM�H }2H/ b?QmH/ #2 #�b2/ QM � MQM@bvKK2i`B+
TQi2MiB�H B7 i?2 bQm`+2b ?�p2 bTBMX q?2M QM2 i`B2b iQ /2}M2 bTBMQ`b BM bm+?
� b+?2K2- +2`i�BM /2}MBi2 bi�i2K2Mib �#Qmi 2H2K2Mi�`v T�`iB+H2b K�v #2
K�/2- r?B+? +�M #2 +?2+F2/ rBi?BM � v2�` Q` irQX h?2 Q`B;BM�H KQiBp�@
iBQM 7Q` BMi`Q/m+BM; � MQM@bvKK2i`B+ TQi2MiB�H Bb ?2m`BbiB+X 6`QK bT2+B�H
`2H�iBpBbiB+ }2H/ i?2Q`v- r2 FMQr i?�i i?2 2M2`;v KQK2MimK i2MbQ` Bb
MQM@bvKK2i`B+ B7 i?2 bvbi2K ?�b bTBMX "2HBM7�Mi2 ?�b b?QrM ?Qr i?Bb i2M@
bQ` +�M #2 bvKK2i`Bx2/X h?Bb T`Q+2/m`2 +QMbi`m+ib � +QKTHB+�i2/ 2M2`;v
KQK2MimK i2MbQ` r?Qb2 KQK2Mi +QMi�BMb i?2 bTBMc #mi i?2 bTBM Bb MQi
7mM/�K2Mi�HHv � KQK2Mi- �b Q`#Bi�H �M;mH�` KQK2MimK BbX

�b � Tm`2Hv ?2m`BbiB+ �`;mK2Mi- Bi KB;?i #2 H2bb �`iB}+B�H iQ F22T i?2
2M2`;v KQK2MimK i2MbQ` MQM@bvKK2i`B+- bQ i?�i Bi Bb �TT�`2Mi i?�i i?2
bvbi2K TQbb2bb2b bTBMX AM i?�i +�b2- QM2 Bb 7Q`+2/ iQ +QMbi`m+i � i?2Q`v
Q7 ;`�pBi�iBQM rBi? � MQM@bvKK2i`B+ TQi2MiB�HX >Qr2p2`- r2 K�F2 �M 2t@
+2TiBQM Q7 }2H/b rBi? x2`Q `2bi K�bb- 7Q` BM i?Bb +�b2 r2 +�MMQi K�F2 �
/BbiBM+iBQM #2ir22M bTBM �M/ Q`#Bi�H �M;mH�` KQK2MimKX q2 +QMbi`m+i �
i?2Q`v r?Qb2 K�i?2K�iB+b Bb bBKBH�` iQ 1BMbi2BM@a+?`ƺ/BM;2` ivT2 i?2Q`B2b-
#mi ?�b MQi?BM; iQ /Q rBi? i?2 2H2+i`QK�;M2iB+ }2H/X q2 }M/ i?�i i?2 Q`@
#Bi�H �M;mH�` KQK2Mi BM i?2 bT2+B�H `2H�iBpBbiB+ HBKBi Bb i?2 KQK2Mi Q7 i?2
+�MQMB+�H bi`2bb 2M2`;v i2MbQ`X h?2 [m�MiBiv gi j TH�vb i?2 b�K2 `QH2 BM i?2
2[m�iBQMb Q7 KQiBQM Q7 � b+�H�` i2bi T�`iB+H2 �b gi j BM i?2 bvKK2i`B+ i?2@
Q`vX hQ BMi`Q/m+2 bTBMQ`b BM i?2 MQM@bvKK2i`B+ i?2Q`v- r2 mb2 � >2`KBiB�M
K2i`B+ rBi? bvKK2i`B+ `2�H T�`i �M/ MQM@bvKK2i`B+ BK�;BM�`v T�`iX h?Bb
�HHQrb mb iQ BMi`Q/m+2 +QKTH2t pB2`#2BM2- bQ r2 +�M T2`7Q`K mMBi�`v i`�Mb@
7Q`K�iBQMb `�i?2` i?�M `Qi�iBQMb �M/ i?Bb H2�/b iQ � >2`KBiB�M `2[mB`2K2Mi
7Q` i?2 2M2`;v KQK2MimK i2MbQ`X hQ ;2i bQK2i?BM; �M�HQ;Qmb iQ bTBMQ`b-
r2 Kmbi /Bb+mbb [m�MiBiB2b i?�i i`�Mb7Q`K B``2/m+B#Hv rBi? `2bT2+i iQ i?2
mMBi�`v ;`QmTX h?2`2 �`2 irQ K�BM /Bz2`2M+2b #2ir22M i?Bb ;`QmT �M/ i?2
GQ`2Mix ;`QmTX 6B`bi- i?2 GQ`2Mix ;`QmT Bb +QKTQb2/ Q7 7Qm` /Bb+QMM2+i2/
T�`ib- r?BH2 i?2 mMBi�`v ;`QmT 2Mp2HQTb �HH +QMiBMmQmbHvX h?Bb bm;;2bib
i?�i T�`Biv Kmbi #2 +QMb2`p2/ BM bm+? � b+?2K2X h?2b2 `2T`2b2Mi�iBQMb
�`2 +QKTH2t- �M/ i?mb /2b+`B#2 +?�`;2/ T�`iB+H2bc bi`B+iHv M2mi`�H T�`iB+H2b
Kmbi #2 /2b+`B#2/ #v `2�H r�p2 7mM+iBQMb �M/ i?mb �`2 bm#D2+i QMHv iQ



Rek RdX L2;�iBp2 J�bb BM :2M2`�H _2H�iBpBiv

i?2 GQ`2Mix bm#;`QmT �M/ rBHH ?�p2 bvKK2i`B+ 2M2`;v KQK2MimK i2MbQ`bX
L2mi`�H T�`iB+H2b K�v MQi +QMb2`p2 T�`BivX �HbQ- M2mi`�H T�`iB+H2b Kmbi
?�p2 x2`Q bTBM- x2`Q `2bi K�bb- Q` #Qi?X h?2 b2+QM/ /Bz2`2M+2 `2H�i2b iQ
iQTQHQ;B+�H T`QT2`iB2bc i?2 iQTQHQ;B+�H T`QT2`iB2b Q7 i?2 mMBi�`v ;`QmT �`2
KQ`2 +QKTHB+�i2/- �M/ i?Bb �HHQrb QM2 KQ`2 7`22/QK BM +QMbi`m+iBM; `2T@
`2b2Mi�iBQMbX � T?�b2 i`�Mb7Q`K�iBQM Bb BM+Hm/2/ mM/2` i?2 mMBi�`v ;`QmTX
A7 QM2 ?�b QMHv QM2 }2H/- i?2 T?�b2 i`�Mb7Q`K�iBQM +�MMQi #2 /2i2`KBM2/c
#mi B7 b2p2`�H }2H/b BMi2`�+i- i?Bb H2�/b iQ b2H2+iBQM `mH2bX h?2 [m2biBQM
MQr Bb +�M r2 �``�M;2 i?2b2 `mH2b iQ 7Q`#B/ +2`i�BM BMi2`�+iBQMb r?B+? �`2
FMQrM MQi iQ Q++m` BM M�im`2- r?B+? �`2 +QMbBbi2Mi rBi? i?2 T`2b2Mi b2@
H2+iBQM `mH2bX h?Bb rQ`F Bb MQi v2i +QKTH2i2c #mi QM2 +�M T`2bmK�#Hv }M/
`mH2b r?B+? rBHH T`2p2Mi ?2�pv T�`iB+H2b 7`QK /2+�vBM; BMiQ HB;?i T�`iB+H2b-
�M/ i?mb mM/2`bi�M/ i?2 +QMb2`p�iBQM Q7 ?2�pv T�`iB+H2 MmK#2`X
El_alLP:Gl, AM i?Bb i?2Q`v rBi? � +QKTH2t `2T`2b2Mi�iBQM Q7 }2H/
p�`B�#H2b- BbMǶi i?2 p2HQ+Biv Q7 HB;?i ;`2�i2` i?�M Bib MQ`K�H p�Hm2 �b Bi Bb
rBi? 1BMbi2BMǶb λ BMp�`B�M+2\
a*A�J�, A T`2bmK2 i?�i i?2 KQiBQM Q7 HB;?i rBHH #2 ;Bp2M #v i?2 b�K2
[m�MiBiv i?�i ;Qp2`Mb i?2 2[m�iBQMb Q7 KQiBQMX
"1_:J�LL, h?Bb Bb � /Bz2`2Mi i?2Q`v- vQm /QMǶi ?�p2 λ BMp�`B�M+2X

� /Bb+mbbBQM Q7 i?2 `2+2Mi /Bb+Qp2`B2b `2;�`/BM; T�`Biv 7QHHQr2/X S`Q@
72bbQ` _Pa1L61G. bTQF2 Q7 i?2 +QMi2Mib Q7 � `2+2Mi MQi2 7`QK G�M/�m
BM r?B+? ?2 bm;;2bi2/ i?�i BM r2�F BMi2`�+iBQMb- i?2 +QmTHBM; Bb MQi BMp�`B@
�Mi 7Q` T�`Biv- Q` +?�`;2 +QMDm;�iBQM- #mi 7Q` i?2 T`Q/m+i Q7 i?2 irQX "v
BMi`Q/m+BM; i?Bb +QK#BM2/ T�`Biv- QM2 Bb H27i rBi? BMp�`B�Mi +QmTHBM;bc QM2
+�MǶi ?�p2 QM2 Q7 i?2 i`�Mb7Q`K�iBQMb rBi?Qmi i?2 Qi?2`X
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*?�B`K�M, CX �X q?22H2`





*?�Ti2` R3
h?2 S`Q#H2Kb Q7 Zm�MiBxBM; i?2 :`�pBi�iBQM�H 6B2H/
SX :X "2`;K�MM

h?Bb b2bbBQM QT2M2/ i?2 b2+QM/ ?�H7 Q7 i?2 +QM72`2M+2- /2pQi2/ iQ /Bb+mb@
bBQM Q7 i?2 T`Q#H2Kb Q7 [m�MiBxBM; i?2 ;`�pBi�iBQM�H }2H/- T`2pBQmb b2bbBQMb
?�pBM; #22M `2bi`B+i2/ iQ i?2 +H�bbB+�H /QK�BMX h?2 }`bi +QMi`B#miBQM r�b
�M BMi`Q/m+iBQM #v SX :X "1_:J�LL QmiHBMBM; i?2 T`2b2Mi TQbBiBQM Q7
i?2 BM7�Mi bm#D2+i Q7 [m�MimK ;`�pB/vM�KB+b- BM/B+�iBM; r?v QM2 Bb BMi2`@
2bi2/ BM Bi BM i?2 }`bi TH�+2- �M/ bi�iBM; bQK2 Q7 Bib Qmibi�M/BM; T`Q#H2KbX
h?2 7QHHQrBM; Bb � bmKK�`v Q7 "1_:J�LLǶb BMi`Q/m+iBQM,

"1_:J�LL }`bi �bF2/ i?2 [m2biBQM- ǳq?v [m�MiBx2\Ǵ >Bb `2THv
r�b i?�i T?vbB+�H M�im`2 Bb �M Q`;�MB+ r?QH2- �M/ i?�i p�`BQmb T�`ib Q7
T?vbB+�H i?2Q`v Kmbi MQi #2 2tT2+i2/ iQ 2M/m`2 BM ǳT2�+27mH +Q2tBbi2M+2XǴ
�M �ii2KTi b?QmH/ #2 K�/2 iQ 7Q`+2 b2T�`�i2 #`�M+?2b Q7 i?2Q`v iQ;2i?2`
iQ b22 B7 i?2v +�M #2 K�/2 iQ K2`;2- �M/ B7 i?2v +�MMQi #2 mMBi2/- iQ i`v
iQ mM/2`bi�M/ r?v i?2v +H�b?X 6m`i?2`KQ`2- � bim/v b?QmH/ #2 K�/2 Q7
i?2 2ti2Mi iQ r?B+? �`;mK2Mib #�b2/ QM i?2 mM+2`i�BMiv T`BM+BTH2 7Q`+2
QM2 iQ i?2 +QM+HmbBQM i?�i i?2 ;`�pBi�iBQM�H }2H/ Kmbi #2 bm#D2+i iQ [m�M@
imK H�rb, U�V *�M [m�MiBx2/ 2H2K2Mi�`v T�`iB+H2b b2`p2 �b bQm`+2b 7Q` �
+H�bbB+�H }2H/\ U#V A7 i?2 K2i`B+ Bb mM[m�MiBx2/- rQmH/ i?Bb MQi BM T`BM+BTH2
�HHQr � T`2+Bb2 /2i2`KBM�iBQM Q7 #Qi? i?2 TQbBiBQMb �M/ p2HQ+BiB2b Q7 i?2
a+?r�`xb+?BH/ bBM;mH�`BiB2b Q7 i?2b2 T�`iB+H2b\

h?2b2 �BKb ?�p2 MQi v2i #22M �+?B2p2/- #mi "1_:J�LL 2tT`2bb2/
+2`i�BM ?QT2b �b iQ i?2 `2bmHib Q7 bm+? � T`Q;`�K, Zm�MiBx�iBQM Q7 i?2 ;`�p@
Bi�iBQM�H }2H/ Bb HBF2Hv iQ ?�p2 � T`Q7QmM/ 2z2+i QM Qm` MQiBQMb Q7 bT�+2
�M/ iBK2- K�FBM; �HH /Bbi�M+2 �M/ pQHmK2 +QM+2Tib bm#D2+i iQ mM+2`i�BMiv
`2H�iBQMbX h?mb- BM bTBi2 Q7 i?2 [m�MiBi�iBp2Hv M2;HB;B#H2 +?�`�+i2` Q7 i?2
;`�pBi�iBQM�H 7Q`+2b #2ir22M 2H2K2Mi�`v T�`iB+H2b- Bi Bb +QM+2Bp�#H2 i?�i U�V
i?2 ;`�pBi�iBQM�H }2H/ K�v ?2HT iQ 2HBKBM�i2 i?2 /Bp2`;2M+2b Q7 [m�MimK
}2H/ i?2Q`v Ur?B+? `2bmHi 7`QK i?2 +QKTQmM/2/ 2z2+i Q7 bBM;mH�`BiB2b BM
T�`iB+H2 T`QT�;�iQ`bV #v bK2�`BM; Qmi i?2 HB;?i +QM2- �M/ U#V Bi K�v bQK2@
?Qr +QMi`B#mi2 iQ i?2 bi`m+im`2 Q7 2H2K2Mi�`v T�`iB+H2bX AM `2;�`/ iQ i?2
H�ii2` TQBMi- ?Qr2p2`- "1_:J�LL 2tT`2bb2/ ?Bb QTBMBQM i?�i QM2 +�MMQi



Ree R3X h?2 S`Q#H2Kb Q7 Zm�MiBxBM; i?2 :`�pBi�iBQM�H 6B2H/

?QT2 iQ ;2i i?2 +QKTH2i2 bi`m+im`2 Q7 i?2 2H2K2Mi�`v T�`iB+H2b 7`QK �Mv
[m�MiBx2/ mMB}2/ }2H/ i?2Q`v i?�i Bb T`BM+BT�HHv KQiBp�i2/ #v i?2 /2bB`2
iQ mMB7v Dmbi i?2 ;`�pBi�iBQM�H �M/ 2H2+i`QK�;M2iB+ }2H/bX

"1_:J�LL 2KT?�bBx2/ i?2 7Q`KB/�#H2 M�im`2 Q7 i?2 T`Q#H2K Q7
[m�MiBxBM; ;2M2`�HHv +Qp�`B�Mi i?2Q`B2b �M/ 2tT`2bb2/ i?2 +QMpB+iBQM i?�i
QM2 rBHH }`bi ?�p2 iQ ?�p2 � i?Q`Qm;? +H�`B}+�iBQM Q7 i?2 mM/2`HvBM; +QM@
+2Tim�H T`Q#H2Kb BM i?2 +H�bbB+�H i?2Q`vX >2 i?2M r2Mi QM iQ QmiHBM2 i?2
T`BM+BT�H K2i?Q/b Q7 �TT`Q�+? iQ i?2 Tm`2Hv i2+?MB+�H T`Q#H2Kb Q7 [m�M@
iBx�iBQM r?B+? r2 MQr TQbb2bb, URV h?2 +�MQMB+�H >�KBHiQMB�M K2i?Q/
U.B`�+Vc UkV h?2 G�;`�M;B�M K2i?Q/ Ua+?rBM;2`Vc UjV h?2 T�i?@bmKK�iBQM
K2i?Q/ U62vMK�MVX Ai �TT2�`b i?�i i?2 M22/ iQ B/2MiB7v i?2 bQ@+�HH2/ ǳi`m2
Q#b2`p�#H2b-Ǵ Q` +QQ`/BM�i2@BMp�`B�Mi [m�MiBiB2b- �`Bb2b BM �HH i?`22 b+?2K2bX
6m`i?2`KQ`2- i?Bb B/2MiB}+�iBQM rBHH #2 BMiBK�i2Hv `2H�i2/ rBi? i?2 bi`m+@
im`2 Q7 i?2 i`�Mb7Q`K�iBQM ;`QmTb mM/2` r?B+? i?2 +H�bbB+�H i?2Q`v `2K�BMb
BMp�`B�MiX

AM i?2 [m�MimK i?2Q`v i?2 bi�i2 p2+iQ` Q7 � ;2M2`�HHv +Qp�`B�Mi bvbi2K
rBHH #2 bm#D2+i iQ p�`BQmb +QMbi`�BMib r?B+? Kmbi- Q7 M2+2bbBiv- #2 BKTQb2/
QrBM; iQ i?2 2tBbi2M+2 Q7 i?2 BMp�`B�Mi i`�Mb7Q`K�iBQM ;`QmTbX � ǳi`m2
Q#b2`p�#H2Ǵ rBHH #2 /2b+`B#2/ #v �M QT2`�iQ` r?B+?- r?2M �TTHB2/ iQ i?2
bi�i2 p2+iQ`- T`Q/m+2b �MQi?2` p2+iQ` r?B+? b�iBb}2b i?2 b�K2 +QMbi`�BMib
�b i?2 Q`B;BM�H p2+iQ`X � `2/m+2/ >BH#2`i bT�+2 Bb 2MpBb�;2/ BM r?B+? i?2
QMHv +�MQMB+�H i`�Mb7Q`K�iBQMb r?B+? �`2 T?vbB+�HHv K2�MBM;7mH �`2 i?Qb2
;2M2`�i2/ #v i`m2 Q#b2`p�#H2bX h?2 +QMbi`�BMi QT2`�iQ`b i?2Kb2Hp2b [m�HB7v
�b i`m2 Q#b2`p�#H2b mM/2` i?Bb /2}MBiBQM- #mi i?2v �`2 i`BpB�H- #2BM; bBKTHv
ǳMmHH ;2M2`�iQ`bXǴ "1_:J�LL #2HB2p2b i?�i Bi Bb BKK�i2`B�H r?2i?2` i?2
G�;`�M;B�M Q` >�KBHiQMB�M �TT`Q�+? Bb mb2/ iQ /Bb+Qp2` i?2 MQMi`BpB�H i`m2
Q#b2`p�#H2bc i?2 `2bmHib rBHH #2 i?2 b�K2 BM 2Bi?2` +�b2X

�b `2K�BMBM; T`Q#H2Kb r?B+? Kmbi 2p2Mim�HHv #2 HQQF2/ �i- "1_:@
J�LL ;�p2 i?2 7QHHQrBM; T�`iB�H HBbi,

RX h?2 ?vT2`[m�MiBx2/ T�`iB+H2 }2H/ pbX i?2 i`2�iK2Mi Q7 T�`iB+H2b �b
bBM;mH�`BiB2b BM � [m�MiBx2/ ;`�pBi�iBQM�H }2H/X

kX h?2 BMi2`�+iBQM Q7 i?2 ;`�pBi�iBQM�H }2H/ rBi? 72`KBQMbX
jX h?2 BMi2`�+iBQM Q7 i?2 ;`�pBi�iBQM�H }2H/ rBi? Qi?2` [m�MiBx2/ }2H/bX
9X h?2 `2H�iBQM Q7 2H2K2Mi�`v T�`iB+H2 i?2Q`v iQ mMBi�`v }2H/ i?2Q`B2bX
8X h?2 `2H�iBQM Q7 i?2 H�r Q7 +QMb2`p�iBQM Q7 2M2`;v �M/ KQK2MimK �`Bb@

BM; 7`QK i?2 +QQ`/BM�i2 i`�Mb7Q`K�iBQM BMp�`B�M+2 Q7 ;2M2`�H `2H�iBp@
Biv iQ Qi?2` bi`QM; +QMb2`p�iBp2 H�rb Q7 T?vbB+b rBi? i?2B` �bbQ+B�i2/
BMp�`B�M+2 ;`QmTbX



R3X h?2 S`Q#H2Kb Q7 Zm�MiBxBM; i?2 :`�pBi�iBQM�H 6B2H/ Red

.Bb+mbbBQM i?2M im`M2/ iQ i?2 T`Q#H2Kb Q7 K2�bm`2K2Mi Q7 i?2 ;`�p@
Bi�iBQM�H }2H/X h?Bb Bi2K r�b TH�+2/ }`bi QM i?2 �;2M/� BM �M �ii2KTi iQ
F22T T?vbB+�H +QM+2Tib �b Km+? �b TQbbB#H2 BM i?2 7Q`2;`QmM/ BM � bm#D2+i
r?B+? +�M Qi?2`rBb2 #2 [mB+FHv ~QQ/2/ #v K�bb2b Q7 /2i�BH �M/ r?B+? bm7@
72`b 7`QK H�+F Q7 2tT2`BK2Mi�H ;mB/2TQbibX h?2 [m2biBQM r�b �bF2/, q?�i
�`2 i?2 HBKBi�iBQMb BKTQb2/ #v i?2 [m�MimK i?2Q`v QM i?2 K2�bm`2K2Mib
Q7 bT�+2@iBK2 /Bbi�M+2b �M/ +m`p�im`2\ aBM+2 i?2 +m`p�im`2 Bb bmTTQb2/ iQ
#2 �z2+i2/ #v i?2 T`2b2M+2 Q7 ;`�pBi�iBM; K�ii2`- �M 2[mBp�H2Mi [m2biBQM Bb
iQ �bF, q?�i �`2 i?2 [m�MimK HBKBi�iBQMb BKTQb2/ QM i?2 K2�bm`2K2Mi Q7
i?2 ;`�pBi�iBQM�H K�bb Q7 � K�i2`B�H #Q/v- �M/- BM T�`iB+mH�`- +�M i?2 T`BM@
+BTH2 Q7 2[mBp�H2M+2 #2 2ti2M/2/ iQ 2H2K2Mi�`v T�`iB+H2b\ UAM i?2 BMi2`2bi
Q7 +H�`B7vBM; i?2 BKTQ`i�M+2 Q7 bQK2 Q7 i?2 7QHHQrBM; /Bb+mbbBQM- i?2 2/BiQ`b
rQmH/ HBF2 iQ TQBMi Qmi �i H2�bi QM2 `2�bQM- r?B+? r�b MQi ;Bp2M bm{+B2Mi
�ii2MiBQM �i i?2 +QM72`2M+2- r?v i?2 �Mbr2` iQ i?2 H�ii2` [m2biBQM Bb MQi
� bBKTH2 K�ii2` Q7 /BK2MbBQM�H �`;mK2MibX AM [m�MimK ;`�pB/vM�KB+b
i?2`2 2tBbib � M�im`�H mMBi Q7 K�bb- M�K2Hv

√
ch̄/G ≈ 10−5 ;X PM2 KB;?i

#2 i2KTi2/ iQ bmTTQb2 i?�i i?Bb `2T`2b2Mib � HQr2` HBKBi QM i?2 K�bb Q7 �
T�`iB+H2 r?Qb2 ;`�pBi�iBQM�H 2z2+i +�M BM T`BM+BTH2 #2 K2�bm`2/X h?�i i?Bb
+QM+HmbBQM Bb r`QM; +�M #2 b?QrM #v i?2 7QHHQrBM; �`;mK2Mib,

*QMbB/2` Dmbi � +H�bbB+�H i2bi T�`iB+H2 Q7 K�bb m r?B+? Bb BMBiB�HHv �i `2bi
�i i?2 TQBMi x0 Ur2 `2bi`B+i Qm`b2Hp2b iQ QM2 /BK2MbBQMV BM � ;`�pBi�iBQM�H
TQi2MiB�H ϕX �i i?2 iBK2 t i?2 TQbBiBQM Q7 i?2 T�`iB+H2 rBHH #2

x = x0 −
1
2

∂ϕ
∂x

t2.

h?2 ;`�pBi�iBQM�H }2H/ bi`2M;i? Bb ;Bp2M #v ∂ϕ/∂x �M/ +�M BKK2/B�i2Hv #2
/2i2`KBM2/ #v � K2�bm`2K2Mi Q7 t �M/ xX A7 ?Qr2p2` i?2 T�`iB+H2 Bb bm#D2+i
iQ [m�MimK H�rb Bib BMBiB�H TQbBiBQM �M/ p2HQ+Biv �`2 bm#D2+i iQ U`QQi K2�M
b[m�`2V mM+2`i�BMiB2b `2H�i2/ #v

∆v0 =
h̄

2m∆x0

H2�/BM; iQ �M mM+2`i�BMiv BM TQbBiBQM �i iBK2 t > 2m∆x2
0/h̄ = h̄/2m∆v2

0 Q7
�KQmMi

∆x = ∆v0t =
h̄t

2m∆x0
.

h?2 BMBiB�H TQbBiBQM K2�bm`2K2Mi K�v #2 K�/2 #v � T?QiQM Q7 KQK2MimK
mM+2`i�BMiv ∆p = m∆v0 UQ`- BM T`BM+BTH2- #v � ;`�pBiQM ?�pBM; i?2 b�K2
KQK2MimK mM+2`i�BMiv B7 QM2 T`272`b iQ /2�H rBi? �#bQHmi2 2H2+i`B+�HHv



Re3 R3X h?2 S`Q#H2Kb Q7 Zm�MiBxBM; i?2 :`�pBi�iBQM�H 6B2H/

M2mi`�H i2bi T�`iB+H2b5VX h?2 `2bmHiBM; mM+2`i�BMiv BM i?2 BMBiB�H iBK2 K�v
#2 B;MQ`2/ bBM+2 Bi Bb ;Bp2M #v ∆t0 = ∆x0/c = h̄/2mc∆v0 << t U�bbmKBM;
∆v0 << cVX h?2 }M�H TQbBiBQM �M/ iBK2 K2�bm`2K2Mib K�v #2 K�/2 rBi?
�`#Bi`�`BHv ?B;? T`2+BbBQM- mbBM; 2M2`;2iB+ T?QiQMb- bBM+2 i?2 2tT2`BK2Mi Bb
i?2M Qp2`X

h?2 ;`�pBi�iBQM�H }2H/ +�M MQr #2 /2i2`KBM2/ 7`QK i?2 +H�bbB+�H 2[m�@
iBQM B7

∣∣∣∂ϕ
∂x

∣∣∣t2 >>
h̄t

m∆x0
>>

h̄
mc

.

>Qr2p2`- QM2 Kmbi #2 �#H2 iQ +?QQb2 t bK�HH 2MQm;? bQ i?�i |∂ϕ/∂x| /Q2b
MQi +?�M;2 �TT`2+B�#Hv /m`BM; i?2 +Qm`b2 Q7 i?2 KQiBQMX h?Bb BKTQb2b �
+QM/BiBQM QM i?2 ;`�pBi�iBQM�H }2H/- M�K2Hv

∣∣∣∂ 2ϕ
∂x2

∣∣∣
∣∣∣∂ϕ

∂x

∣∣∣t2 <<
∣∣∣∂ϕ

∂x

∣∣∣

Q`
∣∣∣∂ϕ

∂x

∣∣∣
∣∣∣∂ 2ϕ

∂x2

∣∣∣
>>>>

h̄
mc

.

A7 i?2 ;`�pBi�iBQM�H }2H/ Bb T`Q/m+2/ #v � TQBMi K�bb J i?2M ϕ =−GM/x-
∂ϕ/∂x = GM/x2- ∂ 2ϕ/∂x2 = −2GM/x3- �M/ i?2 `2[mB`2/ +QM/BiBQM #2@
+QK2b x >>>> h̄/mc r?B+? +�M �Hr�vb #2 b�iBb}2/X 1pB/2MiHv i?2 ;`�pBi�@
iBQM�H }2H/ Q7 �Mv K�bb Bb K2�bm`�#H2 BM T`BM+BTH2 #2+�mb2 Q7 i?2 HQM; ǳi�BHǴ
BM i?2 L2riQMB�M 7Q`+2 H�rX AM 7�+i- i?2 HQM; i�BH Bb r?�i T2`KBib mb iQ
ǳK2�bm`2Ǵ i?2 ;`�pBi�iBQM�H K�bb Q7- 7Q` 2t�KTH2- � Mm+H2QM- #v K2�bm`BM;
i?2 ;`�pBi�iBQM�H K�bb Q7 � H�`;2 #�HH Q7 H2�/ �M/ /BpB/BM; #v i?2 FMQrM
MmK#2` Q7 Mm+H2QMb BM BiX

Ai Bb- ?Qr2p2`- biBHH � K�ii2` Q7 #�bB+ BMi2`2bi iQ /2i2`KBM2 r?2i?2` Q`
MQi i?2 K2�bm`2K2Mi +QmH/ #2 +�``B2/ Qmi QM � bBM;H2 2H2K2Mi�`v T�`iB+H2X
>2`2 i?2 K�BM T`�+iB+�H T`Q#H2K +QM+2`Mb i?2 K2�bm`2K2Mi Q7 iBK2X PM2
?�b i?2 `2bi`B+iBQM t >> (h/mc)1/2/|∂ϕ/∂x|1/2 Q`

t >>

√
h̄x2

GMmc
>>>>

√
h̄3

GMm3c3 .

A7 #Qi? i?2 i2bi T�`iB+H2 �M/ bQm`+2 ?�b T`QiQMB+ K�bb i?2M



R3X h?2 S`Q#H2Kb Q7 Zm�MiBxBM; i?2 :`�pBi�iBQM�H 6B2H/ ReN

√
h̄3

GM4c3 ≈ 10−5 sec.,

�M/ �HH +QM/BiBQMb K�v b22KBM;Hv #2 b�iBb}2/ #v +?QQbBM; t iQ ?�p2 i?2 MQi
mM`2�bQM�#H2 p�Hm2 t = 1 b2+X JQ`2Qp2`- MQ +QKTHB+�iBQMb b?QmH/ �`Bb2 /m2
iQ i?2 MQMHBM2�` +?�`�+i2` Q7 i?2 ;`�pBi�iBQM�H }2H/ Ui?2 HBM2�` L2riQMB�M
�TT`QtBK�iBQM b?QmH/ #2 K�bb2b �b bK�HH �b � T`QiQMVX

L2p2`i?2H2bb- � MmK#2` Q7 bm#iH2iB2b 2Mi2` i?2 T`Q#H2K �i i?Bb TQBMi-
+?B2~v +QM+2`MBM; i?2 M�im`2 Q7 i?2 `2+Q`/BM; �TT�`�imb- Q` +HQ+F- r?B+?
K2�bm`2b i?2 `2[mBbBi2 iBK2 BMi2`p�Hb UBM/2T2M/2MiHv Q7 i?2 T?QiQMb r?B+?
BMi2`�+i rBi? i?2 i2bi T�`iB+H2V �M/ ?Qr i?2 T`2b2M+2 Q7 i?2 +HQ+FǶb K�bb
BM i?2 M2B;?#Q`?QQ/ K�v BM~m2M+2 `2bmHib Q7 i?2 2tT2`BK2MiXV





*?�Ti2` RN
*QM+2Tim�H *HQ+F JQ/2Hb
>X a�H2+F2`

>X a�G1*E1_ QT2M2/ i?2 /Bb+mbbBQM #v `2TQ`iBM; QM bQK2 +QM+2Tim�H
+HQ+F KQ/2Hb r?B+? ?2 ?�b �M�Hvx2/ BM +QHH�#Q`�iBQM rBi? 1X SX qB;M2`X
>2 }`bi K�/2 bQK2 ;2M2`�H +QKK2Mib QM i?2 7mM/�K2Mi�H M�im`2 Q7 bT�+2@
iBK2 /Bbi�M+2 K2�bm`2K2Mib, AM Q`/BM�`v [m�MimK K2+?�MB+b i?2 bT�+2@
iBK2 TQBMi Bb bT2+B}2/ #v Bib 7Qm` +QQ`/BM�i2b- #mi MQ T`2b+`BTiBQM Bb ;Bp2M
�b iQ ?Qr i?2b2 +QQ`/BM�i2b �`2 iQ #2 K2�bm`2/X h?Bb- ?Qr2p2`- Bb BM
+QM~B+i rBi? i?2 T`BM+BTH2b Q7 i?2 ;2M2`�H i?2Q`v Q7 `2H�iBpBiv- �++Q`/BM;
iQ r?B+? +QQ`/BM�i2b ?�p2 MQ K2�MBM; BM/2T2M/2Mi Q7 Q#b2`p�iBQMX �
+QQ`/BM�i2 bvbi2K +�M #2 /2}M2/ QMHv B7 bT�+2@iBK2 /Bbi�M+2 K2�bm`2K2Mib
+�M #2 +�``B2/ Qmi BM T`BM+BTH2 rBi?Qmi `2bi`B+iBQMbX a�G1*E1_ i?2M
r2Mi QM iQ TQBMi Qmi i?�i i?2 mb2 Q7 +HQ+Fb �HQM2 Bb bm{+B2Mi iQ K2�bm`2
#Qi? bT�+2@iBK2 �M/ iBK2@HBF2 /Bbi�M+2bX h?Bb Bb BKTQ`i�Mi bBM+2 K2�bm`BM;
`Q/b- BM +QMi`�bi iQ +HQ+Fb- �`2 2bb2MiB�HHv K�+`Q@T?vbB+�H Q#D2+ib r?B+? rBHH
bi`QM;Hv BM~m2M+2 Qi?2` Q#D2+ib /m`BM; i?2 K2�bm`BM; T`Q+2/m`2 i?`Qm;?
i?2B` ;`�pBi�iBQM�H }2H/bX JQ`2Qp2`- i?2 K2�bm`2K2Mi Q7 /Bbi�M+2b #2ir22M
bT�+2@iBK2 TQBMib Bb +QMbB/2`�#Hv KQ`2 +QKTHB+�i2/ rBi? K2�bm`BM; `Q/b
i?�M +HQ+Fb #2+�mb2 Q7 i?2 GQ`2Mix +QMi`�+iBQM Q7 `Q/bX

6B;m`2 RNXR



Rdk RNX *QM+2Tim�H *HQ+F JQ/2Hb

h?2 K2i?Q/ #v r?B+? � +HQ+F +�M #2 mb2/ iQ /2i2`KBM2 � bT�+2@HBF2
/Bbi�M+2 #2ir22M irQ 2p2Mib � �M/ " Bb �b 7QHHQrb, G2i i?2 ;2Q/2bB+ rQ`H/
HBM2 Q7 i?2 +HQ+F T�bb i?`Qm;? i?2 2p2Mi � �i iBK2 tA- �M/ bmTTQb2 i?�i
i?2 +HQ+F 2KBib � +QMiBMmQmbHv KQ/mH�i2/ HB;?i bB;M�H- 2X;X- KQMQiQMB+�HHv
+?�M;BM; +QHQ`XR G2i i?Bb bB;M�H #2 `2~2+i2/ �i 2p2Mi " #v � #`B2~v 2tTQb2/
KB``Q`X h?2 iBK2 Q7 2KBbbBQM t1 Q7 i?2 `2~2+i2/ TQ`iBQM Q7 i?2 bB;M�H rBHH
#2 /2i2`KBM2/ #v BMbT2+iBQM Q7 i?2 +QHQ` Q7 i?Bb TQ`iBQM r?2M Bi 2p2Mim�HHv
`2im`Mb iQ i?2 +HQ+F �i iBK2 t2X h?2 BMp�`B�Mi /Bbi�M+2 a #2ir22M � �M/ "
Bb i?2M ;Bp2M #v

S2 = c2(t2 − tA)(tA − t1)

T`QpB/2/ S Bb bK�HH +QKT�`2/ iQ i?2 `�/Bmb Q7 +m`p�im`2 Q7 i?2 bT�+2@iBK2
M2B;?#Q`?QQ/ Q7 i?2 irQ 2p2MibX

� iBK2@HBF2 /Bbi�M+2 +�M Q7 +Qm`b2 #2 K2�bm`2/ #v i?2 Q#pBQmb K2i?Q/
Q7 H2iiBM; i?2 +HQ+F T�bb �HQM; � ;2Q/2bB+ #2ir22M i?2 irQ 2p2MibX

a�G1*E1_ i?2M /2b+`B#2/ i?2 `2bmHib Q7 +QMbB/2`BM; i?2 +HQ+F Bib2H7-
�M/ i?2 T`Q+2bb Q7 `2�/BM; Bi- BM ;`2�i2` /2i�BHX �Hi?Qm;? ?Bb �+im�H 2tTQ@
bBiBQM bmz2`2/ 7`QK H�+F Q7 iBK2 BM r?B+? iQ T`2b2Mi i?2 K�i2`B�H- ?2 p2`v
FBM/Hv ;�p2 i?2 2/BiQ`b �++2bb iQ i?2 K�Mmb+`BTi Q7 � T�T2` r?B+? ?2 rBHH
b?Q`iHv Tm#HBb? QM i?2 bm#D2+iX h?2 7QHHQrBM; Bb � `2bmK2 Q7 TQ`iBQMb Q7 ?Bb
T�T2`X *2`i�BM bBKTHB}+�iBQMb ?�p2 #22M K�/2- H2�/BM; iQ bHB;?i +?�M;2b
BM MmK2`B+�H +Q2{+B2Mib- 7Q` r?B+? i?2 2/BiQ`b �`2 2MiB`2Hv `2bTQMbB#H2X

PM2 Kmbi }`bi �bF i?2 [m2biBQM, q?�i Bb i?2 �++m`�+v rBi? r?B+?
� +HQ+F +�M #2 `2�/- BM/2T2M/2MiHv Q7 BM?2`2Mi BM�++m`�+B2b Q7 i?2 +HQ+F
Bib2H7\ �i i?2 #2;BMMBM; Q7 � iBK2 BMi2`p�H �M Q#b2`p2` K�v 2KBi � HB;?i
bB;M�H iQ `2�/ i?2 +HQ+FX A7 i?2 H2M;i? Q7 i?2 bB;M�HǶb i`�BM Bb l �M/ B7 i?2
TmHb2 Bb T`QT2`Hv b?�T2/- i?2 `QQi K2�M b[m�`2 mM+2`i�BMiv BM i?2 BMBiB�H
iBK2 K2�bm`2K2Mi rBHH #2

∆tl = l/2c.

h?2 +HQ+F K�v bBKmHi�M2QmbHv #2 K�/2 iQ 2KBi � T?QiQM iQ +QKT2Mb�i2
7Q` `2+QBHX >Qr2p2`- �M BM2pBi�#H2 mM+2`i�BMiv BM i?2 +HQ+FǶb KQK2MimK
rBHH `2K�BM- Q7 �KQmMi

∆pl = h̄/l = h̄/2c∆tl

+Q``2bTQM/BM; iQ �M 2M2`;v mM+2`i�BMiv BM i?2 HB;?i bB;M�H Q7 �KQmMi
Ra�G1*E1_ H2i i?2 TQbBiBQM Q7 2p2Mi " #2 bBKTHv /2i2`KBM2/ #v i?2 iBK2 Q7 2KBbbBQM

t1 Q7 � TmHb2/ bB;M�HX h?2 2/BiQ`b ?�p2 BMb2`i2/ i?2 B/2� Q7 +QHQ` KQ/mH�iBQM BM Q`/2` iQ
�pQB/ Q#D2+iBQMb #�b2/ QM i?2 T`BM+BTH2 Q7 +�mb�HBivX



RNX *QM+2Tim�H *HQ+F JQ/2Hb Rdj

∆El = c∆pl = h̄/2∆tl .

h?2 +HQ+F rBHH ;2M2`�HHv ?�p2 �HbQ �M BMBiB�H TQbBiBQM mM+2`i�BMiv ∆x
;BpBM; `Bb2 iQ � KQK2MimK mM+2`i�BMiv

∆px = h̄/2 ∆x.

h?2 iQi�H KQK2MimK mM+2`i�BMiv �7i2` i?2 }`bi `2�/BM; Bb i?2`27Q`2

∆p = ∆px +∆pl = h̄
(

1
2∆x

+
1
l

)

+Q``2bTQM/BM; iQ � p2HQ+Biv mM+2`i�BMiv Q7 �KQmMi

∆v =
∆p
M

=
h̄
M

(
1

2∆x
+

1
l

)

r?2`2 M i?2 K�bb Q7 i?2 +HQ+FX Uq2 M2;H2+i ?2`2 +2`i�BM `2H�iBpBbiB+ +Q`@
`2+iBQMb r?B+? a�G1*E1_ +QMbB/2`2/XV A7 x Bb i?2 K2�M /Bbi�M+2 7`QK
i?2 Q#b2`p2` iQ i?2 +HQ+F i?2M i?2 iBK2 �i r?B+? i?2 Q#b2`p2` `2+2Bp2b i?2
BMBiB�H `2�/BM; 7`QK i?2 +HQ+F rBHH #2

t1 = (x±∆x)/c±∆tl .

h?2 iBK2 �i r?B+? i?2 Q#b2`p2` `2+2Bp2b � b2+QM/ `2�/BM; �i i?2 2M/ Q7 �
U+HQ+FǶbV iBK2 BMi2`p�H t rBHH #2

t2 = (x±∆x±∆vt)/c±∆tl + t,

;BpBM; 7Q` i?2 iQi�H BM�++m`�+v BM i?2 `2�/BM; Q7 i?2 iBK2 BMi2`p�H

∆t = |t2 − t1 − t|max = 2 ∆x/c+2 ∆tl +∆vt/c

=
1
c
(2∆x+ l)+

h̄t
Mc

(
1

2∆x
+

1
l
).

h?2 KBMBKmK mM+2`i�BMiv Bb �+?B2p2/ #v +?QQbBM; 2∆x = l = (h̄t/M)1/2-
r?B+? vB2H/b

∆tmin = 4(tct)1/2 tc =
h̄

Mc2 .

1pB/2MiHv i?2 �++m`�+v Q7 `2�/BM; Bb ;`2�i2` i?2 H�`;2` i?2 K�bb Q7 i?2 +HQ+FX
PM i?2 Qi?2` ?�M/- i?2 ;`�pBi�iBQM�H }2H/ Q7 i?2 +HQ+F rBHH #2 /Bbim`#BM; B7



Rd9 RNX *QM+2Tim�H *HQ+F JQ/2Hb

Bib K�bb Bb K�/2 iQQ H�`;2X PM2 ?�b i?2`27Q`2 iQ +QMbB/2` i?2 T`Q#H2K Q7
?Qr iQ +QMbi`m+i � +HQ+F r?B+? b?�HH #2 �b HB;?i �M/ �b �++m`�i2 �b TQbbB#H2X
PM2 Kmbi �i i?Bb TQBMi i�F2 BMiQ �++QmMi i?2 BM?2`2Mi BM�++m`�+B2b BM i?2
+HQ+F Bib2H7- #v +QMbB/2`BM; Bib �iQKB+ bi`m+im`2X

� bBM;H2 �iQK #v Bib2H7 `2T`2b2Mib iQ � p2`v ?B;? /2;`22 Q7 �++m`�+v
�M Qb+BHH�iQ`- #mi BM bTBi2 Q7 i?Bb Bi Bb MQi TQbbB#H2 iQ i�F2 � bBM;H2 �iQK
2KBiiBM; `�/B�iBQM �b � +HQ+FX "27Q`2 �M Qb+BHH�iQ` +�M #2 +QMbB/2`2/ iQ
#2 � +HQ+F Bi Kmbi #2 TQbbB#H2 iQ `2;Bbi2` Bib BM7Q`K�iBQMc BX2X- i?2 �iQK
Kmbi #2 +QmTH2/ rBi? � /2pB+2 iQ +QmMi i?2 MmK#2` Q7 iBK2b i?2 2KBii2/
2H2+i`QK�;M2iB+ }2H/ bi`2M;i? `2�+?2b � +2`i�BM p�Hm2X am+? � +QmMiBM;
/2pB+2 rQmH/ #2 BM +QMi`�/B+iBQM rBi? i?2 T`BM+BTH2b Q7 [m�MimK K2+?�MB+bX

�b ?Bb }`bi KQ/2H- i?2`27Q`2- a�G1*E1_ +QMbB/2`2/ � bi�iBbiB+�H
+HQ+F- +QKTQb2/ Q7 � +2`i�BM MmK#2` N0 Q7 2H2K2Mi�`v bvbi2Kb BMBiB�HHv
BM �M 2t+Bi2/ bi�i2X h?2 bvbi2Kb r2`2 �bbmK2/ iQ ;Q Qp2` /B`2+iHv iQ �
;`QmM/ bi�i2 �M/ iQ #2 bm{+B2MiHv r2HH b2T�`�i2/ bQ �b MQi iQ `22t+Bi2 QM2
�MQi?2`X A7 i?2 /2+�v `�i2 Bb λ - i?2M i?2 T`Q#�#BHBiv Q7 }M/BM; N bvbi2Kb
`2K�BMBM; BM i?2 2t+Bi2/ bi�i2 �7i2` � iBK2 t Bb

P(N, t) =
N0!

N!(N −N0)!
ωN(1−ω)N0−N

r?2`2

ω = e−λ t .

h?2 �p2`�;2 p�Hm2 Q7 N �M/ i?2 `QQi K2�M b[m�`2 /2pB�iBQM �i iBK2 t �`2
;Bp2M `2bT2+iBp2Hv #v

N = N0ω

∆N =
√

N0ω(1−ω).

h?2 `2;Bbi2`BM; /2pB+2 BM i?2 +HQ+F ?�b QMHv iQ +QmMi i?2 MmK#2` Q7 �iQKb
`2K�BMBM; BM i?2 2t+Bi2/ bi�i2 UQ`- �Hi2`M�iBp2Hv- i?2 MmK#2` Q7 bvbi2Kb
r?B+? ?�p2 /2+�v2/V BM Q`/2` iQ `2+Q`/ � bi�iBbiB+�H iBK2 ;Bp2M #v

tstat =
1
λ ln

N0

N

r?B+? ?�b �M mM+2`i�BMiv Q7 �KQmMi



RNX *QM+2Tim�H *HQ+F JQ/2Hb Rd8

∆tstat = |∆ 1
λ ln

N0

N
|= 1

λ
∆N
N

=
(eλ t −1)1/2

λN1/2
0

.

h?2 KBMBKmK mM+2`i�BMiv Bb �+?B2p2/ #v +?QQbBM; λ = 1.6t- r?B+? vB2H/b

∆tstat min = 1.2
t

N1/2
0

.

� }M�H mM+2`i�BMiv �`Bb2b 7`QK i?2 7�+i i?�i i?2 `2;Bbi2`BM; /2pB+2
Kmbi /BbiBM;mBb? #2ir22M 2t+Bi2/ �M/ mM2t+Bi2/ bvbi2Kb- �M/ 7Q` i?Bb Tm`@
TQb2 � iBK2 ∆tm �i H2�bi �b ;`2�i �b h/(E1 −E0) Bb `2[mB`2/- r?2`2 E1 �M/
E0 �`2 `2bT2+iBp2Hv i?2 2H2K2Mi�`v 2t+Bi2/ �M/ ;`QmM/ bi�i2 2M2`;v H2p2HbX
AM i?2 KQbi 7�pQ`�#H2 +�b2 i?2 /2+�vBM; bvbi2Kb rQmH/ mM/2`;Q +QKTH2i2
/BbBMi2;`�iBQM rBi?- 7Q` 2t�KTH2- i?2 2KBbbBQM Q7 irQ T?QiQMb BM QTTQbBi2
/B`2+iBQMb bQ �b iQ 2HBKBM�i2 `2+QBHX h?2 `2;Bbi2`BM; /2pB+2 KB;?i i?2M #2 �
+QmMi2` iQ /2i2+i i?2 T?QiQMb- #mi ?Qr2p2` +QMbi`m+i2/ Bi rQmH/ ?�p2 �M
�#bQHmi2 KBMBKmK iBK2 BM�++m`�+v Q7 �KQmMi ∆tm = h̄/mc2- +Q``2bTQM/@
BM; iQ T?QiQM 2M2`;B2b Q7 Q`/2` mc2 r?2`2 m Bb i?2 K�bb Q7 � /2+�vBM;
2H2K2Mi�`v +QKTQM2Mi Q7 i?2 +HQ+FX

h?2 iQi�H BM�++m`�+v BM i?2 K2�bm`2K2Mi Q7 � iBK2 BMi2`p�H t #v K2�Mb
Q7 � bi�iBbiB+�H +HQ+F Bb i?2`27Q`2 �i H2�bi

∆ttot = ∆tmin +∆tstat min +∆tm

= 4(tct)1/2 +1.2
t

N1/2
0

+(1− µ
M
)−1N0tc

r?2`2 µ Bb i?2 K�bb Q7 i?2 `2;Bbi2`BM; /2pB+2 THmb i?2 7`�K2rQ`F Q7 i?2
+HQ+F- �M/ M = N0m+ µ Bb i?2 iQi�H +HQ+F K�bbX A7 QM2 Bb +H2p2` 2MQm;?
BM i?2 +QMbi`m+iBQM Q7 i?2 +HQ+F i?2 MmK#2` (1− µ

M )−1 K�v #2 F2Ti 7`QK
#2BM; 2t+2bbBp2Hv H�`;2X h?2 KBMBKmK iQi�H BM�++m`�+v 7Q` � ;Bp2M iQi�H
K�bb M Bb �+?B2p2/ #v +?QQbBM;

N3/2
0 = 0.6(1− µ

M
)

t
tc

r?B+? vB2H/b

∆ttot min = 4(tct)1/2 +2.1(1− µ
M
)−1/3(tct2)1/3.



Rde RNX *QM+2Tim�H *HQ+F JQ/2Hb

a�G1*E1_ +QMbB/2`2/ �HbQ �MQi?2` ivT2 Q7 bi�iBbiB+�H KQ/2H- rBi?
2bb2MiB�HHv i?2 b�K2 `2bmHibX Ai b?QmH/ #2 TQBMi2/ Qmi BKK2/B�i2Hv i?�i 7Q`
� ;Bp2M M �M/ t U2X;X- bmBi�#H2 7Q` � +2`i�BM 2tT2`BK2MiV Bi K�v #2 mii2`Hv
BKTQbbB#H2 iQ +?QQb2 i?2 QTiBKmK p�Hm2 Q7 N0- #2+�mb2 Q7 i?2 p2`v HBKBi2/
`�M;2 Q7 2H2K2Mi�`v@bvbi2K K�bb2b m Q++m``BM; BM M�im`2X a�G1*E1_
i?2`27Q`2 +QMbB/2`2/- �b � i?B`/ KQ/2H- � p2`v ?vTQi?2iB+�H ivT2 Q7 +HQ+F-
+QMbBbiBM; Q7 � bBM;H2 2H2K2Mi�`v ?�`KQMB+ Qb+BHH�iQ`- #mi QT2`�iBM; �i
bm{+B2MiHv ?B;? [m�MimK MmK#2`b 7Q` Bi iQ #2 ǳ`2�/Ǵ HBF2 � +H�bbB+�H /2@
pB+2X S2`KBiiBM; ?BKb2H7 iQ BK�;BM2 �M 2H2K2Mi�`v Qb+BHH�iQ` r?B+? +QmH/
7mM+iBQM 2p2M �i `2H�iBpBbiB+ 2M2`;B2b- ?2 7QmM/ 7Q` i?2 KBMBKmK iQi�H mM@
+2`i�BMiv

∆tot min ≈
h̄

m′c2 +

√
h̄t

m′c2

r?2`2 m′ = m+E/c2- m #2BM; i?2 `2bi K�bb Q7 i?2 Qb+BHH�iQ` �M/ E Bb Bib
2t+Bi�iBQM 2M2`;vX

h?2 [m�MiBiv ∆tot min Bb b22M ;2M2`�HHv iQ /2T2M/ QM i?2 iBK2 BMi2`p�H
Bib2H7X q?2M t #2+QK2b Q7 i?2 Q`/2` Q7 ∆tot min i?2M i?2 iBK2 BMi2`p�H +�M
MQ HQM;2` #2 K2�bm`2/X AM 2p2`v +�b2 i?2 bK�HH2bi iBK2 BMi2`p�H r?B+? +�M
#2 K2�bm`2/ Bb `Qm;?Hv

tmin ≈
h̄

mc2 .

h?�i Bb- i?2 iBK2 �bbQ+B�i2/ rBi? i?2 K�bb Q7 QM2 Q7 i?2 2H2K2Mi�`v bvbi2Kb
Qmi Q7 r?B+? i?2 +HQ+F Bb +QMbi`m+i2/ `2T`2b2Mib �M �#bQHmi2 KBMBKmK
7Q` K2�bm`�#H2 iBK2 BMi2`p�HbX h?Bb KBMBKmK �`Bb2b- Q7 +Qm`b2- 7`QK i?2
+QmTHBM; #2ir22M i?2 `2;Bbi2`BM; /2pB+2 �M/ i?2 2H2K2Mi�`v bvbi2Kb- �M/
rQmH/ 2tBbi 2p2M B7 i?2 `2;Bbi2`BM; /2pB+2 r2`2 `2KQp2/ 7`QK i?2 BKK2/B�i2
pB+BMBiv Q7 i?2 +HQ+F T`QT2`X U6Q` 2t�KTH2- i?2 `2;Bbi2`BM; /2pB+2 KB;?i
#2 i?2 Q#b2`p2` ?BKb2H7- #mi i?2M- BM i?2 +�b2 Q7 i?2 bi�iBbiB+�H +HQ+Fb-
i?2 Q#b2`p2` rQmH/ ?�p2 iQ b2M/ Qmi � H�`;2 MmK#2` Q7 T?QiQMb bQ �b iQ
ǳ`2�/Ǵ 2�+? 2H2K2Mi�`v bvbi2K b2T�`�i2Hv- i?mb `�BbBM; i?2 `2�/BM; 2``Q`
7`QK 4(h̄t/Mc2)1/2 iQ 4(h̄t/mc2)1/2XV aBM+2- 7Q` 2tBbiBM; 2H2K2Mi�`v bvbi2Kb-
m≈ 10−24 ;- i?2 +Q``2bTQM/BM; iBK2 tmin ≈ 10−23sec.K�v- T`2b2MiHv �i H2�bi-
#2 `2;�`/2/ �b �M �#bQHmi2 HQr2` HBKBi iQ K2�bm`�#H2 iBK2 BMi2`p�HbX

a�G1*E1_ }MBb?2/ ?Bb /Bb+mbbBQM #v `2TQ`iBM; QM i?2 `2bmHib Q7 �T@
THvBM; bm+? +HQ+Fb iQ i?2 K2�bm`2K2Mi Q7 ;`�pBi�iBQM�H }2H/bX h?Bb T�`i
Q7 ?Bb rQ`F ?�b MQi v2i #22M r`Bii2M mT- bQ r2 +�M QMHv `2+Q`/ i?2 }M�H
`2bmHib r?B+? ?2 [mQi2/X h?`22 ivTB+�H K2�bm`2K2Mib r2`2 +QMbB/2`2/ #v
?BK,



RNX *QM+2Tim�H *HQ+F JQ/2Hb Rdd

RX h?2 /B`2+i K2�bm`2K2Mi Q7 gµν X

kX h?2 K2�bm`2K2Mi Q7 { σ
µν} i?`Qm;? i?2 Q#b2`p�iBQM Q7 ;2Q/2bB+bX

jX h?2 K2�bm`2K2Mi Q7 i?2 b+�H�` +m`p�im`2 Q7 � i?`22@/BK2MbBQM�H
bT�+2@HBF2 +`Qbb b2+iBQM Q7 � [m�bB@bi�iB+ `2;BQM Q7 bT�+2@iBK2X h?Bb Bb
/2}M2/ #v

K = lim
a→0

1
a

(
3

∑
i=1

αi −π
)

r?2`2 a Bb i?2 �`2� Q7 � bK�HH i`B�M;H2 UQ` T`BbK- BM bT�+2@iBK2V
�`QmM/ r?B+? � i2bi #Q/v Bb T�bb2/- �M/ i?2 αi �`2 Bib �M;H2bX U>2 �HbQ
T`QTQb2/ i?�i � /B`2+i K2�bm`2K2Mi Q7 i?2 _B2K�MM i2MbQ` b?QmH/
#2 +�``B2/ Qmi- #v i?2 K2i?Q/ bm;;2bi2/ BM � T`2pBQmb b2bbBQM #v
SB`�MBX

(
∂ 2ηa

∂ t2 = Ra
0b0ηb.

)
>2 ?�/ MQi #22M �r�`2 Q7 i?Bb TQbbB#BHBiv

T`BQ` iQ i?2 +QM72`2M+2XV

*�``vBM; Qmi i?2b2 +QM+2Tim�H K2�bm`2K2Mib QM i?2 ;`�pBi�iBQM�H }2H/
Q7 � T�`iB+H2 Q7 T`QiQMB+ K�bb- mbBM; � T�`iB+H2 Q7 2H2+i`QMB+ K�bb �b � i2bi
T�`iB+H2- �M/ +?QQbBM; i?2 KQbi 7�pQ`�#H2 +HQ+F KQ/2H iQ b2`p2 �b K2�@
bm`BM; �TT�`�imb- a�G1*E1_ 7QmM/ 7Q` i?2 mM+2`i�BMiv BM i?2 `2bmHi�Mi
K2�bm`2K2Mi Q7 i?2 K�bb T`Q/m+BM; i?2 }2H/

∆M ≈ 10−24g .

h?�i Bb- i?2 mM+2`i�BMiv Bb Q7 i?2 b�K2 Q`/2` �b i?2 K�bb Bib2H7X 6`QK i?Bb-
?2 +QM+Hm/2/ i?�i i?2 ;`�pBi�iBQM�H K�bb Q7 � bBM;H2 T`QiQM Bb MQi bi`B+iHv
�M Q#b2`p�#H2 [m�MiBivX

61uLJ�L �bF2/ a�G1*E1_ B7 ?2 +QmH/ r`Bi2 /QrM � 7Q`KmH� 7Q`
∆M BM i2`Kb Q7 7mM/�K2Mi�H +QMbi�Mib- QKBiiBM; /BK2MbBQMH2bb 7�+iQ`bX
a�G1*E1_ `2THB2/ i?�i i?Bb rQmH/ #2 [mBi2 /B{+mHiX h?2 /B{+mHiv b22Kb
iQ #2 i?�i QM2 ?�b iQ �++QmMi 7Q` i?2 T2`im`#BM; 2z2+i Q7 i?2 +HQ+F �M/-
BM 2z2+i- bQHp2 � irQ@#Q/v T`Q#H2KX h?2 mM+2`i�BMiv BM i?2 K2�bm`2K2Mi
Q7 iBK2 BM+`2�b2b T`QTQ`iBQM�HHv iQ bQK2 7`�+iBQM�H TQr2` Ut1/2 Q` t2/3V Q7
i?2 BMi2`p�H #2BM; K2�bm`2/- �M/ /2+`2�b2b rBi? BM+`2�bBM; +HQ+F K�bbX PM
i?2 Qi?2` ?�M/ i?2 #B;;2` i?2 +HQ+F i?2 ;`2�i2` Bib T2`im`#BM; UQ` K�bFBM;V
2z2+iX PM2 ?�b iQ +�``v Qmi � KBMBKBxBM; T`Q+2/m`2 BM r?B+? i?2 BMi2`p�H
t- i?2 T`QiQMB+ K�bb mM/2` Q#b2`p�iBQM- i?2 +HQ+F K�bb M- �M/- BM i?2
+�b2 Q7 bi�iBbiB+�H +HQ+Fb- i?2 MmK#2` N0 �`2 �HH BMpQHp2/X AM i?2 `2bmHiBM;
MmK2`B+�H +QKTmi�iBQMb i?2 7mM/�K2Mi�H +QMbi�Mib ;2i KBt2/ mT BM � p2`v



Rd3 RNX *QM+2Tim�H *HQ+F JQ/2Hb

+QKTHB+�i2/ r�vX a�G1*E1_ /B/ b�v- ?Qr2p2`- i?�i ∆M Bb T`QTQ`iBQM�H
iQ i?2 K�bb #2BM; K2�bm`2/- i?2 7�+iQ` Q7 T`QTQ`iBQM�HBiv /2T2M/BM; QM
i?2 `�iBQ Q7 i?2 ;`�pBi�iBQM�H `�/Bmb Q7 i?Bb K�bb iQ i?�i Q7 i?2 +HQ+FX

Uh?2 2/BiQ`b rQmH/ HBF2 iQ bm;;2bi i?�i- BM pB2r Q7 i?2 HQM; `�M;2
+?�`�+i2` Q7 i?2 ;`�pBi�iBQM�H 7Q`+2- /Bb+mbb2/ T`2pBQmbHv- i?2 ;`�pBi�iBQM�H
+QMbi�Mi K�v- BM i?2 H�bi �M�HvbBb- MQi 2Mi2` BMiQ i?2 7�+iQ` Q7 T`QTQ`@
iBQM�HBivX 6m`i?2`KQ`2- i?2 p�Hm2 �+im�HHv 7QmM/ 7Q` ∆M K�v BM bQK2 r�v
`2~2+i i?2 7mM/�K2Mi�H HBKBi�iBQM BM i?2 +HQ+F- pBxX i?�i Bi +�MMQi #2
+QMbi`m+i2/ Qmi Q7 2H2K2Mi�`v bvbi2Kb ?�pBM; K�bb2b bK�HH2` i?�M i?Qb2
7QmM/ BM M�im`2- BX2X- T`QiQMB+XV
61uLJ�L `2K�BM2/ mM+QMpBM+2/ Q7 a�H2+F2`Ƕb `2bmHiX >2 bm;;2bi2/ i?2
mb2 Q7 ?vTQi?2iB+�H �iQKb BM r?B+? QMHv irQ 7Q`+2b �`2 QT2`�iBp2, URV i?2
;`�pBi�iBQM�H 7Q`+2 �M/ UkV bQK2 7Q`+2 r?B+? /Q2b MQi ?�p2 �M BMp2`b2
b[m�`2 +?�`�+i2`X h?2 `2H�iBp2 T?�b2b Q7 /Bz2`2Mi iBK2 /2T2M/2Mi bi�i2b
rBHH i?2M /Bz2` 7Q` �iQKb Q7 /Bz2`2Mi K�bb2b- �M/ #v r�BiBM; � bm{+B2MiHv
HQM; iBK2 U2X;X- Ryy iBK2b i?2 �;2 Q7 i?2 mMBp2`b25V QM2 +QmH/ K2�bm`2 i?2
T?�b2 /Bz2`2M+2b �M/ ?2M+2 BM72` i?2 ;`�pBi�iBQM�H K�bb2b BMpQHp2/ iQ �b
?B;? � /2;`22 Q7 T`2+BbBQM �b K�v #2 /2bB`2/X
a�G1*E1_ `2THB2/ i?�i 62vMK�M rQmH/ biBHH ?�p2 iQ i�F2 BMiQ �++QmMi
i?2 �TT�`�imb r?B+? K2�bm`2/ i?Bb p2`v HQM; BMi2`p�H Q7 iBK2X JQ`2Qp2`-
?2 TQBMi2/ Qmi i?�i ?Bb QrM `2bmHi /B/ MQi i�F2 BMiQ �++QmMi i?2 TQbbB#BHBiv
Q7 T�B` T`Q/m+iBQM �`BbBM; 7`QK M2+2bbBiv Q7 K2�bm`BM; bT�+2@HBF2 BMi2`p�Hb
?�pBM; /BK2MbBQMb H2bb i?�M i?2 2H2+i`QMB+ *QKTiQM r�p2H2M;i?X
_Pa1L61G. �bF2/ ?Qr i?2 2tT`2bbBQM 7Q` ∆M /2T2M/b QM h̄X
a�G1*E1_ `2THB2/ i?�i ?2 r�b mM�#H2 iQ b�v- bBM+2 ?Bb +QKTmi�iBQMb
r2`2 bi�`i2/ 7`QK i?2 #2;BMMBM; rBi? MmK2`B+�H p�Hm2b U2X;X 10−24 ; 7Q`
i?2 T`QiQM K�bb- 2i+XVX
_Pa1L61G. i?2M iQQF i?2 ~QQ` iQ K�F2 bQK2 `2K�`Fb �#Qmi i?2 /B{@
+mHiB2b Q7 i`vBM; iQ 2ti2M/ i?2 i?2Q`v Q7 K2�bm`2K2Mi iQ i?2 ;`�pBi�iBQM�H
}2H/ BM i?2 K�MM2` BM r?B+? ?2 �M/ "Q?` ?�/ /QM2 7Q` i?2 2H2+i`QK�;@
M2iB+ }2H/X >2 }`bi b�B/ i?�i ?2 ?�/ i`B2/ iQ b22 ?Qr 7�` QM2 +�M ;2i-
7QHHQrBM; a�H2+F2`- BM /2i2`KBMBM; i?2 ;`�pBi�iBQM�H TQi2MiB�Hb #v K2i`B+�H
K2�bm`2K2Mib `�i?2` i?�M #v /vM�KB+�H K2�bm`2K2MibX U"v /vM�KB+�H
K2�bm`2K2Mib QM2 +�M ;2i QMHv i?2 /2`Bp�iBp2b Q7 i?2 TQi2MiB�Hb- K2i`B+�H
K2�bm`2K2Mib ;Bp2 i?2 TQi2MiB�Hb i?2Kb2Hp2b- �T�`i 7`QK � ;�m;2 7�+iQ`XV

_Qm;?Hv bT2�FBM;- i?2 BM�++m`�+v BM i?2 K2�bm`2K2Mi Q7 � ;`�pBi�@
iBQM�H TQi2MiB�H @ b�v g00 @ rBHH #2 T`QTQ`iBQM�H iQ i?2 BM�++m`�+v BM i?2
/2i2`KBM�iBQM Q7 H2M;i?bX h?2`27Q`2- B7 vQm +�M /2i2`KBM2 H2M;i?b rBi?



RNX *QM+2Tim�H *HQ+F JQ/2Hb RdN

�Mv �++m`�+v- i?2M vQm +�M �HbQ /2i2`KBM2 i?2 TQi2MiB�H rBi? �Mv �++m@
`�+vX >Qr2p2`- [m�MimK +QMbB/2`�iBQMb i2HH vQm i?�i B7 i?2 TQbBiBQM Q7 i?2
K2�bm`BM; `Q/ Q` +HQ+F Bb FMQrM iQ �M �++m`�+v ∆x i?2M Bib KQK2MimK Bb
mM+2`i�BM #v �M �KQmMi ∆p > h̄/∆xX h?Bb ;Bp2b `Bb2 iQ �M mM+2`i�BMiv BM
i?2 p�Hm2 Q7 i?2 ;`�pBi�iBQM�H }2H/ T`Q/m+2/ #v i?2 K2�bm`BM; BMbi`mK2MiX

h?2 7�+iQ`b r?B+? b�p2/ "Q?` �M/ _Qb2M72H/ BM i?2 2H2+i`QK�;M2iB+
+�b2 r2`2,

RX "2+�mb2 Q7 i?2 2tBbi2M+2 Q7 #Qi? M2;�iBp2 �M/ TQbBiBp2 +?�`;2 i?2
T2`im`#BM; }2H/ Q7 i?2 K2�bm`BM; BMbi`mK2Mi +QmH/ #2 `2/m+2/ iQ �
/BTQH2 }2H/X

kX h?2 +?�`;2 iQ K�bb `�iBQ Q7 i?2 K2�bm`BM; BMbi`mK2Mi +QmH/ #2 +QM@
i`QHH2/X

h?2`27Q`2- "Q?` �M/ _Qb2M72H/ +�K2 iQ i?2 +QM+HmbBQM i?�i i?2 K2�bm`2@
K2Mi Q7 �Mv +QKTQM2Mi Q7 i?2 2H2+i`QK�;M2iB+ }2H/ +QmH/ #2 +�``B2/ Qmi
rBi? �`#Bi`�`BHv ?B;? T`2+BbBQM BM bTBi2 Q7 i?2 [m�MimK `2bi`B+iBQMbX

h?2b2 b�pBM; 72�im`2b �`2 MQi T`2b2Mi BM i?2 ;`�pBi�iBQM�H +�b2X q?2i?@
2` QM2 i�F2b i?2 K2�bm`BM; BMbi`mK2Mi ?2�pv Q` HB;?i Bib T2`im`#BM; 2z2+i
rBHH #2 `Qm;?Hv i?2 b�K2 UT`QTQ`iBQM�H iQ ∆pVX h?2`27Q`2 _Pa1L61G.
�;`22/ rBi? a�H2+F2` i?�i i?2`2 rBHH #2 � 7mM/�K2Mi�H HBKBi�iBQM QM i?2
�++m`�+v rBi? r?B+? QM2 +�M K2�bm`2 i?2 ;`�pBi�iBQM�H }2H/- �Hi?Qm;? ?2
+QmH/ ;Bp2 MQ MmK2`B+�H 2biBK�i2 Q7 i?Bb HBKBi�iBQMX
q>11G1_ bm;;2bi2/ i?�i T2`?�Tb QM2 b?QmH/ bBKTHv 7Q`;2i �#Qmi i?2
K2�bm`2K2Mi T`Q#H2K �M/ T`Q+22/ rBi? Qi?2` �bT2+ib Q7 i?2Q`vX h?2
?BbiQ`v Q7 2H2+i`Q/vM�KB+b b?Qrb i?�i Bi Bb �Hr�vb � iB+FHBb? #mbBM2bb iQ
+QM+Hm/2 iQQ 2�`Hv i?�i i?2`2 �`2 +2`i�BM HBKBi�iBQMb QM � K2�bm`2K2MiX
>2 rQmH/ T`QTQb2 `�i?2` iQ 2KT?�bBx2 i?2 Q`;�MB+ mMBiv Q7 M�im`2- iQ /2@
p2HQT i?2 i?2Q`v UBX2X- [m�MimK ;`�pB/vM�KB+bV }`bi �M/ i?2M iQ `2im`M
H�i2` iQ i?2 K2�bm`2K2Mi T`Q#H2KX >2 bm;;2bi2/ i?�i i?Bb r�b T�`iB+@
mH�`Hv �TT`QT`B�i2 r?2M r2 /QMǶi 2p2M mM/2`bi�M/ iQQ Km+? �#Qmi i?2
+H�bbB+�H K2�bm`2K2Mi T`Q+2bb5 q2 /QMǶi FMQr v2i 2t�+iHv r?�i Bi Bb i?�i
QM2 b?QmH/ K2�bm`2 QM irQ bT�+2@HBF2 bm`7�+2b- BX2X i?2 bT2+B}+�iBQM Q7 i?2
BMBiB�H p�Hm2 T`Q#H2KX

>2 i?2M r2Mi QM iQ BK�;BM2 r?�i bQ`i Q7 B/2�b b+B2MiBbib KB;?i +QK2
mT rBi? B7 i?2v r2`2 ǳTmi mM/2` iQ`im`2Ǵ iQ /2p2HQT � i?2Q`v i?�i rQmH/
2tTH�BM �HH i?2 2H2K2Mi�`v T�`iB+H2b �M/ i?2B` BMi2`�+iBQMb bQH2Hv BM i2`Kb
Q7 ;`�pBi�iBQM �M/ 2H2+i`QK�;M2iBbK �HQM25 >2 }`bi iQQF � HQQF � K�;@
MBim/2b �M/ /BK2MbBQMbX AM i?2 62vMK�M [m�MiBx�iBQM K2i?Q/ QM2 Kmbi
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ǳbmK Qp2` ?BbiQ`B2bǴ �M �KTHBim/2 r?B+?- BM i?2 +QK#BM2/ 2H2+i`QK�;M2iB+@
;`�pBi�iBQM�H +�b2 ?�b `Qm;?Hv i?2 7Q`K

exp
i

h̄c

[∫
E2d4x+

c4

G

∫ (∂g
∂x

)2
d4x

]
.

h?2`27Q`2 B7 QM2 Bb K�FBM; K2�bm`2K2Mib BM � bT�+2@iBK2 `2;BQM Q7 pQHmK2
L4- +QMi`B#miBQMb iQ i?Bb bmK rBHH #2 KQ`2 Q` H2bb BM T?�b2 mMiBH p�`B�iBQMb BM
i?2 2H2+i`QK�;M2iB+ �M/ ;`�pBi�iBQM�H }2H/ �KTHBim/2b 7`QK i?2B` +H�bbB+�H
p�Hm2b #2+QK2 �b H�`;2 �b

∆E ≈
√

h̄c
L2 , ∆g ≈

√
h̄G

c3

L
≈ 10−33cm

L
.

h?2b2 `2T`2b2Mi i?2 [m�MimK ~m+im�iBQMb Q7 i?2 2H2+i`QK�;M2iB+ �M/ ;`�p@
Bi�iBQM�H }2H/bX AM i?2 ;`�pBi�iBQM�H +�b2- QrBM; iQ i?2 MQMHBM2�`Biv Q7 i?2
}2H/ 2[m�iBQMb i`mHv M2r 2z2+ib +QK2 BMiQ TH�v �i /Bbi�M+2b �b bK�HH �b
10−33+K r?2`2 ∆g #2+QK2b Q7 i?2 Q`/2` Q7 mMBivX q>11G1_ 2MpBb�;2b
� ǳ7Q�K@HBF2 bi`m+im`2Ǵ 7Q` i?2 p�+mmK- �`BbBM; 7`QK i?2b2 ~m+im�iBQMb Q7
i?2 K2i`B+X >2 +QKT�`2/ Qm` Q#b2`p�iBQM Q7 i?2 p�+mmK rBi? i?2 pB2r Q7
�M �pB�iQ` ~vBM; Qp2` i?2 Q+2�MX �i ?B;? �HiBim/2b i?2 Q+2�M HQQFb bKQQi?-
#mi #2;BMb iQ b?Qr `Qm;?M2bb �b i?2 �pB�iQ` /2b+2M/bX AM i?2 2�b2 Q7 i?2
p�+mmK- q>11G1_ #2HB2p2b i?�i B7 r2 HQQF �i Bi QM � bm{+B2MiHv bK�HH
b+�H2 Bi K�v 2p2M +?�M;2 Bib iQTQHQ;B+�H +QMM2+i2/M2bb- i?mb,

6B;m`2 RNXk
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AM i?Bb r�v ?2 ?�b #22M H2/ iQ i?2 +QM+2Ti Q7 ǳrQ`K?QH2Ǵ BM bT�+2X �
irQ@/BK2MbBQM�H �M�HQ; Q7 � rQ`K?QH2 rQmH/ HQQF HBF2 i?Bb,

6B;m`2 RNXj

q>11G1_ TQBMi2/ Qmi �MQi?2` r�v BM r?B+? � /BK2MbBQM Q7 i?2 Q`@
/2` Q7 10−33+K +QmH/ #2 �``Bp2/ �i- #v +QMbB/2`BM; QMHv i?2 ~m+im�iBQMb BM
i?2 2H2+i`QK�;M2iB+ }2H/X � ~m+im�iBQM Q7 �KQmMi ∆E rQmH/ +Q``2bTQM/ iQ
�M 2M2`;v ~m+im�iBQM Q7 �KQmMi ∆E2L3 = h̄c/L BM � `2;BQM Q7 /BK2MbBQM LX
h?2 ;`�pBi�iBQM�H 2M2`;v T`Q/m+2/ BM i?Bb `2;BQM #v i?Bb ~m+im�iBQM rQmH/
#2 Q7 i?2 Q`/2` Q7 G(h̄c/L)2/c4L = h̄2G/c2L3X h?2 irQ 2M2`;B2b #2+QK2
+QKT�`�#H2 r?2M L =

√
h̄G/c3 ≈ 10−33+KX AM q>11G1_Ƕb ǳ/`2�K Q7 i?2

iQ`im`2/ b+B2MiBbibǴ i?2 rQ`K?QH2b K�v b2`p2 �b bQm`+2b Q` bBMFb Q7 2H2+i`B+
HBM2b Q7 7Q`+2- MQ +?�`;2 #2BM; �+im�HHv BMpQHp2/ bBM+2 i?2 HBM2b Q7 7Q`+2 K�v
T�bb +QMiBMmQmbHv i?`Qm;? i?2 rQ`K?QH2bX � bm`7�+2 BMi2;`�H Q7 i?2 HBM2b
Q7 7Q`+2 Qp2` � `2;BQM Q7 /BK2MbBQM L rQmH/ vB2H/ � p�Hm2 Q7 i?2 Q`/2` Q7
∆EL2 =

√
h̄c r?B+? rQmH/ `2T`2b2Mi � `Qm;? �p2`�;2 Q7 i?2 �TT�`2Mi +?�`;2

�bbQ+B�i2/ rBi? 2�+? rQ`K?QH2X LQ [m�MiBx�iBQM Q7 +?�`;2 Bb BKTHB2/ ?2`2X
AM 7�+i i?2 rQ`K?QH2b i?2Kb2Hp2b ?�p2 MQi?BM; /B`2+iHv iQ /Q rBi? 2H2@
K2Mi�`v T�`iB+H2bX q>11G1_ 2MpBb�;2/ �M 2H2K2Mi�`v T�`iB+H2 �b � p�bi
bi`m+im`2 U10−13cmV +QKT�`2/ iQ � rQ`K?QH2X >Qr2p2`- ?2 H27i QT2M i?2
TQbbB#BHBiv i?�i 2H2K2Mi�`v T�`iB+H2b KB;?i bQK2?Qr #2 +QMbi`m+i2/ Qmi
Q7 rQ`K?QH2bX >2 +QKT�`2/ i?2 rQ`K?QH2b iQ ǳmM/`2bb2/ T�`iB+H2b-Ǵ i?2B`
+QMiBMm�H 7Q`K�iBQM +Q``2bTQM/BM; iQ T�B` T`Q/m+iBQM r?B+? Bb ;QBM; QM BM
i?2 p�+mmK �i �HH iBK2bX h?2 2H2+i`QK�;M2iB+ K�bb �bbQ+B�i2/ rBi? 2�+?
rQ`K?QH2 Bb Q7 i?2 Q`/2` Q7 ∆E2L3/c2 =

√
ch̄/G = 10−5;- #mi i?Bb ?m;2

K�bb Bb �HKQbi 2MiB`2Hv +QKT2Mb�i2/ #v �M 2[mBp�H2Mi �KQmMi Q7 M2;�iBp2
;`�pBi�iBQM�H 2M2`;vX

U1/BiQ`Ƕb LQi2, LQ QM2 �i i?2 +QM72`2M+2 i?Qm;?i iQ �bF q?22H2` r?v
rQ`K?QH2b +Q``2bTQM/BM; iQ K�;M2iB+ TQH2b rQmH/ MQi #2 Dmbi �b HBF2Hv iQ
Q++m` �b i?Qb2 +Q``2bTQM/BM; iQ +?�`;2bXV
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q>11G1_ QmiHBM2/ }p2 M2r +QM+2Tib r?B+? ?�p2 2Bi?2` �H`2�/v
�`Bb2M Q` K�v v2i �`Bb2 �b � `2bmHi Q7 Tmb?BM; i?2 B/2�b Q7 ;2M2`�H `2H�@
iBpBiv iQ i?2 HBKBi,

URV 1H2+i`QK�;M2iBbK rBi?Qmi 2H2+i`QK�;M2iBbKX "v i?Bb- q>11G1_ r�b
`272``BM; iQ JAaL1_Ƕb rQ`F r?B+? b?Qrb i?�i i?2 2H2+i`QK�;M2iB+
}2H/ +�M #2 +QKTH2i2Hv bT2+B}2/ #v Bib bi`2bb i2MbQ` �HQM2X "mi i?2
bi`2bb i2MbQ` Bb BM im`M bT2+B}2/ #v +2`i�BM /2`Bp�iBp2b Q7 i?2 K2i`B+X
>2M+2- K2`2Hv #v HQQFBM; �i i?2 K2i`B+ QM2 +�M i2HH �HH �#Qmi i?2
2H2+i`QK�;M2iB+ }2H/X PM2 KB;?i +�HH i?Bb i?2 ǳmMB}2/ BKT`BMi i?2@
Q`v-Ǵ bBM+2 i?2 2H2+i`QK�;M2iB+ }2H/ H2�p2b Bib +?�`�+i2`BbiB+ BKT`BMi
QM i?2 bi`m+im`2 Q7 bT�+2@iBK2X

UkV J�bb rBi?Qmi K�bbX h?Bb +QM+2Ti Bb BHHmbi`�i2/ #v ;2QMb- Q7 r?B+? b2p@
2`�H p�`B2iB2b �`2 +m``2MiHv mM/2` +QMbB/2`�iBQM,
�V 1H2+i`QK�;M2iB+ ;2QMbX
#V :2QMb #mBHi Qmi Q7 M2mi`BMQbX
+V :2QMb #mBHi Qmi Q7 Tm`2 ;`�pBi�iBQM�H `�/B�iBQM �HQM2X

UjV *?�`;2 rBi?Qmi +?�`;2X qQ`K?QH2bX

U9V aTBM rBi?Qmi bTBMX

U8V 1H2K2Mi�`v T�`iB+H2b rBi?Qmi 2H2K2Mi�`v T�`iB+H2bX

�b 7Q` i?2 H�bi irQ B/2�b- q>11G1_ bi�i2/ i?�i bQ 7�` i?2 ǳiQ`im`2/
b+B2MiBbibǴ ?�p2 #22M mM�#H2 iQ +QK2 mT rBi? �Mvi?BM; TH�mbB#H2- 2t+2Ti
7Q` bQK2 p�;m2 bm;;2biBQMb i?�i K�v i2KTQ`�`BHv bi�p2 Qz i?2 TmMBb?K2Mi
r?B+? �r�Bib i?2K B7 i?2v 7�BH iQ T`Q/m+2 �M �Mbr2`X >2 i?Qm;?i i?�i
bTBM KB;?i �`Bb2 BM � 62vMK�M [m�MiBx�iBQM T`Q+2/m`2 QrBM; iQ � TQbbB#H2
/Qm#H2@p�Hm2/M2bb BM i?2 bB;M Q7 √−g r?B+? Q++m`b BM i?2 �+iBQMX
61uLJ�L Q#D2+i2/ �i i?Bb TQBMi- b�vBM; i?�i �b HQM; �b −g Bb TQbBiBp2-√
−g Bb �Hr�vb Q7 i?2 b�K2 bB;MX � Km+? KQ`2 b2`BQmb T`Q#H2K- ?2 72Hi-

rQmH/ #2 iQ /2i2`KBM2 r?�i ?�TT2Mb B7 −g +?�M;2b bB;MX
"1GAL6�Lh1 TQBMi2/ Qmi i?�i i?2 b[m�`2 `QQi /Q2b MQi Q++m` BM i?2
G�;`�M;B�M B7 i?2 K2i`B+ }2H/ Bb /2b+`B#2/ BM i2`Kb Q7 ǳpB2`#2BM2ǴX
q>11G1_ 2KT?�bBx2/ i?�i ?2 r�b MQi i`vBM; iQ ;Bp2 �Mbr2`b #mi K2`2Hv
TQBMiBM; Qmi r?�i QM2 KB;?i i`v iQ /Q B7 KQiBp�i2/ #v i?2 Qp2``B/BM; B/2�
i?�i ǳT?vbB+b Bb ;2QK2i`vǴ �M/ i?�i 2p2`vi?BM; +�M #2 /2`Bp2/ 7`QK �
K�bi2` K2i`B+ }2H/X
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q1"1_ rQM/2`2/ ?Qr QM2 +QmH/ ;2i bQK2 [m�MiBiB2b TQbb2bbBM; bTBM �M/
Qi?2`b r?B+? �`2 bTBMH2bb Qmi Q7 bm+? � TB+im`2X

�b 7Q` ǳ2H2K2Mi�`v T�`iB+H2b rBi?Qmi 2H2K2Mi�`v T�`iB+H2b-Ǵ q>11G@
1_ bm;;2bi2/ i?�i QM2 Kmbi }`bi bim/v i?2 p�+mmKX h?2 p�+mmK Bb BM
bm+? im`KQBH- �++Q`/BM; iQ ?Bb TB+im`2- i?�i Bi rQmH/ #2 7QQHBb? iQ bim/v
2H2K2Mi�`v T�`iB+H2b rBi?Qmi }`bi i`vBM; iQ mM/2`bi�M/ i?2 p�+mmKX >2
/`2r i?2 7QHHQrBM; b+?2K�iB+ /BbT2`bBQM +m`p2 7Q` � r�p2 /Bbim`#�M+2 U2X;X-
� T?QiQM Q` � ;`�pBiQMV T`QT�;�iBM; i?`Qm;? i?2 p�+mmK,

6B;m`2 RNX9

Pp2` � i`2K2M/Qmb `�M;2 i?2 r�p2 b�iBb}2b i?2 bBKTH2 `2H�iBQM ω = ckX
q?2M i?2 r�p2H2M;i? #2+QK2b Q7 i?2 Q`/2` Q7 i?2 bBx2 Q7 i?2 mMBp2`b2 U≈
1028+KV- ?Qr2p2`- i?2 T?�b2 p2HQ+Biv Bb ;`2�i2` i?�M c- �b ?�b #22M b?QrM
HQM; �;Q #v a+?`ƺ/BM;2` US�T�H �+�/XVX PM i?2 Qi?2` ?�M/- r?2M i?2
r�p2H2M;i? #2+QK2b Q7 i?2 Q`/2` Q7 10−33+K i?2 /Bbim`#�M+2 rBHH #2 bHQr2/
/QrM #v i?2 7Q�K@HBF2 bi`m+im`2 Q7 i?2 p�+mmK U�M/ �HbQ #v ?�pBM; �Hr�vb
iQ +HBK# Qp2` i?2 K2i`B+ #mKT r?B+? Bi Bb Bib2H7 +QMiBMmQmbHv +`2�iBM; /m2 iQ
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Bib H�`;2 2M2`;v +QM+2Mi`�iBQM @ 1/XVX q>11G1_ bm;;2bi2/ r2//BM; i?2
mHi`�K�+`Qb+QTB+ iQ i?2 mHi`�KB+`Qb+QTB+ #v }M/BM; i?2 TQBMi Q7 BM~2+iBQM
QM i?2 /BbT2`bBQM +m`p2X h?Bb rQmH/ #2 i?2 TQBMi �i r?B+? /Bbim`#�M+2b
rQmH/ i2M/ iQ ?QH/ i?2Kb2Hp2b iQ;2i?2`X >2 �HbQ /`2r �M �M�HQ;v rBi?
bmT2`+QM/m+iBpBiv #v bm;;2biBM; i?�i 2H2K2Mi�`v T�`iB+H2b KB;?i #2 i?2
T`Q/m+i Q7 HQM; `�M;2 +QHH2+iBp2 KQiBQMb Q7 i?2 p�+mmK ǳ7Q�K-Ǵ i?2 b+�H2
Q7 2H2K2Mi�`v T�`iB+H2b #2BM; Km+? H�`;2` i?�M i?2 b+�H2 Q7 i?2 rQ`K?QH2b-
Dmbi �b i?2 b+�H2 Q7 bmT2`+QM/m+iBM; `2;BQMb Bb Km+? H�`;2` i?�M i?�i Q7
i?2 2H2K2Mi�`v bi`m+im`2b r?B+? ;Bp2 `Bb2 iQ BiX AM pB2r Q7 TQbbB#BHBiB2b HBF2
i?2b2- q>11G1_ +QM+Hm/2/ }M�HHv i?�i QM2 +QmH/ MQi �#bQHmi2Hv /2Mv
i?2 TQbbB#BHBiv Q7 2tTH�BMBM; �HH i?BM;b BM i2`Kb Q7 K2i`B+X

:PG. bm;;2bi2/ i?�i i?Bb r�b �M ǳ�Mbr2` rBi?Qmi �M �Mbr2`XǴ

q1"1_ bTQF2 7Q` K�Mv #v b�vBM; i?�i ?2 /B/MǶi mM/2`bi�M/ ?Qr bm+? �
H�`;2 MmK#2` Q7 rQ`K?QH2b U≈ 1060V +QmH/ ;Bp2 `Bb2 iQ bm+? � r2HH@/2}M2/
[m�MiBiv �b i?2 Q#b2`p2/ +?�`;2 QM �M 2H2+i`QM- 2t+2Ti TQbbB#Hv #v bQK2
bi�iBbiB+�H K2�MbX

61uLJ�L bm;;2bi2/ i?�i T2`?�Tb i?2`2 r�b � mMB[m2 bi�#H2 ;`QmM/ bi�i2
7Q` � rQ`K?QH2 �M/ i?�i i?Bb rQmH/ `2T`2b2Mi � b?�`THv [m�MiBx2/ ǳ#�`2
+?�`;2ǴX

q>11G1_ TQBMi2/ Qmi i?�i i?2 /Bb+`2T�M+v #2ir22M i?2 +?�`;2 ≈
√

h̄c
�bbQ+B�i2/ rBi? �M mM/`2bb2/ T�`iB+H2 �M/ i?2 Q#b2`p2/ +?�`;2

√
h̄c/137

QM �M 2H2+i`QM +QmH/ #2 �++QmMi2/ 7Q` #v p�+mmK TQH�`Bx�iBQMX

_Pa1L61G. i?2M iQQF i?2 ~QQ` iQ 2tT`2bb bQK2 b2+QM/ i?Qm;?ib r?B+?
?2 ?�/ ?�/ QM i?2 [m2biBQM Q7 K2�bm`�#BHBivX Ai b22K2/ iQ ?BK i?�i- BM
T`BM+BTH2- QM2 +QmH/ /2i2`KBM2 i?2 K�bb Q7 �M �`#Bi`�`BHv bK�HH #Q/v iQ
�M �`#Bi`�`BHv ?B;? /2;`22 Q7 T`2+BbBQM #v TmiiBM; Bi QM �M Q`/BM�`v bT`BM;
#�H�M+2 �M/ r�BiBM; HQM; 2MQm;?X h?2`27Q`2 ?2 i?Qm;?i i?2`2 r�b T2`?�Tb
bQK2 /Qm#i �7i2` �HH �#Qmi a�H2+F2`Ƕb HBKBi�iBQMb QM i?2 K2�bm`�#BHBiv Q7
i?2 ;`�pBi�iBQM�H K�bb Q7 2H2K2Mi�`v T�`iB+H2bX

61uLJ�L TQBMi2/ Qmi ?Qr2p2` i?�i a�H2+F2` r�b i`vBM; iQ K2�bm`2 i?2
;`�pBi�iBQM�H }2H/ T`Q/m+2/ #v � bK�HH K�bb r?2`2�b _Qb2M72H/ r�b ?2`2
+QMbB/2`BM; i?2 `2bTQMb2 Q7 i?�i K�bb iQ � ;Bp2M ;`�pBi�iBQM�H }2H/X

_Pa1L61G. b�B/- M2p2`i?2H2bb- i?�i T2`?�Tb ?Bb Q`B;BM�H T2bbBKBbK BM
`2;�`/ iQ i?2 K2�bm`�#BHBiv Q7 ;`�pBi�iBQM�H }2H/b- �b +QKT�`2/ iQ i?2 2H2+@
i`QK�;M2iB+ +�b2- KB;?i #2 mMDmbiB}2/X 6Q` 2t�KTH2- Bi KB;?i ?�TT2M i?�i
i?2 mM+2`i�BMiB2b ∆x �M/ ∆p BM i?2 K2�bm`BM; BMbi`mK2Mi �z2+i /Bz2`2Mi
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+QKTQM2Mib Q7 i?2 ;`�pBi�iBQM�H TQi2MiB�H- H2�/BM; iQ `2+BT`Q+�H `2H�iBQMb
Q7 i?2 7Q`K

∆g00 ∼ ∆x ∆g0i ∼ ∆p
∆g00 ·∆g0i ∼ h̄

r?B+? rQmH/ MQi- ?Qr2p2`- T`2p2Mi i?2 T`2+Bb2 /2i2`KBM�iBQM Q7 i?2 p�Hm2
Q7 � ;Bp2M +QKTQM2MiX
�L.1_aPL `�Bb2/ i?2 [m2biBQM Q7 i?2 T`QT`B2iv Q7 ǳK2�bm`BM;Ǵ [m�MiBiB2b
bm+? �b { σ

µν} r?B+? ?�p2 M2Bi?2` BMp�`B�M+2 MQ` i2MbQ` T`QT2`iB2bX
"�_:J�LL `2THB2/ i?�i i?2 BMbBbi2M+2 QM BMp�`B�M+2 ?�b Q7i2M #22M Qp2`@
/QM2X �M BMp�`B�Mi +�M �Hr�vb #2 /2}M2/ T`QpB/2/ QM2 bBKTHv BMi`Q/m+2b
i?2 K2�bm`BM; �TT�`�imb BMiQ i?2 K�i?2K�iB+�H /2b+`BTiBQMX
�L.1_aPL b�B/ i?�i ǳ;�/;2ibǴ i?2M 2pB/2MiHv BMi`Q/m+2 ǳT`272``2/Ǵ bBi@
m�iBQMb BMiQ i?2 b+?2K2 Q7 i?BM;b �M/ T2`KBi QM2 iQ K2�bm`2 MQM@BMp�`B�Mi
[m�MiBiB2b /B`2+iHvX
"1_:J�LL Q#D2+i2/ iQ i?Bb TQBMi Q7 pB2rX
SA_�LA `2K�`F2/ i?�i- BM �Mv +�b2- B7 vQm �`2 +H2p2` 2MQm;? vQm b?QmH/ #2
�#H2 iQ +QMbi`m+i i`m2 BMp�`B�Mib Q` i2MbQ`b Ur?B+? /QMǶi /2T2M/ QM vQm`
;�/;2ibV 7`QK i?2 `2bmHib Q7 `2�/BM; vQm` ;�/;2ibX

h?Bb +QM+Hm/2/ i?2 /Bb+mbbBQM Q7 i?2 T`Q#H2Kb Q7 K2�bm`2K2MiX �i@
i2MiBQM M2ti im`M2/ iQ i?2 i2+?MB+�H �bT2+ib Q7 i?2 Tm`2Hv 7Q`K�H T`Q#H2Kb
r?B+? �`Bb2 r?2M i?2 �ii2KTi Bb K�/2 iQ �TTHv K�i?2K�iB+�H [m�MiBx�iBQM
T`Q+2/m`2b iQ i?2 ;`�pBi�iBQM�H }2H/X





*?�Ti2` ky
h?2 h?`22@6B2H/ S`Q#H2K
6X CX "2HBM7�Mi2

6X CX "1GAL6�Lh1 QT2M2/ rBi? �M 2t�KBM�iBQM Q7 i?2 i?`22@}2H/ T`Q#@
H2K, ;`�pBi�iBQM�H �M/ 2H2+i`QK�;M2iB+ }2H/b THmb i?2 .B`�+ 2H2+i`QM }2H/X
>2 +QMbB/2`2/ }`bi i?2 ǳ+H�bbB+�HǴ i?2Q`v- /2}M2/ #v ?BK �b i?2 HBKBi Q7
i?2 [m�MimK i?2Q`v �b h̄ → 0 bQ i?�i ;`�pBi�iBQM�H �M/ 2H2+i`QK�;M2iB+
}2H/b +QKKmi2 �M/ bTBMQ` }2H/b Tm`2Hv �MiB+QKKmi2X h?2 MQi�iBQM�H /2@
p2HQTK2Mib r?B+? ?2 i?2M T`Q+22/2/ iQ QmiHBM2 ;Q bQK2i?BM; HBF2 i?Bb,

>2 /2}M2b � ǳKQ/2`MBx2/Ǵ SQBbbQM #`�+F2i (A,B′) = (−1)uAuB+1(B′,A)
rBi? u = 1 7Q` 62`KB@.B`�+ }2H/b �M/ u = 0 7Q` "Qb2@1BMbi2BM }2H/bX >2
�HbQ /BbiBM;mBb?2b ∂ p f/∂q = (d f )(dq)−1 �M/ ∂ A f/∂q = (dq)−1(d f )- r?B+?
Bb � `2}M2K2Mi M2+2bbBi�i2/ #v 7�+iQ` Q`/2`BM; /B{+mHiB2bX

>2 i?2M mb2b pB2`#2BM2 hµ
(α) iQ /2b+`B#2 i?2 ;`�pBi�iBQM�H }2H/- �M/

BMi`Q/m+2b HQ+�H γ(α) +QKTQM2Mib BM/2T2M/2Mi Q7 x 7Q` i?2 bTBMQ` }2H/b bQ
i?�i

γµ(x) = hµ
(α)(x)γ

(α).

h?2 +�MQMB+�H 7Q`K�HBbK +�M #2 /2p2HQT2/ 7QHHQrBM; i?2 K2i?Q/ Q7 .B`�+R

h?2`2 �`2 RR }`bi@+H�bb T`BK�`v +QMbi`�BMib Φ- Φµ - Φ(α)(β ) �`BbBM; 7`QK
;�m;2- +QQ`/BM�i2- �M/ pB2`#2BM@`Qi�iBQM�H BMp�`B�M+2 Q7 i?2 i?2Q`v- r?B+?
H2�/ iQ }p2 }`bi@+H�bb b2+QM/�`v +QMbi`�BMib χ- χµ X AM �//BiBQM i?2`2 �`2
2B;?i b2+QM/@+H�bb +QMbi`�BMib

θ ≡ η ≡ π −∂ pL/∂ψ ,0 θ ≡ η ≡ π −∂ pL/∂ψ,0

�`BbBM; 7`QK `2/mM/�M+v BM i?2 p�`B�#H2b mb2/ iQ /2b+`B#2 i?2 bTBMQ` }2H/X

R*�MX CX J�i?X k- RkN URN8yVX



R33 kyX h?2 h?`22@6B2H/ S`Q#H2K

PM2 }M/b

χ = Ps
,s + ieψ γ(α)ψ h0

(α)

√
−g

χ0 = H+[p(α)
0 hr

(α)−PrA0],r +C grs
,rs

χs =Gs +[p(α)
s hr

(α)−PrAs],r −Cg0r
,rs

r?2`2 C = c4/16πG- �M/ Pµ Bb +�MQMB+�HHv +QMDm;�i2 iQ Aµ - r?BH2 H rBi? Gs
Bb BMi2;`�i2/ Qp2` bT�+2 iQ ;Bp2 i?2 2M2`;v@KQK2MimK U7`22@V 7Qm`p2+iQ`-
B7 QM2 �bbmK2b p�MBb?BM; }2H/b �M/ ~�i bT�+2@iBK2 �i BM}MBivX

AM T�bbBM; iQ i?2 [m�MimK i?2Q`v QM2 K�F2b mb2 Q7 i?2 KQ/B}2/ SQBb@
bQM #`�+F2i /m2 iQ .B`�+- r?B+? Bb /2}M2/ #v

(A,B′)modif ≡ (A,B′)− 1
2

∫
d3x′′

∫
d3x′′′(A,θ ′′

i )c
iγ(x′′,x′′′)(θ ′′′

γ ,B′)

+
1
2
(−1)uAuB

∫
d3x′′(B′,θ ′′′

γ )cγi(x′′,x′′′)(θ ′′
i ,A)

rBi?
cγi(x′,x)≡ (θ ′

i ,θγ)

�M/ ∫
d3x

′′′
ciγ(x

′′
,x

′′′
)cγk(x

′′′
,x′) = δ i

kδ3(x
′′ − x′).

PM2 b2ib
AB′ − (−1)uAuB B′A = ih̄c(A,B′)modif .

h?2 /vM�KB+�H 2[m�iBQMb i?2M #2+QK2

F,O ≡ (F,H0)modif +Oi ∂ AF
∂ pi

︸ ︷︷ ︸

r?2`2 i?2 bvK#QH ︸︷︷︸ K2�Mb TH�+2 i?2 Oi 7�+iQ` r?2`2 pi Bb i�F2M QmiX
h?2 Oi 7�+iQ` Bb ;Bp2M #v

Oi ≡ η i
,O −Gi

r?2`2 i?2 η i ≡ pi −∂ pL0/∂qi,OX

Gi =
∂ pL
∂qi

−
(

∂ pL0

∂qi,µ

)

,µ
.



kyX h?2 h?`22@6B2H/ S`Q#H2K R3N

�HbQ

H0 ≡
∫
(piqi,O −L0)d3x

≡
∫
(θiµ i +Φγ βγ +O2 +H)d3x

i?2 µ i �M/ βγ #2BM; +2`i�BM +Q2{+B2Mib �M/ H � 7mM+iBQM Q7 i?2 pǶb- qǶb-
�M/ i?2B` bT�+2 /2`Bp�iBp2b QMHvX O2 Bb [m�/`�iB+ BM i?2 η X h?2 +QMbi`�BMi
2tT`2bbBQMb θ �M/ Φ ?2`2�`2 K2�Mi �b 7mM+iBQMb Q7 i?2 q �M/ p �M/ i?2`27Q`2
�`2 2tT`2bbBQMb BM i?2 η T�`iB�HHv HBM2�` BM i?2KX ULQi2 i?�i i?2 +QMbi`�BMib
�`2 B/2MiBiB2b r?2M 2tT`2bb2/ BM i2`Kb Q7 q �M/ ∂L0/∂q,O- #mi i?`Qm;? i?2
η p�MBb? QMHv r2�FHv r?2M 2tT`2bb2/ BM i?2 q �M/ p �b r2 /QXV A7 QM2
rQ`Fb QMHv rBi? KQ/B}2/ SQBbbQM#`�+F2ib i?2 θi K�v #2 b2i iQ x2`Q- �M/
i?2M

F,O =
∫ [

[F,H]modif +(F,Φi)modif βi
]

d3x.

E2MM2/v ?�b p2`B}2/ i?2 +QMbBbi2M+v Q7 i?Bb b+?2K2 #v /B`2+i +QKTmi�iBQM
Q7 i?2 KQ/B}2/ SQBbbQM #`�+F2ib (Φi,Φγ ′)- (Φi,χγ ′)- (χ i,χγ ′)X h?2v �HH
`2/m+2 iQ HBM2�` +QK#BM�iBQMb Q7 i?2 ΦǶb �M/ χǶb �HQM2X

h?2 KQ/B}2/ SQBbbQM #`�+F2ib 7Q` i?2 bTBMQ` p�`B�#H2b H2�/ iQ bQK2
mMr�Mi2/ T2+mHB�`BiB2b r?B+? +�M #2 `2KQp2/ #v `2/2}MBM; i?2 bTBMQ` p�`B@
�#H2b �++Q`/BM; iQ

ψ̃ =
(−g)1/4[

√
−g00 − γ(0)γ0]√

2(
√
−g00 +h0

(0) )

p̃i = η i +
∂ pL0

∂qi,O

PM2 i?2M }M/b

(qi, p′γ)modif = δ γ
i δ3(x− x′) , (q̃i, q̃′γ)modif = 0 , (pi, p̃′γ)modif = 0.

h?2M+2- KQ/B}2/ SQBbbQM #`�+F2ib /2}M2/ #v T�`iB�H /2`Bp�iBp2b rBi? `2@
bT2+i iQ q �M/ p 2[m�H Q`/BM�`v Ui?Qm;? KQ/2`MBx2/V SQBbbQM #`�+F2ib
/2}M2/ #v T�`iB�H /2`Bp�iBp2b rBi? `2bT2+i iQ q �M/ pX h?mb rQ`FBM; rBi?



RNy kyX h?2 h?`22@6B2H/ S`Q#H2K

L0 BM i2`Kb Q7 i?2 q �M/ q,µ 7`QK i?2 #2;BMMBM; K�F2b Bi TQbbB#H2 iQ [m�M@
iBx2 rBi?Qmi 2p2` K2MiBQMBM; KQ/B}2/ SQBbbQM #`�+F2ibX

"1GAL6�Lh1 TQBMi2/ Qmi i?�i BM Bib T`2b2Mi 7Q`K ?Bb i?2Q`v b22Kb
iQ #2 BM+Qp�`B�MiX h?Bb Bb `2H�i2/ iQ i?2 7�+i i?�i i?2 Oi /Q MQi p�MBb?
BM i?2 bi`B+i b2Mb2X Uh?2v QMHv p�MBb? ǳr2�FHv-Ǵ BM .B`�+Ƕb i2`KBMQHQ;vXV
>Qr2p2` ?2 T`QTQb2/ bBKTHv iQ #vT�bb i?Bb T`Q#H2K 7Q` i?2 iBK2 #2BM;-
�M/- 7Q` i?2 b�F2 Q7 #2BM; �#H2 iQ K�F2 T`�+iB+�H +QKTmi�iBQMb- T�bb Qp2`
iQ r?�i ?2 +�HHb � ǳKm//B}2/ i?2Q`v-Ǵ BX2X- � i?2Q`v Q#i�BM2/ #v i?`QrBM;
BM ǳKm/XǴ AM 2H2+i`Q/vM�KB+b i?Bb Bb Dmbi 62`KBǶb T`Q+2/m`2 Q7 �//BM; �
MQM@;�m;2 BMp�`B�Mi [m�MiBiv iQ i?2 G�;`�M;B�MX h?2 }`bi@+H�bb +QMbi`�BMib
i?2M /Bb�TT2�` �M/ QM2 Kmbi `2TH�+2 i?2K #v �mtBHB�`v +QM/BiBQMb U2X;X i?2
GQ`2Mix +QM/BiBQMVX h?2`2 Bb � +2`i�BM �`#Bi`�`BM2bb ?2`2- bBM+2 i?2 7Q`Kb
Q7 i?2 �mtBHB�`v +QM/BiBQMb /2T2M/ QM i?2 T`2+Bb2 7Q`K Q7 i?2 ǳKm/Ǵ r?B+?
?�b #22M i?`QrM BMX >Qr2p2`- B7 i?2 q̇Ƕb �`2 `2TH�+2/ #v i?2B` 2tT`2bbBQMb BM
i2`Kb Q7 i?2 pǶb i?2M i?2 �mtBHB�`v +QM/BiBQMb Kmbi `2/m+2 iQ i?2 Q`B;BM�H
+QMbi`�BMibX "1GAL6�Lh1 ?�b K�/2 +2`i�BM bT2+B�H +?QB+2b 7Q` i?2b2
+QM/BiBQMb U2X;X- .2 .QM/2` +QM/BiBQMV- #�b2/ QM +QMp2MB2M+2- �M/ ?2 ?QT2b
?2 +�M i?2M /Q K2�MBM;7mH T`�+iB+�H +�H+mH�iBQMb- Dmbi �b i?2 62`KB i?2Q`v
r�b HQM; mb2/ 7Q` T`�+iB+�H +�H+mH�iBQMb BM 2H2+i`Q/vM�KB+b #27Q`2 �HH i?2
K�i?2K�iB+�H bm#iH2iB2b Q7 p�`BQmb +QMbi`�BMib r2`2 T`2+Bb2Hv mM/2`biQQ/X
"1GAL6�Lh1 ?�b b?QrM #v 2tTHB+Bi +QKTmi�iBQM i?�i i?2 +QMbi`�BMib Q7
?Bb ǳKm//B}2/Ǵ i?2Q`v �`2 +QMb2`p2/- �M/ ?�b +�H+mH�i2/ 2tTHB+BiHv i?2
q̇(p)X

qBi? i?2 ǳKm//B}2/Ǵ i?2Q`v i?2 +QKKmi�iBQM `2H�iBQMb �`2 +Qp�`B�MiX
>Qr2p2`- i?2 2[m�iBQMb Q7 KQiBQM �`2 MQ HQM;2` +Qp�`B�MiX h?Bb K2�Mb
i?�i i?2 qǶb �M/ pǶb �i iBK2 t2 rBHH /2T2M/ MQi QMHv QM i?2 qǶb �M/ pǶb
�i � iBK2 t1- #mi �HbQ QM i?2 +QQ`/BM�i2 bvbi2K +?Qb2M iQ HBMF t1 �M/ t2X
PM i?2 Qi?2` ?�M/- /Bz2`2M+2b BM `2bmHib Q7 ;QBM; 7`QK t1 iQ t2 �`2 K2`2Hv
�++mKmH�i2/ Km/c bQ- B7 � ǳi`m2Ǵ i?2Q`v Bb H�i2` /2p2HQT2/ BM r?B+? i?2
Km/ +�M #2 K�/2 B/2MiB+�HHv x2`Q #v �Hi2`BM; i?2 +QKKmi�iBQM `2H�iBQMb �b
T`QTQb2/ #v "2`;K�MM �M/ :QH/#2`;- i?2 +Qp�`B�M+2 rBHH #2 `2biQ`2/X UAM
i?2 Km//B}2/ i?2Q`v- +Qp�`B�M+2 rBHH 2tBbi ǳr2�FHvǴ mMH2bb i?2 TQbBiBQMb Q7
i?2 r2�FHv p�MBb?BM; 7�+iQ`b BM T`Q/m+ib /m2 iQ MQM+QKKmi�iBpBiB2b rQmH/
+�mb2 i`Qm#H2bXV

PM2 +�M BMi`Q/m+2 �MMB?BH�iBQM �M/ +`2�iBQM QT2`�iQ`b U7Q` T?QiQMb-
;`�pBiQMb- 2i+XV- �Hi?Qm;? i?2 6Qm`B2` i`�Mb7Q`K�iBQM T`Q+2/m`2 QM r?B+?
i?2v �`2 #�b2/ Bb � MQM@+Qp�`B�Mi T`Q+2/m`2X

"1GAL6�Lh1 ?�b ;QM2 QM iQ b22 B7 ?2 +�M }M/ i?2 mMBi�`v i`�Mb7Q`@
K�iBQMb r?B+? rBHH b2T�`�i2 i?2 ;`�pBi�iBQM�H �M/ 2H2+i`QK�;M2iB+ }2H/b
BMiQ i?2B` bQ@+�HH2/ ǳi`m2Ǵ �M/ ǳmMi`m2Ǵ T�`ib U2X;X- i`�Mbp2`b2 �M/ HQM;B@



kyX h?2 h?`22@6B2H/ S`Q#H2K RNR

im/BM�H T�`ibVX h?Bb Bb `�i?2` /B{+mHi- T�`iB+mH�`Hv r?2M bTBMQ` }2H/b �`2
T`2b2MiX "mi i?2`2 Bb �HbQ � KQ`2 b2`BQmb T`Q#H2K- +QMM2+i2/ rBi? i?2 χ@
+QMbi`�BMib U�#Qp2VX ǳh`m2 Q#b2`p�#H2bǴ ?�p2 #22M /2}M2/ #v "2`;K�MM
�M/ :QH/#2`; �b i?Qb2 r?B+? +QKKmi2 rBi? i?2 }`bi@+H�bb +QMbi`�BMib �b
r2HH �b rBi? i?2 +�MQMB+�H +QMDm;�i2b iQ i?2 }`bi@+H�bb +QMbi`�BMibX "1@
GAL6�Lh1 T`272`b iQ +�HH i?2K i`m2 ǳp�`B�#H2bXǴ A7 i?2 +QMbi`�BMib �`2
QMHv HBM2�` BM i?2 KQK2Mi� Bi Bb MQi /B{+mHi iQ }M/ i?2 ǳi`m2 p�`B�#H2bXǴ
>Qr2p2`- i?2 +QMbi`�BMi χ0 BMpQHp2b i?2 [m�MiBiv H r?B+? Bb [m�/`�iB+ BM
i?2 KQK2Mi�- #2BM; 2bb2MiB�HHv i?2 2M2`;v /2MbBiv Q7 i?2 +QK#BM2/ }2H/bX
h?Bb K2�Mb i?�i i?2 QMHv ǳi`m2 p�`B�#H2bǴ r?B+? rBHH #2 2�bv iQ }M/ �`2
i?2 +QMbi�Mib Q7 i?2 KQiBQMX UaBM+2 χ0 /Bz2`b 7`QK H #v � /Bp2`;2M+2 QM2
KB;?i �i }`bi bB;?i +QM+Hm/2- #v BMi2;`�iBM; χ0 Qp2` �HH bT�+2- i?�i i?2
iQi�H 2M2`;v Kmbi �Hr�vb #2 x2`QX >Qr2p2`- i?2 bm`7�+2 BMi2;`�Hb +�MMQi
#2 B;MQ`2/ ?2`2 Ĝ 1/XV

"1GAL6�Lh1 +QM+Hm/2/ #v bm;;2biBM; i?�i � i?2Q`v BM r?B+? QMHv
ǳi`m2 p�`B�#H2bǴ �TT2�` K�v #2 K�i?2K�iB+�HHv MB+2 #mi bQK2r?�i BK@
T`�+iB+�HX 6`QK i?2 TQBMi Q7 pB2r Q7 � b+�ii2`BM; +�H+mH�iBQM- 7Q` 2t�KTH2-
i?2`2 K�v #2 bQK2 i`mi? 2p2M BM �M �HKQbi i`m2 ǳmMi`m2 p�`B�#H2XǴ AM �Mv
2p2Mi i?2 ǳi`m2Ǵ i?2Q`v biBHH 2Hm/2b mb �i T`2b2MiX

6QHHQrBM; "1GAL6�Lh1Ƕb `2K�`Fb- i?2`2 r�b +QMbB/2`�#H2 /Bb+mbbBQM
�b iQ r?2i?2` Q` MQi �HH i`m2 Q#b2`p�#H2b �`2 M2+2bb�`BHv +QMbi�Mib Q7 i?2
KQiBQM BM � ;2M2`�HHv +Qp�`B�Mi i?2Q`vX LQ T`Q;`2bb r�b K�/2 QM i?Bb
[m2biBQM- ?Qr2p2`- �M/ i?2 �Mbr2` Bb biBHH mT BM i?2 �B` �b Q7 i?Bb KQK2MiX

L1qJ�L M2ti `2TQ`i2/ QM bQK2 rQ`F ?2 ?�b #22M /QBM; iQ i`v
iQ Q#i�BM i?2 i`m2 Q#b2`p�#H2b #v �M �TT`QtBK�iBQM T`Q+2/m`2X AMbi2�/
Q7 /2�HBM; /B`2+iHv rBi? i?2 ;`�pBi�iBQM�H }2H/ ?2 +QMbB/2`2/ � ǳT�`iB+H2Ǵ
G�;`�M;B�M Q7 i?2 7Q`K

L =
1
2

gi jq̇iq̇ j +aiq̇i − v (i, j = 1, ...,n)

7Q` r?B+? i?2 2[m�iBQMb Q7 KQiBQM �`2 MQMHBM2�` #mi BMp�`B�Mi mM/2` �
i`�Mb7Q`K�iBQM ;`QmT �M�HQ;Qmb iQ i?2 ;�m;2 ;`QmT Q7 2H2+i`Q/vM�KB+b Q`
i?2 +QQ`/BM�i2 i`�Mb7Q`K�iBQM ;`QmT Q7 ;2M2`�H `2H�iBpBivX h?2 ;`�pBi�@
iBQM�H }2H/ Bb 2K#`�+2/ #v i?Bb 2t�KTH2 r?2M n #2+QK2b i`�Mb}MBi2X AM �
HBM2�` i?2Q`v i?2 i`m2 Q#b2`p�#H2b �`2 2�bv iQ }M/X AM L1qJ�LǶb �TT`Qt@
BK�iBQM T`Q+2/m`2 i?2 b2�`+? 7Q` i?2 M2ti ?B;?2` Q`/2` i2`Kb UrBi? `2bT2+i
iQ bQK2 2tT�MbBQM T�`�K2i2`V BM i?2 i`m2 Q#b2`p�#H2b Bb MQ rQ`b2 i?�M
}M/BM; i?2 2t�+i 2tT`2bbBQM BM i?2 HBM2�` +�b2- �M/ +�M �+im�HHv #2 +�``B2/
Qmi- 2p2M r?2M bQK2 Q7 i?2 +QMbi`�BMib �`2 [m�/`�iB+ BM i?2 KQK2Mi�X AM
i?2 +�b2 Q7 i?2 ;`�pBi�iBQM�H }2H/ i?2 i`m2 Q#b2`p�#H2b 2pB/2MiHv #2+QK2



RNk kyX h?2 h?`22@6B2H/ S`Q#H2K

KQ`2 �M/ KQ`2 MQMHQ+�H UBX2X- BMpQHpBM; ?B;?2` Q`/2` KmHiBTH2 BMi2;`�HbV �i
2�+? ?B;?2` H2p2H Q7 �TT`QtBK�iBQMX L1qJ�L +QmH/ b�v MQi?BM; �#Qmi
i?2 +QMp2`;2M+2 Q7 ?Bb 2tT�MbBQM T`Q+2/m`2X

"1_:J�LL `2K�`F2/ i?�i L1qJ�LǶb T`Q+2/m`2 r�b [mBi2 /Bz2`2Mi
7`QK i?2 KQ`2 +QKKQM /Bz2`2MiB�H@;2QK2i`B+ �TT`Q�+? r?B+? Bb bT2+B}@
+�HHv i�BHQ`2/ iQ i?2 ;`�pBi�iBQM�H +�b2X >2 K2MiBQM2/ BM i?Bb +QMM2+iBQM
i?2 rQ`F Q7 EQK�` �M/ :û?ûMB�m QM K2i`B+ BMp�`B�Mib +QMbi`m+i2/ Qmi Q7
i?2 +m`p�im`2 i2MbQ`X Ai Bb i?Qm;?i i?�i i?2b2 BMp�`B�Mib ?�p2 bQK2 +HQb2
+QMM2+iBQM rBi? i?2 ǳi`m2 Q#b2`p�#H2bXǴ

JAaL1_ �/pQ+�i2/ �i i?Bb TQBMi i?�i QM2 bBKTHv 7Q`;2i �#Qmi i?2 i`m2 Q#@
b2`p�#H2b- �i H2�bi �b 7�` �b [m�MiBx�iBQM Bb +QM+2`M2/X >2 bm;;2bi2/ bi�`i@
BM; rBi? � K2i`B+H2bb- }2H/@H2bb bT�+2- /2}M2/ bBKTHv BM i2`Kb Q7 [m�/`mTH2b
Q7 `2�H MmK#2`b- i?2M T2`7Q`KBM; +2`i�BM 7Q`K�H K�i?2K�iB+�H QT2`�iBQMb
�M/ }M/BM; i?2 i`m2 Q#b2`p�#H2b H�i2`- B7 QM2 /2bB`2b i?2KX

a*>AGG1_ QmiHBM2/ biBHH �MQi?2` r�v Q7 HQQFBM; �i i?2 T`Q#H2K Q7 }M/BM;
i?2 i`m2 Q#b2`p�#H2b, h?2 }2H/ 2[m�iBQMb Q7 1BMbi2BM �`2 MQi Q7 i?2 *�m+?v@
EQr�H2rbFB ivT2X h?�i Bb- i?2 K2i`B+ }2H/ p�`B�#H2b �M/ i?2B` iBK2 /2`Bp�@
iBp2b +�MMQi �HH #2 bT2+B}2/ QM �M BMBiB�H bT�+2@HBF2 bm`7�+2X >Qr2p2`- 1BM@
bi2BMǶb 2[m�iBQMb +�M #2 `2TH�+2/ #v � *�m+?v@EQr�H2rbFB b2i T`QpB/2/ QM2
BKTQb2b +QQ`/BM�i2 +QM/BiBQMbX � bi�M/�`/ +�MQMB+�H 7Q`K�HBbK +�M i?2M
#2 b2i mT BM r?B+? i?2 +QQ`/BM�i2b �M/ KQK2Mi� �`2 2tT`2bb2/ �b 7mM+iBQMb
Q7 2n +QMbi�Mib Q7 i?2 KQiBQM c �M/ i?2 iBK2 t : qi = qi(c, t) pi = pi(c, t) Un Bb
i`�Mb}MBi2VX AM i?2 +�MQMB+�H 7Q`K�HBbK i?2 +QQ`/BM�i2 +QM/BiBQMb i�F2 i?2
7Q`K Zα(p,α, t) = 0 7Q` +2`i�BM 7mM+iBQMb Zα X h?2b2 i?`22 b2ib Q7 2[m�iBQMb
+�M i?2M UBM T`BM+BTH2V #2 bQHp2/ iQ 2HBKBM�i2 bQK2 Q7 i?2 +QMbi�Mib c 7`QK
i?2 i?2Q`vX h?2 `2K�BMBM; +QMbi�Mib- r?2M- `22tT`2bb2/ �b 7mM+iBQMb Q7
i?2 pǶb- qǶb �M/ t- rBHH #2 i?2 i`m2 Q#b2`p�#H2bX h?Bb- Q7 +Qm`b2- �bbmK2b
i?�i i?2 i`m2 Q#b2`p�#H2b �`2 +QMbi�Mib Q7 i?2 KQiBQMX

q>11G1_ `2K�`F2/ i?�i �HH Q7 i?2b2 /Bb+mbbBQMb H2�/ iQ i?2 +QM+HmbBQM
i?�i i?2 T`Q#H2Kb r2 7�+2 �`2 T`Q#H2Kb Q7 i?2 +H�bbB+�H i?2Q`vX

"1_:J�LL �;`22/- �M/ 2tT`2bb2/ ?Bb +QMpB+iBQM i?�i QM+2 i?2 +H�bbB+�H
T`Q#H2Kb �`2 bQHp2/- [m�MiBx�iBQM rQmH/ #2 � ǳr�HFXǴ

q>11G1_- ?Qr2p2`- biBHH 72Hi i?�i BM i?2 62vMK�M [m�MiBx�iBQM T`Q+2/m`2
i?2 r?QH2 T`Q#H2K Bb �H`2�/v bQHp2/ BM �/p�M+2X

:PG."1_: �M/ �L.1_aPL +QM+Hm/2/ i?2 �7i2`MQQM b2bbBQM rBi? �
/Bb+mbbBQM Q7 ǳa+?rBM;2` [m�MiBx�iBQM-Ǵ i?�i Bb- i?2 T`Q+2/m`2 r?B+? mb2b



kyX h?2 h?`22@6B2H/ S`Q#H2K RNj

� q@MmK#2` G�;`�M;B�M �b � bi�`iBM; TQBMiX AM K�FBM; p�`B�iBQMb Q7 bm+?
� G�;`�M;B�M QM2 Kmbi T�v +�`27mH �ii2MiBQM iQ i?2 Q`/2`BM; Q7 7�+iQ`bX
:PG."1_: QmiHBM2/ � T`Q#H2K Q7 i`vBM; iQ }M/ i?2 mMBi�`v QT2`�iQ`b
r?B+? ;2M2`�i2 p�`BQmb BMp�`B�Mi i`�Mb7Q`K�iBQMb- rBi?BM i?2 bm#bT�+2 /2@
}M2/ #v i?2 +QMbi`�BMibX
�L.1_aPL TQBMi2/ Qmi bQK2 /B{+mHiB2b- +QMM2+i2/ rBi? i?2 7�+iQ` Q`@
/2`BM; T`Q#H2K- Q7 /2}MBM; � mMB[m2 q@MmK#2` G�;`�M;B�MX
"1GAL6�Lh1 bm;;2bi2/ i?�i- B7 �M BMi2`�+iBQM `2T`2b2Mi�iBQM +QmH/ #2
7QmM/- �i H2�bi bQK2 Q7 i?2 7�+iQ` Q`/2`BM; T`Q#H2Kb KB;?i #2 �pQB/2/ rBi?
i?2 mb2 Q7 ǳqB+F #`�+F2ibǴ r?B+? `2Q`/2` i?2 �MMB?BH�iBQM �M/ +`2�iBQM
QT2`�iQ`b- 2p2M i?Qm;? i?2b2 #`�+F2ib- #2BM; /2}M2/ rBi? `2bT2+i iQ � ~�i
bT�+2- rQmH/ ?�p2 MQ ;2M2`�HHv +Qp�`B�Mi bB;MB}+�M+2X





a2bbBQM oAA Zm�MiBx2/ :2M2`�H _2H�iBpBiv- *QMiBMm2/
*?�B`K�M, �X a+?BH/





*?�Ti2` kR
Zm�MimK :`�pB/vM�KB+b
"`v+2 .2qBii

.1 qAhh QT2M2/ i?2 b2bbBQM #v 2tT`2bbBM; i?2 ?QT2 i?�i QM2 rQmH/ bQQM
#2 �#H2 iQ +QKTmi2 bQK2i?BM; BM [m�MimK ;`�pB/vM�KB+bX >2 72Hi i?�i
7Q`K�H K�ii2`b b?QmH/ #2 b2iiH2/ �b bQQM �b TQbbB#H2 bQ i?�i QM2 +QmH/
;2i /QrM iQ T?vbB+bX PM2 Q7 i?2 KQbi T`2bbBM; T`Q#H2Kb iQ ?Bb KBM/ r�b
i?2 [m2biBQM Q7 r?�i ǳK2�bm`2Ǵ iQ mb2 BM i?2 [m�MiBx�iBQM Q7 � MQM@HBM2�`
i?2Q`v- T�`iB+mH�`Hv BM [m�MiBx�iBQM #v i?2 62vMK�M K2i?Q/X AM T`2pBQmb
+QMp2`b�iBQMb rBi? Qi?2` +QM72`22b ?2 ?�/ #2+QK2 �r�`2 Q7 bQK2 /Bz2`2M+2b
Q7 QTBMBQM QM i?Bb TQBMiX AM ?Bb pB2r i?2 �TT`QT`B�i2 K2�bm`2 Q` ǳK2i`B+Ǵ
r�b BM 2p2`v +�b2 UBM+Hm/BM; i?�i Q7 i?2 ;`�pBi�iBQM�H }2H/V �H`2�/v ;Bp2M
#v i?2 G�;`�M;B�M Q7 i?2 bvbi2KX �b �M BHHmbi`�iBQM ?2 +QMbB/2`2/ � bvbi2K
/2b+`B#2/ #v � G�;`�M;B�M 7mM+iBQM Q7 i?2 7Q`K

L =
1
2

gi jq̇iq̇ j,

r?2`2 i?2 gi j K�v #2 7mM+iBQMb Q7 i?2 qǶb �M/ i?2 BM/B+2b i, j `mM 7`QK 1
iQ nX h?2 7�+i i?�i n K�v #2 MQM/2MmK2`�#Hv BM}MBi2 Bb B;MQ`2/X 6Q` �M
�+im�H bvbi2K i?2 G�;`�M;B�M K�v TQbb2bb Qi?2` i2`Kb- #mi i?2 2bb2MiB�H
/B{+mHiB2b �`2 +QMi�BM2/ BM i?2 i2`K +QMbB/2`2/X AM+HmbBQM Q7 i?2 Qi?2`
i2`Kb KQ/B}2b i?2 7QHHQrBM; /Bb+mbbBQM BM MQ 2bb2MiB�H r�vX

A7 Ugi jV Bb � MQMbBM;mH�` K�i`Bt rBi? BMp2`b2 ;Bp2M #v Ugi j V i?2M i?2
bvbi2K TQbb2bb2b � >�KBHiQMB�M 7mM+iBQM ;Bp2M #v

H =
1
2

gi j pi p j,

�M/ i?2 �+iBQM

S(q′′, t ′′|q′, t ′) =
∫ q′′,t ′′

q′,t ′
L dt

b�iBb}2b i?2 >�KBHiQM@C�+Q#B 2[m�iBQMb



RN3 kRX Zm�MimK :`�pB/vM�KB+b

∂S
∂ t ′′

+
1
2

gi j(q′′)
∂S

∂q′′ i
∂S

∂q′′ j = 0,

− ∂S
∂ t ′

+
1
2

gi j(q′)
∂S

∂q′ i
∂S

∂q′ j = 0.

�++Q`/BM; iQ .1 qAhh- i?2 bi`m+im`2 gi j- r?B+? Bb �H`2�/v +QMi�BM2/ BM
i?2 G�;`�M;B�M iQ #2 i�F2M �b i?2 K2i`B+ 7Q` i?2 bT�+2 Q7 i?2 qǶb �M/
T`QpB/2b i?2 �TT`QT`B�i2 ǳK2�bm`2Ǵ 7Q` � 62vMK�M bmKK�iBQMX 6QHHQrBM;
S�mHBR QM2 K�v BMi`Q/m+2 � ǳ+H�bbB+�H F2`M2HǴ Q7 i?2 7Q`K

⟨q′′, t ′′|q′, t ′⟩c = (2πih̄)−n/2g−1/4(q′′)D1/2(q′′, t ′′|q′, t ′)g−1/4(q′)e
i
h̄ S(q′′,t ′′|q′,t ′)

r?2`2 g ≡ |gi j|- �M/ r?2`2 i?2 [m�MiBiv D Bb � /2i2`KBM�Mi Q`B;BM�HHv BMi`Q@
/m+2/ #v o�M oH2+F BM �M �ii2KTi iQ 2ti2M/ i?2 qE" K2i?Q/ iQ bvbi2Kb
BM KQ`2 i?�M QM2 /BK2MbBQMXk

D ≡ |D ji| , D ji ≡− ∂ 2S
∂q′′ j∂q′ i

�M/ b�iBb}2b �M BKTQ`i�Mi +QMb2`p�iBQM H�r,

∂D
∂ t ′′

+
∂

∂q′′ i
[Dgi j(q

′′
)

∂S
∂q′′ j ] = 0

r?B+? +�M #2 Q#i�BM2/ #v /Bz2`2MiB�iBM; i?2 }`bi >�KBHiQM@C�+Q#B 2[m�iBQM
rBi? `2bT2+i iQ q′i �M/ q′′ j �M/ KmHiBTHvBM; #v i?2 BMp2`b2 K�i`Bt D−1 i jX
6`QK i?2 [m�MimK pB2rTQBMi i?Bb H�r 2tT`2bb2b +QMb2`p�iBQM Q7 T`Q#�#BHBivX

Ai Bb 2�bv iQ b22 i?�i ⟨q′′, t ′′|q′, t ′⟩c Bb �M BMp�`B�Mi mM/2` TQBMi i`�Mb@
7Q`K�iBQMb Q7 i?2 qǶbX qBi? i?2 �B/ Q7 i?2 >�KBHiQM@C�+Q#B 2[m�iBQMb QM2
K�v b?Qr i?�i Bi b�iBb}2b i?2 /Bz2`2MiB�H 2[m�iBQMb

R62H/[m�MiBbB2`mM;- H2+im`2 MQi2b- wɃ`B+?- RN8y@RN8RX
kCX >X o�M oH2+FX S`Q+X L�iX �+�/X a+BX R9- Rd3 URNk3Vc *X JQ`2ii2X S?vbX _2pX

3R- 393 URN8RVX
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(ih̄
∂

∂ t ′′
−H ′′)⟨q′′, t ′′|q′, t ′⟩c

=
h̄2

2
g′′1/4D−1/2g′′ i j(g′′−1/4D1/2).i j⟨q′′, t ′′|q′, t ′⟩c

(−ih̄
∂

∂ t ′
−H ′)⟨q′′, t ′′|q′, t ′⟩c

=
h̄2

2
g′1/4D−1/2g′i j(g′′−1/4D1/2).i j⟨q′′, t ′′|q′, t ′⟩c

r?2`2 7Q` #`2pBiv r2 r`Bi2 g′′ i j ≡ gi j(q′′), g′ i j ≡ gi j(q′)- 2i+Xc r?2`2 i?2 /Qi
7QHHQr2/ #v BM/B+2b /2MQi2b +Qp�`B�Mi /Bz2`2MiB�iBQM rBi? `2bT2+i iQ 2Bi?2`
i?2 q′′ i Q` q′ i U�b BM/B+�i2/ #v i?2 +QMi2tiV �M/ r?2`2 i?2 QT2`�iQ` H Bb
/2}M2/ #v

Hψ ≡− h̄2

2
g−1/2 ∂

∂qi (g
1/2gi j ∂ψ

∂q j )≡− h̄2

2
gi jψ.i j.

.1qAhh TQBMi2/ Qmi i?�i B7 Bi r2`2 MQi 7Q` � +2`i�BM T2+mHB�` T?2MQK2MQM
r?B+? Q++m`b r?2M i?2 bT�+2 Q7 i?2 qǶb Bb +m`p2/- i?2 QT2`�iQ` H +QmH/
BKK2/B�i2Hv #2 `2;�`/2/ �b i?2 >�KBHiQMB�M QT2`�iQ` 7Q` i?2 [m�MiBx2/
bvbi2KX AM Q`/2` iQ /Bb+mbb i?Bb T?2MQK2MQM bQK2 7m`i?2` /2p2HQTK2Mi Bb
M2+2bb�`v,

A7 QM2 `2+�HHb i?�i i?2 +H�bbB+�H �+iBQM /2}M2b � +�MQMB+�H i`�Mb7Q`K�@
iBQM #v i?2 2[m�iBQMb

p′′i =
∂S

∂q′′ i
, p′i =− ∂S

∂q′ i

i?2M QM2 2�bBHv b22b i?�i i?2 o�M oH2+F /2i2`KBM�Mi Bb Dmbi i?2 C�+Q#B�M
BMpQHp2/ BM i`�Mb7Q`KBM; 7`QK � bT2+B}+�iBQM Q7 i?2 +H�bbB+�H T�i? #v K2�Mb
Q7 i?2 p�`B�#H2b q′′ i- q′ i- iQ � bT2+B}+�iBQM BM i2`Kb Q7 BMBiB�H p�`B�#H2b q′ i- p′iX
6`QK i?2 >�KBHiQM@C�+Q#B 2[m�iBQMb QM2 b22b 7m`i?2`KQ`2 i?�i i?2 �+iBQM
K�v #2 2tT`2bb2/ BM i?2 7Q`K

S =
t ′′ − t ′

2
g′′ i j p′′i p′′j =

t ′′ − t ′

2
g′ i j p′i p

′
j.

h?2`27Q`2- MQiBM; i?�i �b t ′′ → t ′ i?2 p′i #2+QK2 BM}MBi2 2t+2Ti r?2M q′′ i = q′ i
U7Q` �HH iV- QM2 K�v r`Bi2- 7Q` �M �`#Bi`�`v 7mM+iBQM f -



kyy kRX Zm�MimK :`�pB/vM�KB+b

lim
t ′′→t ′

∫
f (q′′)⟨q′′, t ′′|q′, t ′⟩c g1/2(q′′)dq′′1...dq′′n

= (2πih̄)−n/2 lim
t ′′→t ′

D−1/2(q′, t ′′|q′, t ′) f (q′)
∫

e
i
h̄

t′′−t′
2 g′ i j p′i p′j d p′1...d p′n

= lim
t ′′→t ′

(t ′′ − t ′)−n/2D−1/2(q′, t ′′|q′, t ′)g1/2(q′) f (q′).

AM Q`/2` iQ 2p�Hm�i2 i?Bb H�bi 2tT`2bbBQM QM2 Kmbi 2p�Hm�i2 i?2 o�M
oH2+F /2i2`KBM�MiX h?Bb Bb 2�bBHv /QM2 #v 2tT�M/BM; i?2 �+iBQM �#Qmi i?2
TQBMi bm#biBimiBM; Bi BM i?2 >�KBHiQM@C�+Q#B 2[m�iBQMX PM2 }M/b- �7i2` �
bi`�B;?i7Q`r�`/ +QKTmi�iBQM-

S(q′′, t ′′|q′, t ′)

=
1

t ′′ − t ′
{1

2
g′i j(q

′′ i −q′ i)(q′′ j −q′ j)

+
1
12

(g′i j,k +g′ jk,i +g′ki, j)(q
′′ i −q′ i)(q′′ j −q′ j)(q′′ k −q′ k)

+
1
72

[g′i j,kl +g′ik,l j +g′il, jk +g′kl,i j +g′l j,ik +g′ jk,il

−g′ mn([i j,m]′[kl,n]′+[ik,m]′[l j,n]′+[il,m]′[ jk,n]′)]

× (q′′ i −q′ i)(q′′ j −q′ j)(q′′ k −q′ k)(q′′ l −q′ l)+O(q′′ −q′)5}

D(q′′, t ′′|q′, t ′) =

∣∣∣∣−
∂ 2S

∂q′′ j∂q′ i

∣∣∣∣

=
g′′ 1/2g′ 1/2

(t ′′ − t ′)n [1+
1
6

R′
i j(q

′′ i −q′ i)(q′′ j −q′ j)+O(q′′ −q′)3]

r?2`2
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[i j,k] =
1
2
(gik, j +g jk,i −gi j,k)

Ri j =−gklRik jl

Rik jl =
1
2
(gi j,kl −gil,k j)−gk j,il +gkl,i j)

+gmn([i j,m][kl,n]− [k j,m][il,n]),

+QKK�b 7QHHQr2/ #v BM/B+2b /2MQiBM; /Bz2`2MiB�iBQM rBi? `2bT2+i iQ i?2
qǶbX >2`2 � +QMp2MiBQM ?�b #22M +?Qb2M bQ i?�i i?2 b+�H�` R = gi jRi j Bb
TQbBiBp2 7Q` � bT�+2 Q7 TQbBiBp2 +m`p�im`2X

lbBM; i?2 }M�H 2tT`2bbBQM 7Q` i?2 o�M oH2+F /2i2`KBM�Mi QM2 BM72`b

lim
t ′′→ t ′

⟨q′′, t ′′|q′, t ′⟩c = δ (q′′,q′)

�M/

lim
t ′′→ t ′

h̄2

2
g′′ 1/4D−1/2g′′ i j(g′′ −1/4D1/2).i j⟨q′′, t ′′|q′, t ′⟩c

=
h̄2

12
R′δ (q′′,q′)

r?2`2 δ (q′′,q′) Bb i?2 BMp�`B�Mi /2Hi�@7mM+iBQM BM q@bT�+2X _272``BM; iQ i?2
/Bz2`2MiB�H 2[m�iBQMb b�iBb}2/ #v i?2 +H�bbB+�H F2`M2H ⟨q′′, t ′′|q′, t ′⟩c- QM2 b22b
i?�i Bi 2[m�Hb i?2 i`m2 [m�MimK i`�Mb7Q`K�iBQM 7mM+iBQM ⟨q′′, t ′′|q′, t ′⟩+ Q7 �
bvbi2K TQbb2bbBM; i?2 >�KBHiQMB�M QT2`�iQ`

H+ ≡ H +
h̄2

12
R ,

mT iQ i?2 }`bi Q`/2` BM (t ′′ − t ′)X h?�i Bb-

⟨q′′, t ′′|q′, t ′⟩c = ⟨q′′, t ′′|q′, t ′⟩++O(t ′′ − t ′)2

r?2`2

(ih̄
∂

∂ t ′′
−H ′′

+) = ⟨q′′, t ′′|q′, t ′⟩+ = 0

b�iBb7vBM; i?2 #QmM/�`v +QM/BiBQM
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⟨q′′, t|q′, t⟩+ = δ (q′′,q′) for all t.

h?2 ǳ}`bi Q`/2` +QMi�+iǴ #2ir22M ⟨q′′, t ′′|q′, t ′⟩c �M/ ⟨q′′, t ′′|q′, t ′⟩+ Bb
�H`2�/v bm{+B2Mi iQ /2i2`KBM2 i?2 #2?�pBQ` Q7 r�p2 T�+F2ib 7Q` i?2 [m�M@
iBx2/ bvbi2KX A7 i?2 bvbi2K ?�b � >�KBHiQMB�M QT2`�iQ` H+ i?2M Bib r�p2
T�+F2ib rBHH KQ`2 �TT`QtBK�i2Hv �HQM; i?2 +H�bbB+�H T�i?b Q7 � +H�bbB+�H bvb@
i2K r?B+? ?�b bBKTHv H = 1

2 gi j pi p j �b >�KBHiQMB�M 7mM+iBQMX *QMp2`b2Hv
B7 i?2 [m�MiBx2/ bvbi2K ?�b >�KBHiQMB�M QT2`�iQ` H i?2M i?2 KQiBQMb Q7
Bib r�p2 T�+F2ib rBHH #2 �HQM; i?2 +H�bbB+�H T�i?b 7Q` � ǳ+H�bbB+�HǴ bvbi2K
r?B+? ?�b i?2 >�KBHiQMB�M 7mM+iBQM H− ≡ 1

2 gi j pi p j − h̄2

12 RX 1pB/2MiHv i?2`2
Bb �M �K#B;mBiv ?2`2 BM i?2 +?QB+2 Q7 >�KBHiQMB�M QT2`�iQ` r?2M i?2 bT�+2
Bb +m`p2/- �M/ i?2`2 Bb MQi?BM; BM i?2 +H�bbB+�H i?2Q`v iQ `2bQHp2 Bi 7Q` mbX

h?2 62vMK�M 7Q`KmH�iBQM Q7 [m�MimK K2+?�MB+b 7QHHQrb BKK2/B�i2Hv
7`QK i?2 Q`/2` +QMi�+i #2ir22M ⟨q′′, t ′′|q′, t ′⟩c �M/ ⟨q′′, t ′′|q′, t ′⟩+X "`2�FBM;
i?2 i`�Mb7Q`K�iBQM 7mM+iBQM mT BMiQ BM}MBi2Hv K�Mv TB2+2b #v K2�Mb Q7 i?2
+QKTQbBiBQM H�r

⟨q′′, t ′′|q′, t ′⟩+ =
∫
⟨q′′, t ′′|q′′′, t ′′′⟩+ dnq′′′⟨q′′′, t ′′′|q′, t ′⟩+

r?2`2 dnq ≡ g1/2dq1 . . . dqn- QM2 K�v r`Bi2

⟨q′′, t ′′|q′, t ′⟩+ = lim
N→∞
∆t→0

∫
dnq(1) · · ·

∫
dnq(N)⟨q′′, t ′′|q(N), t(N)⟩c

· · ·⟨q(2), t(2)|q(1), t(1)⟩c⟨q(1), t(1)|q′, t ′⟩c

r?2`2 ∆t = max(t ′′ − t(N), . . . t(2)− t(1), t(1)− t ′), t ′′ > t(N) > · · · > t(2) > t(1) >
t ′X Ai Bb 2pB/2Mi- 7`QK i?2 2tT`2bbBQM 7Q` ⟨q′′, t ′′|q′, t ′⟩c �M/ i?2 7Q`K Q7
i?2 2tT�MbBQM 7Q` i?2 �+iBQM S- i?�i i?2 UBM i?2 HBKBiV BM}MBi2Hv KmHiBTH2
BMi2;`�H `2+2Bp2b bB;MB}+�Mi +QMi`B#miBQMb 7`QK i?2 BMi2;`�M/ QMHv r?2M i?2
/Bz2`2M+2b q′′ i − q(N)i, . . . q(2)i − q(1)i,q(1)i − q′ i �`2 Q7 i?2 Q`/2` Q7 (h̄∆t)1/2
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Q` bK�HH2`X h?2`27Q`2- B7 i?2 bvK#QH =̇ Bb mb2/ iQ /2MQi2 2[mBp�H2M+2 �b 7�`
�b mb2 BM i?2 BM}MBi2Hv KmHiBTH2 BMi2;`�H Bb +QM+2`M2/- QM2 K�v r`Bi2

⟨q′′, t ′′|q′, t ′⟩c=̇(2πih̄)−
n
2

1+ 1
12 R′

i j(q
′′ i −q′ i)(q′′ j −q′ j)

(t ′′ − t ′)n/2 e
i
h̄ S(q′′,t ′′|q′,t ′)

=̇(2πih̄)−
n
2

1+ 1
12 R′ i j p′i p

′
j(t

′′ − t ′)2

(t ′′ − t ′)n/2 e
i
h̄ S(q′′,t ′′|q′,t ′)

=̇(2πih̄)−
n
2

1+ ih̄
12 R′(t ′′ − t ′)2

(t ′′ − t ′)n/2 e
i
h̄ S(q′′,t ′′|q′,t ′)

bBM+2

lim
t ′′→t ′

[2πih̄(t ′′ − t ′)]−n/2(t ′′ − t ′)
∫

f (q′′)p′i p
′
je

i
h̄ Sdnq′′

= lim
t ′′→t ′

(
t ′′ − t ′

2πih̄

)n/2
(t ′′ − t ′)g−1/2(q′) f (q′)

∫
p′i p

′
je

i
h̄

t′′−t′
2 g′ i j p′i p′j d p′1 . . .d p′n

= ih̄gi j(q′) f (q′) ,

�M/ i?2`27Q`2

⟨q′′, t ′′|q′, t ′⟩c=̇[2πih̄(t ′′ − t ′)]−n/2e
i
h̄ S−(q′′,t ′′|q′,t ′)

r?2`2 S− Bb i?2 �+iBQM 7mM+iBQM 7Q` i?2 bvbi2K rBi? +H�bbB+�H >�KBHiQMB�M
7mM+iBQM

H− ≡1
2

gi j pi p j −
h̄2

12
R, satisfying

S−(q′′, t ′′|q′, t ′) = S(q′′, t ′′|q′, t ′)+ h̄2

12
R′(t ′′ − t ′)+O[(q′′ −q′)(t ′′ − t ′)].

h?2 62vMK�M 7Q`KmH�iBQM MQr #2+QK2b

⟨q′′, t ′′|q′, t ′⟩+

= lim
N→∞
∆t→0

∫
· · ·
∫
[2πih̄(t ′′ − t(N))]−n/2dnq(N) · · · [2πih̄(t(2)− t(1))]n/2dnq(1)

[2πih̄(t(1)− t ′)]n/2 exp
i
h̄
[S−(q′′, t ′′|q(N), t(N))+ · · ·

+S−(q(2), t(2)|q(1), t(1))+S−(q(1), t(1)|q′, t ′)]
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�M/ i?2 /2T2M/2M+2 Q7 i?2 ǳbmK@Qp2`@T�i?bǴ QM i?2 K2i`B+ gi j Bb b22M iQ
Q++m` i?`Qm;? i?2 BMp�`B�Mi pQHmK2 2H2K2Mib dnq(1)...dnq(N)X h?Bb H�bi 2t@
T`2bbBQM Bb bQK2iBK2b r`Bii2M BM i?2 bvK#QHB+ 7Q`K

⟨q′′, t ′′|q′, t ′⟩+ =
∫ q′′,t ′′

q′,t ′
δ [q] exp

(
1
h̄

∫ t ′′

t ′
Ln dt

)

r?2`2 i?2 bvK#QH δ [q] BM/B+�i2b i?�i � ǳ7mM+iBQM�H BMi2;`�iBQMǴ Bb iQ #2
T2`7Q`K2/X AM HBM2�` 2t�KTH2b UBX2X- HBM2�` 2[m�iBQMb Q7 KQiBQMV i?2 7mM+@
iBQM�H BMi2;`�iBQM +�M Q7i2M #2 2�bBHv T2`7Q`K2/ rBi?Qmi 2p2M `272``BM; iQ
Bib `B;Q`Qmb /2}MBiBQM �b �M BM}MBi2Hv KmHiBTH2 BMi2;`�HX h?Bb Bb MQi HBF2Hv
iQ #2 bQ bBKTH2 BM i?2 T`2b2Mi MQMHBM2�` +�b2 #2+�mb2 Q7 i?2 Q++m``2M+2 Q7
� p�`B�#H2 K2i`B+ BM i?2 BMp�`B�Mi pQHmK2 2H2K2Mib dnq(1)...dnq(N)X

Ai rBHH #2 MQi2/ i?�i i?2 H�bi `2bmHi Bb 2p2M KQ`2 +m`BQmb i?�M i?2 T`2@
pBQmb `2bmHi Q#i�BM2/ rBi? i?2 S�mHB K2i?Q/ mbBM; ⟨q′′, t ′′|q′, t ′⟩cX AM Q`/2` iQ
Q#i�BM i?2 i`�Mb7Q`K�iBQM 7mM+iBQM 7Q` � [m�MiBx2/ bvbi2K ?�pBM; >�KBH@
iQMB�M QT2`�iQ` H+ QM2 Kmbi mb2- BM i?2 62vMK�M bmKK�iBQM- i?2 �+iBQM
+Q``2bTQM/BM; iQ � +H�bbB+�H bvbi2K ?�pBM; >�KBHiQMB�M H− Q` G�;`�M;B�M
L− = 1

2 gi jq̇iq̇ j + h̄2

12 RX q?2M .1 qAhh }`bi /Bb+Qp2`2/ i?Bb T?2MQK2MQM
?2 i?Qm;?i i?�i ?2 ?�/ K�/2 �M 2``Q` BM bB;M �M/ i?�i i?2 Q++m``2M+2b
Q7 h̄2

12 R �+im�HHv +�M+2HH2/ 2�+? Qi?2` r?2M QM2 T�bb2/ 7`QK i?2 S�mHB 7Q`K
QM iQ i?2 62vMK�M `2T`2b2Mi�iBQMX CX GX �M/2`bQM H�i2` +QMpBM+2/ ?BK-
?Qr2p2`- Q7 i?2 `2�HBiv Q7 i?2 T?2MQK2MQM- #v +�``vBM; Qmi � +QKTmi�iBQM
T�ii2`M2/ /B`2+iHv �7i2` 62vMK�MǶb Q`B;BM�H T�T2`X

AMbi2�/ Q7 bi�iBM; i?2 `2bmHi BM � bvKK2i`B+ K�MM2` QM2 K�v �HbQ
bi�i2 Bi BM i?2 7QHHQrBM; 7Q`Kb, A7 i?2 i`m2 +H�bbB+�H �+iBQM

∫
L dt (h̄ → 0)

Bb mb2/ BM i?2 62vMK�M bmKK�iBQM i?2M QM2 ;2M2`�i2b i?2 i`�Mb7Q`K�iBQM
7mM+iBQM ⟨q′′, t ′′|q′, t ′⟩++ b�iBb7vBM;

(ih̄
∂

∂ t ′′
−H ′′

++)⟨q′′, t ′′|q′, t ′⟩++ = 0

r?2`2

H ′′
++ = H +

h̄
6

R.

PM i?2 Qi?2` ?�M/- BM Q`/2` iQ ;2M2`�i2 i?2 i`�Mb7Q`K�iBQM 7mM+iBQM
⟨q′′, t ′′|q′, t ′⟩ b�iBb7vBM;

(ih̄
∂

∂ t ′′
−H ′′)⟨q′′, t ′′|q′, t ′⟩= 0
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QM2 Kmbi mb2 BM i?2 62vMK�M bmKK�iBQM i?2 �+iBQM 7Q` � ǳ+H�bbB+�HǴ bvbi2K
TQbb2bbBM; i?2 G�;`�M;B�M 7mM+iBQM

L−− =
1
2

gi jq̇iq̇ j +
h̄
6

R

�M/ >�KBHiQMB�M 7mM+iBQM

H−− =
1
2

gi j pi p j −
h̄
6

R.

61uLJ�L `2K�`F2/ i?�i [m�MiBx�iBQM Q7 � bvbi2K HBF2 L = 1
2 gi jq̇iq̇ j Bb

M2+2bb�`BHv �K#B;mQmb r?2M i?2 bT�+2 Bb +m`p2/X PM2 Kmbi }`bi BK#2/
i?2 bT�+2 BM ?B;?2` /BK2MbBQM�H bT�+2 r?B+? Bb ~�i- bBM+2 QMHv BM bT�+2b
r?B+? �`2 ~�i U�i H2�bi iQ � p2`v ?B;? /2;`22 Q7 �TT`QtBK�iBQMV /Q r2 ?�p2
2tT2`BK2Mib iQ ;mB/2 mb iQ i?2 �TT`QT`B�i2 7Q`K Q7 i?2 [m�MimK i?2Q`vX
h?2 Q`B;BM�H bT�+2 Kmbi i?2M #2 +QM+2Bp2/ Q7 �b i?2 HBKBiBM; 7Q`K Q7 � i?BM
b?2HH- i?2 ǳT�`iB+H2Ǵ r?B+? KQp2b BM i?2 Q`B;BM�H bT�+2 #2BM; +QMbi`�BM2/
iQ i?2 b?2HH #v � p2`v bi22T TQi2MiB�HX "mi i?2M i?2 a+?`ƺ/BM;2` 2[m�iBQM
7Q` i?2 T�`iB+H2 rBHH /2T2M/ QM i?2 T`2+Bb2 K�MM2` BM r?B+? i?2 i?B+FM2bb
Q7 i?2 b?2HH i2M/b iQ x2`Q- �M/ i?Bb Bb �`#Bi`�`vX
.1 qAhh �;`22/- #mi TQBMi2/ Qmi i?�i i?2 K�MM2` BM r?B+? i?2 i?B+F@
M2bb Q7 i?2 b?2HH i2M/b iQ x2`Q +�M #2 /2b+`B#2/ #v i?2 �//BiBQM Q7 � bBKTH2
ǳTQi2MiB�H@HBF2Ǵ i2`K iQ i?2 G�;`�M;B�M 7mM+iBQM �TT2�`BM; BM i?2 62vM@
K�M 7Q`KmH�iBQMX hQ BHHmbi`�i2 i?Bb ?2 +QMbB/2`2/ i?2 +�b2 Q7 � T�`iB+H2
+QMbi`�BM2/ iQ KQp2 QM i?2 bm`7�+2 Q7 �M 2HHBTbQB/X >2 }`bi iQQF 7Q` i?2
+QMbi`�BMBM; b?2HH i?2 `2;BQM #2ir22M irQ +QM7Q+�H 2HHBTbQB/b,

�� ��

6B;m`2 kRXR

AM Q`/2` iQ 2HBKBM�i2- `B;?i �i i?2 bi�`i- i?2 /2;`22 Q7 7`22/QK i`�Mb@
p2`b2 iQ i?2 b?2HH @ r?B+? Kmbi ?�p2 MQ `2�HBiv BM i?2 2M/- �Mvr�v @ QM2
K�v bmTTQb2 i?�i i?2 r�p2 7mM+iBQM ?�b � bBKTH2 MQ/2 QM 2�+? 2HHBTbQB/
�M/ MQM2 BM #2ir22M UBX 2X- i`�Mbp2`b2 ;`QmM/ bi�i2VX aBM+2 r2 FMQr i?�i
+QM7Q+�H 2HHBTbQB/b 7Q`K � b2T�`�#H2 bvbi2K 7Q` a+?`ƺ/BM;2` 2[m�iBQM- r2



kye kRX Zm�MimK :`�pB/vM�KB+b

K�v BKK2/B�i2Hv 7�+iQ` Qmi i?2 i`�Mbp2`b2 T�`i Q7 i?2 r�p2 7mM+iBQM �M/
�i i?2 b�K2 iBK2 bm#i`�+i � +QMbi�Mi i2`K T`QTQ`iBQM�H iQ (∆x)−2 7`QK i?2
2M2`;v- r?2`2 ∆x /2MQi2b i?2 i?B+FM2bb Q7 i?2 b?2HH �i bQK2 TQBMiX h?2 `2@
K�BMBM; T�`i Q7 i?2 r�p2 7mM+iBQM i?2M b�iBb}2b i?2 a+?`ƺ/BM;2` 2[m�iBQM
rBi? i?2 bBKTH2 QT2`�iQ` H �TT`QT`B�i2 iQ �M 2HHBTbQB/X h?Bb +Q``2bTQM/b
iQ � 62vMK�M 7Q`KmH�iBQM mbBM; i?2 +H�bbB+�H G�;`�M;B�M L−−- 7Q` r?B+?
i?2 +H�bbB+�H T�i?b �`2 �ii`�+i2/ iQ i?2 `2;BQM Q7 ;`2�i2bi TQbBiBp2 +m`p�im`2-
i?2 �ii`�+iBQM #2BM; /2b+`B#2/ #v � TQi2MiB�H − h̄2

6 RX AM i?2 T`2b2Mi +�b2
i?2 `2;BQM Q7 ;`2�i2bi TQbBiBp2 +m`p�im`2 Bb i?2 ǳMQb2Ǵ Q7 i?2 2HHBTbQB/ �M/
?2`2 i?2 b?2HH Bb i?BMM2biX h?2 i?`22@/BK2MbBQM�H r�p2 7mM+iBQM mM/2`;Q2b
� ǳ+`Qr/BM;Ǵ �i i?Bb TQBMiX aBM+2 i?2 i`�Mbp2`b2 T�`i Q7 i?2 r�p2 7mM+iBQM
Bb +QMbi�Mi- i?Bb +`Qr/BM; Kmbi #2 #Q`M2 #v i?2 ǳ�+iBp2Ǵ irQ@/BK2MbBQM�H
T�`iX h?2 i2M/2M+v Q7 i?2 �KTHBim/2 iQ BM+`2�b2 BM i?2 MQb2 `2;BQM Bb /2@
b+`B#�#H2 BM +H�bbB+�H i2`Kb �b �M �ii`�+iBQMX � r�p2 T�+F2i rQmH/ �+im�HHv
/BbTH�v i?2 2z2+i Q7 i?Bb �ii`�+iBQMX

h?2 62vMK�M 7Q`KmH�iBQM r?B+? bi�`ib rBi? i?2 +H�bbB+�H G�;`�M;B�M
L- QM i?2 Qi?2` ?�M/- +Q``2bTQM/b iQ i?2 mb2 Q7 � b?2HH Q7 mMB7Q`K i?B+FM2bb,

6B;m`2 kRXk

�HH TQBMib Q7 i?2 HBKBiBM; 2HHBTbQB/ �`2 ?2`2 r2B;?i2/ 2[m�HHvX .1
qAhh +QMD2+im`2/ i?�i i?2 mb2 Q7 �Mv Qi?2` b?2HHb Q7 p�`vBM; i?B+FM2bb
rQmH/ [mBi2 ;2M2`�HHv #2 /2b+`B#�#H2 BM i2`Kb Q7 �//BiBQMb iQ i?2 +H�bbB+�H
G�;`�M;B�M Q7 TQi2MiB�Hb T`QTQ`iBQM�H iQ h̄2X

U1/BiQ`Ƕb LQi2, @ .1qAhhǶb �`;mK2Mi Bb MQi 2MiB`2Hv `B;Q`QmbX >2- Q7
+Qm`b2- �pQB/2/ /Bb+mbbBQM Q7 � bT?2`B+�H b?2HH bBM+2 i?2 +m`p�im`2 Bb i?2M
+QMbi�Mi �M/ ?�b QMHv i?2 2z2+i Q7 mMB7Q`KHv b?B7iBM; �HH 2M2`;v H2p2HbX
>Qr2p2`- i?2`2 Bb � /B{+mHiv 7Q` 2HHBTbQB/�H bvbi2Kb BM i?�i i?2 b2T�`�iBQM
+QMbi�Mib �`2 MQi i?2Kb2Hp2b b2T�`�#H2- �M/ ?2M+2 i?2 i`�Mbp2`b2 T�`i Q7
i?2 r�p2 7mM+iBQM Bb MQi `B;Q`QmbHv 7�+iQ`�#H2 7Q` �`#Bi`�`v #2?�pBQ` Q7 i?2
MQM@i`�Mbp2`b2 T�`iX Ai K�v- ?Qr2p2`- #2 �TT`QtBK�i2Hv 7�+iQ`�#H2 r?2M
i?2 b?2HH Bb i?BMX
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�ii2MiBQM b?QmH/ �HbQ #2 +�HH2/ iQ i?2 7�+i i?�i i?2 #2?�pBQ` Q7 r�p2
T�+F2ib Bb MQi /2b+`B#2/ #v i?2 G�;`�M;B�M �TT2�`BM; BM i?2 62vMK�M
7Q`KmH�iBQM #mi #v i?2 G�;`�M;B�M Q7 i?2 S�mHB 7Q`KmH�iBQM- r?B+? Bb ?�H7@
r�v #2ir22M i?�i Q7 62vMK�M �M/ i?2 +Q``2bTQM/BM; [m�MimK 7Q`KX h?mb-
r?2M 62vMK�M mb2b L- S�mHB mb2b L+ iQ Q#i�BM i?2 b�K2 [m�MimK i?2Q`vX
P` r?2M 62vMK�M mb2b L−−- S�mHB mb2b L−X Ai Bb i?2 o�M oH2+F /2i2`KBM�Mi
Q7 i?2 S�mHB 7Q`KmH�iBQM r?B+? ;Bp2b i?2 F2v iQ i?2 KQiBQM Q7 r�p2 T�+F2ib-
i?`Qm;? Bib +QMb2`p�iBQM H�rX _2K2K#2`BM; i?�i q̇i = gi j p j- QM2 K�v r`Bi2
i?�i +QMb2`p�iBQM H�r BM i?2 7Q`K

∂D
∂ t ′′

+
∂

∂d′′ i (Dq̇′ i) = 0.

A7 � r�p2 T�+F2i Bb `2TH�+2/ #v �M 2Mb2K#H2 Q7 +H�bbB+�H T�`iB+H2b i?2M D
;Bp2b � K2�bm`2 Q7 i?2 /2MbBiv Q7 i?2b2 T�`iB+H2b �i �Mv iBK2 �M/ TH�+2XV
q>11G1_ `2K�`F2/ i?�i Bi ?�/ #22M bm;;2bi2/ i?�i �M 2tT2`BK2Mi�H
/2i2`KBM�iBQM Q7 i?2 G�;`�M;B�M iQ #2 mb2/ BM i?2 62vMK�M 7Q`KmH�iBQM
BM +m`p2/ bT�+2b KB;?i #2 �+?B2p2/ i?`Qm;? Q#b2`p�iBQMb QM KQH2+mH2b
r?B+? ?�p2 ǳ~�;bǴ QM i?2K @ 7Q` 2t�KTH2 2i?vH �H+Q?QH,

6B;m`2 kRXj

A7 bQK2 Q7 i?2 #QM/b �`2 `2;�`/2/ �b `B;B/ U2X;X- �i `QQK i2KT2`�im`2V
i?2M i?2 G�;`�M;B�M 7Q` bm+? � KQH2+mH2 +QMi�BMb � K2i`B+ +Q``2bTQM/BM;
iQ � bT�+2 r?B+? Bb MQi ~�iX >Qr2p2`- q>11G1_ TQBMi2/ Qmi i?�i i?Bb
bvbi2K- BM i?2 H�bi �M�HvbBb- ?�b Bib 2tBbi2M+2 BM � ~�i bT�+2 @ i?�i i?2
`B;B/Biv Q7 i?2 #QM/b Bb �M B/2�HBx�iBQM- �M/ i?�i- BM 7�+i- i?2 #BM/BM; 7Q`+2b
i?2Kb2Hp2b T`QpB/2 i?2 bT2+B}+�iBQM Q7 i?2 ǳb?2HHǴ QM r?B+? i?Bb bvbi2K Bb
+QMbi`�BM2/ iQ KQp2X >2M+2 bm+? � bvbi2K +QmH/ i2HH mb MQi?BM; �#Qmi



ky3 kRX Zm�MimK :`�pB/vM�KB+b

r?B+? G�;`�M;B�M iQ mb2- 7Q` 2t�KTH2- BM i?2 62vMK�M [m�MiBx�iBQM Q7 i?2
;`�pBi�iBQM�H }2H/ r?2`2 i?2 �K#B;mBiv /Q2b �`Bb2X

�L.1_aPL TQBMi2/ Qmi i?�i �i �Mv `�i2 .1 qAhhǶb �TT`Q�+? H2�p2b MQ
�K#B;mBiv BM +?QB+2 Q7 K2i`B+X AM 7�+i- MQ Qi?2` +?QB+2 Bb TQbbB#H2 B7 QM2
`2[mB`2b lim

t ′′→t ′
⟨q′′, t ′′|q′, t ′⟩c = δ (q′′,q′)X h?Bb `2H�iBQM rBHH MQi ;2M2`�HHv #2

b�iBb}2/ B7 QM2 +?QQb2b � K2i`B+ 7Q` q@bT�+2 r?B+? Bb mM`2H�i2/ iQ i?2 gi j
�TT2�`BM; BM i?2 G�;`�M;B�MX

.1 qAhh i?2M r2Mi QM iQ /Bb+mbb i?2 b2+QM/ BKTQ`i�Mi �M/ T`2bbBM;
T`Q#H2K r?B+? �`Bb2b BM i?2 [m�MiBx�iBQM Q7 MQMHBM2�` bvbi2Kb- M�K2Hv- i?2
ǳ7�+iQ` Q`/2`BM; T`Q#H2KǴ, >Qr b?QmH/ QM2 Q`/2` MQM@+QKKmiBM; QT2`�@
iQ`b iQ Q#i�BM �TT`QT`B�i2 [m�MimK �M�HQ;b Q7 p�`BQmb +H�bbB+�H 2[m�iBQMb\

q?2M i?2 K�i`Bt Ugi jV Bb MQM@bBM;mH�` i?2 7�+iQ` Q`/2`BM; >�KBHiQMB�M
QT2`�iQ` Bb 2�bBHv bQHp2/X h?2 >2`KBiB�M `2[mB`2K2Mi QM i?2 KQK2Mi� pi
H2�/b iQ i?2 [m�MimK `2T`2b2Mi�iBQM `2[mB`2K2Mi

pi =−ih̄g−1/4 ∂
∂qi g1/4 =−ih̄[

∂
∂qi +

1
4
(ln g),i]

BM �`#Bi`�`v +m`pBHBM2�` +QQ`/BM�i2bX >2M+2- BM Q`/2` i?�i Hψ =− h̄2

2 gi jψ.i j-
QM2 Kmbi r`Bi2

H =
1
2

g−1/4 pig1/2gi j p jg−1/4

h?2 >2`KBiB�M +?�`�+i2` Q7 H Bb Q#pBQmb 7`QK i?2 bvKK2i`v Q7 i?Bb 2t@
T`2bbBQMX

6Q` +Qp�`B�Mi i?2Q`B2b- QM i?2 Qi?2` ?�M/- (gi j) Bb bBM;mH�`- +QMbi`�BMib
�`2 T`2b2Mi- �M/ i?2 �M�HvbBb #2+QK2b Km+? KQ`2 +QKTHB+�i2/X JQ`2Qp2`-
bBM+2 (gi j) Bb bBM;mH�` Bi Bb MQi Q#pBQmb BKK2/B�i2Hv r?�i ǳK2�bm`2Ǵ iQ mb2
BM � 62vMK�M 7Q`KmH�iBQMX

U1/BiQ`Ƕb LQi2, @ h?2 7QHHQrBM; Bb i�F2M 7`QK � b2i Q7 KBK2Q;`�T?2/
MQi2b r?B+? .1 qAhh /Bbi`B#mi2/ iQ i?2 +QM72`22bX h?2 �+im�H 2tTQbB@
iBQM Q7 Bi r�b #`QF2M mT #v K�Mv [m2biBQMb- KQbiHv QM i?2 M2+2bbBiv Q7
;QBM; i?`Qm;? � +�`27mH H�vQmi Q7 B/2MiBiB2b �M/ +QMbi`�BMibX h?2b2 [m2b@
iBQMb �`2 #2bi �Mbr2`2/ #v i?2 KQ`2 +QKTH2i2 mMBMi2``mTi2/ T`2b2Mi�iBQM
;Bp2M #2HQrX PM2 K�v �//- iQ i?2 Tm`TQb2b Q7 �M mM�K#B;mQmb /2`Bp�iBQM
�H`2�/v K2MiBQM2/ BM i?2 T`2pBQmb T�`�;`�T?b U}M/BM; i?2 +Q``2+i ǳ7�+iQ`
Q`/2`BM;Ǵ �M/ i?2 ǳK2�bm`2ǴV- i?2 b2�`+? 7Q` i?2 i`m2 Q#b2`p�#H2b Q7 i?2
i?2Q`vXV
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�b � T`QiQivT2 Q7 � +Qp�`B�Mi i?2Q`v .1 qAhh +QMbB/2`2/ � bvbi2K
TQbb2bbBM; � G�;`�M;B�M 7mM+iBQM Q7 i?2 7Q`K

L ≡ 1
2

gi jq̇iq̇ j +aiq̇i − v

7Q` r?B+? i?2 2[m�iBQMb Q7 KQiBQM �`2

gi jq̈ j +[ jk, i]q̇ jq̇k − fi jq̇ j + v,i
w
= 0

r?2`2 fi j = a j,i −ai, jX h?2b2 2[m�iBQMb Q7 KQiBQM �`2- Q7 +Qm`b2- BMp�`B�Mi
mM/2` TQBMi i`�Mb7Q`K�iBQMb Q7 i?2 qǶb �KQM; i?2Kb2Hp2b �b r2HH �b mM/2`
ǳT?�b2 i`�Mb7Q`K�iBQMbǴ ai → ai+P,i r?2`2 P Bb �M �`#Bi`�`v 7mM+iBQM Q7 i?2
qǶb- h?2 ǳ+Qp�`B�M+2Ǵ Q7 i?2 i?2Q`v Bb /2b+`B#2/ #v �M �//BiBQM�H i`�Mb7Q`@
K�iBQM ;`QmT mM/2` r?B+? i?2 2[m�iBQMb Q7 KQiBQM `2K�BM BMp�`B�Mi- r?Qb2
BM}MBi2bBK�H 2H2K2Mib ?�p2 i?2 ;2M2`�H 7Q`K qi → qi +δqi- r?2`2

δqi ≡ (ρ i
α +σ i

α jq̇
j)δΛα + τ i

α δΛ̇α .

h?2 ρ i
α - σ i

α j- τ i
α �`2 +2`i�BM /2}MBi2 7mM+iBQMb Q7 i?2 qǶb- r?BH2 i?2

δΛα �`2 �`#Bi`�`v BM}MBi2bBK�H 7mM+iBQMb Q7 i?2 iBK2 �M/ Q7 i?2 qǶb �M/
�Mv Q7 i?2B` iBK2 /2`Bp�iBp2bX am+? � i`�Mb7Q`K�iBQM K�v #2 +�HH2/ �
;�m;2 i`�Mb7Q`K�iBQMc BM ;2M2`�H `2H�iBpBiv Bi Bb �M BM}MBi2bBK�H +QQ`/BM�i2
i`�Mb7Q`K�iBQM- i?2 qi #2BM; i?2 K2i`B+ }2H/ p�`B�#H2bX

h?2 G�;`�M;B�M 7mM+iBQM Kmbi #2 �Hi2`2/ mM/2` � ;�m;2 i`�Mb7Q`K�@
iBQM #v � iQi�H iBK2 /2`Bp�iBp2 δ Ḟ X Ai Bb MQi ?�`/ iQ b22 i?�i δF Kmbi ?�p2
i?2 ;2M2`�H 7Q`K

δF ≡ (Aα +Bαiq̇i +
1
2

Cαi j q̇iq̇ j)δΛα +Dα δΛ̇α

r?2`2 i?2 Aα - Bαi- Cαi j- Dα �`2 7mM+iBQMb Q7 i?2 qǶb QMHvX .1 qAhh
�bbmK2/ i?�i Cαi j ≡ 0- �b i?Bb bBKTHB}2b i?2 �M�HvbBb BM +2`i�BM `2bT2+ibX
h?Bb �bbmKTiBQM Bb �+im�HHv BM+Q``2+i 7Q` i?2 ;`�pBi�iBQM�H }2H/- #mi Bb
MQi 2tT2+i2/ iQ �Hi2` i?2 K�BM [m�HBi�iBp2 72�im`2b Q7 i?2 �M�HvbBbX UAi
rBHH #2 /Bb+mbb2/ KQ`2 7mHHv �i � H�i2` TQBMiXV "v T2`7Q`KBM; � ;�m;2
i`�Mb7Q`K�iBQM QM i?2 G�;`�M;B�M �M/ K�FBM; � +QKT�`BbQM rBi? δ Ḟ QM2
}M/b i?�i i?2 7QHHQrBM; B/2MiBiB2b Kmbi #2 b�iBb}2/,
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Aα ≡−v,iτ i
α +aiρ i

α

Bαi ≡ aiσ j
αi

Dα ≡ aiτ i
α

gi jτ j
α ≡ 0

gi jσ j
αk ≡ 0

[i j,k]τk
α ≡ 0

[i j, l]σ l
αk +[ jk, l]σ l

αi +[ki, l]σ l
α j ≡ 0

fi jτ j
α ≡ gi jρ j

α

fikσ k
α j + f jkσ k

α i ≡ gi j,kρk
α +gikρk

α, j +g jkρk
α,i

fi jρ j
α ≡ (v, jτ j

α),i − v, jσ j
αi

v,iρ i
α ≡ 0

fi jτ i
α τ j

β ≡ 0

gik(τk
α, jτ

j
β − τk

β , jτ
j

α)≡ 0.

.1 qAhh +�HH2/ i?2b2 B/2MiBiB2b Q7 BMp�`B�M+2X

Ai Bb i?2 B/2MiBiv gi jτ j
α ≡ 0 r?B+? b?Qrb i?�i Ugi jV Kmbi #2 � bBM;mH�`

K�i`Bt BM � ǳ;�m;2 BMp�`B�MiǴ i?2Q`vX h?Bb ?�b i?2 +QMb2[m2M+2 i?�i i?2
KQK2Mi� Q7 i?2 >�KBHiQMB�M 7Q`K�HBbK �`2 MQi �HH BM/2T2M/2MiX Ai �HbQ
?�b i?2 +QMb2[m2M+2 i?�i i?2 BMBiB�H +QM/BiBQMb QM i?2 KQiBQM Kmbi #2
bm#D2+i iQ +QMbi`�BMib BM Q`/2` i?�i i?2 KQiBQM �+im�HHv #2 �#H2 iQ K�F2
i?2 �+iBQM BMi2;`�H

∫
L dt �M 2ti`2KmKX aQK2- �i H2�bi- Q7 i?2b2 +QMbi`�BMib

�`2 Q#i�BM2/ #v KmHiBTHvBM; i?2 2[m�iBQMb Q7 KQiBQM #v τ i
α X lbBM; B/2MiBiB2b

Q7 BMp�`B�M+2 QM2 }M/b

ρ i
α gi jq̇ j + v,iτ i

α
w
= 0.

h?2b2 rBHH +QMbiBimi2 i?2 +QKTH2i2 b2i Q7 +QMbi`�BMib B7 i?2B` iBK2 /2`Bp�@
iBp2b iQ �HH Q`/2`b p�MBb? bQH2Hv �b � +QMb2[m2M+2 Q7 i?2 2[m�iBQMb Q7 KQiBQMX
A7 i?2 iBK2 /2`Bp�iBp2b /Q MQi �miQK�iB+�HHv p�MBb? i?2v Kmbi #2 K�/2 iQ
p�MBb? #v �//BM; 2ti`� +QMbi`�BMib- r?Qb2 iBK2 /2`Bp�iBp2b- BM im`M- Kmbi
#2 K�/2 iQ p�MBb?- 2i+X
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.1 qAhh BMi`Q/m+2/ � b2+QM/ b2i Q7 B/2MiBiB2b #v �bbmKBM; i?�i i?2
τ i

α 7Q`K � +QKTH2i2 �M/ BM/2T2M/2Mi b2i Q7 MmHH 2B;2Mp2+iQ`b Q7 gi jX PM2
K�v i?2M BM72` i?�i

σ i
α j ≡ τ i

β Sβ
α j

τ i
α, jτ

j
β − τ i

β , jτ
j

α ≡ τ i
γ tγ

αβ

ρ i
α , jτ

j
β − τ i

β , jρ
j

α −ρ i
γ Sγ

α jτ
j

β ≡ τ i
γ uγ

αβ

r?2`2 i?2 Sβ
α j- tγ

αβ - uγ
αβ �`2 +2`i�BM +Q2{+B2MibX .1 qAhh +�HH2/ i?2b2

B/2MiBiB2b Q7 +QKTH2i2M2bbX
� }M�H b2i Q7 B/2MiBiB2b �`2 Q#i�BM2/ 7`QK i?2 ;`QmT T`QT2`iv Q7 ;�m;2

i`�Mb7Q`K�iBQMbX _2[mB`BM; i?�i i?2 /Bz2`2M+2 #2ir22M i?2 `2bmHib Q7 �T@
THvBM; irQ BM}MBi2bBK�H ;�m;2 i`�Mb7Q`K�iBQMb BM /Bz2`2Mi Q`/2`b #2 �HbQ
� ;�m;2 i`�Mb7Q`K�iBQM UQ7 i?2 b2+QM/ BM}MBi2bBK�H Q`/2`V QM2 }M/b

δ2δ1qi −δ1δ2qi ≡ (pi
γ +σ i

γ jq̇
j)δ1 2Λγ + τ i

γ δ1 2Λ̇γ

δ2δ1F −δ1δ2F ≡ (Aα +Bαi)δ1 2Λα +Dα δ1 2Λ̇α

r?2`2

δ1 2Λγ ≡ 1
2

rγ
αβ (δ1Λα δ2Λβ −δ2Λα δ1Λβ )

+
1
2
(Sγ

α jτ
j

δ Sδ
βk −Sγ

β jτ
j

δ Sδ
αk)q̇

k(δ1Λα δ2Λβ −δ2Λα δ1Λβ )

+Sγ
α jτ

j
β (δ1Λα δ2Λ̇β −δ2Λα δ1Λ̇β )

+δ2δ1Λγ −δ1δ2Λγ

QMHv B7

ρ i
α, jρ

j
β −ρ i

β , jρ
j

α ≡ ρ i
γ rγ

αβ

7Q` +2`i�BM +Q2{+B2Mib rγ
αβ - �M/ B7
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ti
α , jτ

j
β − ti

β , jτ
j

α − ti
γ Sγ

α jτ
j

β + τ i
γ Sγ

β jτ
j

α ≡ 0

Sγ
α j,k −Sγ

αk, j −Sγ
δ jS

δ
αk +Sγ

δkSδ
α j ≡ 0

ρ i
α, jρ

j
β −ρ i

β , jρ
j

α −ρ i
γ Sγ

α jρ
j

β +ρ i
γ Sγ

β jρ
j

α ≡ ρ i
γ vγ

αβ

ρ i
α, jτ

j
β − τ i

β , jρ
j

α −ρ i
γ Sγ

α jτ
j

β + τ i
γ Sγ

β jρ
j

α ≡ τ i
γ vγ

αβ

fi jρ i
α ρ j

β + v,iτ i
γ vγ

αβ ≡ 0

r?2`2 i?2 vγ
αβ �`2 +2`i�BM +Q2{+B2Mib b�iBb7vBM;

vγ
αβ ,i + vδ

αβ Sγ
δ i − vγ

δβ Sδ
αi − vγ

αδ Sδ
β i ≡ 0

rγ
αβ ≡ Sγ

αiρ
i
β −Sγ

β iρ
i
α + vγ

αβ .

.1 qAhh +�HH2/ i?2b2 B/2MiBiB2b Q7 BMi2;`�#BHBivX Ai rBHH #2 Q#b2`p2/ i?�i
i?2v H2�/ iQ i?2 B/2MiB}+�iBQMb

tγ
αβ ≡ Sγ

αiτ
i
β −Sγ

β iτ
i
α

uγ
αβ ≡ rγ

αβ −Sγ
α jρ

j
β .

.1qAhh i?2M r2Mi QM iQ `2K�`F i?�i i?2 �#Qp2 i?`22 ;`QmTb Q7 B/2M@
iBiB2b +QKT`Bb2 �HH i?2 B/2MiBiB2b i?�i �`2 �p�BH�#H2- Q` M22/2/- 7Q` i?2 bim/v
Q7 i?2 /vM�KB+�H #2?�pBQ` Q7 i?2 bvbi2K mM/2` +QMbB/2`�iBQM- �M/ ?2 +�HH2/
�ii2MiBQM iQ i?2 7�+i i?�i i?2v �`2 Q#i�BM2/ 2MiB`2Hv rBi?BM i?2 7`�K2rQ`F
Q7 i?2 +H�bbB+�H i?2Q`vX AM /2p2HQTBM; i?2 >�KBHiQMB�M 7Q`KmH�iBQM 7Q` i?2
bvbi2K .1 qAhh 7QHHQr2/ i?2 K2i?Q/ Q7 .B`�+j r?B+? /BbiBM;mBb?2b #2@
ir22M r2�F 2[m�iBQMb Uw

=V �M/ bi`QM; 2[m�iBQMb U s
=VX 1[m�iBQMb Q7 KQiBQM

�M/ +QMbi`�BMib U`2/m+2/ iQ i?2B` HQr2bi Q`/2`V �`2 r2�F 2[m�iBQMbX 1[m�@
iBQMb Q7 B/2MiBiv U≡V �`2 bi`QM; 2[m�iBQMbX �HbQ- i?2 T`Q/m+i Q7 irQ r2�FHv
p�MBb?BM; 7mM+iBQMb Bb bi`QM;Hv 2[m�H iQ x2`QX

h?2 +�MQMB+�H KQK2Mi� 7Q` i?2 bvbi2K �`2

pi
w
=

∂L
∂ q̇i ≡ gi jq̇ j +ai.

j*�MX CX J�i?X k- RkN URN8yVX
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JmHiBTHB+�iBQM #v τ i
α ;Bp2b BKK2/B�i2Hv i?2 b2i Q7 +QMbi`�BMib iQ r?B+? i?2

KQK2Mi� �`2 bm#D2+i,

Φα
w
= 0

Φα ≡ (pi −ai)τ i
α .

*QKTH2iBM; i?2 b2i Q7 p2+iQ`b τ i
α i?`Qm;? i?2 BMi`Q/m+iBQM Q7 � b2i Q7 BM@

/2T2M/2Mi p2+iQ`b τ i
µ - �M/ BMi`Q/m+BM; �HbQ ǳBMp2`b2bǴ τα

i - τµ
i b�iBb7vBM;

τ i
α τα

j + τ i
µ τµ

j = δ i
j- QM2 K�v r`Bi2 i?2 ǳ2M2`;v 7mM+iBQMǴ BM i?2 7Q`K

E ≡ piq̇i −L
s
= piq̇i − 1

2
gi jq̇iq̇ j −aiq̇i + v+

1
2

gi j(pi −ai −gikq̇k)(p j −a j −g jl q̇l)

≡ H +Φα τα
i q̇i

r?2`2

H ≡ 1
2

gi j(pi −ai)(p j −a j)+ v

gi j ≡ τ i
µ τ j

ν gµν , gµσ gσν ≡ δ µ
ν , gµν ≡ gi jτ i

µ τ j
ν .

h?2 }M�H 2tT`2bbBQM 7Q` i?2 2M2`;v 7mM+iBQM T`QpB/2b �M BHHmbi`�iBQM Q7
.B`�+Ƕb i?2Q`2K iQ i?2 2z2+i i?�i i?2 2M2`;v Bb �Hr�vb bi`QM;Hv 2[m�H iQ �
7mM+iBQM H Q7 i?2 qǶb �M/ pǶb- r?B+? K�v #2 +�HH2/ i?2 >�KBHiQMB�M 7mM+@
iBQM- THmb � HBM2�` +QK#BM�iBQM Q7 i?2 ΦǶb rBi? +Q2{+B2Mib r?B+? /2T2M/
QM i?2 p2HQ+BiB2b q̇iX AM � i?2Q`v rBi?Qmi +QMbi`�BMib i?2 2M2`;v Bb B/2MiB+�H
rBi? i?2 >�KBHiQMB�M 7mM+iBQMX q?2M +QMbi`�BMib �`2 T`2b2Mi i?2 irQ �`2
QMHv r2�FHv 2[m�HX

A7 i?2 +Q2{+B2Mib KmHiBTHvBM; i?2 ΦǶb �`2 +QKTH2i2Hv mM/2i2`KBM2/ #v
i?2 2[m�iBQMb Q7 KQiBQM- �M/ ?2M+2 +QKTH2i2Hv �`#Bi`�`v- i?2 ΦǶb �`2 b�B/
iQ #2 ǳQ7 i?2 }`bi +H�bbXǴ h?Bb TQBMi �Hr�vb `2[mB`2b bT2+B�H BMp2biB;�iBQMX
lbBM; i?2 2[m�iBQMb Q7 KQiBQM iQ;2i?2` rBi? i?2 +QMbi`�BMib QM2 K�v 2�bBHv
p2`B7v i?�i i?2 iBK2 `�i2 Q7 +?�M;2 Q7 �Mv 7mM+iBQM F Q7 i?2 qǶb �M/ pǶb Bb
;Bp2M #v

Ḟ w
= (F,H)+(F,Φα)τα

i q̇i
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r?2`2 ( ) /2MQi2b i?2 SQBbbQM #`�+F2iX AM T�`iB+mH�`- i?2 iBK2 `�i2 Q7
+?�M;2 Q7 � Φ Bb ;Bp2M #v

Φ̇α
w
= (Φα ,H)+(Φα ,Φβ )τ

β
i q̇i.

aBM+2 i?2 ΦǶb p�MBb? i?2B` iBK2 /2`Bp�iBp2b Kmbi �HbQ p�MBb?X h?Bb rBHH
?�TT2M �miQK�iB+�HHv B7 i?2 SQBbbQM #`�+F2ib (Φα ,H) �M/ (Φα ,Φβ ) p�MBb?-
�i H2�bi r2�FHvX A7 i?2b2 SQBbbQM #`�+F2ib /Q MQi �HH p�MBb? i?2M i?2 τβ

i q̇i

+�MMQi �HH #2 +QKTH2i2Hv �`#Bi`�`v �M/ i?2 q̇i rBHH #2 bm#D2+i iQ �//BiBQM�H
+QMbi`�BMibX

lbBM; i?2 `2H�iBQM gik ≡ δ i
j−τ i

α τα
j iQ;2i?2` rBi? B/2MiBiB2b Q7 BMp�`B�M+2-

QM2 }M/b- �7i2` � bi`�B;?i7Q`r�`/ +QKTmi�iBQM-

(Φα ,H)≡ Φβ [(τ
β
j,k − τβ

k, j)τ
k
α gi j(pi −ai)+ τβ

i ρ i
α ]−χα

w
= 0

r?2`2

χα ≡ (pi −ai)ρ i
α + v,iτ i

α
w
= 0.

h?2 H�ii2` 2[m�iBQMb �`2 bBKTHv i?2 p2HQ+Biv +QMbi`�BMib `22tT`2bb2/ BM
i2`Kb Q7 i?2 KQK2Mi�X h?2 Φ@2[m�iBQMb- 2tBbiBM; QMHv BM i?2 +�MQMB+�H 7Q`@
K�HBbK- �`2 bQK2iBK2b FMQrM �b ǳT`BK�`v +QMbi`�BMibXǴ h?2 χ@2[m�iBQMb-
r?B+? 7QHHQr 7`QK i?2K- �`2 i?2M +�HH2/ ǳb2+QM/�`v +QMbi`�BMibXǴ h?2 χǶb
�b r2HH �b i?2 ΦǶb Kmbi ?�p2 p�MBb?BM; iBK2 /2`Bp�iBp2bX h?Bb H2�/b QM2 iQ
BMp2biB;�i2 �HbQ i?2 SQBbbQM #`�+F2ib (χα ,H),(χα ,Φβ )X

lbBM; QMHv i?2 B/2MiBiB2b Q7 BMp�`B�M+2 �M/ +QKTH2i2M2bb QM2 }M/b

(Φα ,Φβ )≡ Φγ tγ
αβ

w
= 0

(χα ,H) ≡ Φβ (τ
β
i,kρk

α + τβ
k ρk

α,i − τβ
k ρk

γ Sγ
αi)g

i j(p j −a j)

+χβ Sβ
αig

i j(p j −a j)
w
= 0

(χα ,Φβ )≡ Φγ uγ
αβ +χγ Sγ

α jτ
j

β
w
= 0.

h?2 p�MBb?BM; UBM i?2 r2�F b2Mb2V Q7 �HH i?2b2 SQBbbQM #`�+F2ib K2�Mb
i?�i i?2`2 2tBbi MQ 7m`i?2` +QMbi`�BMib �M/ i?2 ΦǶb �`2 �HH Q7 i?2 }`bi
+H�bbX h?2`2 biBHH `2K�BMb- ?Qr2p2`- QM2 7m`i?2` SQBbbQM #`�+F2i r?B+?
Bi Bb M2+2bb�`v iQ 2t�KBM2- M�K2Hv (χα ,χβ )X .B`�+ ?�b b?QrM UQTX +BiXV
i?�i B7 i?Bb SQBbbQM #`�+F2i /Q2b MQi p�MBb? U�i H2�bi r2�FHvV i?2M bQK2
Q7 i?2 +�MQMB+�H p�`B�#H2b K�v #2 2HBKBM�i2/ 7`QK i?2 i?2Q`v i?`Qm;?
i?2 BMi`Q/m+iBQM Q7 � M2r ivT2 Q7 #`�+F2i- � KQ/B}+�iBQM Q7 i?2 Q`/BM�`v
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SQBbbQM #`�+F2i- r?B+? .1 qAhh ?�b +�HH2/ i?2 ǳ.B`�+ #`�+F2iXǴ Ai Bb i?2
.B`�+ #`�+F2i r?B+? +Q``2bTQM/b iQ i?2 +QKKmi�iQ` UQ` �MiB+QKKmi�iQ`V
BM i?2 [m�MimK 7Q`K Q7 i?2 i?2Q`vX

AM i?2 2p�Hm�iBQM Q7 (χα ,χβ ) B/2MiBiB2b Q7 BMi2;`�#BHBiv �`2 M22/2/ 7Q`
i?2 }`bi iBK2X PM2 }M/b

(χα ,χβ )≡ χγ rγ
αβ

w
= 0.

1pB/2MiHv .B`�+ #`�+F2ib �`2 ?2`2 i?2 b�K2 �b Q`/BM�`v SQBbbQM #`�+F2ibX
lM/2` i?2b2 +B`+mKbi�M+2b i?2 χǶb �`2 b�B/ iQ #2 ǳQ7 i?2 }`bi +H�bbXǴ Ai Bb
+?�`�+i2`BbiB+ Q7 �Mv i?2Q`v BM r?B+? i?2 +QMbi`�BMib �`Bb2 �b � `2bmHi Q7 �
;�m;2 BMp�`B�M+2 T`BM+BTH2 i?�i �HH Q7 i?2 ΦǶb �M/ χǶb �`2 Q7 i?2 }`bi +H�bbX

.1 qAhh +�HH2/ �ii2MiBQM iQ i?2 7�+i i?�i mT iQ i?Bb TQBMi MQi �HH
Q7 i?2 B/2MiBiB2b Q7 BMi2;`�#BHBiv ?�p2 #22M mb2/X h?2 +H�bbB+�H i?2Q`v-
r?B+? Bb +QKTH2i2/ �i i?Bb TQBMi- +�M BM 7�+i ;2i �HQM; rBi?Qmi i?2 mMmb2/
B/2MiBiB2bX AM i?2 [m�MimK i?2Q`v- ?Qr2p2`- i?2 mMmb2/ B/2MiBiB2b im`M Qmi
iQ #2 +`m+B�HX

.1 qAhh }`bi +QMbB/2`2/ i?2 Φ �M/ χ 2[m�iBQMb- r?B+?- BM i?2 [m�M@
imK i?2Q`v- �`2 iQ #2 `2;�`/2/ �b bmTTH2K2Mi�`v +QM/BiBQMb QM i?2 bi�i2
p2+iQ` ψ Q7 i?2 bvbi2K,

Φα ψ = 0 , χα ψ = 0.

aBM+2 i?2 +H�bbB+�H 2tT`2bbBQMb 7Q` i?2 Φα �M/ χα BMpQHp2 [m�MiBiB2b r?B+?-
BM i?2 [m�MimK i?2Q`v- /Q MQi +QKKmi2- i?2 7�+iQ` Q`/2`BM; T`Q#H2K ?2`2
K�F2b Bib �TT2�`�M+2X �++Q`/BM; iQ .1 qAhh i?2 [m�MimK �M�HQ;b Q7
Φα �M/ χα b?QmH/ #2 i�F2M �b

Φα =
1
2
{pi −ai,τ i

α}+
1
2

ih̄Sβ
α iτ

i
β

χα =
1
2
{pi −ai,ρ i

α}+ v,iτ i
α +

1
2

ih̄Sβ
αiρ

i
β

r?2`2 { } /2MQi2b i?2 �MiB+QKKmi�iQ` #`�+F2iX qBi? i?2 �B/ Q7 i?2 T`2pB@
QmbHv mMmb2/ B/2MiBiB2b Q7 BMi2;`�#BHBiv QM2 K�v i?2M b?Qr i?�i



kRe kRX Zm�MimK :`�pB/vM�KB+b

[Φα ,Φβ ] = ih̄ tγ
αβ Φγ

[χα ,Φβ ] = ih̄ uγ
αβ Φγ + ih̄ Sγ

αiτ
i
β χγ

[χα ,χβ ] = ih̄ rγ
αβ χγ

r?2`2 [ ] = ih̄( ) /2MQi2b i?2 +QKKmi�iQ` #`�+F2i �M/ r?2`2 i?2 Q`/2`BM;
Q7 7�+iQ`b QM i?2 `B;?i Bb MQr BKTQ`i�MiX aBM+2 i?2 pǶb �M/ χǶb �HH bi�M/
iQ i?2 2ti`2K2 `B;?i i?2 +Q`QHH�`B2b

[Φα ,Φβ ]ψ = 0 , [χα ,Φβ ]ψ = 0 , [χα ,χβ ]ψ = 0

Q7 i?2 bmTTH2K2Mi�`v +QM/BiBQMb �`2 �miQK�iB+�HHv b�iBb}2/X .1 qAhh
TQBMi2/ Qmi i?�i i?2 �TT`QT`B�i2 [m�MimK �M�HQ; Q7 � +H�bbB+�H [m�MiBiv
K�v ?�p2 QM2 Q` KQ`2 i2`Kb BM Bi Ubm+? �b i?2 1

2 ih̄Sβ
α iτ i

β �#Qp2V r?B+?
�`2 T`QTQ`iBQM�H iQ h̄ Q` TQr2`b Q7 h̄- �M/ r?B+? /Q MQi �TT2�` BM i?2
+Q``2bTQM/BM; +H�bbB+�H 2tT`2bbBQM UbBM+2 h → 0VX

aBKBH�` +QMbB/2`�iBQMb �`2 BMpQHp2/ BM }M/BM; i?2 [m�MimK �M�HQ; Q7
i?2 7mM+iBQM HX Ai Bb +QMp2MB2Mi iQ `2im`M 7Q` � KQK2Mi iQ i?2 +H�bbB+�H
i?2Q`v, aBM+2 i?2 ΦǶb �M/ χǶb �`2 �HH Q7 i?2 }`bi +H�bb- i?2 [m�MiBiB2b τα

i q̇i

�TT2�`BM; BM i?2 /vM�KB+�H 2[m�iBQM UBX2X- 7Q` ḞV �`2 +QKTH2i2Hv �`#Bi`�`vX
PM2 Bb �i HB#2`iv iQ b2i i?2K 2[m�H iQ �`#Bi`�`v 7mM+iBQMb f α Q7 i?2 qǶb �M/
pǶb i?`Qm;? i?2 �//BiBQM Q7 2ti`� bmTTH2K2Mi�`v +QM/BiBQMb,

τα
i q̇i w

= f α .

h?2 2M2`;v 7mM+iBQM E Bb i?2M bi`QM;Hv 2[m�H iQ

H ≡ H + f α Φα .

6m`i?2`KQ`2- i?2 /vM�KB+�H 2[m�iBQM K�v #2 `2TH�+2/ #v

Ḟ w
= (F,H)

w
= (F,H)+ f α(F,Φα).

h?2 +QM/BiBQMb Φ̇ w
= 0 - χ̇ w

= 0 �`2- Q7 +Qm`b2- mM�z2+i2/X
AM i?2 [m�MimK i?2Q`v i?2 /vM�KB+�H 2[m�iBQM K�v #2 i�F2M �b

ih̄Ḟ = [F,H]

BM r?B+? i?2 [m�MimK 7Q`K Q7 H Bb r`Bii2M �b �#Qp2 rBi? i?2 ΦǶb bi�M/BM;
iQ i?2 `B;?iX h?2 iBK2 /2`Bp�iBp2b Q7 i?2 bmTTH2K2Mi�`v +QM/BiBQMb- M�K2Hv
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Φ̇α ψ = 0 , χ̇α ψ = 0

rBHH i?2M #2 b�iBb}2/ T`QpB/2/

[Φα ,H]ψ = 0 , [χα ,H]ψ = 0.

h?2 [m�MimK 7Q`K Q7 H rBHH #2 +?Qb2M BM bm+? � r�v i?�i i?2b2 2[m�iBQMb
�`2 �miQK�iB+�HHv b�iBb}2/ #v pB`im2 Q7 i?2 bmTTH2K2Mi�`v +QM/BiBQMbX h?2
bmTTH2K2Mi�`v +QM/BiBQMb r?2M +QK#BM2/ rBi? i?2 /vM�KB+�H 2[m�iBQMb
7Q` qi rBHH ;2M2`�HHv BKTHv

(τα
i q̇i − f α)Qψ = 0

r?2`2 ( )Q BM/B+�i2b bQK2 bmBi�#H2 [m�MimK �M�HQ; 7Q` τα
i q̇i − f α - �M/

BM i?Bb r�v i?2 +QMbBbi2M+v Q7 i?2 [m�MimK b+?2K2 +�M #2 +?2+F2/ 7Q`
�`#Bi`�`v +?QB+2b Q7 i?2 f α X

Ai Bb iQ #2 MQi2/ i?�i QM2 Bb ?2`2 rQ`FBM; BM i?2 >2Bb2M#2`; TB+im`2
BM r?B+? i?2 bi�i2 p2+iQ` ψ Bb iBK2 BM/2T2M/2MiX h?2 �`#Bi`�`BM2bb BM i?2
+?QB+2 Q7 i?2 7mM+iBQMb f α b?Qrb i?�i i?2`2 �`2 K�Mv /Bz2`2Mi >2Bb2M#2`;
TB+im`2b- �HH 2[m�HHv p�HB/X h?2v �HH H2�/- ?Qr2p2`- iQ � bBM;H2 mMB[m2
a+?`ƺ/BM;2` TB+im`2,

ψ(t) = e−
i
h̄ Htψ = e−

i
h̄ Htψ.

PM2 K�v �``Bp2 /B`2+iHv �i i?2 a+?`ƺ/BM;2` TB+im`2 #v bi�`iBM;- BM
i?2 +H�bbB+�H i?2Q`v- 7`QK i?2 ǳ?QKQ;2M2Qmb p2HQ+BivǴ 7Q`K�HBbK U.B`�+-
QTX +BiXV BM r?B+? i?2 iBK2 Bb BMi`Q/m+2/ �b � +�MQMB+�H p�`B�#H2 rBi? �
+QMDm;�i2 KQK2MimK λ X h?Bb H2�/b iQ � M2r Φ 2[m�iBQM- M�K2Hv Φ w

= 0
r?2`2 Φ ≡ λ +HX AM i?2 [m�MimK i?2Q`v- `2T`2b2Mi�iBQM Q7 λ −ih̄ ∂

∂ t Tmib
i?2 +Q``2bTQM/BM; +QM/BiBQM QM i?2 bi�i2 p2+iQ` BM i?2 7Q`K

ih̄ψ̇ = Hψ

r?B+? Bb Dmbi i?2 a+?`ƺ/BM;2` 2[m�iBQMX
*QMbi`m+iBQM Q7 i?2 [m�MimK 7Q`K Q7 H Bb KQ`2 /B{+mHi i?�M i?2

+QMbi`m+iBQM Q7 i?2 [m�MimK 7Q`Kb Q7 Φα �M/ χα 7Q` irQ `2�bQMb, URV H Bb
[m�/`�iB+ `�i?2` i?�M HBM2�` BM i?2 KQK2Mi�X UkV LQ K2i`B+ ?�b v2i #22M
/2}M2/ BM q@bT�+2X A7 i?2`2 r2`2 MQ ;�m;2 i`�Mb7Q`K�iBQM ;`QmT 7Q` i?2
bvbi2K- gi j rQmH/ #2 MQMbBM;mH�` �M/ rQmH/- �b .1 qAhh ?�/ �H`2�/v
TQBMi2/ Qmi- T`QpB/2 i?2 M�im`�H K2i`B+X AM i?2 T`2b2Mi +�b2 .1 qAhh
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bm;;2bi2/ #mBH/BM; mT � MQMbBM;mH�` K2i`B+ gi j �b � bQ`i Q7 bmT2`bi`m+im`2
rBi? gi j �b � +Q`2- BM i?2 7QHHQrBM; K�MM2`,

(gi j) =
[
τα

i τµ
i
][hαβ kαν

kµβ gµν + kµγ kγ
ν

][
τβ

j
τν

j

]

K�i`Bt KmHiBTHB+�iBQM �b BM/B+�i2/- r?2`2 hαβ - kµα (= kαµ) �`2 �`#Bi`�`v
7mM+iBQMb Q7 i?2 qǶbX >Qr2p2`- hαβ Bb �bbmK2/ iQ ?�p2 �M BMp2`b2 hαβ

r?B+? Bb mb2/ iQ `�Bb2 i?2 BM/B+2b α- β - γ- 2i+X- r?BH2 gµν Bb mb2/ iQ `�Bb2
i?2 BM/B+2b µ - ν - σ - 2i+X Ugi jV rBHH i?2M ?�p2 �M BMp2`b2 ;Bp2M #v

(gi j) =
[
τ i

α τ i
µ
]
[

hαβ + kασ kβ
σ −kαν

−kµβ gµν

][
τ j

β
τ j

ν

]

�M/ � /2i2`KBM�Mi ;Bp2M #v

g = τ−2hg

r?2`2 τ = |τ i
α τ i

µ | - h = |hαβ | - g = |gµν |X h?2 K2i`B+ gi j K�v #2 mb2/ iQ
K�F2 � bT2+B�H +?QB+2 7Q` i?2 7mM+iBQM H- M�K2Hv

H ≡ 1
2

gi j(pi −ai)(p j −a j)+ v

+Q``2bTQM/BM; iQ i?2 +?QB+2

f α ≡−2τ i
µ kµα(pi −ai)+(hαβ + kαµ kβ

µ )Φβ .

h?2 2[m�iBQMb Q7 KQiBQM ;2M2`�i2/ #v i?Bb ǳ>�KBHiQMB�MǴ K�v #2 /2`Bp2/
7`QK � G�;`�M;B�M 7mM+iBQM Q7 i?2 7Q`K

L ≡ 1
2

gi jq̇
iq̇ j +aiq̇i − v.

h?2 [m�MimK i?2Q`v ;2M2`�i2/ #v i?Bb G�;`�M;B�M 7mM+iBQM Bb MQi B/2M@
iB+�H rBi? i?�i r?B+? ?�b #22M /2p2HQT2/ ?2`2- #mi #2+QK2b bQ mTQM i?2
�//BiBQM Q7 i?2 2[m�iBQMb (τα

i q̇i − f α)Qψ = 0 �b bmTTH2K2Mi�`v +QM/BiBQMbX
h?Bb Bb � bi�M/�`/ T`Q+2/m`2 BM [m�MimK 2H2+i`Q/vM�KB+b BM r?B+? i?2b2
bmTTH2K2Mi�`v +QM/BiBQMb #2+QK2 i?2 ǳGQ`2Mix +QM/BiBQMbXǴ

� +?QB+2 Q7 K2i`B+ ?�pBM; #22M �/QTi2/- QM2 K�v MQr 2tT`2bb i?2
[m�MiBx2/ KQK2Mi� 2tTHB+BiHv BM i?2 7Q`K
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pi =−ih̄g−1/4 ∂
∂qi g1/4

�M/ QM2 }M/b i?�i i?2 bmTTH2K2Mi�`v +QM/BiBQMb #2+QK2

τ i
α ψ·i +[− i

h̄
aiτ i

α +
1
2

τ i
α·i] = 0

ρ i
α ψ·i +[− i

h̄
(aiρ i

α − v·iτ i
α)+

1
2

ρ i
α·i]ψ = 0

� /Qi 7QHHQr2/ #v �M BM/2t /2MQiBM; +Qp�`B�Mi /Bz2`2MiB�iBQM rBi? `2bT2+i
iQ i?2 K2i`B+ gi j- rBi?- ?Qr2p2`- i?2 KQ/B}+�iBQM

τ i
α · j ≡ τ i

α, j +

{
i

k j

}
τk

α − τ i
β Sβ

α j

ρ i
α · j ≡ ρ i

α , j +

{
i

k j

}
ρk

α −ρ i
β Sβ

α j.

{ i
k j
}

#2BM; i?2 *?`BbiQz2H bvK#QH /2}M2/ #v gi jX � bT2+B�H bB;MB}+�M+2
TQbb2bb2/ #v i?2 +Q2{+B2Mib Sβ

α j Bb ?2`2 2KT?�bBx2/X h?2 Sβ
α j T`QpB/2 � FBM/

Q7 �{M2 +QMM2+iBQM BM i2`Kb Q7 r?B+? QM2 K�v /2}M2 T�`�HH2H /BbTH�+2K2Mib
r?B+? �`2 BMp�`B�Mi MQi QMHv mM/2` TQBMi i`�Mb7Q`K�iBQMb #mi �HbQ mM/2`
i`�Mb7Q`K�iBQMb �bbQ+B�i2/ rBi? i?2 BM/B+2b α - β - 2i+X- Q7 i?2 7Q`K

τ ′ i
α = τ i

β Xβ
α

ρ ′ i
α = ρ i

β Xβ
α

σ ′ i
α j = σ i

β jX
β
α + τ i

β Xβ
α, j

δΛ′ α = X−1α
β δΛβ

S′ β
αi = X−1β

γ Sγ
δ iX

δ
α +X−1β

γ X γ
α,i

v′ γ
αβ = X−1γ

ζ vζ
δε Xδ

α Xε
β

r?2`2 i?2 Xβ
α �`2 �`#Bi`�`v 7mM+iBQMb Q7 i?2 qǶb- i?2 K�i`Bt UXβ

α V TQbb2bb@
BM;- ?Qr2p2`- �M BMp2`b2 UX−1β

α VX h?2b2 i`�Mb7Q`K�iBQMb- r?B+? .1 qAhh
+�HH2/ X@i`�Mb7Q`K�iBQMb- H2�p2 �HH i?2 B/2MiBiB2b Q7 BMp�`B�M+2- +QKTH2i2@
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M2bb- �M/ BMi2;`�#BHBiv mM+?�M;2/X h?2 X@i`�Mb7Q`K�iBQM T`Q+2/m`2 K�v
#2 2ti2M/2/ iQ i?2 BM/B+2b µ- ν - σ - 2i+X- #v i?2 /2}MBiBQMb

τ ′ i
µ = τ i

µ Xα
µ + τ i

ν Xν
µ

τ ′ α
i = X−1α

β τβ
i −X−1α

β Xβ
µ X−1µ

ν τν
i

τ ′ µ
i = X−1µ

ν τν
i

r?2`2 i?2 Xα
µ - X µ

ν �`2 �HbQ �`#Bi`�`v 7mM+iBQMb Q7 i?2 qǶb- rBi? UX µ
ν V TQb@

b2bbBM; �b �M BMp2`b2 UX−1µ
ν VX h?2 r?QH2 i?2Q`v UBM T�`iB+mH�`- i?2 K2i`B+

gi jV rBHH i?2M #2 BMp�`B�Mi mM/2` X@i`�Mb7Q`K�iBQMb T`QpB/2/

h′αβ = hγδ X γ
α Xδ

β

k′αµ = kβν Xβ
α Xν

µ +hβγ Xβ
α X γ

µ .

AM Q`/2` iQ b?Qr i?2 BMp�`B�M+2 Q7 i?2 [m�MimK i?2Q`v mM/2` TQBMi-
T?�b2- ;�m;2- �M/ X@i`�Mb7Q`K�iBQMb QM2 /Q2b MQi �+im�HHv ?�p2 iQ mb2 i?2
/Bz2`2MiB�H `2T`2b2Mi�iBQM Q7 i?2 KQK2Mi�- +QMp2MB2Mi i?Qm;? Bi ;2M2`�HHv
BbX 6Q` 2t�KTH2- i?2 TQBMi i`�Mb7Q`K�iBQM H�r 7Q` i?2 KQK2Mi� Bb

p′ i =
1
2

{
∂q j

∂q′ i , p j

}
,

�M/- `2K2K#2`BM; i?�i i?2 BM/B+2b i, j, 2i+X- QM i?2 [m�MiBiB2b gi j- gi j- τ i
α -

τ i
µ - pi

α - Si
α j- 2i+X- �`2 �HH i2MbQ` BM/B+2b mM/2` TQBMi i`�Mb7Q`K�iBQMb- QM2

}M/b #v bi`�B;?i7Q`r�`/ +QKTmi�iBQM i?�i H ′
= H- Φ′

α = Φα - χ ′
α = χα -

T`QpB/2/ QM2 r`Bi2b

H =
1
2

g−1/4(pi −ai)g1/2gi j(p j −a j)g−1/4 + v+ h̄2Z

r?2`2 Z Bb � b+�H�` 7mM+iBQM Q7 i?2 qǶb- �b v2i mM/2i2`KBM2/X aBKBH�`Hv-
mM/2` X@i`�Mb7Q`K�iBQMb QM2 }M/b H ′

= H �M/

Φ′
α = Xβ

α Φβ , χ ′
α = Xβ

α χβ .

aBM+2 i?2 ΦǶb �M/ χǶb bi�M/ iQ i?2 `B;?i i?2 bmTTH2K2Mi�`v +QM/BiBQMb
`2K�BMmM+?�M;2/, Φ′

α ψ = 0 - χ ′
α ψ = 0X AMp�`B�M+2 Q7 i?2 [m�MimK i?2Q`v

mM/2` ;�m;2 i`�Mb7Q`K�iBQMb Bb MQi BKK2/B�i2Hv �TT�`2Mi �i i?Bb TQBMi-
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#mi #2+QK2b bQ bm#b2[m2MiHvX S?�b2 i`�Mb7Q`K�iBQMb- QM i?2 Qi?2` ?�M/-
�`2 i`BpB�H,

a′i = ai +P,i , p′i = pi +P,i ,

Q`- B7 QM2 Bb mbBM; i?2 }t2/ /Bz2`2MiB�H `2T`2b2Mi�iBQM 7Q` i?2 KQK2Mi�-
QM2 TH�+2b i?2 #m`/2M Q7 F22TBM; i?2 i?2Q`v T?�b2@BMp�`B�Mi QM i?2 bi�i2
p2+iQ` UQ` r�p2 7mM+iBQMV #v i?2 H�r

ψ ′ = e
i
h̄ Pψ.

>�pBM; BMi`Q/m+2/ X@i`�Mb7Q`K�iBQMb- .1 qAhh i?2M TQBMi2/ Qmi
i?�i i?2 �{MBiv Sβ

αi j b�iBb}2b i?2 p2`v BKTQ`i�Mi +QM/BiBQM Q7 #2BM; BMi2@
;`�#H2X h?Bb K2�Mb i?�i QM2 +�M +�``v Qmi �M X@i`�Mb7Q`K�iBQM r?B+? rBHH
K�F2 i?2 Sβ

αi j p�MBb? 2p2`vr?2`2X h?2 `2[mB`2/ i`�Mb7Q`K�iBQM Bb ;Bp2M #v
i?2 bQHmiBQMb Q7 i?2 bBKmHi�M2Qmb 2[m�iBQMb

Xβ
α,i =−Sβ

γiX
γ
α .

h?2 bQHm#BHBiv Q7 i?2b2 2[m�iBQMb Bb ;m�`�Mi22/ #v i?2 B/2MiBiv Q7 BMi2;`�@
#BHBiv Sβ

αi, j −Sβ
α j,i −Sβ

γiS
γ
α j +Sβ

γ jS
γ
αi ≡ 0X �7i2` i?Bb i`�Mb7Q`K�iBQM ?�b #22M

+�``B2/ Qmi QM2 ?�b

τ i
α , jτ

j
β − τ i

β , jτ
j

α ≡ 0,

r?B+? BKTHB2b i?�i i?2`2 2tBbib � TQBMi i`�Mb7Q`K�iBQM qi → qα ,qµ bm+?
i?�i

τ i
α =

∂qi

∂qα .

J�FBM; i?Bb TQBMi i`�Mb7Q`K�iBQM- iQ;2i?2` rBi? �M �//BiBQM�H X@i`�Mb7Q`K�iBQM

Xα
β = δ α

β , Xα
µ =−kα

µ , X µ
ν = δ µ

ν ,

�M/ H2iiBM; i?2 τ i
µ #2 ;Bp2M #v

τ i
µ =

∂qi

∂qµ ,

QM2 �``Bp2b �i � ;`2�i bBKTHB}+�iBQM BM i?2 7Q`K�HBbKX lbBM; � bBKTH2
`2TH�+2K2Mi Q7 BM/B+2b i → α,µc j → β ,ν- 2i+X- iQ /2MQi2 [m�MiBiB2b BM i?2
M2r ǳ+QQ`/BM�i2 bvbi2K-Ǵ QM2 ?�b
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τβ
α = δ β

α , τµ
α = 0 , τα

µ = 0 , τµ
ν = δ µ

ν

gαβ = hαβ , gσ µ = kσ µ = 0 , gµν = gµν

g = hg .

JQ`2Qp2`- i?2 B/2MiBiB2b Q7 BMp�`B�M+2 �M/ BMi2;`�#BHBiv i�F2 i?2 7Q`Kb

gαβ = 0 , gσ µ = gµα = 0

gµν ,α = 0
fαβ = 0 , fµα = gµν ρν

α

gµν ,σ ρσ
α +gµσ ρσ

α,ν +gνσ ρσ
α,µ = 0

fαµ ρµ
β = v,αβ , fµβ ρβ

α + fµν ρν
α = v,αµ

v,β ρβ
α + v,µ ρµ

α = 0

ργ
α ,β = vγ

αβ , ρµ
α,β = 0

ργ
α ,µ ρµ

β −ργ
β ,µ ρµ

α = ργ
δ vγ

αβ − vγ
αδ ρδ

β + vγ
βδ ρδ

α

ρµ
α ,ν ρν

β −ρµ
β ,ν ρν

α = ρµ
γ vγ

αβ

fµγ(ρµ
α ργ

β −ρµ
β ργ

α)+ fµν ρµ
α ρν

β + v,γ vγ
αβ = 0

vγ
αβ ,δ = 0 , vγ

αβ ,µ = 0.

h?2 B/2MiBiv fαβ = 0 BKTHB2b i?�i � T?�b2 i`�Mb7Q`K�iBQM UP,α =−aαV +�M
#2 +�``B2/ Qmi r?B+? K�F2b aα p�MBb?X �bbmKBM; i?�i Bi ?�b �H`2�/v #22M
T2`7Q`K2/ �M/ MQiBM; i?�i

τ i
α·i = τβ

α ·β + τµ
α ·µ =

1
2
(lng),β τβ

α =
1
2
(lnh),α

ρ i
α·i = ρβ

α,β +ρµ
α,µ +

1
2
(lng),µ ρµ

α +
1
2
(lng),β ρβ

α

= vβ
αβ +

1
2
(lnh),µ ρµ

α +
1
2
(lnh),β ρβ

α +
1
2

gνσ (gνσ ,µ ρµ
α +gνµ ρµ

α ,σ +gσ µ ρµ
α,ν)

= vβ
αβ +

1
2
(lnh),µ ρµ

α +
1
2
(lnh),β ρβ

α

QM2 K�v MQr r`Bi2 i?2 bmTTH2K2Mi�`v +QM/BiBQM BM i?2 7Q`Kb
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ψ,α +
1
4
(lnh),α ψ = 0

ρµ
α ψ,µ +

[
− i

h̄
(aµ ρµ

α − v,α)+
1
2

vβ
αβ +

1
4
(lnh),µ ρµ

α

]
ψ = 0.

h?2 }`bi bmTTH2K2Mi�`v +QM/BiBQM ?�b i?2 BKTQ`i�Mi `2bmHi i?�i i?2
�`#Bi`�`v [m�MiBiB2b hαβ +�M MQr #2 �+im�HHv 2HBKBM�i2/ 2MiB`2Hv 7`QK i?2
[m�MimK i?2Q`v- Dmbi �b i?2v �`2 MQi M22/2/ BM i?2 +H�bbB+�H i?2Q`vX h?�i
Bb- ?�pBM; +�`27mHHv #mBHi mT � ǳbmT2`bi`m+im`2Ǵ �`QmM/ i?2 K2i`B+ gi j UQ`
gµνV- QM2 i?2M T`Q+22/b iQ i?`Qr Bi �r�vX hQ /Q i?Bb QM2 bBKTHv BMi`Q/m+2b
� M2r r�p2 7mM+iBQM

ψ1 = h1/4ψ
satisfying

ψ1,α = 0

ρµ
α ψ1,µ +

[
− i

h̄
(aµ ρµ

α − v,α)+
1
2

vβ
αβ

]
ψ1 = 0.

h?Bb /2}MBiBQM `2KQp2b 7`QK i?2 r�p2 7mM+iBQM i?�i T�`i Q7 i?2 K2i`B+
/2MbBiv r?B+? `272`b 2t+HmbBp2Hv iQ i?2 qα - �M/ +Q``2bTQM/b iQ i?2 mb2 Q7
g1/2 ∏

µ
dqµ�b BMp�`B�Mi pQHmK2 2H2K2MiX h?2 +QM/BiBQM ψ1,α = 0 K2�Mb i?�i

i?2 M2r r�p2 7mM+iBQM /Q2b MQi /2T2M/ QM i?2 p�`B�#H2b qα X h?2 qα �`2
MQM@Q#b2`p�#H2 Q` ǳMQM@T?vbB+�HǴ p�`B�#H2b Q7 i?2 bvbi2KX h?Bb r�b- BM 7�+i-
�H`2�/v i`m2 BM i?2 +H�bbB+�H i?2Q`v- bBM+2 i?2 qα +�M #2 K�/2 iQ mM/2`;Q
�`#Bi`�`v +?�M;2b #v K2�Mb Q7 ;�m;2 i`�Mb7Q`K�iBQMbX

AM i?2 M2r `2T`2b2Mi�iBQM gµν #v Bib2H7 T`QpB/2b � M�im`�H K2i`B+ BM
i?2 `2/m+2/ bT�+2 Q7 i?2 qµ X hQ b22 ?Qr i?Bb rQ`Fb 7Q` i?2 >�KBHiQMB�M
QT2`�iQ`- QM2 +�M KmHiBTHv i?2 a+?`ƺ/BM;2` 2[m�iBQM

ih̄ψ̇ = Hψ

#v h1/4X lbBM; i?2 2tTHB+Bi 7Q`K 7Q` H- QM2 }M/b- �7i2` � bi`�B;?i7Q`r�`/
+�H+mH�iBQM-

ih̄ψ̇1 =−1
2

h̄2gµν ψ1·µν + ih̄(aµ ψ1·µ +
1
2

aµ
·µ ψ1)+(

1
2

aµ aµ +ν + h̄2Z)ψ1
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r?2`2 i?2 /Qib MQr /2MQi2 +Qp�`B�Mi /Bz2`2MiB�iBQM rBi? `2bT2+i iQ i?2
K2i`B+ gµν - �M/ r?2`2

Z = Z +
1
2

h̄−1/4g−1/2 ∂
∂qµ (g

1/2gµν ∂
∂qν h1/4)+

1
2

h−1/4 ∂
∂qα (hαβ ∂

∂qβ h1/4).

h?2 [m�MiBiv Z Bb BMp�`B�Mi mM/2` TQBMi i`�Mb7Q`K�iBQMb r?B+? �`2 `2@
bi`B+i2/ iQ i?2 p�`B�#H2b qα �HQM2X

h?2 M2r a+?`ƺ/BM;2` 2[m�iBQM K�v #2 r`Bii2M BM i?2 7Q`K

ih̄ψ̇1 = Hψ1

r?2`2

H =
1
2

g−1/4(pµ −aµ)g1/2gµν(pν −aν)g−1/4 + v+ h̄2Z,

i?2 2tTHB+Bi /Bz2`2MiB�H 7Q`K 7Q` i?2 KQK2Mi� pµ BM i?2 M2r `2T`2b2M@
i�iBQM #2BM;

pµ = ih̄g−1/4 ∂
∂qµ g1/4.

h?2 2tBbi2M+2 Q7 i?2 b2+QM/ bmTTH2K2Mi�`v +QM/BiBQM bm;;2bib i?�i
i?2`2 �`2 7m`i?2` MQM@T?vbB+�H p�`B�#H2b BM �//BiBQM iQ i?2 qα X hQ b?Qr i?Bb
QM2 Kmbi }`bi 2HBKBM�i2 i?2 i2`K BM (aµ ρµ

α − v,α) 7`QK i?2 bmTTH2K2Mi�`v
+QM/BiBQMX h?Bb +�M #2 /QM2 #v +�``vBM; Qmi � T?�b2 i`�Mb7Q`K�iBQM P
b�iBb7vBM;

P,µ ρµ
α = v,α −aµ ρµ

α

�M/ �i i?2 b�K2 iBK2 b�iBb7vBM;

P,α = 0

bQ �b MQi iQ /Bbim`# i?2 +QM/BiBQM aα = 0X h?2 BMi2;`�#BHBiv Q7 i?2b2 2[m�@
iBQMb Bb BMbm`2/ #v i?2 B/2MiBiB2b Q7 BMp�`B�M+2 �M/ BMi2;`�#BHBiv- �b QM2
K�v p2`B7v #v bi`�B;?i7Q`r�`/ +QKTmi�iBQM- b?QrBM; i?�i i?2 2tT`2bbBQMb
7Q` (P,µβ −P,β µ)ρ

µ
α �M/ (P,µν −P,νµ)ρµ

α ρν
α p�MBb?X PM2 K�v i?2M r`Bi2

ρµ
α ψ1,µ +

1
2

vβ
αβ ψ1 = 0.
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L2ti- #v /Bz2`2MiB�iBM; i?2 B/2MiBiv ρµ
α,ν ρν

β −ρµ
β ,ν ρν

α = ρµ
γ vγ

αβ QM2 +�M b?Qr
i?�i

vδ
αε vε

βγ + vδ
βε vε

γα + vδ
γε vε

αβ = 0.

h?2 +Q2{+B2Mib vγ
αβ �`2 i?2M BKK2/B�i2Hv `2+Q;MBx�#H2 �b i?2 bi`m+im`2

+QMbi�Mib Q7 � GB2 ;`QmTX h?2 b2+QM/�`v +QMbi`�BMib χα �`2- BM 7�+i- i?2
BM}MBi2bBK�H ;2M2`�iQ`b Q7 i?2 ;`QmTX AM i?2 ;2M2`�H +�b2 i?2 bi`m+im`2
+QMbi�Mib rBHH #2 MQM@p�MBb?BM; �M/ i?2 GB2 ;`QmT rBHH #2 MQM@�#2HB�MX
h?Bb BKK2/B�i2Hv H2�/b QM2 iQ p�`BQmb TQbbB#BHBiB2b /2T2M/BM; QM i?2 +H�b@
bB}+�iBQM Q7 i?2 GB2 ;`QmT BM [m2biBQMX �b �M BHHmbi`�iBQM- bmTTQb2 i?�i
i?2 GB2 ;`QmT Bb i?2 B``2/m+B#H2 `Qi�iBQM ;`QmT BM m /BK2MbBQMbX h?2
BM/B+2b α Kmbi i?2M `�M;2 Qp2` 1

2 m(m− 1) /Bz2`2Mi p�Hm2bX h?Bb Bb MQi
?Qr2p2` i?2 MmK#2` Q7 7m`i?2` MQM@T?vbB+�H p�`B�#H2bX � TQBMi i`�Mb7Q`@
K�iBQM qµ → xa,qA[a = 1...m,A = 1...n− 1

2 m(m+1)] +�M #2 K�/2 bm+? i?�i
i?2 M2r p�`B�#H2b xa /2b+`B#2 i?2 bm#bT�+2 BM r?B+? i?2 `Qi�iBQMb �+im@
�HHv i�F2 TH�+2X h?2 [m�MiBiv vβ

αβ p�MBb?2b 7Q` i?2 `Qi�iBQM ;`QmT �M/ i?2
b2+QM/ bmTTH2K2Mi�`v +QM/BiBQM Bb 7QmM/ iQ `2/m+2 iQ ρa

α ψ1,a = 0 r?B+?-
r?2M �M�Hvx2/- Bb b22M iQ bi�i2 bBKTHv i?�i i?2 r�p2 7mM+iBQM Bb BMp�`B�Mi
mM/2` `Qi�iBQMb BM i?2 bm#bT�+2 Q7 i?2 xaX h?2`27Q`2- BM i?Bb +�b2 QMHv m−1
7m`i?2` p�`B�#H2b +�M #2 2HBKBM�i2/ 7`QK i?2 i?2Q`v �b MQM@T?vbB+�HX h?2
r�p2 7mM+iBQM +�M biBHH /2T2M/ QM i?2 `Qi�iBQM@BMp�`B�Mi +QK#BM�iBQM xaxa
�b r2HH �b QM i?2 qAX

h?2 T`BK�`v +QMbi`�BMib Φα �HbQ- Q7 +Qm`b2- ;2M2`�i2 � GB2 ;`QmTX
"mi i?Bb ;`QmT Bb M2+2bb�`BHv �#2HB�MX .1 qAhh �bbmK2/- 7Q` bBKTHB+Biv-
i?�i i?2 ;`QmT ;2M2`�i2/ #v i?2 χα Bb �HbQ �#2HB�M UbQ i?�i vγ

αβ = 0V �M/
7m`i?2`KQ`2 i?�i i?2 p2+iQ`b ρ i

α�`2 HBM2�`Hv BM/2T2M/2Mi Q7 i?2 τ i
α �M/

Q7 2�+? Qi?2`X AM i?Bb +�b2- r?2M Sβ
αi = 0- QM2 K�v +�``v Qmi � TQBMi

i`�Mb7Q`K�iBQM qi → qα ,qα ′
,qA bm+? i?�i

τ i
α =

∂qi

∂qα , ρ i
α ′ =

∂qi

∂qα ′ .

U>2`2- BM Q`/2` iQ �pQB/ +QM7mbBQM QM2 Kmbi mb2 � T`BK2 iQ /BbiBM;mBb?
BM/B+2b `2H�i2/ iQ i?2 ρ i

α 7`QK i?Qb2 `2H�i2/ iQ i?2 τ i
α XV AM i?2 M2r ǳ+QQ`@

/BM�i2 bvbi2KǴ QM2 ?�b
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τβ
α = δ β

α , τβ ′
α = 0 , τA

α = 0 ,

ρβ
α ′ = 0 , ρβ ′

α ′ = δ β
α ′ , ρA

α ′ = 0 ,

�M/ i?2 B/2MiBiB2b Q7 BMp�`B�M+2 �M/ BMi2;`�#BHBiv #2+QK2

gα ′β ′,γ = 0 , gα ′A,γ = 0 , gAB,γ = 0

gα ′β ′,γ ′ = 0 , gα ′A′,γ ′ = 0 , gAB,γ ′ = 0

fαβ = 0 , fα ′β ′ = 0

gα ′β ′ fα ′β =−v,αβ

gα ′A = fAα

fAα ′ = v,αA

v,α ′ = 0.

A7 i?2 T?�b2 Bb �/Dmbi2/ bQ i?�i

aα = 0 and aα ′ = v,α

i?2M QM2 �HbQ ?�b

gα ′A =−aA,α

aA,α ′ = aα ′,A − fAα ′ = v,αA − v,αA = 0.

JQ`2Qp2`- i?2 bmTTH2K2Mi�`v +QM/BiBQMb #2+QK2

ψ1,α = 0 , ψ1,α ′ = 0

bQ i?�i i?2 qα ′ - HBF2 i?2 qα - �`2 MQr ǳMQM@T?vbB+�HǴ p�`B�#H2bX
h?2 [m�MiBiv v Bb b22M iQ #2 BM/2T2M/2Mi Q7 i?2 qα ′ �M/ iQ ?�p2 � /2T2M@
/2M+2 QM i?2 qα r?B+? Bb MQ KQ`2 i?�M [m�/`�iB+ UbBM+2 v,αβγ =−gα ′β ′,γ = 0VX
PM2 K�v +?QQb2 i?2 Q`B;BM Q7 i?2 mMQ#b2`p�#H2 ǳ+QQ`/BM�i2bǴ qα BM bm+? �
r�v i?�i

v =
1
2

wαβ qα qβ +u
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r?2`2 wαβ �M/ u �`2 BM/2T2M/2Mi Q7 i?2 qα �M/ qα ′ X 6m`i?2`KQ`2- bBM+2
aA,α ′ = 0 �M/ aA,αβ = gα ′A,β = 0- QM2 K�v r`Bi2

aA = bAα qα +bA

r?2`2 bAα �M/ bA �`2 BM/2T2M/2Mi Q7 i?2 qα �M/ qα ′ X AM Q`/2` iQ +QKTH2i2
i?2 2HBKBM�iBQM Q7 i?2 qα ′ 7`QK i?2 i?2Q`v- � M�im`�H K2i`B+ gAB 7Q` i?2
`2/m+2/ bT�+2 Q7 i?2 qA Kmbi #2 BMi`Q/m+2/X .1 qAhh b?Qr2/ i?�i Bi
Kmbi #2 /2}M2/ BM i?2 7QHHQrBM; K�MM2`,

[
gα ′β ′ gα ′β
gAβ ′ gAB

]
=

[
−wαβ −bBα
−bAβ gAB −bAγ wγδ bBδ

]

[
gα ′β gα ′B

gAβ ′
gAB

]
=

[
−wαβ +wαγ bCγ gCDbDδ wδβ −wαγ bCγ gCB

−gACbCγ wγβ gAB

]

BM r?B+? mb2 ?�b #22M K�/2 Q7 i?2 `2H�iBQMb gα ′β ′ =−v,αβ =−wαβ - gAβ ′ =
−aA,β =−bAβ - �M/ BM r?B+? i?2 K�i`Bt Uwαβ V Bb �bbmK2/ iQ ?�p2 �M BMp2`b2
Uwαβ VX

qBi? i?Bb /2}MBiBQM QM2 ?�b gACgCB = δ A
B �M/

g = wg

r?2`2 w = |wαβ | �M/ g = |gαβ |X h?2 /2i2`KBM�Mi w 7Q`Kb i?�i T�`i Q7
i?2 K2i`B+ /2MbBiv g r?B+? `272`b 2t+HmbBp2Hv iQ i?2 MQM@T?vbB+�H p�`B�#H2b
qα ′ X Ai K�v #2 `2KQp2/ 7`QK i?2 MQ`K�HBx�iBQM Q7 i?2 r�p2 7mM+iBQM ψ1
#v BMi`Q/m+BM; � M2r r�p2 7mM+iBQM

ψ2 = w1/4ψ1.

aBM+2 w,α = 0- w,α ′ = 0- ψ2 Bb BM/2T2M/2Mi Q7 i?2 qα �M/ qα ′ X Ai K�v
#2+�HH2/ i?2 ǳi`m2 T?vbB+�H r�p2 7mM+iBQMǴ Q7 i?2 bvbi2K `272``BM; QMHv iQ
i?2 ǳT?vbB+�HǴ p�`B�#H2b qAX Aib a+?`ƺ/BM;2` 2[m�iBQM K�v #2 7QmM/ #v
KmHiBTHvBM; i?2 a+?`ƺ/BM;2` 2[m�iBQM ih̄ψ̇1 = Hψ1 #v w1/4 K�FBM; mb2 Q7
i?2 `2H�iBQMb

aα ′ = v,α = wαβ qβ

gAα ′
aα ′ =−gAC(aC −bC)

gα ′β ′
aα ′aβ ′ =−v+u+(aA −bA)gAB(aB −bB).
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PM2 }M/b- �7i2` � bi`�B;?i7Q`r�`/ +QKTmi�iBQM-

ih̄ψ̇2 = Hψ2

r?2`2

H =
1
2

g−1/4(pA −bA)g1/2gAB(pB −bB)g−1/4 +u+ h̄2Z ,

Z = Z +
1
2

w−1/4g1/2 ∂
∂qA (g

1/2gAB ∂
∂qB w1/4) ,

pA =−ih̄g−1/4 ∂
∂ A g1/4 .

h?2 QT2`�iQ` H `2K�BMb BMp�`B�Mi mM/2` TQBMi i`�Mb7Q`K�iBQMb r?B+? �`2
`2bi`B+i2/ iQ i?2 p�`B�#H2b qA �HQM2X

h?2 QT2`�iQ`b qA- pA �M/ �Mv [m�MiBiB2b +QMbi`m+i2/ Qmi Q7 i?2K
�`2 i?2 i`m2 Q#b2`p�#H2b Q7 i?2 i?2Q`vX h?2 i?2Q`v Bb MQr `2/m+2/ iQ Bib
bBKTH2bi i2`KbX AM i?Bb 7Q`K Bi Bb [mBi2 2�bv iQ b22 i?�i i?2 a+?`ƺ/BM;2`
2[m�iBQM Bb +QMbBbi2Mi rBi? i?2 +QMbi`�BMib

ψ2,α = 0 , ψ2,α ′ = 0.

PM2 ?�b QMHv iQ `2[mB`2 i?�i Z #2 BM/2T2M/2Mi Q7 i?2 qα �M/ qα ′ X H
rBHH i?2M #2 � i`m2 Q#b2`p�#H2 Ui?2 i`m2 2M2`;v QT2`�iQ`- /2T2M/BM; QMHv
QM i?2 qA �M/ pAV �M/ i?2 r�p2 7mM+iBQM ψ2 rBHH `2K�BM BM/2T2M/2Mi Q7
i?2 qα �M/ qα ′ �i �HH iBK2bX

h?2 ;�m;2 BMp�`B�M+2 Q7 i?2 [m�MimK i?2Q`v Bb MQr �HbQ BKK2/B�i2Hv
2pB/2MiX AM i?2 ǳ+QQ`/BM�i2Ǵ bvbi2K qα - qα ′ - qA- ;�m;2 i`�Mb7Q`K�iBQMb �`2
;Bp2M bBKTHv #v

δqα = δΛ̇α , δqα ′
= δΛα , δqA = 0

�M/ ?2M+2

δH = 0 , δψ2 = 0.

h?2`2 `2K�BMb QMHv i?2 i2`K h̄2Z r?B+? Bb mMFMQrMX >Qr2p2` i?Bb
i2`K- �b 62vMK�M TQBMi2/ Qmi T`2pBQmbHv- /2T2M/b QM ?Qr i?2 bvbi2K Bb
+QMbi`�BM2/ iQ � ǳb?2HHǴ r?B+? T�bb2b Qp2` iQ i?2 bT�+2 Q7 i?2 qA BM i?2
HBKBi- �M/ i?Bb Bb �`#Bi`�`vX
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Ai Bb Q7 BMi2`2bi iQ 2t�KBM2 i?2 62vMK�M [m�MiBx�iBQM K2i?Q/ BM i?2
T`2b2Mi +QMi2tiX h?2 T�i? bmKK�iBQM K�v #2 /2}M2/ #v #`2�FBM; i?2
iBK2 BMi2`p�H BMiQ bK�HH TB2+2b �M/ BMi2;`�iBM; Qp2` i?2 T?vbB+�H p�`B�#H2b
qA QMHv- mbBM; i?2 K2�bm`2 /2}M2/ #v i?2 K2i`B+ gABX h?2 p�`B�#H2b qα

K�v #2 +?Qb2M �b �`#Bi`�`v 7mM+iBQMb Q7 i?2 iBK2 U+Q``2bTQM/BM; iQ i?2
Q`B;BM�H �`#Bi`�`BM2bb BM i?2 τα

i q̇iV �M/ i?2 Q`B;BM�H G�;`�M;B�M 7mM+iBQM L
K�v #2 mb2/ iQ +QKTmi2 i?2 �+iBQM- T`QpB/2/ i?2 p�`B�#H2b qα ′ �`2 K�/2
iQ p�`v BM iBK2 BM bm+? � r�v �b iQ b�iBb7v i?2 p2HQ+Biv +QMbi`�BMib r?B+?
BM T`2b2Mi MQi�iBQM- #2+QK2

gα ′β ′ q̇β ′
+gα ′Aq̇A + v,α = 0

Q`

q̇α ′
= qα −wαβ bAβ q̇A.

6Q` i?2 G�;`�M;B�M 7mM+iBQM i?2M #2+QK2b

L =
1
2

gABq̇Aq̇B +gα ′Aq̇α ′
q̇A +

1
2

gα ′β ′ q̇α ′
q̇β ′

+aAq̇A +aα ′ q̇α ′ − v

=
1
2

gABq̇Aq̇B +bAq̇A −u

r?B+? Bb T`2+Bb2Hv i?2 7Q`K r?B+? ;Bp2b `Bb2 iQ i?2 >�KBHiQMB�M HX PM2
K�v i?2`27Q`2 2tT`2bb i?2 i`�Mb7Q`K�iBQM 7mM+iBQM BM i?2 bvK#QHB+ 7Q`K

⟨q′′ A, t ′′|q′ A, t ′⟩=
∫ q′′ A,t ′′

q′ A,t ′
δ [qA]exp(

i
h̄

∫ t ′′

t ′
L dt)

rBi? i?2 mM/2`bi�M/BM; i?�i i?2 7mM+iBQM�H BMi2;`�iBQM Bb iQ #2 +�``B2/ Qmi
Qp2` �HH T�i?b #2ir22M i?2 TQBMib q′ A, t ′ �M/ q′′ A, t ′′ r?B+? b�iBb7v i?2 p2HQ+@
Biv +QMbi`�BMib rBi? qα ;Bp2M- 2�+? T�i? #2BM; �bbB;M2/ � r2B;?i �++Q`/BM;
iQ i?2 K2�bm`2/2}M2/ #v gABX U>2`2- TQi2MiB�H@HBF2 i2`Kb T`QTQ`iBQM�H iQ
h̄2- r?B+? K�v #2 �//2/ iQ L- �`2 B;MQ`2/XV

Ai Bb MQi �+im�HHv M2+2bb�`v iQ `2bi`B+i i?2 bmKK�iBQM iQ i?2 p�`B�#H2b
qA QMHvX 6Q` 2t�KTH2- QM2 K�v rQ`F rBi? i?2 i`�Mb7Q`K�iBQM 7mM+iBQM

⟨q′′ α ′
,q′′ A, t ′′|q′ α ′

,q′ A, t ′⟩=
∫ q′′ α ′

,q′′ A,t ′′

q′ α ′ ,q′ A,t ′
δ [qα ′

,qA]exp(
i
h̄

∫ t ′′

t ′
L dt)
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r?B+? +QMM2+ib i?2 p�Hm2b Q7 i?2 r�p2 7mM+iBQM ψ1 �i irQ /Bz2`2Mi iBK2bX
aBM+2 ψ1 Bb BM/2T2M/2Mi Q7 i?2 qα ′ 7Q` T?vbB+�H bi�i2b- QM2 K�v r`Bi2

ψ2(q′′ A, t ′′) =
∫
⟨q′′ A, t ′′|q′ A, t ′⟩g′ 1/2 ∏

A
dq′ Aψ2(q′ A, t ′)

= w′′ 1/4ψ1(q′′ A, t ′′)

= w′′ 1/4
∫
⟨q′′ A,q′′ α , t ′′|q′ A,a′ α ′

, t ′⟩g′ 1/2 ∏
A

dq′ Aw′ 1/2 ∏
α ′

dq′ α ′ψ1(q′ A, t ′)

r?B+? BKTHB2b

⟨q′′ A, t ′′|q′ A, t ′⟩=
∫

∏
α ′

dq′ α ′
w′′ 1/4⟨q′′ A,q′′ α ′

, t ′′|q′ A,q′ α ′
, t ′⟩w′ 1/4.

h?2 2tT`2bbBQM QM i?2 `B;?i Kmbi #2 BM/2T2M/2Mi Q7 i?2 q′′ α ′ X >2M+2
QM2 K�v BMi2;`�i2 Qp2` i?2b2 p�`B�#H2b T`QpB/2/ QM2 /BpB/2b i?2 `2bmHi
#v �M BM}MBi2 MQ`K�HBx�iBQM 7�+iQ`X JQ`2Qp2`- BM i?2 T�i? bmKK�iBQM
2tT`2bbBQM 7Q` ⟨q′′ A,q′′ α ′

, t ′′|q′ A,q′ α ′
, t ′⟩ i?2 +?QB+2 Q7 iBK2@HBF2 #2?�pBQ` 7Q`

i?2 p�`B�#H2b qα Bb BKK�i2`B�HX >2M+2 QM2 K�v r`Bi2

⟨q′′ A, t ′′|q′ A, t ′⟩= N−1
∫ q′′ A,t ′′

q′ A,t ′
δ [qi]exp(

i
h̄

∫ t ′′

t ′
L dt)

r?2`2 N Bb � bmBi�#H2 BM}MBi2 MQ`K�HBx�iBQM 7�+iQ`- i?2 7mM+iBQM�H BMi2@
;`�iBQM #2BM; MQr +�``B2/ Qmi Qp2` �HH T�i?b 7Q` r?B+? qA = q′ A- q′′ A �i
t = t ′- t ′′ `2bT2+iBp2Hv U�HH TQbbB#H2 2M/@TQBMi p�Hm2b 7Q` i?2 p�`B�#H2b qα -
qα ′ #2BM; BM+Hm/2/ BM i?2 bmKK�iBQMV 2�+? T�i? #2BM; ;Bp2M � r2B;?i �+@
+Q`/BM; iQ i?2 K2�bm`2 /2}M2/ #v K2i`B+ /2MbBiv g1/2 KmHiBTHB2/ #v i?2
C�+Q#B�M Q7 i?2 i`�Mb7Q`K�iBQM qi → qα - qα ′ - qAX AM +�H+mH�iBQM Q7 �+im�H
T?vbB+�H [m�MiBiB2b QM2 M2p2` M22/b iQ K2MiBQM i?2 MQ`K�HBx�iBQM 7�+iQ` N
2tTHB+BiHv- bBM+2 r?�i Bb BMpQHp2/ Bb �Hr�vb � `�iBQ Q7 i?2 7Q`K

⟨q′′ A, t ′′|F(t)|q′ A, t ′⟩
⟨q′′ A, t ′′|q′ A, t ′⟩

r?2`2 F Bb bQK2 i`m2 Q#b2`p�#H2 U7mM+iBQM Q7 i?2 qA- pA �HQM2V- �M/ i?2
MQ`K�HBx�iBQM 7�+iQ`b BM 7`QMi Q7 i?2 7mM+iBQM�H BMi2;`�Hb +�M+2HX

.1 qAhh +QM+Hm/2/ ?Bb `2K�`Fb rBi? bQK2 +QKK2Mib �#Qmi ?Bb bBK@
THB7vBM; �bbmKTiBQM- K�/2 �i i?2 #2;BMMBM;- i?�i i?2 +Q2{+B2Mib Cαi j- Q+@
+m``BM; BM i?2 2tT`2bbBQM 7Q` δF - p�MBb?X AM i?2 +�b2 Q7 i?2 G�;`�M;B�M
7Q` i?2 ;`�pBi�iBQM�H }2H/ i?2 Cα i j /Q MQi p�MBb?X h?Bb ?�b i?2 `2bmHi i?�i
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i?2 b2+QM/�`v +QMbi`�BMib χα �`2 MQ HQM;2` HBM2�` BM i?2 KQK2Mi�- #mi
[m�/`�iB+X AM 7�+i- Bi ?�/ #22M TQBMi2/ Qmi 2�`HB2` BM i?2 +QM72`2M+2 i?�i
i?2 [m�/`�iB+ i2`K- BM i?2 ;`�pBi�iBQM�H +�b2- Bb Dmbi i?2 2M2`;v /2MbBiv 7Q`
i?2 ;`�pBi�iBQM�H }2H/X h?Bb +`2�i2/ � +2`i�BM �KQmMi Q7 T2`TH2tBiv- H2�/@
BM; bQK2 Q7 i?2 T�`iB+BT�Mib iQ i?BMF i?�i T2`?�Tb �HH i`m2 Q#b2`p�#H2b �`2
bBKTHv +QMbi�Mib Q7 i?2 KQiBQMX >Qr2p2`- i?Bb T`Q#H2K Bb MQi v2i b2iiH2/X
.1 qAhh TQBMi2/ Qmi i?�i i?2 /Bb+Qp2`v Q7 i?2 MQM@T?vbB+�H p�`B�#H2b �b@
bQ+B�i2/ rBi? i?2 χα rBHH #2 +QMbB/2`�#Hv KQ`2 /B{+mHi BM i?2 +�b2 Cαi j ̸= 0X
h?2 `2bmHiBM; [m�/`�iB+ /2T2M/2M+2 Q7 i?2 χα QM i?2 KQK2Mi� K2�Mb i?�i
i?2 MQM@T?vbB+�H p�`B�#H2b +�M MQ HQM;2` #2 7QmM/ bBKTHv #v � TQBMi i`�Mb@
7Q`K�iBQMX � KQ`2 +QKTHB+�i2/ ivT2 Q7 +�MQMB+�H i`�Mb7Q`K�iBQM rBHH #2
`2[mB`2/X

.1 qAhh bm;;2bi2/ i?�i i?2 mb2 Q7 T�`�K2i`Bx2/ bT�+2@HBF2 bm`7�+2b
KB;?i ?2HT i?Bb bBim�iBQMX "mi ?2 �HbQ TQBMi2/ Qmi i?�i i?2 2[m�iBQMb HBF2
τ i

α = ∂qi/∂qα #2+QK2 p�`B�iBQM�H /Bz2`2MiB�H 2[m�iBQMb BM }2H/ 2[m�iBQMb
BM }2H/ i?2Q`B2b- �M/ i?�i i?2`2 Bb bQK2 mM+2`i�BMiv �#Qmi i?2 2�b2 rBi?
r?B+? i?2v +�M #2 bQHp2/ BM MQMHBM2�` +QMi2tibX h?2 b2�`+? 7Q` �Mbr2`b iQ
i?2b2 [m2biBQMb rBHH T`QpB/2 � H�`;2 T`Q;`�K 7Q` i?2 7mim`2X

61uLJ�L `�Bb2/ i?2 [m2biBQM Q7 i?2 BMi2`2bi Q7 i?2 i`m2 Q#b2`p�#H2bX
*QKK2MiBM; QM "2HBM7�Mi2Ƕb `2K�`F i?�i i`m2 Q#b2`p�#H2b �`2 p2`v mb27mH
iQ ;2i K2�MBM;7mH �Mbr2`b- 61uLJ�L T`QTQb2/ iQ 7Q`KmH�i2 i?2 T`Q#@
H2Kb MQi BM i2`Kb Q7 BM+B/2Mi ;`�pBiQMb- T?QiQMb- 2i+X- #mi BM i2`Kb Q7
72`KBQMb Q` Qi?2` bQm`+2b Q7 i?2b2 BM+B/2Mi �M/ Qmi;QBM; }2H/b QMHv- BM �M
�+iBQM@�i@�@/Bbi�M+2 7�b?BQMX

GA*>L1_PqA*w `2K�`F2/ i?�i i?2 +H�bbB+�H i`2�iK2Mi K�v ?�p2 i?2
7QHHQrBM; ;2QK2i`B+�H BMi2`T`2i�iBQM,

ǳURV Ai K�v #2 bBKTH2` iQ +QMbB/2` /B`2+iHv i?2 +QM};m`�iBQM bT�+2@
iBK2 Q7 i?2 bvbi2K- BX2X- iQ i`2�i t �b � HQ+�H +QQ`/BM�i2X G2i Vn+1 #2 i?2
+QM};m`�iBQM bT�+2@iBK2X

ǳUkV h?2 ;2QK2i`B+�H 7`�K2 Bb i?2M i?2 }#2` #mM/H2 bT�+2 Q7 2n+ 1
/BK2MbBQMb @ b�v U2n+1 @ +QMbBbiBM; Q7 i?2 i�M;2Mib Q7 Vn+1 �i �HH TQBMibX

ǳUjV h?2 ;�m;2 i`�Mb7Q`K�iBQMb ?�p2- 7Q` BM}MBi2bBK�H ;2M2`�iQ`b- p2+@
iQ` }2H/b Zα Q7 U2n+1X h?2 T`2+Bb2 ?vTQi?2bBb 7Q` i?2 GB2 �H;2#`� Q7 i?2 Zα
}2H/b Bb i?2 7QHHQrBM;, Z +�M #2 /2+QKTQb2/ BMiQ � /B`2+i bmK X +Y r?2`2
Y Bb � i�M;2Mi iQ i?2 }#2`bX h?Bb /2+QKTQbBiBQM Bb bm+? i?�i Y /2T2M/b
QM i?2 TQBMib Q7 Vn+1 QMHv- �M/ X /2T2M/b HBM2�`Hv QM i?2 /B`2+iBQMbX Yα
/2}M2b � }2H/ Q7 TH�M2 bm`7�+2b QM r?B+? i?2 Tb2m/Q@K2i`B+ gi j p�MBb?2bX
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ǳU9V "v BMi`Q/m+BM; �M 2ti`� /BK2MbBQM- QM2 +�M ?�p2 � G�;`�M;B�M
+Q``2bTQM/BM; iQ � _B2K�MMB�M Tb2m/Q@K2i`B+ U/2;2M2`�i2 [m�/`�iB+ 7Q`KV-
�M/ Bi b22Kb i?�i i?2 2tTHB+Bi +�H+mH�iBQMb BM i?2 +H�bbB+�H T�`i +QmH/ i?2M
#2 bBKTHB}2/XǴ
�L.1_aPL �M/ G�l_1Lh `2TQ`i2/ QM i?2 mb2 �M/ 2ti2MbBQM iQ i?2
;`�pBi�iBQM�H +�b2 Q7 62vMK�MǶb K2i?Q/ BM Bib }2H/ i?2Q`2iB+ 7Q`KX

AM Q`/2` iQ BMp2biB;�i2 i?2 [m2biBQM Q7 r?�i p�`B�#H2b iQ 2KTHQv BM
i?2 62vMK�M BMi2;`�H BM i?2 ;`�pBi�iBQM�H i?2Q`v- �L.1_aPL ?�b HQQF2/
�i i?2 +Q``2bTQM/BM; T`Q#H2K BM 2H2+i`Q/vM�KB+bX ǳh?2`2 i?2 bBim�iBQM Bb
bQK2r?�i bBKTH2` #2+�mb2 Q7 i?2 HBM2�`Biv Q7 i?2 i?2Q`v �M/ +QMb2[m2MiHv
Bi Bb TQbbB#H2 iQ b22 BM � 7�B`Hv bi`�B;?i7Q`r�`/ 7�b?BQM r?�i QM2 Bb iQ /Q BM
i?Bb +�b2X �/QTiBM; i?2 62vMK�M T`2b+`BTiBQM BM iQiQ K2�Mb i?�i QM2 Kmbi
HQQF 7Q` bQHmiBQMb iQ i?2 }2H/ 2[m�iBQMb r?B+? �`2 i?2M BM im`M bm#biBimi2/
BMiQ i?2 G�;`�M;B�M 7Q` i?2 2H2+i`QK�;M2iB+ }2H/ �M/ BMi2;`�i2 Qp2` i?2
iBK2 BMi2`p�HX

h?2 +?B27 /B{+mHiv BM i?Bb T`Q+2/m`2 `2bib BM i?2 7�+i- Q7 +Qm`b2- i?�i
QM2 Q7 i?2 2[m�iBQMb Q7 KQiBQM 7Q` i?2 }2H/ Bb 7`22 Q7 b2+QM/ iBK2 /2`Bp�iBp2b
�M/ i?2`27Q`2 `2T`2b2Mib � `2bi`B+iBQM QM BMBiB�H �M/ }M�H p�Hm2b r?B+? QM2
K�v BKTQb2 QM i?2 }2H/ +QM/BiBQMbX >Qr2p2`- B7 QM2 i`�Mb7Q`Kb iQ � b2i
Q7 }2H/ p�`B�#H2b r?B+? BM+Hm/2 Atr- Alo- �M/ i?2 b+�H�` }2H/ ϕ - i?2M i?2
2[m�iBQMb Q7 +QMbi`�BMi /Q MQi /2T2M/ QM AtrX AM 7�+i- i?2 G�;`�M;B�M
Q`B;BM�HHv HQQFb HBF2

L =
1
2
(
−̇→
A +∇ϕ)2 − 1

2
(∇×−→

A )2

�M/ i?2 2[m�iBQMb Q7 +QMbi`�BMi �TT2�` �b

∇ · (−̇→A +∇ϕ) = 0

bQ BM i2`Kb Q7 Atr- Alo- ψ 2[m�iBQMb Q7 +QMbi`�BMi HQQF HBF2
−̇→
A lo +∇ϕ = 0.



kRX Zm�MimK :`�pB/vM�KB+b kjj

h?mb bQHmiBQMb b�iBb7vBM; �HH }2H/ 2[m�iBQMb vB2H/ 7Q` L

L =
1
2
−̇→
A

2

tr −
1
2
(∇×−→

A )2.

h?mb i?2 +QMbi`m+iBQM Q7 i?2 62vMK�M BMi2;`�H Bb i?2M b22M iQ #2 BM
i2`Kb Q7 Atr �HQM2- �M/ i?2 K2�bm`2 Bb ;Bp2M mMB[m2Hv #v i?2 G�;`�M;B�M @
BM i?Bb +�b2 bBKTHv RX

A7 QM2 r2`2 iQ 2ti2M/ i?Bb HBM2 Q7 `2�bQMBM; iQ i?2 ;`�pBi�iBQM�H +�b2-
Bi Bb b22M i?�i QM2 Kmbi HQQF 7Q` � b2i Q7 p�`B�#H2b r?B+? ?�p2 i?2 T`QT2`iv
i?�i i?2v /Q MQi �TT2�` BM i?2 +QMbi`�BMi 2[m�iBQMb �M/ i?mb �`2 +�T�#H2
Q7 #2BM; ;Bp2M �`#Bi`�`v BMBiB�H �M/ }M�H p�Hm2bX h?2 62vMK�M BMi2;`�H
rQmH/ i?2M #2 Qp2` i?2b2 p�`B�#H2b �M/ i?2 K2�bm`2 rQmH/ /2`Bp2 7`QK i?2
G�;`�M;B�M 2tT`2bb2/ BM i2`Kb Q7 i?2b2 p�`B�#H2bX �b v2i i?Bb Bb QMHv �
T`Q;`�K Q7 �TT`Q�+?X >Qr2p2`- QM2 +�M b22 i?�i Bi Bb TQbbB#H2 iQ 2HBKB@
M�i2 BKK2/B�i2Hv �b mMT?vbB+�H p�`B�#H2b i?2 g4µ r?B+? +Q``2bTQM/b BM i?2
2H2+i`QK�;M2iB+ +�b2 iQ i?2 b+�H�` TQi2MiB�HbX h?2 2HBKBM�iBQM Q7 i?2 HQM@
;Bim/BM�H T�`i Q7 i?2 ;`�pBi�iBQM�H }2H/ Bb Q7 +Qm`b2 � Km+? KQ`2 /B{+mHi
T`Q#H2K �M/ ?�b BM MQ r�v #22M bQHp2/ �b v2i- �Hi?Qm;? Bi �TT2�`b iQ #2
i?2 +2Mi`�H T`Q#H2K iQ i?2 [m�MiBx�iBQMXǴ
G�l_1Lh b?Qr2/ ?Qr i?2 62vMK�M �+iBQM K2i?Q/ rQ`Fb ;�m;2@BMp�`B�MiHv
BM [m�MimK 2H2+i`Q/vM�KB+b �M/ i?2M bm;;2bi2/ �M 2ti2MbBQM iQ ;`�pBi�@
iBQM i?2Q`v r?2`2#v i?2 mb2 Q7 ǳ2ti2M/2/ ;�m;2@BMp�`B�M+2Ǵ Bb 7Q`+2/ mTQM
i?2 7Q`K�HBbKX Uh?2 7QHHQrBM; Bb i?2 `2T`Q/m+iBQM Q7 ?Bb MQi2bX 6Q` � KQ`2
+QKTH2i2 2tTQbBiBQM Q7 i?2b2 �M/ `2H�i2/ [m2biBQMb- i?2 `2�/2` K�v +QMbmHi
� `2+2Mi �`iB+H2 Q7 "X 1X G�m`2MiX9

ǳAM i?2 7QHHQrBM; A rBb? iQ 2tTH�BM r?v A i?BMF i?�i Bi Bb rQ`i?r?BH2 iQ
i`v 62vMK�MǶb �+iBQM K2i?Q/ BM +Qp�`B�Mi i?2Q`B2bX h?Bb Bb K2`2Hv � bF2i+?
�M/ /Q2b MQi T`2i2M/ iQ #2 2Bi?2` +QKTH2i2 Q` K�i?2K�iB+�HHv `B;Q`QmbX
Ai ?�b #22M Q7 ;`2�i ?2HT iQ K2 iQ #2 �#H2 iQ /Bb+mbb i?2b2 T`Q#H2Kb rBi?
S`Q72bbQ` PX EH2BM �M/ .`X aX .2b2`X

A b?�HH bi�`i rBi? i?2 bBKTH2bi ;2M2`�HHv +Qp�`B�Mi i?2Q`v FMQrM- i?�i Bb
2H2+i`Q/vM�KB+b- r?B+? Bb +Qp�`B�Mi rBi? `2bT2+i iQ ;�m;2 i`�Mb7Q`K�iBQMbX

62vMK�MǶb r2HH@FMQrM �+iBQM T`BM+BTH28 ?�b #22M mb2/ #v b2p2`�H �m@
i?Q`be iQ +�H+mH�i2 `�iBQb Q7 iBK2@Q`/2`2/ p�+mmK K�i`Bt 2H2K2Mib BM MQM@
+Qp�`B�Mi }2H/ i?2Q`B2bX h?2b2 �mi?Q`b ?�p2 b?QrM i?�i bm+? `�iBQb K�v
#2 r`Bii2M �b 7QHHQrb,
9LmQpQ *BK2MiQ Ao- R998 URN8eVX
8_XSX 62vMK�M, _2pX JQ/X S?vbX ky- jed URN93VX
eSX hX J�ii?2rb- �X a�H�K, LmQpX *BK k- Rky URN88Vc qX EX "m`iQM- �X >X

.2"Q`/2, LmQpX *BK 9- k89 URN8eVc SX qX >B;;b, LmQpX *BK e- Rkej URN8eVX
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⟨A(1) . . . Z(n)⟩0 =
(0,+∞|TA0(1) . . . Z0(n)|0,−∞)

(0,+∞|0,−∞)

=

∫
(A(1) . . . Z(n)eiIδA . . . δZ∫

eiIδA . . . δZ

UkRXRV

>2`2 I Bb i?2 �+iBQM@7mM+iBQM�H 7Q` i?2 }2H/b UQ` }2H/V �M/ �HH A(1)...Z bi�M/
7Q` i?2 }2H/@7mM+iBQMb BM i?2 n bT�+2@iBK2 TQBMib x1...xnX h?2 BMi2;`�Hb �`2
7mM+iBQM�H BMi2;`�Hb Qp2` i?2 7mM+iBQMb BM �HH bT�+2@iBK2- T2`7Q`K2/ �7i2` �
+2`i�BM bK�HH BK�;BM�`v i2`K ?�b #22M �//2/ iQ i?2 �+iBQM U�b "m`iQM �M/
.2"Q`/2 b?Qr- i?Bb TB+Fb Qmi � p�+mmK bi�i2VX �M 2ti2M/2/ +H�bb Q7 QT2`@
�iQ`b K�v #2 +QMbi`m+i2/ �b bmKb Q7 iBK2@Q`/2`2/ T`Q/m+ib TA0(1)...Z0(n)X
hQ #2 ;2M2`�H A b?�HH BM i?2 7QHHQrBM; r`Bi2 F(A, ...,Z) BMbi2�/ Q7 A(1)...Z(n)
BM UkRXRVX F( ) Bb ?2`2 � 7mM+iBQM�H Q7 i?2 }2H/b A, ...,ZX

AM i?2 mbm�H GQ`2Mix@;�m;2 2H2+i`Q/vM�KB+b � p�+mmK T`QT�;�iQ` Bb
iQ #2 r`Bii2M �b 7QHHQrb,

⟨F(A,ψ,ψ)⟩0 =

∫
F(Aµ ,ψ,ψ)eiIL δAµ δψ ,δψ

∫
eiIδAµ δψδψ UkRXkV

� bT2+B�H /2pB+2 Kmbi ?2`2 #2 mb2/ iQ Q#i�BM i?2 r�Mi2/ �MiB+QKKmi@
BM; T`QT2`iB2b Q7 ψ- ψd

IL =
∫

d4x(
0
g

µν
Aµ Aν + i ψ

0
γ

µ
{∂µ − eAµ}ψ) UkRXjV

r?2`2 0
g

µν
Bb i?2 GQ`2Mix@K2i`B+ �M/ 0

γ
µ
i?2 .B`�+@K�i`B+2bX

UkRXkV Bb 2t�+iHv i?2 Q`/BM�`v p�+mmK T`QT�;�iQ` Q7 2H2+i`Q/vM�KB+b
B7 r2 `2bi`B+i F( ) bQ i?�i r2 ?�p2 MQi?BM; #mi 2H2+i`QMb �M/ i`�Mbp2`b�H
T?QiQMb BM i?2 BMBiB�H �M/ }M�H bi�i2bX3 F( ) K�v 7Q` BMbi�M+2 ?�p2 i?2
7QHHQrBM; 7Q`K,

F(Aµ) = N(|k|)
∫

t=t2
Aµ τµ

2 e−ik2α xα
d3x ·

∫

t=t1
Aµ τµ

1 e+ik1α xα
d3x UkRX9V

>2`2 N(|k|) Bb � MQ`K�HBxBM; 7�+iQ`
k4 = |k|, τ4 = 0 �M/ τk

m = 0 (m = 1...3)X

d62vMK�M- QTX +BiX- �M/ "m`iQM �M/ .2"Q`/2- QTX +BiXX
3arBi+?BM; Qz Q7 i?2 2H2+i`QM +?�`;2 e Bb ?2`2 �bbmK2/X
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h?2 QT2`�iQ` +Q``2bTQM/BM; iQ UkRX9V ;Bp2b K2`2Hv i`�Mbp2`b�H T?QiQMb
BM i?2 BMBiB�H �M/ 2M/ bi�i2b Q7 i?2 T`QT�;�iQ`X

P#b2`p2 i?�i BM � ;�m;2@i`�Mb7Q`K�iBQM

Aµ = A′
µ +

∂λ
∂xµ . UkRX8V

F( ) BM UkRX9V Bb BMp�`B�MiX q2 b?�HH �bbmK2 i?`Qm;?Qmi i?�i Qm` F Ƕb
?�p2 i?Bb T`QT2`ivX

G2i mb MQr `2@7Q`K UkRXkV

⟨F⟩0 =

∫
F(Aµ ,ψ,ψ)eiIL δAµ δψδψ

∫
eiIL δAµ δψδψ

=
∑
ν

∫

ν
F(Aµ ,ψ,ψ)eiIL δAµ δψδψ

∑
ν

∫

ν
eiIL δAµ δψδψ

UkRXeV

q2 ?�p2 bTHBi mT i?2 BMi2;`�Hb Qp2` �HH TQbbB#H2 Aµ @7mM+iBQMb BM bmKb
Q7 BMi2;`�Hb Qp2` T�`i@`2;BQMb- Q7 r?B+? i?2 }`bi Bb �`QmM/ i?2 Aµ @7mM+iBQMb
b�iBb7vBM; i?2 GQ`2Mix@+QM/BiBQMX h?2 Qi?2` `2;BQMb �`2 Q#i�BM2/ 7`QK i?2
GQ`2Mix@`2;BQM #v ;�m;2@i`�Mb7Q`K�iBQMbX h?2 `2;BQMb +Qp2` +QKTH2i2Hv
i?2 `2;BQM Q7 �HH Aµ @7mM+iBQMb �M/ i?2v /Q MQi Qp2`H�TX h?2 T�`i@`2;BQMb
+�M #2 K�/2 �b M�``Qr �b r2 HBF2X

_2K2K#2`BM; i?�i F( ) Bb BMp�`B�Mi �M/ i?�i i?2 ;�m;2@i`�Mb7Q`K�@
iBQM Bb HBM2�` r2 b22 i?�i i?2 7QHHQrBM; Bb i`m2,

∫

ν
F(Aµ ,ψ ,ψ)eiIδAµ δψδψ

= det
(

ν
L

)∫

L
F(Aµ ,ψ,ψ)eiIδAµ δψδψ

UkRXdV

I Bb i?2 +QKTH2i2 ;�m;2@BMp�`B�Mi �+iBQM

I = IL +
∫

d4x
0
g

µν 0
g

αβ
∂ν Aµ ∂β Aα UkRX3V

det
(ν

L
)
Bb i?2 C�+Q#B�M Q7 i?2 i`�Mb7Q`K�iBQM 7`QK i?2 ν@i? `2;BQM iQ i?2

GQ`2Mix@`2;BQMX AM i?Bb +�b2 det
(ν

L
)
Bb R #mi r2 b?�HH F22T Bi BM BM bTBi2 Q7

i?�i iQ #2 �#H2 iQ mb2 i?2 `2bmHi H�i2` BM ;`�pBi�iBQM i?2Q`vX
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q2 K�v MQr r`Bi2

⟨F⟩0 =

∫
L F(Aµ ,ψ,ψ)eiIδAµ δψδψ ∑

ν
ei(IL−I)ν det

(
ν
L

)

∫
L eiIδAµ δψδψ ∑

ν
ei(IL−I)ν det

(
ν
L

) UkRXNV

IL − I = −
∫

d4x
0
g

µν 0
g

αβ
∂ν Aµ ∂β Aα /2T2M/b QM i?2 `2;BQM QMHv Ur?2M i?2

`2;BQM Bb M�``QrVX AM i?2 GQ`2Mix@`2;BQM- IL − I = 0X >2M+2

⟨F⟩0 =

∫
L F(Aµ ,ψ ,ψ)eiIδAµ δψδψ

∫
L eiIδAµ δψδψ UkRXRyV

6m`i?2` r2 b22 i?�i

⟨F⟩0 =

∫
L F(Aµ ,ψ,ψ)eiIδAµ δψδψ ∑

ν
det
(

ν
L

)

(
∫

L eiIδAµ δψδψ) ·det
(

ν
L

)

=
∑
ν

∫
ν F(Aµ ,ψ,ψ)eiIδAµ δψδψ

∑
ν

∫
ν eiIδAµ δψδψ

UkRXRRV

⟨F⟩0 =

∫
F(Aµ ,ψ,ψ)eiIδAµ δψδψ

∫
eiIδAµ δψδψ UkRXRkV

6`QK i?Bb 7Q`K Bi Bb 2pB/2Mi i?�i i?2 T`QT�;�iQ` Bb BMp�`B�MiX
q2 b22 7`QK i?Bb i?�i mM/2` i?2 bmTTQbBiBQM K�/2 �#Qmi F( )- i?�i

Bi Kmbi MQi +?�M;2 Bib 7Q`K r?2M Aµ Bb `2TH�+2/ #v Aµ + ∂λ
∂xµ - i?2 irQ

/2K�M/b �`2 7mH}HH2/ i?�i [m�MiBx�iBQM b?�HH- �b BM UkRXRyV- #2 T2`7Q`K2/
Qp2` i?2 ǳ`2�H /2;`22b Q7 7`22/QKǴ QMHv �M/ i?�i i?2 T`Q+2/m`2 b?�HH #2
+Qp�`B�Mi �b BM UkRXRkVX

�++Q`/BM; iQ i?2 7Q`2;QBM; Bi Bb +HQb2 �i ?�M/ iQ ;m2bb i?�i � T`QT�;�@
iQ` BM � i?2Q`v i?�i Bb +Qp�`B�Mi rBi? `2bT2+i iQ HBM2�` i`�Mb7Q`K�iBQM b?�HH
#2 r`Bii2M BM i?2 7Q`K UkRXRkV- r?2`2 F( ) �M/ I Kmbi #2 BMp�`B�Mi BM i?2
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b2Mb2 K2MiBQM2/ �#Qp2N,Ry UBM i?2 ;2M2`�H +�b2 r2 +�HH Bi 2ti2M/2/ ;�m;2@
BMp�`B�M+2VX A7 BM ;`�pBi�iBQM i?2Q`v- 7Q` BMbi�M+2- F( ) Bb � 7mM+iBQM�H
Q7 i?2 gµν QMHv Bi Kmbi MQi +?�M;2 Bib 7Q`K BM i?2 HBM2�` i`�Mb7Q`K�iBQM
gµν(x) = ∂x′ α

∂xµ
∂x′ β
∂xν g′αβ (x

′(x))-r?2`2 x′ = x′(x) Bb �M �`#Bi`�`v UMQM@bBM;mH�`V
i`�Mb7Q`K�iBQMX q2 Q#b2`p2 i?�i � b+�H�` /Q2b MQi M2+2bb�`BHv 7mH}HH i?2
`2[mB`2K2Mi- #2+�mb2- BM ;2M2`�H- Bi +?�M;2b Bib 7mM+iBQM�H 7Q`K Q7 x BM i?2
i`�Mb7Q`K�iBQMX A7 F( ) Bb � 7mM+iBQM �b ?2`2 /2b+`B#2/ �M/ i?2 BMi2;`�iBQM
p�`B�#H2b i`�Mb7Q`K HBM2�`Hv- r2 b22 7`QK i?2 T`Q+2/m`2 7QHHQr2/ BM i?2 2H2+@
i`QK�;M2iB+ +�b2 i?�i r2 K�v �Hr�vb +QK2 7`QK i?2 +Qp�`B�Mi T`QT�;�iQ`
Q7 ivT2 UkRXRkV iQ i?2 T`QT�;�iQ` Q7 ivT2 UkRXRyV - r?2`2 QMHv bQ Km+? Q7
i?2 }2H/ Bb [m�MiBx2/ �b i?2`2 �`2 ǳ/2;`22b Q7 7`22/QKXǴRR

� /B{+mHiv BM i?2 ;`�pBi�iBQM +�b2 Bb i?�i r2 /Q MQi FMQr Qp2` r?B+?
p�`B�#H2b r2 Qm;?i iQ BMi2;`�i2- �M/ r?B+? K2�bm`2 b?QmH/ #2 +?Qb2M BM
i?2 7mM+iBQM�H BMi2;`�HXRk

h?2 +?QB+2 Q7 BMi2;`�iBQM p�`B�#H2b i?�i b22K KQbi M�im`�H �i }`bi
bB;?i Bb T2`?�Tb i?�i Q7 i?2 gµν Q` √ggµν (g =− det gµν)- #mi �b S`Q72bbQ`
CX �X q?22H2` iQH/ K2 BM � H2ii2`- � #2ii2` +?QB+2 Bb T`Q#�#Hv QM2 r?B+? .`X
*X JBbM2` ?�b bm;;2bi2/- i?�i Bb i?2 +Q2{+B2Mib BM i?2 i`�Mb7Q`K�iBQM 7`QK
i?2 +QMbB/2`2/K2i`B+ BM � +2`i�BM TQBMi iQ i?2 GQ`2Mix K2i`B+X >Qr2p2`-
i?2 [m2biBQM +�MMQi #2 `2;�`/2/ �b bQHp2/ v2iX

UJAaL1_ TQBMi2/ Qmi i?�i i?Bb +?QB+2 Q7 p�`B�#H2b ;Bp2b �M BMp�`B�Mi
K2�bm`2 r?B+? T`2b2`p2b i?2 bB;M�im`2XV

6BM�HHv A b?QmH/ HBF2 iQ b�v � 72r rQ`/b �#Qmi ?Qr 7mM+iBQM�Hb Q7 i?2
ivT2 K2MiBQM2/ 2�`HB2` K�v #2 +QMbi`m+i2/ BM ;`�pB/vM�KB+bXRj AMi2;`�Hb
Q7 b+�H�` /2MbBiB2b Qp2` �HH bT�+2@iBK2 Bb Q7 i?Bb ivT2 #mi i?2v /Q MQi b22K
iQ #2 Q7 Km+? mb2 BM i?Bb +QMM2+iBQMX S`Q72bbQ` PX EH2BM ?�b TQBMi2/
Qmi iQ K2 i?�i i?2 iQi�H 2M2`;v@KQK2MimK Tb2m/Q@p2+iQ` K�v #2 mb27mH
Nh?Bb /Q2b MQi K2�M i?�i r2 ?�p2 MQ mb2 7Q` Qi?2` ivT2b Q7 F BM BMi2`K2/B�i2 +�H+m@

H�iBQMbX AM 2H2+i`Q/vM�KB+b rBi? i`mM+�i2/ GQ`2Mix@;�m;2 �+iBQM r2 K�v- 7Q` BMbi�M+2-
+�H+mH�i2 UkRXkV rBi? F( ) = A(1)A(2) �M/ i?�i Bb p2`v mb27mHX
RyI Bb MQi M2+2bb�`BHv i?2 +H�bbB+�H �+iBQM@7mM+iBQM�H 7Q` i?2 bvbi2K U�HbQ r?2M bm+? �
7mM+iBQM�H 2tBbibV- #mi Bi b?QmH/ ;Q Qp2` BMiQ i?2 +H�bbB+�H 7mM+iBQM r?2M h̄ → 0X
RRAM 7�+i- � HBiiH2 KQ`2 i?�M i?2 ǳ/2;`22b Q7 7`22/QKǴ �`2 [m�MiBx2/ BM UkRXRyV #2+�mb2
i?2 ;�m;2 Bb MQi mMB[m2Hv /2i2`KBM2/ #v i?2 GQ`2Mix@+QM/BiBQMX h?Bb /Q2b MQi K�ii2`
7Q` i?2 T`�+iB+�H mb2 Q7 UkRXkV �M/ BM T`BM+BTH2 r2 +QmH/ Q7 +Qm`b2 ?�p2 `2bi`B+i2/ i?2
;�m;2 KQ`2 +HQb2HvX
RkA7 i?2 +?Qb2M ǳpQHmK2 2H2K2MiǴ BM i?2 7mM+iBQM�H BMi2;`�H Bb � +2`i�BM 7�+iQ` iBK2b i?2
T`Q/m+i Q7 /Bz2`2MiB�Hb Ui?2 δAµ BM UkRXRkVV- i?2 7�+iQ` Qm;?i iQ #2 BMp�`B�Mi �M/ r2
K�v BM+Hm/2 Bi BM i?2 �+iBQM Ub22 7QQiMQi2 RyVX
RjAM 2H2+i`Q/vM�KB+b i?Bb [m2biBQM Bb 2�bBHv �Mbr2`2/, 1p2`v ;�m;2@BMp�`B�Mi 7mM+iBQM�H
Bb Q7 i?2 r�Mi2/ ivT2X A7 i?2 ;`�pBi�iBQM�H }2H/ +QMbi�Mi Bb brBi+?2/ QM �M/ Qz- i?2
K�ii2` +�M iQ bQK2 2ti2Mi #2 K�/2 2[m�HHv bBKTH2 BM ;`�pB/vM�KB+bX



kj3 kRX Zm�MimK :`�pB/vM�KB+b

?2`2- �M/ BM 7�+i r2 b22 i?�i Bi Bb Q7 i?2 +Q``2+i ivT2 B7 r2 +?QQb2 Bi BM i?2
7QHHQrBM; 7Q`K,

∫ √
g(Gµ4 + tµ4)d3x. UkRXRjV

UA /Q MQi i?BMF i?�i i?Bb 7Q`KmH� M22/b �Mv 2tTH�M�iBQMXV
{√g(Gµν + tµν)},ν = 0 Bb B/2MiB+�HHv b�iBb}2/ r?B+? ;Bp2b UkRXRjV i?2

/2bB`2/ T`QT2`iv 7Q` gµν @i`�Mb7Q`K�iBQMb r?B+? �`2 B/2MiBiv@i`�Mb7Q`K�@
iBQMb QM i?2 #QmM/�`B2b Q7 i?2 BMi2;`�iBQM@pQHmK2X LQr �HH i?2 T`QT�;�iQ`b
BM i?2 7Q`2;QBM; �`2 HBKBib r?2M i?2 bT�+2@iBK2 `2;BQM BMpQHp2/ #2+QK2b
BM}MBi2Hv H�`;2R9 �M/ MQi?BM; ?BM/2`b mb 7`QK T`2b+`B#BM;- 7Q` BMbi�M+2- i?2
GQ`2Mix@K2i`B+ QmibB/2 i?2 `2;BQM �M/ QM Bib #QmM/�`B2bX h?Bb K2�Mb i?�i
2p2`v BMi2`2biBM; i`�Mb7Q`K�iBQM Bb Q7 i?2 ivT2 K2MiBQM2/X AM i?Bb +�b2 i?2
T`QT�;�iQ` Bb /2T2M/2Mi QM i?2 #QmM/�`v +QM/BiBQMb +?Qb2M BM BM}MBivXǴ

.m`BM; i?2 /Bb+mbbBQM r?B+? b�M/rB+?2/ �M/ 7QHHQr2/ G�l_1LhǶb
2tTQbBiBQM- 61uLJ�L �bF2/ r?B+? �+iBQM r�b mb2/ BM i?2 ;`�pBi�iBQM�H
+�b2X hQ G�l_1LhǶb �Mbr2` @

∫ √
−gRd4x @ 61uLJ�L `�Bb2/ i?2 /B{@

+mHiB2b #`Qm;?i BM #v i?2 T`2b2M+2 BM R- Q7 b2+QM/ /2`Bp�iBp2bX
"1GAL6�Lh1 bm;;2bi2/ i?�i G�m`2Mi mb2b- BM 62vMK�MǶb bmK Qp2` }2H/b-
i?2 �+iBQM 7`QK i?2 Km//B}2/ i?2Q`v- iQ;2i?2` rBi? i?2 /2i2`KBM�Mi /2@
`Bp2/ 7`QK i?2 Km//B}2/ i?2Q`vX >Qr2p2`- Bi r�b TQBMi2/ Qmi i?�i G�m@
`2MiǶb T`QQ7 Q7 i?2 2[mBp�H2M+2 Q7 � ǳi`m2Ǵ �M/ � ǳKm//B}2/Ǵ i`2�iK2Mi BM
i?2 2H2+i`QK�;M2iB+ +�b2 K�v MQi ?QH/ BM i?2 ;`�pBi�iBQM�H +�b2- #2+�mb2
i?2 /2i2`KBM�Mi /2T2M/b QM i?2 p�`B�#H2b Q7 BMi2;`�iBQMX
61uLJ�L �bF2/ �HbQ r?�i Bb i?2 /2i2`KBM�Mi BM i?2 T�i? BMi2;`�H 2t@
T`2bb2/ BM i2`Kb Q7 i?2 p�`B�#H2b T`QTQb2/ #v JBbM2` Ui?2 p�`B�#H2b cβ

α

/2}M2/ #v i?2 2[m�iBQM 0
g µν = cα

µ gαβ cβ
ν V\ JQ`2 T`2+Bb2Hv- r?�i Bb i?2 2t@

T`2bbBQM Q7 i?2 /2i2`KBM�Mi r?B+? ;Bp2b � p�Hm2 iQ i?2 T�i? BMi2;`�H BM/2@
T2M/2Mi Q7 i?2 K2b? BMi`Q/m+2/ 7Q` Bib /2}MBiBQM\ h?Bb [m2biBQM `2K�BM2/
mM�Mbr2`2/ #mi H2/ iQ i?2 /Bb+mbbBQM Q7 i?2 /2}MBiBQM Q7 62vMK�MǶb T�i?
BMi2;`�H BM � ;2M2`�HHv +Qp�`B�Mi i?2Q`vX P`B;BM�HHv- 62vMK�MǶb T�i? BMi2@
;`�H r�b /2}M2/ BM i2`Kb Q7 � iBK2 bHB+BM; �b 2�+? iBK2 BMi2`p�H ;Q2b iQ
x2`QX AM i?2 ;`�pBi�iBQM�H +�b2- Bi Bb T`272`�#H2 MQi iQ bBM;H2 Qmi i?2 iBK2-
�M/ iQ `2/2}M2 62vMK�MǶb K2i?Q/ �++Q`/BM;HvX
q>11G1_ TQBMi2/ Qmi i?2 p�`BQmb �/p�Mi�;2b Q7 i?2 H�i2Mi p�`B�#H2b
Ubm+? �b Aµ BM 2H2+i`Q/vM�KB+bV �M/ Q7 i?2 i`m2 UQ` T?vbB+�HV p�`B�#H2b
Ubm+? �b AtrVX �i T`2b2Mi r2 ?�p2 i?`22 b+?2K2b,
R9"m`iQM �M/ .2"Q`/2- QTX +BiXc >B;;b- QTX +BiXX



kRX Zm�MimK :`�pB/vM�KB+b kjN

Ĝ ǳamK Qp2` }2H/bǴ 2tT`2bb2/ BM i2`Kb Q7 H�i2Mi p�`B�#H2bX h?2
ƘƘBM}MBiB2b +�M+2H QmiX
Ĝ �// � i2`K iQ i?2 G�;`�M;B�M bQ �b iQ K�F2 i?2 T`Q#H2K
ƘƘMQM@bBM;mH�`X
Ĝ lb2 QMHv T?vbB+�H p�`B�#H2bX

h?2 r?QH2 �`i Bb rQ`FBM; #�+F �M/ 7Q`i? #2ir22M H�i2Mi �M/ i`m2 p�`B�#H2bX
Ai Bb BKTQ`i�Mi iQ b?Qr i?2 2[mBp�H2M+2 Q7 i?2 p�`BQmb b+?2K2b �M/ iQ
b?Qr i?2 2[mBp�H2M+2 Q7 i?2 p�`BQmb ǳbHB+BM;b-Ǵ #mi Bi Bb � i�bF v2i iQ #2
�++QKTHBb?2/X

"1_:J�LL bmKK�`Bx2/ i?2 b2bbBQM �b 7QHHQrb, ǳAi �TT2�`b i?�i i?2`2
�`2 irQ /Bz2`2Mi K2i?Q/b Q7 62vMK�M [m�MiBx�iBQM @ QM2 T`BM+BT�HHv `2T@
`2b2Mi2/ #v "`v+2 .2qBii �M/ CBK �M/2`bQM- i?2 Qi?2` #v "2`i2H G�m`2Mi
�M/ ai�M .2b2`- r?Q Bb mM7Q`imM�i2Hv MQi rBi? mb i?Bb KQ`MBM;X h?2 /Bz2`@
2M+2 �TT2�`b iQ #2 i?�i QM2 ;`QmT r�Mib iQ b2iiH2 i?2 [m2biBQM Q7 +Qp�`B�Mi
K2�bm`2 BM i?2 7mM+iBQM bT�+2 }`bi �M/ i?2M BMi2;`�i2- r?2`2�b i?2 Qi?2`
;`QmT T`272`b iQ BMi2;`�i2 }`bi �M/ �bF [m2biBQMb �7i2`r�`/bX hQ K2 �b
�M BMMQ+2Mi #vbi�M/2` Bi �TT2�`b i?�i QM2 ;`QmT FMQrb r?�i i?2v �`2 /Q@
BM; #mi /QMǶi FMQr ?Qr iQ /Q Bi- �M/ i?2 Qi?2` ;`QmT Bb �#H2 iQ T`Q+22/
BKK2/B�i2Hv- #mi rBi? bQK2 [m2biBQM �b iQ i?2 K2�MBM; Q7 i?2B` `2bmHibX

PM2 rQ`/ �#Qmi r?v i?2 irQ �TT`Q�+?2b �TT2�` iQ H2�/ iQ Kmim�HHv
+QMbBbi2Mi `2bmHib BM 2H2+i`Q/vM�KB+b, BM 2H2+i`Q/vM�KB+b i?2 +QKTQM2Mib
Q7 i?2 K2i`B+ i2MbQ`- i?�i Bb i?2 b2+QM/ /2`Bp�iBp2 Q7 i?2 G�;`�M;B�M rBi?
`2bT2+i iQ i?2 p2HQ+BiB2b- �`2 +QMbi�MibX Ai �TT2�`b M�im`�H i?�i BM bm+? �
bBim�iBQM i?2`2 b?QmH/ #2 MQ /Bb�;`22K2Mic #mi A 722H p2`v /Qm#i7mH- rBi?@
Qmi �p�BH�#BHBiv Q7 7m`i?2` bi`QM; �`;mK2Mib- �#Qmi �MiB+BT�iBM; � bBKBH�`
�;`22K2Mi BM ;2M2`�H `2H�iBpBiv- r?2`2 i?2 b�K2 +Q2{+B2Mib �`2 +QKTHB+�i2/
7mM+iBQMb Q7 i?2 }2H/ p�`B�#H2bX

A i?BMF Bi Bb Q#pBQmb iQ �HH Q7 mb i?�i i?2 /Bz2`2M+2 #2ir22M i?2 irQ
�TT`Q�+?2b �;�BM �KQmMib iQ �M 2biBK�i2 Q7 i?2 `2H�iBp2 BKTQ`i�M+2 Q7
i`m2 Q#b2`p�#H2b pbX �HH /vM�KB+�H p�`B�#H2bX h?2`27Q`2- T2`KBi K2 iQ ;Bp2
QM2 KQ`2 �`;mK2Mi i?�i BM/B+�i2b i?2 T`Q#�#H2 BKTQ`i�M+2 Q7 i?2 i`m2
Q#b2`p�#H2b- Q` /vM�KB+�H p�`B�#H2b �b CQ?M q?22H2` ?�b +�HH2/ i?2KX AM
;2M2`�H `2H�iBpBiv- Bi Bb bQK2iBK2b mb27mH- 7Q` `2�bQMb Q7 +QMp2MB2M+2- iQ
BMi`Q/m+2 T�`�K2i2`b �M/ i?mb iQ mT;`�/2 i?2 Q`/BM�`v +QQ`/BM�i2b BMiQ
/vM�KB+�H p�`B�#H2bX �Hi2`M�iBp2Hv- Bi Bb bQK2iBK2b /2bB`�#H2 iQ BMi`Q/m+2
i?2 bQ@+�HH2/ pB2`#2BM2 U[m�/`mTH2bVX A7 vQm /Q i?�i rBi?Qmi 2p2Mim�HHv
;QBM; #�+F iQ i`m2 Q#b2`p�#H2b- i?2M vQm ?�p2 � T`QHB72`�iBQM Q7 p�`B�#H2b



k9y kRX Zm�MimK :`�pB/vM�KB+b

i?�i Kmbi 2p2Mim�HHv #2 `2T`2b2Mi2/ #v [m�MimK QT2`�iQ`b- �M/ A i?BMF B7
vQm i`v iQ /Q i?Bb vQm rBHH ;Q +`�xvX

A rQmH/ HBF2 iQ +HQb2 rBi? � +QKK2Mi QM i?2 KQiBp�iBQM 7Q` 62vMK�M
[m�MiBx�iBQM �b bm+?X h?2 T`QTQM2Mib Q7 62vMK�M [m�MiBx�iBQM +H�BK �b
Bib pB`im2 i?�i QM+2 � +QKTH2i2Hv b�iBb7�+iQ`v +H�bbB+�H i?2Q`v Bb �p�BH�#H2-
�HH i?2v ?�p2 iQ /Q Bb iQ 7QHHQr �M �H;Q`Bi?K- �M/ i?2 i�bF Q7 [m�MiBx�iBQM
rBHH #2 +QKTH2i2/X A Kmbi �/KBi iQ ?�pBM; bQK2 HBM;2`BM; /Qm#ib �#Qmi i?2
mMB[m2M2bb Q7 i?2 T`Q+2/m`2- BM pB2r Q7 i?2 7�+i i?�i i?2 BMi2;`�Hb +QMp2`;2
QMHv +QM/BiBQM�HHv- MQi �#bQHmi2Hvc #mi T`2bmK�#Hv i?2b2 /Qm#ib +�M #2
`2bQHp2/X � KQ`2 T?vbB+�H [m2biBQM Bb i?Bb, A7 vQm i?BMF 7Q` � KQK2Mi
�#Qmi i?2 +H�bbB+�H G�;`�M;B�M 7Q` � 7`22 T�`iB+H2- r2 �HH FMQr i?�i i?2`2
Bb � KmHiBTHB+Biv Q7 +Q``2bTQM/BM; [m�MimK i?2Q`B2b- MQi �HH Q7 r?B+? +QmH/
?�p2 #22M T`Q/m+2/ #v i?2 mMB[m2 /2pB+2 Q7 62vMK�M [m�MiBx�iBQMX h?2`2
`2K�BMb i?mb i?2 TQbbB#BHBiv i?�i r2 K�v ?�p2 2p2Mim�HHv iQ ;m2bb �i �
+QKTH2i2 [m�MimK i?2Q`v `�i?2` i?�M +�``v Qmi i?2 T`Q;`�K BM irQ bi2Tb-
}`bi +H�bbB+�H i?2Q`v i?2M [m�MiBx�iBQMX A /Q MQi i?BMF i?�i r2 b?�HH #2 �#H2
iQ `2bQHp2 i?Bb [m2biBQM BM i?2 BKK2/B�i2 7mim`2c ?2M+2 A 722H i?�i r2 �`2
+QKTH2i2Hv DmbiB}2/ BM 7QHHQrBM; #Qi? �TT`Q�+?2b @ iQ rQ`F Qmi K2i?Q/b Q7
[m�MiBxBM; � ;Bp2M c@MmK#2` i?2Q`v- �M/ 2t�KBMBM; i?2 BMi`BMbB+ bi`m+im`2
Q7 � 7mHH@#HQrM +Qp�`B�Mi q@MmK#2` i?2Q`vXǴ



a2bbBQM oAAA Zm�MiBx2/ :2M2`�H _2H�iBpBiv- *QM+Hm/2/
*?�B`K�M, oX "�`;K�MM





*?�Ti2` kk
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El_alLP:Gl #2;�M #v �bFBM; i?�i i?Qb2 r?Q ?�/ T`2b2Mi2/ i2+?MB[m2b
7Q` [m�MiBxBM; i?2 ;`�pBi�iBQM�H }2H/ BM i?2 KQ`MBM; b2bbBQM K�F2 Bi +H2�`
r?2i?2` Q` MQi Bi ?�b #22M /2+B/2/ i?�i [m�MiBx�iBQM Bb TQbbB#H2 �++Q`/BM;
iQ i?2b2 i2+?MB[m2bX >2 bm;;2bi2/ i?�i #27Q`2 QM2 #mBH/b � ?Qmb2- ?2 b?QmH/
#mv i?2 ;`QmM/ }`biX q>11G1_ �bF2/- ǳ.QMǶi r2 #2HB2p2 i?�i i?2 i?�i
i?2 i?2Q`v b?QmH/ #2 [m�MiBx2/\Ǵ "�_:J�LL �bF2/ B7 Em`bmMQ;HmǶb
[m2biBQM ?�/ iQ /Q rBi? K�ii2`b Q7 +QMp2`;2M+2X >2 TQBMi2/ Qmi i?�i Bi Bb
MQi 2�bv iQ /2+B/2 r?2i?2` Q` MQi QM2 +�M [m�MiBx2- #2+�mb2 K�Mv i?BM;b
K�v #2 K2�Mi #v i?Bb [m2biBQMX q>11G1_ b�B/ BM � [m�MimK i?2Q`v Q7
;`�pBi�iBQM r2 rQmH/ 2tT2+i M2r- 7�b+BM�iBM; T?vbB+b iQ +QK2 Qmi- #2+�mb2
i?2 T?vbB+�H +QMbi�Mib i?�i �TT2�` BM i?2 [m�MimK i?2Q`v �`2 i?2 ;`�pB@
i�iBQM +QMbi�Mi G- i?2 p2HQ+Biv Q7 HB;?i c- �M/ i?2 SH�M+FǶb +QMbi�Mi h̄- #mi
r?2i?2` i?2 `2bmHib Q7 bm+? � i?2Q`v rQmH/ �;`22 rBi? 2tT2`BK2Mi Bb �M@
Qi?2` [m2biBQMX AM i?2 +H�bbB+�H i?2Q`v r2 ?�p2 MQ M�im`�H K�bb Q` H2M;i?X
"PL.A bm;;2bi2/ i?�i- r?2M QM2 /Q2b +QMbi`m+i M�im`�H mMBib Q7 K�bb �M/
H2M;i? 7`QK i?2b2 +QMbi�Mib i?2v K�v im`M Qmi iQ #2 Km+? bK�HH2` i?�M
�Mvi?BM; T`2b2Mi@/�v T?vbB+b Bb BMi2`2bi2/ BMX q>11G1_ `2THB2/ i?�i BM
� b2bbBQM Q7 i?2 /�v #27Q`2- ?2 ?�/ bm;;2bi2/ � r�v BM r?B+? QM2 +QmH/ ;2i
[m�MiBiB2b r?B+? ?�p2 � `�M;2 Q7 bBx2 BMbB/2 i?2 BMi2`2biBM; `2�HKX :PG.
b�B/ i?2 i?2Q`v Q7 2H2+i`Q/vM�KB+b `2[mB`2/ [m�MiBx�iBQM #2+�mb2 i?2`2 r�b
� #`Q�/ `�M;2 Q7 T?2MQK2M� i?�i ?�/ iQ #2 �++QmMi2/ 7Q`c 7Q` 2t�KTH2- i?2
BM7`�`2/ +�i�bi`QT?2 ?�/ iQ #2 bQK2?Qr 2tTH�BM2/X qBi? ;`�pBi�iBQM- QM2
+QmH/ b�v i?�i 2Bi?2` Bi Kmbi #2 [m�MiBx2/ #2+�mb2 Qi?2`rBb2 QM2 KB;?i ;2i
BMiQ � +QMi`�/B+iBQM rBi? i?2 HQ;B+�H bi`m+im`2 Q7 [m�MimK i?2Q`v- Q` 2Hb2
i?�i i?2`2 2tBbib � #`Q�/ `�M;2 Q7 T?2MQK2M� r?B+? i?2 +H�bbB+�H i?2Q`v
UrBi?Qmi [m�MiBx�iBQMV Bb mM�#H2 iQ 2tTH�BMX "mi i?Bb H�ii2` `�M;2 Q7 T?2@
MQK2M� b22Kb iQ #2 KBbbBM;- mMH2bb i?2`2 Bb ;`�pBi�iBQM�H `�/B�iBQM �M/
bQK2 FBM/ Q7 ǳBM7`�`2/Ǵ /Bp2`;2M+2 Q++m`b i?2`2X q>11G1_ b�B/ i?�i
Bi KB;?i im`M Qmi i?�i i?2 2H2K2Mi�`v T�`iB+H2b /2T2M/ QM ;`�pBi�iBQM�H
~m+im�iBQMb 7Q` i?2B` bi�#BHBivX :PG. b�B/ i?�i i?Bb r�b QMHv � ?QT2- �M/
q>11G1_ �;`22/ i?�i � T`QQ7 r�b KBbbBM;X �L.1_aPL �bF2/ B7 i?2`2



k99 kkX h?2 SQbbB#BHBiv Q7 :`�pBi�iBQM�H Zm�MiBx�iBQM

r�b �Mvi?BM; r`QM; rBi? i?2 �`;mK2Mi i?�i B7 Bi r2`2 TQbbB#H2 iQ K2�bm`2
�HH ;`�pBi�iBQM�H }2H/b �++m`�i2Hv- i?�i QM2 rQmH/ ?�p2 2MQm;? BM7Q`K�iBQM
iQ pBQH�i2 i?2 mM+2`i�BMiv T`BM+BTH2X q>11G1_ �Mbr2`2/ i?�i i?Bb r�b
:QH/Ƕb }`bi TQBMiX :PG. b�B/ i?�i ?2 r�Mi2/ biBHH iQ #2 +QMpBM+2/ i?�i
QM2 ;2ib BMiQ � +QMi`�/B+iBQM #v MQi [m�MiBxBM; i?2 ;`�pBi�iBQM�H }2H/X .1
qAhh b�B/ i?�i i?�i i?2`2 Bb � +QM+2Tim�H T`Q#H2K ?2`2 BM i?�i B7 i?2
K�ii2` }2H/b �`2 [m�MiBx2/- QM2 Kmbi /2+B/2 r?�i iQ mb2 �b i?2 bQm`+2 Q7
i?2 ;`�pBi�iBQM�H }2H/X A7 Qm` 2tT2`BK2Mib H2�/ mb iQ #2HB2p2 i?�i i?2 ;`�p@
Bi�iBQM�H }2H/ Bb T`Q/m+2/ #v r?�i QM2 K�v +�HH i?2 2tT2+i�iBQM p�Hm2 Q7
i?2 bi`2bb@2M2`;v i2MbQ`- i?2`2 Bb biBHH � /B{+mHiv #2+�mb2 i?2 2tT2+i�iBQM
p�Hm2 /2T2M/b QM i?2 K2�bm`2K2Mib r2 K�F2 QM i?2 bvbi2KX �7i2` i?2
bvbi2K ?�b #22M T`2T�`2/ BM � /2}MBi2 bi�i2- � K2�bm`2K2Mi +�M +?�M;2
i?2 2tT2+i�iBQM p�Hm2 �M/ bQ i?2 ;`�pBi�iBQM�H }2H/ bm//2MHv +?�M;2b #2@
+�mb2 Q7 � K2�bm`2K2Mi T2`7Q`K2/ QM i?2 bvbi2KX *H�bbB+�H ;`�pBi�iBQM
i?2Q`v rQ`Fb QMHv #2+�mb2 i?2 2tT2`BK2Mi�H ~m+im�iBQMb �`2 bQ bK�HH QM
i?2 b+�H2 �i r?B+? ;`�pBi�iBQM�H 2z2+ib #2+QK2 MQiB+2�#H2X

61uLJ�L i?2M T`QTQb2/ i?2 7QHHQrBM; 2tT2`BK2MiX

!"##$%&'"()*+%'',$)

-%..*/)0"&%'($

6B;m`2 kkXR

A7 QM2 rQ`Fb BM bT�+2@iBK2 pQHmK2 Q7 i?2 Q`/2` Q7 L3 BM bT�+2 �M/ L
c

BM iBK2- i?2M i?2 TQi2MiB�Hb �`2 mM+2`i�BM #v �M �KQmMi

∆g =

√
hG

c3L2



kkX h?2 SQbbB#BHBiv Q7 :`�pBi�iBQM�H Zm�MiBx�iBQM k98

�M/ g = MG
Lc2 Bb i?2 TQi2MiB�H T`Q/m+2/ #v � K�bb M BM i?2 `2;BQM L3X �M

mM+2`i�BMiv BM i?2 TQi2MiB�H Bb i?2M 2[mBp�H2Mi iQ �M mM+2`i�BMiv BM i?2
K2�bm`2K2Mi Q7 M- �M/ QM2 ;2ib ∆M ≈ 10−5 ;`�KbX h?Bb K2�Mb i?�i B7
i?2 iBK2 Q7 Q#b2`p�iBQM Bb `2bi`B+i2/ iQ #2 H2bb i?�M L

c - i?2M i?2 K�bb +�MǶi
#2 /2i2`KBM2/ iQ #2ii2` �++m`�+v i?�M i?BbX P7 +Qm`b2- B7 QM2 Bb �HHQr2/
�M BM}MBi2 iBK2- M +�M #2 /2i2`KBM2/ �b �++m`�i2Hv �b QM2 r�MibX A7-
?Qr2p2`- i?Bb Bb MQi TQbbB#H2 #2+�mb2 i?2 T�`iB+H2 Kmbi #2 �HHQr2/ iQ T�bb
i?`Qm;? i?2 2[mBTK2Mi- i?2M mMH2bb i?2 K�bb Bb �i H2�bi Q7 i?2 Q`/2` Q7 10−5-
i?2 �TT�`�imb rBHH #2 mM�#H2 iQ /Bb+Qp2` i?2 /B{+mHiv UMQ +QMi`�/B+iBQMVX
PM2 +�M +QM+Hm/2 i?�i 2Bi?2` ;`�pBiv Kmbi #2 [m�MiBx2/ #2+�mb2 � HQ;B+�H
/B{+mHiv rQmH/ �`Bb2 B7 QM2 /B/ i?2 2tT2`BK2Mi rBi? � K�bb Q7 Q`/2` 10−4

;`�Kb- Q` 2Hb2 i?�i [m�MimK K2+?�MB+b 7�BHb rBi? K�bb2b �b #B; �b 10−5

;`�KbX

lhAu�J� i?2M T`2b2Mi2/ � i2+?MB[m2 7Q` [m�MiBxBM; i?2 ;`�pBi�iBQM�H
}2H/ mbBM; :mTi�Ƕb K2i?Q/X ǳPM2 Q7 i?2 KQbi �ii`�+iBp2 TQBMib Q7 1BM@
bi2BMǶb i?2Q`v Q7 ;2M2`�H `2H�iBpBiv b22Kb iQ #2 i?�i i?2 7mM/�K2Mi�H i2MbQ`
gµν +�M #2 BMi2`T`2i2/ �b � TQi2MiB�H Q7 i?2 ;`�pBiv QM i?2 QM2 ?�M/- �M/
�b � K2i`B+ i2MbQ` Q7 i?2 bT�+2@iBK2 rQ`H/ QM i?2 Qi?2` ?�M/X AM i`vBM;
iQ [m�MiBx2 i?2 ;`�pBi�iBQM�H }2H/- ?Qr2p2`- i?2 K2i`B+ BMi2`T`2i�iBQM Q7
gµν rBHH +�mb2 bQK2 i`Qm#H2b- 2bT2+B�HHv 7`QK i?2 Q#b2`p�iBQM�H pB2rTQBMiX
h?2`27Q`2- +QMi`�`v iQ 1BMbi2BMǶb Q`B;BM�H BMi2MiBQM- i?2 b2T�`�iBQM Q7 i?Bb
;2QK2i`B+�H +QM+2Ti 7`QK i?2 BMi2`T`2i�iBQM Q7 gµν b22Kb +QMp2MB2Mi 7Q`
i?2 [m�MiBx�iBQM Q7 i?2 ;`�pBi�iBQM�H }2H/X :mTi�Ƕb (R) �TT`Q�+? b22Kb
�/2[m�i2 iQ i?Bb HBM2 Q7 i?Qm;?iX

q2 ?�p2 BMp2biB;�i2/ i?2 +�M+2HH�iBQM #2ir22M +QMi`B#miBQMb 7`QK
i?2 2H2+i`QK�;M2iB+ �M/ i?2 ;`�pBi�iBQM�H BMi2`�+iBQMb #v mbBM; :mTi�Ƕb
K2i?Q/ Q7 [m�MiBx�iBQM Q7 i?2 r2�F ;`�pBi�iBQM�H }2H/ (k)X

lM/2` i?2 �bbmKTiBQM Q7 i?2 r2�F }2H/- r2 +�M Tmi

gµν(x) = εµν +κsµν , hk
µ(x) = δ k

µ +κbk
µ(x)

sµν = bµν +bνµ , aµν = bµν −bνµ ,

εµν =

⎡

⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎤

⎥⎥⎦= εµν

r?2`2 hk
µ(k = 1,2,3,4) Bb i?2 bQ@+�HH2/ ǳpB2`#2BM2ǴX s(x) Q` b(x) Bb- BM Qm`

�TT`QtBK�iBQM- +QMbB/2`2/ �b � }2H/ [m�MiBiv BM JBMFQrbFB@bT�+2- �M/ i?2



k9e kkX h?2 SQbbB#BHBiv Q7 :`�pBi�iBQM�H Zm�MiBx�iBQM

/m�H BMi2`T`2i�iBQM Q7 gµν Bb �#�M/QM2/X h?2 [m�MiBx�iBQM Q7 s Q` b Bb K�/2
#v 7QHHQrBM; :mTi�Ƕb K2i?Q/ (k)X

G2i mb +QMbB/2` � bvbi2K Q7 2H2+i`QMb- T?QiQMb �M/ ;`�pBiQMb BMi2`�+i@
BM; rBi? 2�+? Qi?2`X h?2 BMi2`�+iBQM G�;`�M;B�M Bb

L =−κ
2
{T (e)

µν +T (p)
µν }sµν ,

r?2`2 i?2 2M2`;v@KQK2MimK i2MbQ` Q7 i?2 2H2+i`QM@}2H/ T (e) BM+Hm/2b i?2
BMi2`�+iBQM #2ir22M i?2 2H2+i`QM �M/ i?2 T?QiQM }2H/b- �M/ T (p) Bb i?2
2M2`;v@KQK2MimK i2MbQ` Q7 i?2 T?QiQM }2H/X AM Q`/2` iQ �pQB/ i?2 7Q`@
K�H /B{+mHiB2b /m2 iQ i?2 /2`Bp�iBp2 +QmTHBM;b �TT2�`BM; BM T (e) �M/ T (p)-
a+?rBM;2`Ƕb /vM�KB+�H T`BM+BTH2 (j- 9) Bb bmBi�#H2 iQ /2`Bp2 i?2 a@K�i`Bt BM
i?2 BMi2`�+iBQM `2T`2b2Mi�iBQMX h?2 a@K�i`Bt Bb r`Bii2M BM i?2 7Q`K

S =
∞

∑
n=0

in

n!

∫
· · ·
∫ +∞

−∞
T ∗(L(x1),L(x2), ...L(xn))d4x1d4x2...d4xn.

6QHHQrBM; .vbQMǶb �M�HvbBb Q7 i?2 /Bp2`;2M+2b �TT2�`BM; BM �Mv 2H2K2Mi Q7
a@K�i`Bt- r2 b22 i?�i i?2`2 Q++m` bQ K�Mv ivT2b Q7 T`BKBiBp2 /Bp2`;2M+2b
QrBM; iQ i?2 /2`Bp�iBp2 +QmTHBM;b i?�i i?Bb bvbi2K Bb mM`2MQ`K�HBx�#H2X

AM Qm` T`2b2Mi i`2�iK2Mi i?2 KQbi 2bb2MiB�H 72�im`2 Q7 i?2 ;`�pBi�iBQM�H
}2H/- M�K2Hv- i?2 MQM@HBM2�`Biv Bb MQi i�F2M BMiQ �++QmMiX �++Q`/BM;Hv Bi
Bb MQi +H2�` ?Qr 7�` Qm` +QM+HmbBQM Bb `2HB�#H2XǴ

_272`2M+2b
(R) aX LX :mTi�, S?vbX _2pX Ne- Re3j URN89VX

(k) aX LX :mTi�, S`Q+X S?vbX aQ+X UGQM/QMV e8- ReR URN8kVX

(j) CX a+?rBM;2`, S?vbX _2pX 3k- NR9 URN8RVX

(9) hX AK�Km`�- aX amM�F�r�- _X liBv�K�, S`Q;X h?2Q`X S?vbX RR- kNR
URN89V- 2bT2+B�HHv +7X TX jyy- 1[X (3.5)LX



*?�Ti2` kj
h?2 L2+2bbBiv Q7 :`�pBi�iBQM�H Zm�MiBx�iBQM

.1 qAhh +�HH2/ �ii2MiBQM iQ i?2 7�+i i?�i i?2`2 Bb �M �K#B;mBiv BM i?2
+?QB+2 Q7 }2H/ p�`B�#H2b BM i2`Kb Q7 r?B+? QM2 K�v K�F2 �M 2tT�MbBQM �#Qmi
i?2 JBMFQrbFB K2i`B+ ηµν X 6Q` 2t�KTH2- QM2 KB;?i mb2 2Bi?2` ψµν Q` ϕµν
r?2`2 gµν = ηµν +ψµν - gµν = ηµν +ϕµν X hQ #2 +QMbBbi2Mi BM � b2H7@2M2`;v
+�H+mH�iBQM QM2 b?QmH/ 2tT�M/ Qmi iQ i?2 b2+QM/ Q`/2`- �M/ i?2 /Bz2`2M+2 BM
+?QB+2 H2�/b iQ � /Bz2`2M+2 BM i?2 i`�+2 Q7 i?2 MQM@;`�pBi�iBQM�H UQ` K�ii2`V
bi`2bb i2MbQ`X h?2`2 �`2 bQK2 }2H/b- MQi�#Hv i?2 2H2+i`QK�;M2iB+ }2H/- 7Q`
r?B+? i?Bb i`�+2 p�MBb?2bX AM i?Bb +�b2- vQm ;2i i?2 b�K2 `2bmHi BM i?2
b2+QM/ Q`/2`- MQ K�ii2` r?�i vQm 2tT�M/ BM i2`Kb Q7X Ai Bb � +m`BQmb i?BM;
BM i?2 2H2+i`QK�;M2iB+ +�b2 U�Hi?Qm;?- �b liBv�K� ?�b TQBMi2/ Qmi- vQm /Q
?�p2 i?2 /2`Bp�iBp2 +QmTHBM; �M/ i?2`27Q`2 i?2 /Bp2`;2M+2 Bb Q7 i?2 b2+QM/
Q` i?B`/ Q`/2`V- i?�i B7 vQm BM+Hm/2 b2+QM/ Q`/2` i2`Kb BM i?2 BMi2`�+iBQM-
i?2 QH/@7�b?BQM2/ b2H7@2M2`;v rBHH #2 2t�+iHv +QKT2Mb�i2/X JAaL1_ �bF2/
B7 i?2 +QKTmi�iBQM ?�b �HbQ #22M /QM2 7Q` i?2 M2mi`BMQ }2H/X .1 qAhh
`2THB2/ i?�i �Hi?Qm;? Bi b?QmH/ #2 /QM2- Bi ?�b MQi #22M /QM2 7Q` irQ
`2�bQMb, URV h?2 K�i?2K�iB+b Q7 i?2 bTBMQ` T`Q#H2K mT iQ i?2 b2+QM/
Q`/2` Bb +QMbB/2`�#Hv KQ`2 +QKTHB+�i2/ �M/ ?�b MQi v2i #22M 7mHHv rQ`F2/
QmiX UkV AMi2`2bi ?�b BM i?2 K2�MiBK2 b?B7i2/ iQ i?2 T`Q#H2K Q7 i�+FHBM;
i?2 +QKTH2i2 MQMHBM2�` ;`�pBi�iBQM�H }2H/X

q>11G1_ TQBMi2/ Qmi i?�i i?2 HBM2�` bi�`iBM; TQBMi Bb BM+QKT�iB#H2 rBi?
�Mv iQTQHQ;v Qi?2` i?�M � 1m+HB/2�M QM2c i?�i B7 QM2 ?�b +m`p2/ bT�+2
Q` ǳrQ`K?QH2b-Ǵ vQm Dmbi +�MǶi bi�`i 2tT�M/BM; i?Bb r�vX "1GAL6�Lh1
�bF2/ B7 �MvQM2 ?�/ 7QmM/ Bi TQbbB#H2 iQ ?�p2 ?QH2 i?2Q`v BM � +m`p2/ bT�+2c
BX2X +�M QM2 K�F2 � +Qp�`B�Mi /BbiBM+iBQM #2ir22M TQbBiBp2 �M/ M2;�iBp2
2M2`;v bi�i2b\

_Pa1L61G. b�B/ i?�i .B`�+- Dmbi �7i2` ?2 ?�/ 7Q`KmH�i2/ ?QH2 i?2Q`v
�M/ r�b 7�+2/ rBi? i?2 Q#D2+iBQM i?�i i?2`2 Bb �M BM}MBi2 2M2`;v �bbQ+B�i2/
rBi? i?2b2 bi�i2b- ?�/ �ii2KTi2/ mMbm++2bb7mHHv iQ Qp2`+QK2 i?Bb /B{+mHiv
#v BMi`Q/m+BM; � +HQb2/ mMBp2`b2X



k93 kjX h?2 L2+2bbBiv Q7 :`�pBi�iBQM�H Zm�MiBx�iBQM

JAaL1_ b�B/ i?�i QM2 +QmH/ ;2i � [mBi2 ;QQ/ [m�HBi�iBp2 B/2� Q7 r?�i ?�T@
T2Mb BM +m`p2/ bT�+2 Ui?2 K2i`B+ #2BM; 2ti2`M�HHv BKT`2bb2/V #v mbBM; i?2
62vMK�M T`2b+`BTiBQMX aBM+2 i?2 �+iBQM Bb biBHH [m�/`�iB+ BM i?2 BMi2`2biBM;
}2H/ p�`B�#H2b- i?2`2 Bb MQ /B{+mHivX AM � bT?2`B+�H bT�+2 i?2`2 2tBbi bi�i2b
Q7 2t+Bi�iBQM r?B+? /Q MQi b+�ii2` 2�+? Qi?2`c #mi �b bQQM �b i?2 bT�+2 ?�b
ǳ#mKTbǴ BM Bi T?QiQMb BM QM2 bi�i2 ;2i b+�ii2`2/ BMiQ Qi?2` bi�i2bX >QH2
i?2Q`v Bb TQbbB#H2 B7 i?2 K2i`B+ Bb bi�iB+c ?Qr2p2`- � iBK2 /2T2M/2Mi K2i`B+
+�mb2b 2H2+i`QMb iQ ;Q iQ TQbBiBp2 2M2`;v bi�i2bX
"1_:J�LL TQBMi2/ Qmi i?�i- QM i?Bb �++QmMi- QM2 /Q2b MQi ?�p2 iQ
2t+Hm/2 ?QH2 i?2Q`v- #2+�mb2 B7 i?2 2H2+i`QMb ;2i 2t+Bi2/- i?2`2 Bb Q++�bBQM�H
T�B` T`Q/m+iBQMX
a�G1*E1_ BMi`Q/m+2/ � i?Qm;?i 2tT2`BK2Mi- BMpQHpBM; � bi`2�K Q7 T�`@
iB+H2b 7�HHBM; QM � /Bz`�+iBQM ;`�iBM;X PM �++QmMi Q7 i?2 /2 "`Q;HB2 `2H�iBQM
7Q` i?2 r�p2b �bbQ+B�i2/ rBi? i?2 bi`2�K- λ = h

mv - QM2 2tT2+ib i?�i T�`iB@
+H2b Q7 /Bz2`2Mi K�bb rBHH b+�ii2` /Bz2`2MiHv B7 i?2v 7�HH 7`QK � ;Bp2M ?2B;?iX
�++Q`/BM; iQ ;2M2`�H `2H�iBpBiv- QM2 2tT2+ib i?2 b�K2 #2?�pBQ` 7Q` /Bz2`@
2Mi K�bb2b rBi? i?2 b�K2 BMBiB�H bi�i2 Q7 KQiBQMX h?2`27Q`2- r2 �``Bp2 �i
� +QMi`�/B+iBQM rBi? i?2 T`BM+BTH2 Q7 2[mBp�H2M+2X

6B;m`2 kjXR

61uLJ�L �bF2/ B7 i?2 ;`�iBM; Bb ?2`2 �HHQr2/ iQ 2t2`i 7Q`+2b QM i?2 T�`@
iB+H2b r?B+? �`2 MQM@;`�pBi�iBQM�HX .1 qAhh b�B/ i?�i QM2 M22/b `�i?2`
� ;`�iBM; UK�/2- 7Q` 2t�KTH2- Qmi Q7 TH�M2ibV r?B+? �+ib QMHv i?`Qm;? Bib
;`�pBi�iBQM�H }2H/ QM i?2 bi`2�KX 61uLJ�L i?2M b�B/ i?�i ?2 /B/ MQi
#2HB2p2 i?�i i?2 T`BM+BTH2 Q7 2[mBp�H2M+2 /2MB2b i?2 TQbbB#BHBiv Q7 /BbiBM@
;mBb?BM; #2ir22M irQ /Bz2`2Mi K�bb2bX P7 +Qm`b2- i?2 T`BM+BTH2 Q7 2[mBp�@
H2M+2 rQmH/ T`2p2Mi QM2 7`QK /BbiBM;mBb?BM; #2ir22M K�bb2b #v K2�Mb Q7
i?Bb T�`iB+mH�` 2tT2`BK2Mi B7 QMHv +H�bbB+�H H�rb r2`2 QT2`�iBp2X >Qr2p2`-
i?2 BMi`Q/m+iBQM Q7 SH�M+FǶb +QMbi�Mi BMiQ i?2 b+?2K2 Q7 i?BM;b BMi`Q/m+2b
M2r TQbbB#BHBiB2b- r?B+? �`2 MQi M2+2bb�`BHv BM +QMi`�/B+iBQM rBi? i?2 T`BM@
+BTH2 Q7 2[mBp�H2M+2X �b 7�` �b i?Bb T�`iB+mH�` 2tT2`BK2Mi Bb +QM+2`M2/-



kjX h?2 L2+2bbBiv Q7 :`�pBi�iBQM�H Zm�MiBx�iBQM k9N

�HH i?�i i?2 T`BM+BTH2 Q7 2[mBp�H2M+2 rQmH/ b�v rQmH/ #2 i?�i B7 QM2 T2`@
7Q`Kb i?2 2tT2`BK2Mi BM �M 2H2p�iQ`- ?2 rBHH Q#i�BM i?2 b�K2 `2bmHi �b BM
� +Q``2bTQM/BM; ;`�pBi�iBQM�H }2H/X 61uLJ�L �HbQ 2KT?�bBx2/ i?�i i?2
[m�MiBiB2b G �M/ c #v i?2Kb2Hp2b /Q MQi H2�/ iQ � mMBi Q7 K�bb- r?2`2�b
bm+? � mMBi 2tBbib B7 h̄ Bb BM+Hm/2/X

q>11G1_ TQBMi2/ Qmi i?�i i?2 T`BM+BTH2 Q7 2[mBp�H2M+2 QMHv /2MB2b i?2
TQbbB#BHBiv Q7 /BbiBM;mBb?BM; #2ir22M i?2 ;`�pBi�iBQM�H �M/ BM2`iB�H K�bb2b
Q7 � bBM;H2 #Q/v- #mi /2}MBi2Hv /Q2b MQi T`2p2Mi QM2 7`QK /BbiBM;mBb?BM;
i?2 K�bb2b Q7 irQ /Bz2`2Mi #Q/B2b- 2p2M r?2M QMHv ;`�pBi�iBQM�H 7Q`+2b �`2
BMpQHp2/X 6Q` 2t�KTH2- r2 FMQr i?2 `2H�iBp2 bBx2b Q7 i?2 K�bb2b Q7 i?2
bmM �M/ i?2 p�`BQmb TH�M2ib bQH2Hv 7`QK Q#b2`p�iBQM Q7 i?2B` ;`�pBi�iBQM�H
BMi2`�+iBQMbX "1_:J�LL �//2/ i?�i i?2 T`BM+BTH2 Q7 2[mBp�H2M+2 K�F2b
� bi�i2K2Mi �#Qmi HQ+�H +QM/BiBQMb QMHvX h?2`27Q`2 vQm +�M /Q QM2 Q7 irQ
i?BM;b, 2Bi?2` URV mb2 � bK�HH /Bz`�+iBQM ;`�iBM; i?�i Bb MQi ;`�pBi�iBQM�H-
Q` UkV mb2 � /Bz`�+iBQM ;`�iBM; K�/2 Q7 TH�M2ibX AM i?Bb +�b2- i?2 +QM/BiBQMb
�`2 +2`i�BMHv MQi HQ+�HX

61uLJ�L +?�`�+i2`Bx2/ i?2 TQBMi r?B+? a�H2+F2` ?�/ `�Bb2/ �b �M BMi2`@
2biBM; TQBMi �M/ � i`m2 TQBMi- #mi MQi M2+2bb�`BHv � T�`�/QtB+�H QM2X A7 i?2
7�HHBM; T�`iB+H2b �`2 MQi �HHQr2/ iQ `2�+i #�+F QM i?2 ;`�iBM;- i?2M �++Q`/@
BM; iQ i?2 +H�bbB+�H i?2Q`v i?2v rBHH �HH 7QHHQr i?2 b�K2 T�i?bX q?2`2�b-
BM i?2 [m�MimK i?2Q`v i?2v rBHH ;Bp2 `Bb2 iQ /Bz2`2Mi /Bz`�+iBQM T�ii2`Mb
/2T2M/BM; QM i?2B` K�bb2bX

a�G1*E1_ i?2M `�Bb2/ �;�BM i?2 [m2biBQM r?v i?2 ;`�pBi�iBQM�H }2H/
M22/b iQ #2 [m�MiBx2/ �i �HHX AM ?Bb QTBMBQM- +?�`;2/ [m�MiBx2/ T�`iB+H2b
�H`2�/v b2`p2 �b bQm`+2b 7Q` � *QmHQK# }2H/ r?B+? Bb MQi [m�MiBx2/X U1/B@
iQ`Ƕb LQi2, a�H2+F2` /B/ MQi K�F2 +QKTH2i2Hv +H2�` r?�i ?2 K2�Mi #v i?BbX
A7 ?2 K2�Mi i?�i bQK2 7Q`+2b +QmH/ #2 `2T`2b2Mi2/ #v �+iBQMb@�i@�@/Bbi�M+2-
i?2M- �Hi?Qm;? ?2 r�b KBbmM/2`biQQ/- ?2 r�b `B;?iX 6Q` i?2 +Q``2bTQM/BM;
}2H/ +�M i?2M #2 2HBKBM�i2/ 7`QK i?2 i?2Q`v �M/ ?2M+2 `2K�BM mM[m�M@
iBx2/X >2 K�v ?�p2 K2�Mi iQ BKTHv i?�i QM2 b?QmH/ i`v iQ #mBH/ mT �
+QKTH2i2Hv �+iBQM@�i@�@/Bbi�M+2 i?2Q`v Q7 ;`�pBi�iBQM- KQ/B}2/ #v i?2 `2H@
�iBpBbiB+ M2+2bbBiB2b Q7 mbBM; #Qi? �/p�M+2/ �M/ `2i�`/2/ BMi2`�+iBQMb �M/
BK#2//2/ BM �M ǳ�#bQ`#2` i?2Q`v Q7 `�/B�iBQMǴ iQ T`2b2`p2 +�mb�HBivX AM
i?Bb +�b2- ;`�pBi�iBQM T2` b2 +QmH/ `2K�BM mM[m�MiBx2/X >Qr2p2`- i?2b2
[m2biBQMb r2`2 MQi /Bb+mbb2/ mMiBH H�i2` BM i?2 b2bbBQMXV

"1GAL6�Lh1 BMbBbi2/ i?�i i?2 *QmHQK# }2H/ Bb [m�MiBx2/ i?`Qm;? i?2
ψ@}2H/X >2 i?2M `2T2�i2/ .2qBiiǶb �`;mK2Mi i?�i Bi Bb MQi HQ;B+�H iQ
�HHQr �M ǳ2tT2+i�iBQM p�Hm2Ǵ iQ b2`p2 �b i?2 bQm`+2 Q7 i?2 ;`�pBi�iBQM�H
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}2H/X h?2`2 �`2 irQ [m�MiBiB2b r?B+? �`2 BMpQHp2/ BM i?2 /2b+`BTiBQM Q7
�Mv [m�MiBx2/ T?vbB+�H bvbi2KX PM2 Q7 i?2K ;Bp2b BM7Q`K�iBQM �#Qmi i?2
;2M2`�H /vM�KB+�H #2?�pBQ` Q7 i?2 bvbi2K- �M/ Bb `2T`2b2Mi2/ #v � +2`i�BM
QT2`�iQ` UQ` QT2`�iQ`bVX h?2 Qi?2` ;Bp2b BM7Q`K�iBQM �#Qmi Qm` FMQrH2/;2
Q7 i?2 bvbi2Kc Bi Bb i?2 bi�i2 p2+iQ`X PMHv #v +QK#BMBM; i?2 irQ +�M QM2
K�F2 T`2/B+iBQMbX PM2 b?QmH/ `2K2K#2`- ?Qr2p2`- i?�i i?2 bi�i2 p2+iQ`
+�M mM/2`;Q � bm//2M +?�M;2 B7 QM2 K�F2b �M 2tT2`BK2Mi QM i?2 bvbi2KX
h?2 H�rb Q7 M�im`2 i?2`27Q`2 mM7QH/ +QMiBMmQmbHv QMHv �b HQM; �b i?2 Q#@
b2`p2` /Q2b MQi #`BM; 2ti`� FMQrH2/;2 Q7 ?Bb QrM BMiQ i?2 TB+im`2X h?Bb
/m�H �bT2+i �TTHB2b iQ i?2 bi`2bb i2MbQ` �b r2HH �b iQ 2p2`vi?BM; 2Hb2X h?2
bi`2bb i2MbQ` Bb �M QT2`�iQ` r?B+? b�iBb}2b +2`i�BM /Bz2`2MiB�H 2[m�iBQMb-
�M/ i?2`27Q`2 +?�M;2b +QMiBMmQmbHvX Ai ?�b- ?Qr2p2`- �M 2tT2+i�iBQM p�Hm2
r?B+? +�M 2t2+mi2 rBH/ DmKTb /2T2M/BM; QM Qm` FMQrH2/;2 Q7 i?2 MmK#2`
�M/ #2?�pBQ` Q7 K�bb T�`iB+H2b BM � +2`i�BM pB+BMBiv @ B7 i?Bb 2tT2+i�iBQM
p�Hm2 r2`2 mb2/ �b i?2 bQm`+2 Q7 i?2 ;`�pBi�iBQM�H }2H/ i?2M i?2 ;`�pBi�@
iBQM�H }2H/ Bib2H7 @ �i H2�bi i?2 bi�iB+ T�`i Q7 Bi @ rQmH/ 2t2+mi2 bBKBH�`
rBH/ DmKTbX PM2 +�M �pQB/ i?Bb bm#D2+iBp2 #2?�pBQ` QM i?2 T�`i Q7 i?2
;`�pBi�iBQM�H }2H/ QMHv #v H2iiBM; Bi iQQ #2+QK2 � +QMiBMmQmbHv +?�M;BM;
QT2`�iQ`- i?�i Bb- #v [m�MiBxBM; BiX h?2b2 +QM+HmbBQMb �TTHv �i H2�bi iQ i?2
bi�iB+ T�`i Q7 i?2 ;`�pBi�iBQM�H }2H/- �M/ Bi Bb ?�`/ iQ b22 ?Qr i?2 bBim�iBQM
+�M #2 Km+? /Bz2`2Mi 7Q` i?2 i`�Mbp2`b2 T�`i Q7 i?2 }2H/- r?B+? /2b+`B#2b
;`�pBi�iBQM�H `�/B�iBQMX
61uLJ�L i?2M K�/2 � b2`B2b Q7 +QKK2Mib Q7 r?B+? i?2 7QHHQrBM; Bb �
bQK2r?�i +QM/2Mb2/ #mi �TT`QtBK�i2Hv p2`#�iBK i`�Mb+`BTi,

ǳAǶ/ HBF2 iQ `2T2�i Dmbi 2t�+iHv r?�i "2HBM7�Mi2 b�B/ rBi? �M 2t�KTH2 @
#2+�mb2 Bi b22Kb +H2�` iQ K2 i?�i r2Ƕ`2 BM i`Qm#H2 B7 r2 #2HB2p2 BM [m�MimK
K2+?�MB+b #mi /QMǶi [m�MiBx2 ;`�pBi�iBQM�H i?2Q`vX amTTQb2 r2 ?�p2 �M
Q#D2+i rBi? bTBM r?B+? ;Q2b i?`Qm;? � ai2`M@:2`H�+? 2tT2`BK2MiX a�v Bi
?�b bTBM Rfk- bQ Bi +QK2b iQ QM2 Q7 irQ +QmMi2`bX
*QMM2+i i?2 +QmMi2`b #v K2�Mb Q7 `Q/b- 2i+X- iQ �M BM/B+�iQ` r?B+? Bb 2Bi?2`
mT r?2M i?2 Q#D2+i �``Bp2b �i +QmMi2` R- Q` /QrM r?2M i?2 Q#D2+i �``Bp2b
�i +QmMi2` kX amTTQb2 i?2 BM/B+�iQ` Bb � HBiiH2 #�HH- R +K BM /B�K2i2`XǴ
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6B;m`2 kjXk

ǳLQr- ?Qr /Q r2 �M�Hvx2 i?Bb 2tT2`BK2Mi �++Q`/BM; iQ [m�MimK K2@
+?�MB+b\ q2 ?�p2 �M �KTHBim/2 i?�i i?2 #�HH Bb mT- �M/ �M �KTHBim/2 i?�i
i?2 #�HH Bb /QrMX h?�i Bb- r2 ?�p2 �M �KTHBim/2 U7`QK � r�p2 7mM+iBQMV
i?�i i?2 bTBM Q7 �M 2H2+i`QM BM i?2 }`bi T�`i Q7 i?2 2[mBTK2Mi Bb 2Bi?2` mT
Q` /QrMX �M/ B7 r2 BK�;BM2 i?�i i?2 #�HH +�M #2 �M�Hvx2/ i?`Qm;? i?2
BMi2`+QMM2+iBQMb mT iQ i?Bb /BK2MbBQM U≈ 1 +KV #v i?2 [m�MimK K2+?�M@
B+b- i?2M #27Q`2 r2 K�F2 �M Q#b2`p�iBQM r2 biBHH ?�p2 iQ ;Bp2 �M �KTHBim/2
i?�i i?2 #�HH Bb mT �M/ �M �KTHBim/2 i?�i i?2 #�HH Bb /QrMX LQr- bBM+2 i?2
#�HH Bb #B; 2MQm;? iQ T`Q/m+2 � `2�H ;`�pBi�iBQM�H }2H/ Ur2 FMQr i?2`2Ƕb
� }2H/ i?2`2- bBM+2 *QmHQK# K2�bm`2/ Bi rBi? � R +K #�HHV r2 +QmH/ mb2
i?�i ;`�pBi�iBQM�H }2H/ iQ KQp2 �MQi?2` #�HH- �M/ �KTHB7v i?�i- �M/ mb2
i?2 +QMM2+iBQMb iQ i?2 b2+QM/ #�HH �b i?2 K2�bm`BM; 2[mBTK2MiX q2 rQmH/
i?2M ?�p2 iQ �M�Hvx2 i?`Qm;? i?2 +?�MM2H T`QpB/2/ #v i?2 ;`�pBi�iBQM�H
}2H/ Bib2H7 pB� i?2 [m�MimK K2+?�MB+�H �KTHBim/2bXǴ

ǳh?2`27Q`2- i?2`2 Kmbi #2 �M �KTHBim/2 7Q` i?2 ;`�pBi�iBQM�H }2H/-
T`QpB/2/ i?�i i?2 �KTHB}+�iBQM M2+2bb�`v iQ `2�+? � K�bb r?B+? +�M T`Q@
/m+2 � ;`�pBi�iBQM�H }2H/ #B; 2MQm;? iQ b2`p2 �b � HBMF BM i?2 +?�BM /Q2b MQi
/2bi`Qv i?2 TQbbB#BHBiv Q7 F22TBM; [m�MimK K2+?�MB+b �HH i?2 r�vX h?2`2
Bb � #�`2 TQbbB#BHBiv Ur?B+? A b?QmH/MǶi K2MiBQM5V i?�i [m�MimK K2+?�MB+b
7�BHb �M/ #2+QK2b +H�bbB+�H �;�BM r?2M i?2 �KTHB}+�iBQM ;2ib 7�` 2MQm;?-
#2+�mb2 Q7 bQK2 KBMBKmK �KTHB}+�iBQM r?B+? vQm +�M ;2i �+`Qbb bm+? �
+?�BMX "mi �bB/2 7`QK i?�i TQbbB#BHBiv- B7 vQm #2HB2p2 BM [m�MimK K2+?�M@
B+b mT iQ �Mv H2p2H i?2M vQm ?�p2 iQ #2HB2p2 BM ;`�pBi�iBQM�H [m�MiBx�iBQM
BM Q`/2` iQ /2b+`B#2 i?Bb 2tT2`BK2MiXǴ

ǳuQm rBHH MQi2 i?�i A mb2 ;`�pBiv �b T�`i Q7 i?2 HBMF BM � bvbi2K QM
r?B+? A ?�p2 MQi v2i K�/2 �M Q#b2`p�iBQMX h?2 QMHv r�v iQ �pQB/ [m�M@
iBx�iBQM Q7 ;`�pBiv Bb iQ bmTTQb2 i?�i B7 i?2 �KTHB}+�iBQM ;2ib #B; 2MQm;?
i?2M BMi2`72`2M+2 2z2+ib +�M BM T`BM+BTH2 MQ HQM;2` TH�v � `QH2 #2vQM/ �
+2`i�BM TQBMi BM i?2 +?�BM- �M/ vQm �`2 MQi �HHQr2/ iQ mb2 [m�MimK K2@
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+?�MB+b QM bm+? � H�`;2 b+�H2X "mi A rQmH/ b�v i?�i i?Bb Bb i?2 QMHv ǵQmiǶ B7
vQm /QMǶi r�Mi iQ [m�MiBx2 ;`�pBivXǴ

"PL.A, ǳq?�i Bb i?2 /Bz2`2M+2 #2ir22M i?Bb �M/ T2QTH2 TH�vBM; /B+2- bQ
i?�i i?2 #�HH ;Q2b QM2 r�v Q` i?2 Qi?2` �++Q`/BM; iQ r?2i?2` i?2v i?`Qr
� bBt Q` MQi\Ǵ

61uLJ�L, ǳ� p2`v ;`2�i /Bz2`2M+2X "2+�mb2 A /QMǶi `2�HHv ?�p2 iQ
K2�bm`2 r?2i?2` i?2 T�`iB+H2 Bb ?2`2 Q` i?2`2X A +�M /Q bQK2i?BM; 2Hb2,
A +�M Tmi �M BMp2`b2 ai2`M@:2`H�+? 2tT2`BK2Mi QM �M/ #`BM; i?2 #2�Kb
#�+F iQ;2i?2` �;�BMX �M/ B7 A /Q Bi rBi? ;`2�i T`2+BbBQM- i?2M A �``Bp2 �i �
bBim�iBQM r?B+? Bb MQi /2`Bp�#H2 bBKTHv 7`QK i?2 BM7Q`K�iBQM i?�i i?2`2 Bb �
8y T2`+2Mi T`Q#�#BHBiv Q7 #2BM; ?2`2 �M/ � 8y T2`+2Mi T`Q#�#BHBiv Q7 #2BM;
i?2`2X AM Qi?2` rQ`/ - i?2 bBim�iBQM �i i?Bb bi�;2 Bb MQi 8y@8y i?�i i?2 /B2
Bb mT Q` /QrM- #mi i?2`2 Bb �M �KTHBim/2 i?�i Bi Bb mT �M/ �M �KTHBim/2
i?�i Bi Bb /QrM @ � +QKTH2t �KTHBim/2 @ �M/ �b HQM; �b Bi Bb biBHH TQbbB#H2 iQ
Tmi i?Qb2 �KTHBim/2b iQ;2i?2` 7Q` BMi2`72`2M+2 vQm ?�p2 iQ F22T [m�MimK
K2+?�MB+b BM i?2 TB+im`2XǴ

ǳAi K�v im`M Qmi- bBM+2 r2Ƕp2 M2p2` /QM2 �M 2tT2`BK2Mi �i i?Bb H2p2H-
i?�i BiǶb MQi TQbbB#H2 @ i?�i #v i?2 iBK2 vQm �KTHB7v i?2 i?BM; iQ � H2p2H
r?2`2 i?2 ;`�pBi�iBQM�H }2H/ +�M ?�p2 �M BM~m2M+2- BiǶb �H`2�/v bQ #B; i?�i
vQm +�MǶi `2p2`b2 Bi @ i?�i i?2`2 Bb bQK2i?BM; i?2 K�ii2` rBi? Qm` [m�MimK
K2+?�MB+b r?2M r2 ?�p2 iQQ Km+? �+iBQM BM i?2 bvbi2K- Q` iQQ Km+? K�bb
@ Q` bQK2i?BM;X "mi i?�i Bb i?2 QMHv r�v A +�M b22 r?B+? rQmH/ F22T vQm
7`QK i?2 M2+2bbBiv Q7 [m�MiBxBM; i?2 ;`�pBi�iBQM�H }2H/X AiǶb � r�v i?�i A
/QMǶi r�Mi iQ T`QTQb2X "mi B7 vQmǶ`2 �`;mBM; H2;�HHv �b iQ ?Qr i?2 bBim�iBQM
bi�M/bXXXǴ

qAhh1L, ǳq?�i T`2p2Mib i?Bb 7`QK #2+QKBM; � T`�+iB+�H 2tT2`BK2Mi\Ǵ

61uLJ�L, ǳq2HH- BiǶb � [m2biBQM Q7 r?�i ;Q2b QM �i i?2 H2p2H r?2`2
i?2 #�HH ~BTb QM2 r�v Q` i?2 Qi?2`X AM i?2 �KTHB7vBM; �TT�`�imb i?2`2Ƕb
�H`2�/v �M mM+2`i�BMiv @ HQbb Q7 2H2+i`QMb BM i?2 �KTHB}2`- MQBb2- 2i+X @ bQ
i?�i #v i?Bb bi�;2 i?2 BM7Q`K�iBQM Bb +QKTH2i2Hv /2i2`KBM2/X h?2M BiǶb �
/B2 �`;mK2MiXǴ

ǳuQm KB;?i �`;m2 i?Bb r�v, aQK2r?2`2 BM vQm` �TT�`�imb i?Bb B/2�
Q7 �KTHBim/2 ?�b #22M HQbiX uQm /QMǶi M22/ Bi �Mv KQ`2- bQ vQm /`QT BiX
h?2 r�p2 T�+F2i rQmH/ #2 `2/m+2/ UQ` bQK2i?BM;VX 1p2M i?Qm;? vQm /QMǶi
FMQr r?2`2 BiǶb `2/m+2/- BiǶb `2/m+2/X �M/ i?2M vQm +�MǶi /Q �M 2tT2`BK2Mi
r?B+? /BbiBM;mBb?2b BMi2`72`BM; �Hi2`M�iBp2b 7`QK Dmbi TH�BM Q//b UHBF2 rBi?
/B+2VXǴ
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ǳh?2`2Ƕb +2`i�BMHv MQi?BM; iQ T`2p2Mi i?Bb 2tT2`BK2Mi 7`QK #2BM; +�`@
`B2/ Qmi �i i?2 H2p2H �i r?B+? A K�F2 i?2 i?BM; ;Q Ƕ+HBMF@+H�MF-Ƕ #2+�mb2
r2 /Q Bi 2p2`v /�v, q2 bBi i?2`2 �M/ r2 r�Bi 7Q` � +QmMi BM i?2 +?�K#2`
@ �M/ i?2M r2 Tm#HBb?- BM i?2 S?vbB+�H _2pB2r- i?2 BM7Q`K�iBQM i?�i r2Ƕp2
Q#i�BM2/ QM2 TB K2bQM @ �M/ i?2M BiǶb T`BMi2/ U#�M;5V QM i?2 T`BMiBM;
T`2bb2b @ bi�+F2/ �M/ b2Mi /QrM iQ bQK2 #�+F `QQK @ �M/ Bi KQp2b i?2
;`�pBi�iBQM�H }2H/5Ǵ

ǳh?2`2Ƕb MQ [m2biBQM i?�i B7 vQm ?�p2 �HHQr2/ i?�i Km+? �KTHB}+�iBQM
vQm ?�p2 `2/m+2/ i?2 r�p2 T�+F2iX PM i?2 Qi?2` ?�M/ Bi K�v #2 i?�i r2
+�M i?BMF Q7 �M 2tT2`BK2Mi @ Bi K�v #2 rQ`i?r?BH2- �b � K�ii2` Q7 7�+i-
iQ i`v iQ /2bB;M �M 2tT2`BK2Mi r?2`2 vQm +�M BMp2`i bm+? �M 2MQ`KQmb
�KTHB}+�iBQMXǴ
"1_:J�LL, ǳAM Qi?2` rQ`/b- B7 Bi Bb 2bi�#HBb?2/ i?�i MQ#Q/v `2�/b i?2
S?vbB+�H _2pB2r- i?2M i?2`2 Bb � /2}MBi2 8y T2`+2Mi mM+2`i�BMivXXXǴ
61uLJ�L, ǳq2HH- bQK2 Q7 i?2 +QTB2b ;2i HQbiX �M/ B7 bQK2 Q7 i?2 +QTB2b
;2i HQbi- r2 ?�p2 iQ /2�H rBi? T`Q#�#BHBiB2b �;�BMXǴ
_Pa1L61G., ǳA /Q MQi b22 i?�i vQm +�M +QM+Hm/2 7`QK vQm` �`;mK2Mi
i?�i vQm Kmbi [m�MiBx2 i?2 ;`�pBi�iBQM�H }2H/X "2+�mb2 BM i?Bb 2t�KTH2 �i
�Mv `�i2- i?2 [m�MimK /BbiBM+iBQM ?2`2 ?�b #22M T`Q/m+2/ #v Qi?2` 7Q`+2b
i?�M ;`�pBi�iBQM�H 7Q`+2bXǴ
61uLJ�L, ǳq2HH- bmTTQb2 A +QmH/ ;2i i?2 r?QH2 i?BM; iQ rQ`F bQ i?�i
i?2`2 rQmH/ #2 bQK2 FBM/ Q7 BMi2`72`2M+2 T�ii2`MX AM Q`/2` iQ /2b+`B#2 Bi A
rQmH/ r�Mi iQ i�HF �#Qmi i?2 BMi2`�+iBQM #2ir22M QM2 #�HH �M/ i?2 Qi?2`X
A +QmH/ i�HF �#Qmi i?Bb �b � /B`2+i BMi2`�+iBQM HBF2 ψ2/ri jX Uh?Bb Bb `2H�i2/
iQ i?2 /Bb+mbbBQM Q7 r?2i?2` 2H2+i`Qbi�iB+b Bb [m�MiBx2/ Q` MQiXV >Qr2p2`-
B7 vQm T2`KBi K2 iQ /2b+`B#2 ;`�pBiv �b � }2H/ i?2M A Kmbi BM i?2 �M�HvbBb
BMi`Q/m+2 i?2 B/2� i?�i i?2 }2H/ ?�b i?Bb p�Hm2 rBi? � +2`i�BM �KTHBim/2- Q`
i?�i p�Hm2 rBi? � +2`i�BM �KTHBim/2X h?Bb Bb � ivTB+�H [m�MimK `2T`2b2M@
i�iBQM Q7 � }2H/X Ai +�MǶi #2 `2T`2b2Mi2/ #v � +H�bbB+�H [m�MiBivX uQm +�MǶi
b�v r?�i i?2 }2H/ BbX uQm +�M QMHv b�v i?�i Bi ?�b � +2`i�BM �KTHBim/2 iQ
#2 i?Bb �M/ � +2`i�BM �KTHBim/2 iQ #2 i?�i- �M/ i?2 �KTHBim/2b K�v 2p2M
BMi2`72`2 �;�BMXXX TQbbB#HvX h?�i Bb- B7 BMi2`72`2M+2 Bb biBHH TQbbB#H2 �i bm+? �
H2p2HXǴ
_Pa1L61G., ǳ"mi r?�i BMi2`72`2b ?�b MQi?BM; iQ /Q rBi? ;`�pBi�iBQMXǴ
61uLJ�L, ǳh?�iǶb i`m2 XXX r?2M vQm }MBb? i?2 r?QH2 2tT2`BK2Mi �M/
�M�Hvx2 i?2 `2bmHibX "mi- B7 r2 �M�Hvx2 i?2 2tT2`BK2Mi BM iBK2 #v i?2
T`QT�;�iBQM Q7 �M �KTHBim/2 @ b�vBM; i?2`2 Bb � +2`i�BM �KTHBim/2 iQ #2
?2`2- �M/ i?2M � +2`i�BM �KTHBim/2 i?�i i?2 r�p2b T`QT�;�i2 i?`Qm;? i?2`2-
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�M/ bQ QM @ r?2M r2 +QK2 �+`Qbb i?Bb HBMF @ B7 vQmǶHH T2`KBi K2 iQ `2T`2b2Mi
Bi #v � ;`�pBi�iBQM�H }2H/ @ A Kmbi- �i i?Bb bi�;2 BM iBK2- #2 �#H2 iQ b�v
i?�i i?2 bBim�iBQM Bb `2T`2b2Mi2/ MQr MQi #v � T�`iB+H2 ?2`2- MQi #v � `2bmHi
Qp2` i?2`2- #mi #v � +2`i�BM �KTHBim/2 7Q` i?2 }2H/ iQ #2 i?Bb r�v �M/ �
+2`i�BM �KTHBim/2 iQ #2 i?�i r�vX �M/ B7 A ?�p2 �M �KTHBim/2 7Q` � }2H/-
i?�iǶb r?�i A rQmH/ /2}M2 �b � [m�MiBx2/ }2H/XǴ

"PL.A, ǳh?2`2 Bb � HBiiH2 /B{+mHiv ?2`2 U;2iiBM; QMiQ QM2 Q7 Kv QH/
?Q##v ?Q`b2b �;�BM5V B7 A `B;?iHv mM/2`bi�M/ i?Bb- r?B+? AǶK MQi bm`2 i?�i
A /Q, h?2 HBMF�;2 Kmbi MQi +QMi�BM �Mv B``2p2`bB#H2 2H2K2MibX LQr- B7 Kv
;`�pBi�iBQM�H HBMF `�/B�i2b- HǶp2 ?�/ Bi5Ǵ

61uLJ�L, ǳu2b- vQmǶp2 ?�/ Bi5 _B;?iX aQ- �b vQm /Q i?2 2tT2`BK2Mi vQm
HQQF 7Q` bm+? � TQbbB#BHBiv #v MQiBM; � /2+`2�b2 Q7 2M2`;v Q7 i?2 bvbi2KX uQm
QMHv i�F2 i?Qb2 +�b2b BM r?B+? i?2 HBMF /Q2bMǶi `�/B�i2X h?2 b�K2 T`Q#H2K
Bb BMpQHp2/ BM �M 2H2+i`Qbi�iB+ HBMF- �M/ Bb MQi � `2H2p�Mi /B{+mHivXǴ

"PL.A, ǳP? v2b- #2+�mb2 BM i?2 2H2+i`Qbi�iB+ +�b2 A +�M Tmi � +QM/m+iBM;
bT?2`2 �`QmM/ Bi XXXǴ

61uLJ�L, ǳAi /Q2bMǶi K�F2 �Mv /Bz2`2M+2 B7 Bi `�/B�i2bX A7 2p2`v QM+2
BM � r?BH2 i?2 T�`iB+H2 r?B+? Bb BMpQHp2/ Bb /2~2+i2/ B``2p2`bB#Hv BM bQK2
r�v- vQm Dmbi `2KQp2 i?Qb2 +�b2b 7`QK vQm` 2tT2`BK2MiX h?2 Q++m``2M+2
+QmH/ #2 Q#b2`p2/ #v bQK2 K2i?Q/ QmibB/2XǴ

"1_:J�LL, ǳS`2bmK�#Hv i?2 +`Qbb b2+iBQM 7Q` ;`�pBi�iBQM�H `�/B�iBQM
Bb 2ti`2K2HvXXXǴ

61uLJ�L, ǳ�M/ 7m`i?2`KQ`2- r2 +�M 2biBK�i2 r?�i i?2 Q//b �`2 i?�i
Bi rBHH MQi ?�TT2MXǴ

"PL.A, ǳAǶK Dmbi i`vBM; iQ #2 /B{+mHiXǴ

:PG., ǳ"mi i?�i M22/ MQi K2�M i?�i i?2`2 Bb bQK2 T`Q7QmM/ i?BM; r`QM;
rBi? vQm` [m�MimK i?2Q`vX Ai +�M K2�M K2`2Hv i?�i r?2M vQm ;Q BMiQ i?2
/2i�BHb Q7 ?Qr iQ K�F2 �M QTXXXǴ

61uLJ�L, ǳh?2`2 rQmH/ #2 � M2r T`BM+BTH25 Ai rQmH/ #2 7mM/�K2Mi�H5
h?2 T`BM+BTH2 rQmH/ #2, @ `Qm;?Hv, �Mv TB2+2 Q7 2[mBTK2Mi �#H2 iQ �KTHB7v
#v bm+? �M/ bm+? � 7�+iQ` (10−5 ;`�Kb Q` r?�i2p2` Bi BbV M2+2bb�`BHv Kmbi
#2 Q7 bm+? � M�im`2 i?�i Bi Bb B``2p2`bB#H2X Ai KB;?i #2 i`m25 "mi �i H2�bi
Bi rQmH/ #2 7mM/�K2Mi�H #2+�mb2 Bi rQmH/ #2 � M2r T`BM+BTH2X h?2`2 �`2
irQ TQbbB#BHBiB2bX 1Bi?2` i?Bb T`BM+BTH2 @ i?Bb KBbbBM; T`BM+BTH2 @ Bb `B;?i-
Q` vQm +�M �KTHB7v iQ �Mv H2p2H �M/ biBHH K�BMi�BM BMi2`72`2M+2- BM r?B+?
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+�b2 BiǶb �#bQHmi2Hv BKT2`�iBp2 i?�i i?2 ;`�pBi�iBQM�H }2H/ #2 [m�MiBx2/ XXX
A #2HB2p25 Q` i?2`2Ƕb �MQi?2` TQbbB#BHBiv r?B+? A ?�p2MǶi i?Qm;?i Q7XǴ
"l*EAL:>�J, ǳh?2 b2+QM/ TQbbB#BHBiv H�M/b vQm #�+F BM i?2 b�K2 /B7@
}+mHiv �;�BMX A7 vQm +QmH/ �KTHB7v iQ �Mv 7�+iQ`- vQm +QmH/ `2/m+2 iQ �
M2;HB;B#H2 T`QTQ`iBQM �M �//BiBQM�H bB;M�H iQ i�F2 �M Q#b2`p�iBQM QM- b�v-
i?Qb2 #�HHbXǴ
61uLJ�L, ǳLQ5Ǵ
"l*EAL:>�J, ǳ"2+�mb2 vQm QMHv M22/ QM2 HB;?i [m�MimKXǴ
61uLJ�L, ǳLQ5Ǵ
"l*EAL:>�J, ǳA7 vQm +QmH/ �KTHB7v mT iQ �Mv 7�+iQ` i?Bb #2+QK2b
M2;HB;B#H2XǴ
61uLJ�L, ǳAi /2T2M/b5 XXX uQm b22 UTQBMiBM; iQ � #H�MF bT�+2 QM i?2
#H�+F#Q�`/V i?Bb bi�i2K2Mi i?�i A ?�p2 r`Bii2M ?2`2 Bb MQi r`Bii2M p2`v
T`2+Bb2Hv �b � K�ii2` Q7 7�+i B7 vQm HQQF �i Bi vQm T`Q#�#Hv +�MǶi 2p2M b22
i?2 rQ`/bX A ?�p2MǶi i?Qm;?i Qmi ?Qr iQ b�v Bi T`QT2`HvX Ai BbMǶi bBKTHv �
K�ii2` Q7 �KTHB7vBM; iQ �Mv 7�+iQ`X AiǶb iQQ +`m/2 @ AǶK i`vBM; iQ 722H Kv
r�vX q2 FMQr i?�i BM �Mv TB2+2 Q7 �TT�`�imb i?�i ?�b 2p2` #22M #mBHi Bi
rQmH/ #2 � T?2MQK2M�HHv /B{+mHi i?BM; iQ �``�M;2 i?2 2tT2`BK2Mi bQ �b iQ
#2 `2p2`bB#H2X "mi Bb Bi BKTQbbB#H2\ h?2`2Ƕb MQi?BM; BM [m�MimK K2+?�MB+b
r?B+? b�vb i?�i vQm +�MǶi ;2i BMi2`72`2M+2 rBi? � K�bb Q7 10−5 ;`�K @ Q`
QM2 ;`�KXǴ
"l*EAL:>�J, ǳP?- v2bX q?�i AǶK b�vBM;- i?Qm;?- Bb i?�i i?2 H�rb
?�p2 iQ #2 bm+? i?�i i?2 2z2+i Q7 QM2 HB;?i [m�MimK Bb bm{+B2Mi iQ /2i2`@
KBM2 r?B+? bB/2 i?2 #�HH Bb QM- �M/ rQmH/ #2 2MQm;? iQ /Bbim`# i?2 r?QH2
2tT2`BK2MiXǴ
61uLJ�L, ǳ*2`i�BMHv5 h?�iǶb �Hr�vb i`m2X h?�iǶb Dmbi �b i`m2 MQ K�ii2`
r?�i i?2 K�bb BbXǴ
�L.1_aPL, ǳamTTQb2 � M2mi`�H 2H2K2Mi�`v T�`iB+H2 `2�HHv ?�b � ;`�pB@
i�iBQM�H }2H/ �bbQ+B�i2/ rBi? Bi r?B+? vQm +QmH/ �+im�HHv mb2 BM i?2 +�mb�H
HBMFX h?2 i?BM; i?�i #Qi?2`b vQm Bb i?�i vQm K�v #2 ;2iiBM; bQK2i?BM;
i?�i Bb iQQ bK�HH iQ T`Q/m+2 � ;`�pBi�iBQM�H }2H/XǴ
61uLJ�L, ǳAiǶb � [m2biBQM Q7 /2bB;MX A K�/2 �M �bbmKTiBQM BM i?Bb
�M�HvbBb i?�i B7 A K�F2 i?2 K�bb iQQ bK�HH i?2 }2H/b �`2 bQ r2�F A +�MǶi
;2i i?2 2tT2`BK2Mi iQ QT2`�i2X h?�i KB;?i #2 r`QM; iQQX Ai K�v #2 i?�i
B7 vQm �M�Hvx2 Bi +HQb2 2MQm;?- vQmǶHH b22 i?�i A +�M K�F2 Bi ;Q i?`Qm;? �
;`�pBi�iBQM�H HBMF rBi?Qmi �HH i?�i �KTHB}+�iBQM @ BM r?B+? +�b2 i?2`2Ƕb MQ
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[m2biBQMX �i i?2 KQK2Mi �HH A +�M b�v Bb i?�i r2Ƕ/ #2ii2` [m�MiBx2 i?2
;`�pBi�iBQM�H }2H/- Q` 2Hb2 }M/ � M2r T`BM+BTH2XǴ

a�G1*E1_, ǳA7 vQm �bbmK2 i?�i ;`�pBi�iBQM �`Bb2b �b � bQ`i Q7 bi�iBbiB+�H
T?2MQK2MQM Qp2` � H�`;2 MmK#2` Q7 2H2K2Mi�`v T�`iB+H2b- i?2M vQm �HbQ
+�MMQi T2`7Q`K i?Bb 2tT2`BK2MiXǴ

61uLJ�L, ǳu2b- Bi /2T2M/b r?�i i?2 Q`B;BM BbX PM2 b?QmH/ i?BMF �#Qmi
/2bB;MBM; �M 2tT2`BK2Mi r?B+? mb2b � ;`�pBi�iBQM�H HBMF �M/ �i i?2 b�K2
iBK2 b?Qrb [m�MimK BMi2`72`2M+2 @ r?�i /BK2MbBQMb �`2 BMpQHp2/- 2i+X P`
B7 vQm bmTTQb2 i?�i 2p2`v 2tT2`BK2Mi Q7 i?Bb FBM/ Bb BKTQbbB#H2 iQ /Q- vQm
Kmbi i`v iQ bi�i2 r?�i i?2 ;2M2`�H T`BM+BTH2 Bb- #v i`vBM; � 72r 2t�KTH2bX
"mi vQm ?�p2 iQ bi�i2 Bi `B;?i- �M/ i?�i rBHH i�F2 bQK2 i?BMFBM;XǴ

.1 qAhh i?2M `2K�`F2/ i?�i i?2`2 Bb biBHH �MQi?2` ivT2 Q7 2tT2`BK2Mi
r?B+? KB;?i bQK2 /�v ?2HT iQ /2+B/2 i?2 [m2biBQM Q7 r?2i?2` Q` MQi i?2
;`�pBi�iBQM�H }2H/ Bb [m�MiBx2/ @ M�K2Hv- T`Q/m+BM; UQ` }M/BM; BM +QbKB+
`�vbV T�`iB+H2b ?�pBM; 2M2`;B2b Q7 1019 "2p �M/ Q#b2`pBM; i?2B` BMi2`�+iBQMbX
�i i?2 H2p2H Q7 bm+? bi`m+im`2b �b ǳrQ`K?QH2bǴ i?2b2 �`2 i?2 2M2`;B2b BM
r?B+? QM2 Bb BMi2`2bi2/X

_Pa1L61G. i?2M ;�p2 �M �KmbBM; ?BbiQ`B+�H bm`p2v BM r?B+? ?2 T`2@
b2Mi2/ bQK2 Q7 i?2 B/2�b r?B+? 6�`�/�v �M/ J�tr2HH ?�/ QM ;`�pBi�iBQMX
6�`�/�v �ii2KTi2/ iQ K2�bm`2 i?2 �#BHBiv Q7 � KQpBM; ;`�pBi�iBQM�H }2H/
iQ BM/m+2 2H2+i`B+ +m``2Mi #v KQpBM; � +QBH Q7 rB`2 Q` � ?2�pv K�bb mT �M/
/QrMX �Hi?Qm;? ?2 /2i2+i2/ MQ 2z2+i- ?2 r�b +QMpBM+2/ i?�i bm+? �M 27@
72+i Kmbi M2p2`i?2H2bb 2tBbiX Ai bi`m+F 6�`�/�v i?�i �M BKTQ`i�Mi /Bz2`2M+2
#2ir22M i?2 ;`�pBi�iBQM�H �M/ 2H2+i`B+ }2H/b r�b i?�i- �TT�`2MiHv- ;`�pBi�@
iBQM�H 2M2`;v r�b MQi �#bQ`#2/ #v K�ii2`X Ai �HbQ TmxxH2/ J�tr2HH i?�i
i?2 ;`�pBi�iBQM�H HBM2b Q7 7Q`+2 BM i?2 pB+BMBiv Q7 irQ BMi2`�+iBM; K�bb2b
2t?B#Bi2/ � #2?�pBQ` r?B+? /B/ MQi b22K iQ T2`KBi i?2 BMi`Q/m+iBQM Q7
bi`2bb2b BM i?2 2i?2` iQ 2tTH�BM i?2 �ii`�+iBQM Q7 i?2 K�bb2bc i?2 HBM2b Q7
7Q`+2 ?�p2 i?2 K�bb2b 7Q` i?2B` bQm`+2b- #mi /Q MQi 2M/ QM i?2K, i?2v
2t2`i � Tmb?- �M/ MQi � TmHH- QM i?2 K�bb2bX Ai b22Kb i?�i i?2v ?�p2 iQ
2M/ QM bQK2 7�`@�r�v K�bb /Bbi`B#miBQM- r?B+? i?2v +�M bQ iQ bT2�F i�F2
�b bmTTQ`i iQ Tmb? i?2 K�bb2b M2�`2` iQ 2�+? Qi?2` �M/ i?Bb ;Bp2b `Bb2 iQ
i?2B` �TT�`2Mi ǳ�ii`�+iBQMXǴ

_Pa1L61G. i?2M `�Bb2/ i?2 [m2biBQM Q7 i?2 2tBbi2M+2 Q7 ;`�pBi�@
iBQM�H r�p2bX 6Q`K�HHv- QM2 +�M ;2i � bT?2`B+�H r�p2 r?B+? /2T2M/b QM
i?2 i?B`/ iBK2 /2`Bp�iBp2 Q7 i?2 [m�/`mTQH2 /Bbi`B#miBQM Q7 K�bb2bX h?Bb
bQHmiBQM ?�b #22M Q#i�BM2/- BM i?2 HBM2�` T`Q;`�K- #v 2tT�M/BM; �`QmM/
i?2 JBMFQrbFB K2i`B+X >Qr2p2`- _Qb2M72H/ /Q2b MQi FMQr B7 i?Bb r�p2 ?�b
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� /2}MBi2 T?vbB+�H K2�MBM; #2+�mb2 i?2 2M2`;v i`�MbTQ`i2/ BM i?Bb r�v Bb
MQi /2b+`B#2/ #v � i2MbQ` #mi #v �M 2tT`2bbBQM r?B+? ?�b K2�MBM; QMHv
rBi? `272`2M+2 iQ i?2 bT�+2 +?Qb2M 7Q` #�+F;`QmM/X h?Bb mM+2`i�BMiv �#Qmi
i?2 2tBbi2M+2 Q7 r�p2b ?�b HQM; T`2p2Mi2/ T2QTH2 HBF2 :mTi�- 7Q` BMbi�M+2-
7`QK [m�MiBxBM; i?2KX ǳAi b22Kb iQ K2 i?�i i?2 [m2biBQM Q7 i?2 2tBbi2M+2
�M/ �#bQ`TiBQM Q7 r�p2b Bb +`m+B�H 7Q` i?2 [m2biBQM r?2i?2` i?2`2 Bb �Mv
K2�MBM; BM [m�MiBxBM; ;`�pBi�iBQMX AM 2H2+i`Q/vM�KB+b i?2 r?QH2 B/2� Q7
[m�MiBx�iBQM +QK2b 7`QK i?2 `�/B�iBQM }2H/- �M/ i?2 QMHv i?BM; r2 FMQr
7Q` bm`2 ?Qr iQ [m�MiBx2 Bb i?2 Tm`2 `�/B�iBQM }2H/X

ǳLQr i?2 �`;mK2Mib i?�i 62vMK�M ?�b Dmbi `�Bb2/ �#Qmi i?2 M2+2bbBiv
Q7 [m�MiBxBM; ;`�pBi�iBQM- B7 QM2 ?�b iQ �pQB/ +QMi`�/B+iBQM rBi? i?2 mM+2`@
i�BMiv T`BM+BTH2- /B/ MQi +QMpBM+2 K2 +QKTH2i2Hv @ i?Qm;? A Kmbi +QM72bb
A +�MMQi `27mi2 i?2KX AM ?Bb 7�KQmb /2pB+2 Q7 i?2 irQ ?QH2b- i?2 B/2� Bb
i?�i i?2 KQiBQM Q7 i?2 K�bb rBHH b?Qr i?`Qm;? r?B+? ?QH2 i?2 2H2+i`QM
?�b T�bb2/X A /Q MQi FMQr B7 Bi Bb �b 2�bv �b i?�i- #2+�mb2 B7 vQm Tmi i?2
+QM/BiBQM i?�i i?2 2t+?�M;2 Q7 KQK2MimK #2ir22M i?2 2H2+i`QM �M/ i?Bb
K�bb /Q2b MQi /Bbim`# i?2 BMi2`72`2M+2 T�ii2`M- Bi K2�Mb i?�i i?2 /2pB�iBQM
Q7 i?2 2H2+i`QM /m2 iQ i?2 KQK2MimK Bi ?�b `2+2Bp2/ Kmbi H2�/ iQ � /2@
pB�iBQM r?B+? Bb H2bb i?�M i?2 /Bbi�M+2 #2ir22M i?2 7`BM;2bX h?Bb /Bbi�M+2
#2ir22M i?2 7`BM;2b Bb δx = λ l

2a X LQr B7 vQm ;Bp2 �M 2ti`� KQK2MimK δ p iQ
i?2 2H2+i`QM-i?Bb rQmH/ T`Q/m+2 � /BbTH�+2K2Mi δ ′x = δ p

p l �M/ i?Bb Kmbi #2
bK�HH2` i?�M λ l

2a X h?Bb K2�Mb i?�i δ p < λ p
2a = h̄

2a X "mi i?Bb K2�Mb i?�i i?2
mM+2`i�BMiv BM TQbBiBQMQ7 i?2 K�bb Kmbi #2 H�`;2` i?�M 2a �M/ r2 /QMǶi
FMQr r?2i?2` i?2 K�bb Bb �i i?Bb ?QH2 Q` i?�i ?QH2XǴ

6B;m`2 kjXj
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61uLJ�L, ǳl?- v2b XXX A FMQrX A KB;?i ?�p2 iQ mb2 ;`�pBiQMb iQ b+�ii2`
i?2 T�`iB+H2- �M/ i?2M K�F2 bQK2 FBM/ Q7 �bbmKTiBQM i?�i A +�M K2�bm`2
i?2 ;`�pBiv r�p2- MQ K�ii2` ?Qr r2�F Bi BbX LQr B7 A +QMbB/2` QMHv ;`�pBiQ@
bi�iB+b- A biBHH ?�p2 � T`Q#H2KX A biBHH ?�p2 � [m�MimK i?2Q`v Q7 ;`�pBivX
�Hi?Qm;? Bi Bb b�B/ i?�i i?2`2 Bb MQ [m�MimK i?2Q`v Q7 2H2+i`Qbi�iB+b- i?2`2
Bb `2�HHv- A i?BMFX h?2 r`BiBM; Q7 e2

ri j
BM i?2 a+?`ƺ/BM;2` 2[m�iBQM `2KQp2b

2H2+i`Q@bi�iB+b 7`QK � }2H/ i?2Q`v �M/ K�F2b Bi BMiQ i?2 [m�MiBx�iBQM Q7 �
`�i?2` bBKTH2 }2H/X A biBHH i?BMF- BM � +2`i�BM b2Mb2- i?�i r?2M vQm `2T`2b2Mi
Bi �b � }2H/- �M/ MQi �b � bQHmiBQM r?B+? Bb i?2 `2bmHi Q7 � }2H/- i?�i r2
biBHH ?�p2 iQ [m�MiBx2 Bi BM Q`/2` iQ ;2i Bi iQ rQ`FXǴ
:PG., ǳAi +QmH/ #2 i?�i BM�++m`�+B2b �`2 �Hr�vb BMi`Q/m+2/ #2+�mb2 MQ
2tT2`BK2Mi +�M #2- }M�HHv- ;`�pBi�iBQM�H QMHvX Ai Bb TQbbB#H2 i?�i i?2 2t@
BbiBM; [m�MimK i?2Q`v rBHH �H`2�/v �Hr�vb K�F2 bm`2 i?�i MQi?BM; +�M #2
K2�bm`2/ rBi?Qmi bm{+B2Mi �++m`�+vXǴ
61uLJ�L, ǳA7 A r`Bi2 /QrM � i2`K G mm′

ri j
BM i?2 2[m�iBQM 7Q` i?2 mMBp2`b2

�M/ B7 A ?�p2 QMHv T�`iB+H2b BM i?2 bvbi2K rBi? MQ [m2biBQM Q7 }2H/ p�`B�#H2-
Bb i?Bb � [m�MimK i?2Q`v Q7 ;`�pBi�iBQM Q` Bb Bi � +H�bbB+�H i?2Q`v\ h?�iǶb �
[m2biBQM Q7 /2}MBiBQMX AM Qi?2` rQ`/b- r?2M i?Bb i2`K Bb BM+Hm/2/ ?�b i?2
;`�pBi�iBQM }2H/ #22M [m�MiBx2/\Ǵ
_Pa1L61G., ǳh?2 +H�bbB+�H i?2Q`v Q7 i?2 ;`�pBi�iBQM }2H/ rQmH/ ;Bp2
vQm i?Bb i2`KXǴ
61uLJ�L, ǳLQ- Bi rQmH/ MQi- #2+�mb2 Bi +�MMQi T`Q/m+2 � a+?`ƺ/BM;2`
2[m�iBQMc Bi ;Bp2b vQm � 7Q`+2 #2ir22M irQ TQBMib- �M/ i?2M vQm BMi2`T`2i
i?�i 2M2`;v �b � >�KBHiQMB�M 7Q` i?2 T�`iB+H2bXǴ
_Pa1L61G., ǳh?�i Bb QMHv B7 vQm BKTQb2 mTQM K2 i?2 Q#HB;�iBQM iQ bi�`i
7`QK � >�KBHiQMB�MXǴ
61uLJ�L, ǳu2b @ aQ B7 r2 +QMbB/2` L2riQMB�M ;`�pBi�iBQM �HQM2 r2
rQmH/ MQi ?�p2 iQ �`;m2 r?2i?2` iQ [m�MiBx2 Q` MQi Ur?�i2p2` vQm +�HH
i?Bb T`Q+2bb Q7 BM+Hm/BM; � i2`K BM i?2 >�KBHiQMB�MVc #mi B7 r2 +QMbB/2`
i?2 /vM�KB+ �bT2+i �M/ B7 r2 /Q MQi +QMbB/2` i?Bb T`Q+2bb �b [m�MiBx�iBQM-
i?2M Kv 2tT2`BK2Mi /Q2b MQi T`Qp2 i?2 M2+2bbBiv 7Q` [m�MiBx�iBQMXǴ
"PL.A, ǳ.Q2b i?Bb K2�M- i?2M- B7 i?2`2 r2`2 MQ ;`�pBi�iBQM�H r�p2b- vQm
rQmH/ MQi 722H i?�i i?Bb 2tT2`BK2Mi rQmH/ T`Qp2 i?2 M22/ 7Q` [m�MiBx�@
iBQM\Ǵ
61uLJ�L, ǳAi /2T2M/b QM vQm` /2}MBiBQM- �b A i`B2/ iQ 2tTH�BM- Q7 [m�M@
iBx�iBQMX A7 A +�M mb2 Kv Qi?2` 2tT2`BK2Mi @ r?B+? Bb Dmbi 2t�+iHv i?2 b�K2-



kjX h?2 L2+2bbBiv Q7 :`�pBi�iBQM�H Zm�MiBx�iBQM k8N

#mi Bb � HBiiH2 +H2�`2` BM � +2`i�BM `2bT2+i- #2+�mb2 i?2 K�bb KQp2b #�+F
�M/ 7Q`i? @ i?2 [m2biBQM Bb, >Qr /Q r2 �M�Hvx2 i?2 bBim�iBQM\ LQr HBbi2M-
r2 +�M �M�Hvx2 �b r2 ;Q �HQM; �M/ +mi i?2 i?BM; BM i?2 KB//H2 B7 r2 r�Mi
iQ- �M/ b�v i?�i i?Bb T`Q/m+2b � }2H/ �M/ i?2 }2H/ �+ib QM i?2 Qi?2` QM2X
h?�iǶb QM2 r�v Q7 `2T`2b2MiBM; BiX A7 r2 /Q Bi i?�i r�v- i?2M r2 ?�p2 iQ
?�p2 �M �KTHBim/2 7Q` i?2 }2H/ #2BM; ?2`2 �M/ �M �KTHBim/2 7Q` i?2 }2H/
#2BM; i?2`2X h?2 ;`�pBi�iBQM�H }2H/ ?�b iQ #2 [m�MiBx2/X AM+B/2Mi�HHv-
i?Bb mb2b QMHv ;`�pBiQ@bi�iB+bX "mi i?2`2Ƕb �MQi?2` r�v Q7 `2T`2b2MiBM; i?2
b�K2 i?BM;- �M/ i?�i Bb i?2`2 Bb �M �+iBQM �i � /Bbi�M+2 #2ir22M i?2 irQ
T�`iB+H2b, i?2M r2 /Q MQi ?�p2 iQ �M�Hvx2 Bi BM i?2 BMi2`K2/B�i2 `�M;2 �b
� 7mM+iBQM Q7 iBK2X A �K bQ``v A /B/ biQT �i i?2b2 bm#iH2iB2b r?2M A K�/2
mT i?Bb 2t�KTH2XǴ

"PL.A, ǳh?�i Bb p2`v Km+? +H2�`2` MQrX Ai /Q2b b22K iQ K2 i?�i i?Bb
p2t2/ [m2biBQM Q7 i?2 2tBbi2M+2 Q7 ;`�pBi�iBQM r�p2b /Q2b #2+QK2 KQ`2
BKTQ`i�Mi 7Q` i?Bb `2�bQMXǴ

61uLJ�L, ǳu2bX h?2`2Ƕb � /2H�v BM i?Bb 2[mBTK2MiX A7 i?2`2Ƕb `2�H
/2H�v BM i?Bb 2[mBTK2Mi- i?2 BM7Q`K�iBQM Bb biQ`2/ BM i?2 }2H/ �M/ +�MǶi #2
2ti`�+i2/ #v HQQFBM; �i i?2 T�`iB+H2b Q7 i?2 2[mBTK2Mic �M/ B7 � [m�MimK
i?2Q`v Q7 i?2 ;`�pBi�iBQM�H }2H/ Bb MQi M2+2bb�`v- i?2`2 Bb �MQi?2` TQbbB#H2
i?2Q`v, i?2 �+iBQM �i � /Bbi�M+2 i?2Q`v Q7 ;`�pBivX h?�i Bb �MQi?2` r�v
QmiX Ai K�v MQi #2 M2+2bb�`v iQ ?�p2 � ;`�pBi�iBQM�H }2H/ �i �HHXǴ

_Pa1L61G., ǳq2HH- i?2 H�bi TQBMi �#Qmi r?B+? A rQ``v p2`v Km+? Bb
i?Bb, Ai Bb /B{+mHi 7Q` K2 iQ BK�;BM2 � [m�MiBx2/ K2i`B+ mMH2bb- Q7 +Qm`b2-
i?Bb [m�MiBx�iBQM Q7 i?2 K2i`B+ Bb `2H�i2/ iQ i?2 /22T@b2�i2/ HBKBi�iBQMb
Q7 i?2 /2}MBiBQMb Q7 bT�+2 �M/ iBK2 BM p2`v bK�HH /QK�BMb +Q``2bTQM/BM;
iQ BMi2`M�H bi`m+im`2b Q7 T�`iB+H2bX h?�i Bb QM2 T`QbT2+i r2 K�v +QMbB/2`X
h?2 r?QH2 i`Qm#H2- Q7 +Qm`b2- r?B+? `�Bb2b �HH i?2b2 /Qm#ib- Bb i?�i r2 ?�p2
iQQ 72r 2tT2`BK2Mib iQ /2+B/2 i?BM;b QM2 r�v Q` i?2 Qi?2`XǴ

"1GAL6�Lh1 i?2M `�Bb2/ i?2 [m2biBQM Q7 i?2 p�HB/Biv Q7 :mTi�Ƕb bm++2b@
bBp2 �TT`QtBK�iBQMbX h?2b2 �TT`QtBK�iBQMb Ui?Qm;? TQbbB#Hv p�HB/ BM �
/Bz2`2Mi b+?2K2V +�MMQi #2 K�/2 mbBM; S�T�T2i`QmǶb 7Q`KmH� BM i?2 r�v
T`QTQb2/ #v :mTi�- 7Q` i?2 7QHHQrBM; `2�bQM, h?Bb K2i?Q/ KBt2b i?2 p�`@
BQmb Q`/2`b Q7 �TT`QtBK�iBQM �M/ i?mb H2�/b iQ MQMb2Mb2 B7 }t2/ mT U#v
�//BM; �/Dmbi�#H2 bi`2bb2b �7i2` 2�+? bi2TV BM bm+? � r�v �b iQ �pQB/ i?2
Qi?2` +QMi`�/B+iBQMb iQ r?B+? i?2 K2i?Q/ H2�/b r?2M mb2/ mM+Q``2+i2/ @
i?2 `2�bQM #2BM; i?�i BMi2`K2/B�i2 �TT`QtBK�iBQMb H2�/ iQ bQm`+2b 7Q` i?2
M2ti �TT`QtBK�iBQM r?B+? /Q MQi b�iBb7v +QMb2`p�iBQM H�rb �M/ i?mb +QM@
i`�/B+i i?2 /Bz2`2MiB�H 2[m�iBQMb Q7 S�T�T2i`QmX Uh?2 i`Qm#H2 K�v #2 /m2



key kjX h?2 L2+2bbBiv Q7 :`�pBi�iBQM�H Zm�MiBx�iBQM

iQ S�T�T2i`QmǶb mb2 Q7 � ;`�pBi�iBQM�H 2M2`;v /2MbBiv /2T2M/BM; QM b2+QM/
/2`Bp�iBp2b Q7 i?2 }2H/XV

h?2 [m2biBQM Q7 i?2 �#bQ`TiBQM �M/ T`Q/m+iBQM Q7 ;`�pBi�iBQM�H r�p2b
r�b `�Bb2/ �;�BMX 61uLJ�L /Bb+mbb2/ � /2pB+2 r?B+? rQmH/ �#bQ`#
;`�pBi�iBQM�H 2M2`;v- T`QpB/2/ QM2 �bbmK2b i?2 2tBbi2M+2 Q7 ;`�pBi�iBQM�H
`�/B�iBQM U#mi �b ?2 TQBMi2/ Qmi- ǳJv BMbiBM+ib �`2 i?�i B7 vQm +�M 722H Bi-
vQm +�M K�F2 BiXǴVX 6Q` i?Bb Tm`TQb2 QM2 +�M mb2 � `2bmHi �H`2�/v T`2b2Mi2/
�i �M 2�`HB2` b2bbBQM i?�i i?2 /BbTH�+2K2Mi η Q7 � T�`iB+H2 BM i?2 T�i? Q7 �
;`�pBi�iBQM�H r�p2 b�iBb}2b i?2 /Bz2`2MiB�H 2[m�iBQM

d2η
dt2 = R a

0baη .

� T�`iB+H2 bBim�i2/ BMBiB�HHv M2�` � HQM; HB;?i `Q/- Q`B2Mi2/ T�`�HH2H iQ i?2
T`QT�;�iBQM /B`2+iBQM- +QmH/ #2 K�/2 iQ b+`�T2 �;�BMbi i?2 `Q/ #v i?2
i`�Mbp2`b2@i`�Mbp2`b2 r�p2 �KTHBim/2bX
61uLJ�L i?2M T`2b2Mi2/ i?2 `2bmHi Q7 � +�H+mH�iBQM Q7 i?2 2M2`;v `�/B@
�i2/ #v � /Qm#H2 bi�` bvbi2K BM � +B`+mH�` Q`#Bi,

Energy radiated in one revolution
Kinetic energy content

=
16π
15

√
mM

m+M

(u
c

)5
,

r?2`2 i?2 K�bb2b Q7 i?2 bi�`b �`2 m �M/ M- �M/ u Bb i?2 K�;MBim/2 Q7 i?2B`
`2H�iBp2 p2HQ+BivX h?2 2z2+i Bb 2ti`2K2Hv bK�HH- i?2 ǳHB72iBK2Ǵ Q7 i?2 2�`i?
;QBM; �`QmM/ i?2 bmM #2BM; Q7 i?2 Q`/2` 1026 v2�`bX
q>11G1_ b�B/ i?�i- 7`QK i?2 TQBMi Q7 pB2r Q7 2tT�M/BM; i?2 }2H/ �#Qmi
i?2 JBMFQrbFB K2i`B+- i?2 #2?�pBQ` Q7 i?2 a+?r�`xb+?BH/ bQHmiBQM KB;?i
#2 /2b+`B#2/ #v b�vBM; i?�i i?2 }2H/ �r�v 7`QK i?2 bBM;mH�`Biv Bib2H7 �+ib
T�`iHv �b � bQm`+2 Q7 ;`�pBi�iBQMX AM i?Bb +QMM2+iBQM- QM2 KB;?i +QM+2Bp2 Q7
� ǳ;`�pBi�iBQM�HǴ ;2QM @ �M Q#D2+i BM r?B+? i?2 ;`�pBi�iBQM�H r�p2b i`�p2HBM;
�`QmM/ BM +B`+H2b T`QpB/2 i?2 2M2`;v iQ ?QH/ i?2 bvbi2K iQ;2i?2`X

6B;m`2 kjX9



*HQbBM; a2bbBQM
*?�B`K�M, "X aX .2qBii





*?�Ti2` k9
.Bp2`;2M+2b BM Zm�MiBx2/ :2M2`�H _2H�iBpBiv
aX .2b2`

h?2 TQbbB#H2 T?vbB+�H 2z2+ib Q7 ;2M2`�H `2H�iBpBiv QM i?2 2H2K2Mi�`v T`Q#@
H2K ?�p2 mbm�HHv #22M +QMbB/2`2/ �b M2;HB;B#H2 BM pB2r Q7 i?2 7�+i i?�i
2M2`;B2b �i r?B+? i?2 7Q`K2` KB;?i ?�p2 � #2�`BM; �`2 Km+? iQQ ?B;?X Ai
Bb �//2/ i?�i i?2 2z2+ib Q7 i?2 M2r T�`iB+H2b �M/ i?2 2M2`;B2b �i r?B+?
+m``2Mi i?2Q`v HQb2b Bib p�HB/Biv Q++m` p2`v Km+? #2HQr i?Bb `�M;2 �M/
i?2`27Q`2 � +Q``2+i 7mim`2 i?2Q`v rBHH ?�p2 bQHp2/ i?2 T`2b2Mi /B{+mHiB2b
BM � Km+? HQr2` /QK�BMX AM �Mv +�b2- }2H/ i?2Q`v rBHH ?�p2 #22M �Hi2`2/
bQ `�/B+�HHv i?�i �`;mK2Mib 7`QK i?2 T`2b2Mi QM2 rBHH HQb2 i?2B` p�HB/BivX
6m`i?2`- Bi Bb bQK2iBK2b 72Hi i?�i ;2M2`�H `2H�iBpBiv Bb � Tm`2Hv K�+`Qb+QTB+
i?2Q`v r?B+? HQb2b Bib K2�MBM; BM KB+`Qb+QTB+ /QK�BMb- r?2`2 i?2 +QM+2Ti
Q7 K2i`B+ Bb MQi p2`v i`�MbT�`2MiX

hQ i?2b2 ǳ+H�bbB+Ǵ Q#D2+iBQMb i?2`2 2tBbi b2p2`�H H2p2Hb Q7 `2THB2bX PM
� ;2M2`�H H2p2H- Bi K�v #2 TQBMi2/ Qmi i?�i i?2 2z2+i Q7 � i?2Q`v Bb MQi
�Hr�vb }`bi 72Hi i?`Qm;? Bib ;`Qbb /B`2+i /vM�KB+�H +QMi`B#miBQMb U�b- 7Q`
2t�KTH2- bTBMVX aBM+2 ;2M2`�H `2H�iBpBiv Bb M22/2/- �i H2�bi BM � 7Q`K�H
r�v- iQ T`QpB/2 � +Q``2+i /2}MBiBQM Q7 i?2 2M2`;v@KQK2MimK i2MbQ`- Bi
mM/2`HB2b �Mv i?2Q`B2b r?B+? /2�H rBi? i?2 2M2`;B2b Q7 }2H/b �M/ T�`iB+H2bX
h?2 T`BM+BTH2 Q7 ;2M2`�H +Qp�`B�M+2 QM r?B+? i?2 ;2M2`�H i?2Q`v Bb #�b2/
Bb MQi BM �Mv r�v `2bi`B+i2/ � T`BQ`B iQ K�+`Qb+QTB+ +QMbB/2`�iBQMb �M/
Bi Bb i?mb M2+2bb�`v iQ 2tTHQ`2 Bib +QMb2[m2M+2b 7Q` �Mv i?2Q`vX h?2 7�+i
i?�i i?2 K2i`B+ K�v MQi #2 bQ bBKTHv K2�bm`�#H2 BM KB+`Qb+QTB+ /QK�BMb
Ub�v ǳrBi?BMǴ �M 2H2K2Mi�`v T�`iB+H2V Bb MQ KQ`2 �M �`;mK2Mi �;�BMbi i?2
`2H2p�M+2 Q7 `2H�iBpBiv i?�M i?2 /2}MBiBQM Q7 TQbBiBQM K2�bm`2K2Mi BM �
?v/`Q;2M �iQK Bb �M �`;mK2Mi �;�BMbi i?2 mb2 Q7 +QQ`/BM�i2b BM [m�MimK
K2+?�MB+bX 6BM�HHv- i?�i � 7mim`2 +Q``2+i i?2Q`v rBHH 2t+Hm/2 i?2 `2H2p�M+2
Q7 `2H�iBpBiv Bb MQi �M �`;mK2Mi #mi � rBb?X

hQ i?2b2 �`;mK2Mib Q7 ;2M2`�H T`BM+BTH2- bQK2 p2`v +QMbB/2`�#H2 [m�M@
iBi�iBp2 QM2b +�M #2 �//2/X h?2 r?QH2 b+?2K2 Q7 HQ+�H }2H/ i?2Q`v Bb
TH�;m2/ rBi? /Bp2`;2M+2b Q++m``BM; #2+�mb2 i?2`2 Bb MQ mTT2` HBKBi iQ i?2
2M2`;B2b BMpQHp2/ BM BiX LQ b�iBb7�+iQ`v +miQz K2i?Q/ Bb FMQrM r?B+? T`2@



ke9 k9X .Bp2`;2M+2b BM Zm�MiBx2/ :2M2`�H _2H�iBpBiv

b2`p2b i?2 #�bB+ `2[mB`2K2Mib Q7 T?vbB+�H K2�MBM;7mHM2bb �M/ i?2`2 Bb MQ
bi`QM; /Qm#i i?�i �Mv +�M #2 7QmM/ rBi?BM � GQ`2Mix@+Qp�`B�Mi 7`�K2rQ`FX
�i i?Bb TQBMi ;2M2`�H `2H�iBpBiv K�v #2 BMpQF2/X *H�bbB+�H +QMbB/2`�iBQMb
b?Qr i?�i 7Q` �Mv FBM/ Q7 ǳK�ii2`Ǵ +QmTH2/ iQ i?2 K2i`B+ }2H/ BM i?2 1BM@
bi2BM r�v- i?2`2 �`2 HBKBi�iBQMb iQ i?2 2M2`;v /2MbBiB2b �M/ K�bb2b r?B+?
+�M #2 +QM+2Mi`�i2/ Q` #mBHi mT BM � ;Bp2M `2;BQMX aBKBH�`Hv- HQr2` #QmM/b
2tBbi QM i?2 bBx2b Q7 r�p2@T�+F2ib #mBHi mT 7`QK HBM2�` r�p2 2[m�iBQMbX

M <
c2d
4γ , d = dimensions of region

6Q` � ?B;? 7`2[m2M+v r�p2 T�+F2i QM2 ?�b `Qm;?Hv

M =
h
cd

, d = dimensions of wave packet

h?2`27Q`2- i?2 /BK2MbBQMb Q7 i?2 r�p2 T�+F2i Kmbi #2 ;`2�i2` i?�M i?2 7mM@
/�K2Mi�H H2M;i? Ul0 = 10−32 +KVX AM �HH i?2b2 BMp2biB;�iBQMb Bi �TT2�`b i?�i
bT�+2@iBK2 HQb2b Bib T?vbB+�HHv K2�MBM;7mH +?�`�+i2` #2vQM/ bm+? HBKBibX Ai
Bb i`m2 i?�i i?2b2 HBKBib �Hr�vb BMpQHp2 l0 �M/ �`2 i?mb [mBi2 bK�HH- #mi
i?2v /Q Q++m` �i }MBi2 2M2`;B2b �M/ i?2B` 2z2+ib K�v r2HH #2 72Hi bQQM2`X

� biBHH KQ`2 bB;MB}+�Mi TQBMi Bb i?2 7QHHQrBM;X Ai Bb FMQrM i?�i mM@
/2` p2`v rB/2 �bbmKTiBQMb �Mv i?2Q`v Q7 +QmTH2/ }2H/b H2�/b- M2�` i?2
HB;?i +QM2- iQ bBM;mH�`BiB2b BM i?2 T`QT�;�iQ`b Q7 i?2 ǳ+HQi?2/Ǵ T�`iB+H2b
�M/ iQ i?2 2tBbi2M+2 Q7 �i H2�bi bQK2 BM}MBi2 `2MQ`K�HBx�iBQM +QMbi�Mib-
BM/2T2M/2Mi Q7 T2`im`#�iBQM i?2Q`vX �HH i?2 FMQrM GQ`2Mix@BMp�`B�Mi }2H/
+QmTHBM;b �`2 Q7 i?Bb ivT2- BM T�`iB+mH�` 2H2+i`Q/vM�KB+b �M/ i?2 `2MQ`K�H@
Bx�#H2 K2bQM i?2Q`B2bX Ai Bb Dmbi ?2`2 i?�i i?2 +QmTHBM; Q7 i?2 ;`�pBi�iBQM�H
}2H/ /Bz2`b bQ T`Q7QmM/Hv 7`QK i?2 mbm�H +QmTHBM;b #2ir22M K�ii2` }2H/bX
6B`bi Q7 �HH � #�bB+ +QM/BiBQM 7Q` i?2 T`QQ7 Q7 i?2b2 i?2Q`2Kb BM ~�i bT�+2@
iBK2 Bb i?�i i?2`2 2tBbib �M 2M2`;v@KQK2MimK p2+iQ` Pµ - �M/ i?�i i?2
mbm�H +QKKmi�iBQM `2H�iBQMb ?QH/ 7Q` �Mv QT2`�iQ`X

iO(x),µ ≈ [O(x),Pµ ]

h?Bb Bb MQi i?2 +�b2 BM i?2 ;2M2`�H i?2Q`v- �M/ Bi Bb � p2`v #�bB+ TQBMi i?2`2X
AM 7�+i- � Pµ +�M- �b Bb r2HH FMQrM- QMHv #2 /2}M2/ bQ �b iQ #2 BM/2T2M/2Mi
Q7 �Mv BMM2` +QQ`/BM�i2b �M/ i?2`27Q`2 Bi +�MMQi i2HH QM2 i?2 +?�M;2 Q7
� [m�MiBiv i?�i Bb HQ+�i2/ bQK2r?2`2 BM i?�i `2;BQM BM [m2biBQMX Ai Bb
+QMM2+i2/ rBi? i?2 MQM@HBM2�`Biv Q7 i?2 bvbi2K �M/ i?2 H�+F Q7 i`�MbH�iBQM�H
T`QT2`iB2b Q7 T�`ib Q7 i?2 bvbi2K #v i?2Kb2Hp2bX PM2 +�MMQi bBKTHv }t i?2
TQbBiBQM Q7 �M �`#Bi`�`v +QKTQM2Mi Q7 i?2 iQi�H bvbi2K- 7Q` i?Bb rQmH/ +H�b?
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rBi? i?2 2M2`;v /2MbBiv #QmM/b K2MiBQM2/ �#Qp2X 6m`i?2`KQ`2- K�ii2`
�M/ ;`�pBi�iBQM�H 2M2`;B2b �`2 MQi BMp�`B�MiHv b2T�`�#H2X

� b2+QM/ `2H�i2/ /2T�`im`2 7`QK mbm�H +QmTHBM;b Bb i?2 7Q`K Q7 i?2
BMi2`�+iBQM i2`KbX *QMi`�`v iQ MQ`K�H }2H/ i?2Q`v- i?2`2 bBKTHv Bb MQ
ǳ7`22@T�`iB+H2Ǵ T�`i Q7 i?2 K�ii2` G�;`�M;B�MX >2`2- i?2 +QmTHBM; 2Mi2`b
BM i?2 FBM2iB+ 2M2`;v- BM � KmHiBTHB+�iBp2 7�b?BQM- �M/ QM2 +�MMQi `2�HHv
/Bb2Mi�M;H2 � MQM@BMi2`�+iBM; T�`iB+H2 ?2`2X h?Bb Bb `B;?iHv bQ- bBM+2 i?2
T�`iB+H2Ƕb K�bb �M/ 2M2`;v �`2 /2}M2/ T`2+Bb2Hv #v i?2 +QmTHBM;X h?2
2[m�H iBK2 K�ii2` +QKKmi�iBQM `2H�iBQMb?BTb �HbQ rQmH/ /2T2M/ mTQM i?2
TQbBiBQMb BM bT�+2@iBK2 BMpQHp2/X h?Bb 7mM/�K2Mi�HHv /Bz2`2Mi KQ/2 Q7
+QmTHBM; rBHH Q++m` KQbi +`BiB+�HHv �i ?B;? 2M2`;B2b �M/ 7Q`#B/ �Mv �TT`Qt@
BK�iBQM 7`QK ǳ7`22@T�`iB+H2bXǴ AM T�`iB+mH�`- 2�+? K�ii2` }2H/ #v Bib2H7 rBHH
MQ HQM;2` #2 `2T`2b2Mi2/ #v � HBM2�` r�p2 2[m�iBQM BM i?Bb /QK�BMX 6`22
KQiBQM p�`B2b rBi? i?2 ;2QK2i`v Q7 i?2 bT�+2 BMpQHp2/- r?B+? Bb BM im`M
+QM/BiBQM2/ #v i?2 K�ii2` T`2b2Mi r?B+? Bb /QBM; i?2 KQpBM;X G�i2`- Bi rBHH
#2 b22M i?�i i?2 �`;mK2Mib Q#i�BM2/ BM i?Bb BMp2biB;�iBQM 7Q` +QMp2`;2M+2
�M/ MQM@bBM;mH�`Biv Q7 T`QT�;�iQ`b �`2 #�b2/ BM ;QQ/ T�`i QM Dmbi i?Bb ivT2
Q7 +QmTHBM;- Bi K�v r2HH #2 i?�i � KQ`2 �/2[m�i2 7mim`2 i?2Q`v Q7 T�`iB@
+H2b rBHH BM+Q`TQ`�i2 bQK2 Q7 i?2b2 �bT2+ib Q7 i?2 MQM@HBM2�` ;`�pBi�iBQM�H
+QmTHBM;X *2`i�BMHv- B7 Bi Bb � }2H/ i?2Q`v- Bi Kmbi 2b+�T2 i?2 T2bbBKBbiB+
+QM+HmbBQMb 7Q` i?2 +m``2Mi i?2Q`B2b #v bQK2 bm+? +?�MM2HX A7 bQ- Bi K�v
#2 �HH i?2 KQ`2 BMbi`m+iBp2 iQ b22 ?Qr �M BKT`Qp2K2Mi b22Kb iQ 2K2`;2 BM
i?Bb +�b2X

"27Q`2 QM2 T`Q+22/b iQ 7m`i?2` i`2�i i?2 2ti2M/2/ i?2Q`v- ?2 Kmbi
/2+B/2 r?2i?2` Bi Bb M2+2bb�`v iQ [m�MiBx2 i?2 ;`�pBi�iBQM�H }2H/X h?Bb rBHH
MQi #2 /Bb+mbb2/ ?2`2c �M/ i?2 62vMK�M K2i?Q/ rBHH #2 mb2/- BM r?B+? i?2
[m2biBQM Q7 r?B+? +QKTQM2Mib Q7 i?2 ;`�pBi�iBQM�H }2H/ �`2 iQ #2 [m�MiBx2/
b22Kb iQ #2 bQHp2/ #v Bib2H7X AM �Mv +�b2- QM2 M22/ r`Bi2 /QrM r?�i2p2`
T?vbB+�H [m�MiBiB2b �`2 Q7 BMi2`2bi �b 7mM+iBQM�H BMi2;`�Hb- r?B+? BM T`BM+BTH2
;Q Qp2` QMHv BM/2T2M/2Mi +H�bbB+�H +QM};m`�iBQMb Q7 i?2 bvbi2K �M/ vB2H/
i?2 [m�MimK `2bmHiX

h?Bb K2i?Q/ rBHH #2 mb2/ iQ /2i2`KBM2 i?2 #2?�pBQ` Q7 i?2 K�i@
i2` }2H/b �b KQ/B}2/ #v ;`�pBi�iBQM�H BMi2`�+iBQMbX Ai K�v #2 2tT2+i2/-
`Qm;?Hv- i?�i i?2 +QMi`B#miBQMb Q7 i?2 ǳb+�H�`Ǵ �M/ ǳi`�Mbp2`b2Ǵ T�`ib Q7
i?2 ;`�pBi�iBQM�H }2H/- i?Qm;? MQi `2�HHv b2T�`�#H2 rBHH HBKBi i?2 /2MbBiv Q7
K�ii2` BM � ;Bp2M `2;BQM 7Q` i?2 7Q`K2`- r?BH2 7Q` i?2 H�ii2` rBHH ǳbK2�` Qmi
i?2 HB;?i +QM2XǴ h?Bb T?`�b2 `272`b iQ i?2 2tT2+i�iBQM i?�i i?2 bmKK�iBQM
Qp2` �HH TQbbB#H2 _B2K�MM bT�+2b U+Q``2bTQM/BM; iQ i?2 p�`BQmb i`�Mbp2`b2
KQ/2bV rBHH �p2`�;2 �r�v i?2 mMB[m2M2bb Q7 i?2 JBMFQrbFB HB;?i +QM2- �M/
rBi? Bi i?2 bBM;mH�`BiB2b Q7 i?2 K�ii2` T`QT�;�iQ`b Q7 bm+? � +QM2X
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h?2 2z2+ib Q7 ;`�pBi�iBQM QM T`QT�;�iQ`b Q7 p�`BQmb K�ii2` }2H/b rBHH
MQr #2 +QMbB/2`2/X _B;Q`QmbHv QM2 b?QmH/ i`2�i- 7Q` 2t�KTH2- i?2 62vMK�M
7mM+iBQM 7Q` �M 2H2+i`QM BMi2`�+iBM; rBi? i?2 2H2+i`QK�;M2iB+ �M/ K2i`B+
}2H/bX >Qr2p2` �b Bb FMQrM- BM Q`/BM�`v 2H2+i`Q/vM�KB+b BM ~�i bT�+2 i?2
#2?�pBQ` Q7 i?Bb T`QT�;�iQ` +�MMQi #2 H2bb bBM;mH�` QM i?2 HB;?i +QM2 i?�M
i?2 7`22 QM2- SF X

S′F ≥ SF ≈ 1
γ p+m

SF Bb �H`2�/v bBM;mH�` 2MQm;? iQ ;Bp2 i?2 BM}MBi2 `2MQ`K�HBx�iBQM +QMbi�Mib
Q7 2H2+i`Q/vM�KB+bX h?2`27Q`2- B7 QM2 +�M b?Qr i?�i S′′F - i?2 T`QT�;�iQ` Q7
i?2 2H2+i`QM KQ/B}2/ #v ;`�pBi�iBQM �HQM2- #2?�p2b #2ii2` i?�M SF - i?Bb
Bb � bi2T BM i?2 `B;?i /B`2+iBQM �M/ Bb �M BM/B+�iBQM i?�i i?2 i?`22@}2H/
T`Q#H2K rBHH bi�v ;QQ/X h?Bb Bb /m2 iQ i?2 7�+i i?�i i?2 i?`22@}2H/ BMi2`�+@
iBQM 2M2`;v- r?B+? ?�b #22M QKBii2/- T`2bmK�#Hv rQmH/ MQi K�F2 i?BM;b
rQ`b2X A7 QM2 ;2ib T`QKBbBM; `2bmHib ?2`2 i?2M i?2 r?QH2 T`Q#H2K b?QmH/
#2 BMp2biB;�i2/X �Hi2`M�i2Hv- i?2 mb2 Q7 2H2+i`QMb �M/ T?QiQMb ǳ+HQi?2/Ǵ
#v ;`�pBi�iBQM �b i?2 ǳMQM@BMi2`�+iBM;Ǵ 2H2K2Mib Q7 [m�MimK 2H2+i`Q/v@
M�KB+b b22Kb iQ #2 � p2`v ;QQ/ �TT`QtBK�iBQM iQ i?2 iQi�H T`Q#H2KX A7
QM2 +�HHb i?2 S′′ 7mM+iBQMb i?2 K�ii2` }2H/ 7mM+iBQMb +Q``2+i2/ QMHv 7Q` i?2
;`�pBi�iBQM�H }2H/- �M/ B7 S′ `2/m+2b iQ S′′ i?Bb Bb �HH `B;?iX Ai K�v �HbQ
#2 2tT2+i2/ i?�i K�Mv@T�`iB+H2 T`QT�;�iQ`b rBHH #2?�p2- B7 �Mvi?BM;- #2i@
i2` i?�M i?2 QM2@T�`iB+H2 QM2b bBM+2 i?2`2 rBHH #2 � #B�b �;�BMbi iQQ +HQb2
�TT`Q�+?X :`�pBi�iBQM�H }2H/ T`QT�;�iQ`b i?2Kb2Hp2b b?QmH/ �HbQ #2?�p2
MQM@bBM;mH�`Hv- BX2X- i?2 a+?r�`xb+?BH/ ivT2 Q7 bBM;mH�`BiB2b b?QmH/ p�MBb?
Ui?2 K�ii2` MQr #2BM; ǳ`2;mH�`HvǴ bT`2�/V r?BH2 i?2 ǳi`�Mbp2`b2Ǵ T`QT�;�@
iBQM b?QmH/ �HbQ #2 7`22 Q7 bBM;mH�`Biv- Dmbi �b i?2 T?QiQM :`22MǶb 7mM+iBQM
Bb 2tT2+i2/ iQ #2X �HbQ- Bi b22Kb i?�i i?2 [m2biBQM Q7 `2MQ`K�HBx�iBQM Q7
;`�pBi�iBQM�H +QmTHBM; b?QmH/ M2p2` �TT2�` bBM+2 i?2 K�bb- m- TH�vb i?2
/Qm#H2 `QH2 Q7 ǳ+?�`;2Ǵ �M/ K�bb- �M/ i?2 irQ `2MQ`K�HBx�iBQMb- B7 �Mv-
Kmbi #2 2[m�HX LQr- bBM+2 �HH ǳ+?�`;2bǴ �`2 TQbBiBp2- r2 2tT2+i MQ p�+mmK
TQH�`Bx�iBQM- Z3 = 1- �M/ δm b?QmH/ �HbQ #2 x2`Q BM pB2r Q7 i?2 �#bQHmi2
/2}MBiBQM Q7 K�bb �M/ 2M2`;v H2p2Hb BM i?2 ;`�pBi�iBQM�H i?2Q`v- �M/ Q7 i?2
7�+i i?�i i?2 K�bb Bb /2}M2/ �miQK�iB+�HHv 7`QK i?2 ;`�pBi�iBQM�H +QmTHBM;X

6`QK i?2 �#Qp2 �`;mK2Mib Bi rQmH/ �TT2�` i?�i i?2 bBKTH2bi +�b2 Q7
� b+�H�` }2H/ +QmTH2/ iQ i?2 K2i`B+ Bb � bm{+B2Mi 2t�KTH2 iQ +QMbB/2`X AM
i?2 mbm�H }2H/ i?2Q`v i?2 p�+mmK 2tT2+i�iBQM p�Hm2

S′ =
⟨0|ψ(x)ψ(x′)|T 0⟩

⟨0|0⟩ =

∫
ψ(x)ψ(x′)eiS(ψ ,Φ)δΦδ (ψ,ψ)∫

eiSδΦδ (ψ,ψ)
,
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r?2`2 S Bb i?2 iQi�H �+iBQM �M/ i?2 BMi2;`�iBQM Bb Qp2` i?2 K2bQM- 2H2+i`QM-
�M/ TQbBi`QM }2H/bX h?2 �+iBQM-

S =
∫

ψ(γ p+m)ψ +
∫

Φ[p2 −µ2]Φ+
∫

ψψΦ .

LQr- QM2 +�M 2HBKBM�i2 i?2 2H2+i`QM }2H/ �M/ i?2 p�+mmK 2tT2+i�iBQM
p�Hm2 #2+QK2b 2[m�H iQ

∫
ei(Smeson+S0)G(x,x′;Φ)δΦ

N

r?2`2 Smeson Bb /m2 iQ i?2 Tm`2 K2bQM }2H/ �M/ S0 Bb /m2 iQ +HQb2/ HQQTbX
h?2 :`22MǶb 7mM+iBQM G(x,x′;Φ) b�iBb}2b (p2 + m + Φ)G = δ (x,x′)- B7 r2
`2TH�+2 i?2 bTBMQ`b #v p2 iQ bBKTHB7v i?2 +�H+mH�iBQMX LQr QM2 FMQrb ?Qr
G #2?�p2b M2�` i?2 HB;?i +QM2X

G ≈ 1
(x− x′)2 F(x,x′;Φ),

r?2`2 F Bb � r2HH #2?�p2/ 7mM+iBQM U�bB/2 7`QK TQbbB#H2 ǳ?�`KH2bbǴ HQ;�@
`Bi?KB+ i2`KbVX h?mb QM2 }M/b- M2�` i?2 HB;?i +QM2- i?�i S′ p�`B2b 2bb2M@
iB�HHv �b 1

(x−x′)2 X h?Bb- T`QT�;�iBQM 7mM+iBQM- S′- Bb bBM;mH�` 2MQm;? iQ ;Bp2
QM2 /Bp2`;2M+2bX

LQr +QMbB/2` i?2 T�`�HH2H T`Q#H2K r?2M � K�ii2` }2H/ Bb BMi2`�+iBM;
rBi? i?2 ;`�pBi�iBQM�H }2H/X h?2 G�;`�M;B�M Bb

L = Lgrav +
1
2
√
−g{Φ"2Φ−µ2Φ2} ,

r?2`2 i?2 .Ƕ�H2K#2`iB�M /2T2M/b mTQM i?2 K2i`B+X h?2 K�bb i2`K rBHH- �b
mbm�H- MQi #2 `2H2p�Mi iQ i?2 bBM;mH�`Biv [m2biBQMbX PM2 r�Mib iQ +QKTmi2

∆′′(x,x′) =
⟨ 0 | Φ(x) Φ(x′) |T 0 ⟩

⟨ 0 | 0 ⟩

r?2`2 x �M/ x′ �`2 iQ #2 /2}M2/ rBi? `2bT2+i iQ � ~�i #�+F;`QmM/ 7`�K2
r?B+? Bb mb2/ iQ K�F2 � +H�bbB+�H K2�bm`2K2MiX h?2 7mM+iBQM�H BMi2;`�iBQM
mb2/ iQ /2}M2 ∆′′ Bb

∆′′(x,x′) =
∫

Φ(x)Φ(x′) eiS δΦδ (g . . .)∫
eiS δΦδ (g . . .)
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r?2`2 δ (g...) K2�Mb � bmKK�iBQM Qp2` �HH _B2K�MM bT�+2b r?B+? T`2b2`p2
i?2 bB;M�im`2 Q7 (+++−)X LQr- �b #27Q`2- i?2 K�ii2` p�`B�#H2b �`2 2HBK@
BM�i2/ ;BpBM;

∆′′(x,x′) =
∫

∆g(x,x′) ei(SEinstein+∆S) δ (g . . .)
N

r?2`2
["2g−µ2]∆g(x,x′) = δ (x,x′)

�M/ ∆S +QK2b 7`QK BMi2;`�iBQM Qp2` K�ii2` p�`B�#H2bX PM2 Bb BMi2`2bi2/
QMHv BM i?2 bQHmiBQM 7Q` irQ TQBMib r?B+? �`2 QM 2�+? Qi?2`Ƕb HB;?i +QM2bX
�;�BM- i?2 ;2M2`�H i?2Q`v Q7 /Bz2`2MiB�H 2[m�iBQMb i2HHb QM2 i?�i M2�` i?2
HB;?i +QM2

∆g(x,x′)≈ 1
s2(x,x′,g)

F(x,x′;g) ,

r?2`2 s2(x,x′,g) Bb i?2 b[m�`2 Q7 i?2 BMi2`p�H #2ir22M i?2 irQ TQBMib �M/ F
Bb � `2;mH�` 7mM+iBQMX >2`2 i?2 /Bz2`2M+2 #2ir22M i?2b2 T`QT�;�iQ`b �M/
i?2 mbm�H QM2b Q7 }2H/ i?2Q`v Bb Q#pBQmb bBM+2 i?2 s2(x,x′,g) /2T2M/b mTQM
i?2 g p�`B�#H2bX LQr-

∆′′(x,x′)≈
∫ ei(SEinstein+∆S)

s2(x,x′,g)
Fδ (g . . .) .

�i i?Bb TQBMi i?2 KQ`2 Q` H2bb `B;Q`Qmb K�i?2K�iB+�H i`2�iK2Mi biQTb �M/
i?BM;b i?�i �`2 b�B/ +�MMQi #2 T`Qp2/ K�i?2K�iB+�HHvX

h?2`2 rBHH #2 ǳp2`v 72rǴ bT�+2b r?2`2 MmHH ;2Q/2bB+b rBHH +QMM2+i x
�M/ x′ BM +QKT�`BbQM iQ i?2 MmK#2` Q7 BMi2;`�iBQMb TQbbB#H2X Ai Bb TQbbB#H2
iQ K�F2 � p�;m2 �M�HQ;v iQ i?2 mbm�H i?2Q`v Q7 TQH2b BM � }MBi2 MmK#2` Q7
/BK2MbBQMb �M/ BM bm+? +�b2b QM2 2tT2+ib i?2 bBM;mH�`BiB2b iQ #2 bKQQi?2/
Qmi @ rBi? �Mv ǳK2�bm`2Ǵ r?B+? K�F2b b2Mb2X 6Q` H�`;2 /Bbi�M+2b- QM i?2
Qi?2` ?�M/- i?2 2tTQM2MiB�H K�v #2 2tT2+i2/ iQ p�`v rBH/Hv �M/ i?mb +�M+2H
i?2 2z2+ib Q7 i?2 p�`BQmb bT�+2b bmKK2/ Qp2`X Ai Bb 72Hi i?�i QM2 b?QmH/
MQi K�F2 i?2 HBM2�` �TT`QtBK�iBQM BM i?2 �+iBQM bBM+2 i?Bb rBHH `2BMbi�i2
i?2 T`BpBH2;2/ +?�`�+i2` Q7 i?2 JBMFQrbFB K2i`B+ �M/ i?2 r?QH2 TQBMi Q7
MQM@HBM2�` ;`�pBi�iBQM Bb i?�i i?2 T`QT�;�iQ` /2T2M/b mTQM i?2 bT�+2 QM2
Bb BMX

� +Q``Q#Q`�iBp2 �`;mK2Mi 7`QK [mBi2 � /Bz2`2Mi /B`2+iBQM- r?B+? r�b
K2MiBQM2/ 2�`HB2`- Bb i?2 Pµ +QKKmi�iBQM `2H�iBQMX AM � ~�i bT�+2@iBK2-
�M/ 2z2+iBp2Hv U#v bmBi�#H2 KQ/B}+�iBQMV BM � MQM@~�i #mi 2ti2`M�HHv ;Bp2M
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;2QK2i`v i?Bb +QKKmi�iBQM `mH2 ?QH/bX Pµ /2i2`KBM2b i?2 i`�MbH�iBQM Q7
i?2 bvbi2K �b � r?QH2 �M/- #2+�mb2 Q7 bmT2`TQbBiBQM- Q7 �Mv T�`i Q7 BiX AM
� bT�+2@iBK2 r?B+? BMi2`�+ib rBi? K�ii2`- ?Qr2p2`- i?Bb `2H�iBQM MQ HQM;2`
?QH/bX Pµ /Q2b ?�p2 �b � +�MQMB+�H +QMDm;�i2 i?2 +2Mi2` Q7 K�bb- Xµ - Q7
i?2 bvbi2K rBi? `2bT2+i iQ i?2 ~�i 2ti2`M�H 7`�K2X >Qr2p2`- Bi +�MMQi
#2 mb2/ iQ HQ+�i2 +HQb2Hv �Mv +QKTQM2Mi Q7 i?2 bvbi2KX h?2 2tBbi2M+2
Q7 � Pµ BM JBMFQrbFB bT�+2@iBK2 Bb 2bb2MiB�H iQ i?2 T2bbBKBbiB+ i?2Q`2Kb
K2MiBQM2/ #27Q`2X Ai Bb Q#pBQmb i?�i B7 S /Q2b MQi ?�p2 �HH i?2 T`QT2`iB2b
`2[mB`2/ i?2`2- i?2 T`QQ7 i?�i �Mv +QKTQM2Mi }2H/- B7 bm{+B2MiHv 7Q+mb2/
QM- �+ib �b B7 Bi Bb mM+QmTH2/- HQb2b bmTTQ`iX Ai K�v #2 �`;m2/ i?�i i?2
T`QT�;�iQ`b- ∆′′- K2MiBQM2/ �#Qp2- �HbQ HQb2 bQK2 Q7 i?2B` K2�MBM; #v i?2
b�K2 �`;mK2MiX h?Bb Bb i`m2 QMHv iQ i?2 2ti2Mi i?�i T?vbB+�H [m�MiBiB2b
�Hr�vb BMpQHp2 bT�+2@iBK2 BMi2;`�Hb Q7 bm+? 7mM+iBQMbX h?2 7�+i i?�i i?2 ∆′′

�`2 MQr MQM@bBM;mH�` Bb K2`2Hv /m2 iQ i?2 7�+i i?�i QM2 +�M M2p2` 7Q`+2 �
}2H/ iQ #2?�p2 �b B7 Bi Bb iQQ +QM+2Mi`�i2/ @ i?2 BM/m+2/ ;2QK2i`v rQmH/
7Q`+2 � `2TmHbBQMX

A7 Bi Bb ;`�Mi2/ i?�i i?Bb �+iBQM BMi`Q/m+2b �M 2z2+iBp2 +miQz- �i �#Qmi
l0- i?2M bm+? ?B;? 2M2`;v �TT`QtBK�iBQMb �b G�M/�mǶb +QmH/ #2 2t�KBM2/
�;�BMX �b G�M/�m ?�b MQi2/- mbBM; l0 �b � +miQz- i?2Q`v T`2/B+ib `Qm;?Hv
i?2 2tT2`BK2Mi�H +?�`;2 `2;�`/H2bb Q7 i?2 p�Hm2 Q7 i?2 #�`2 +?�`;2 �M/
bBKBH�`Hv 7Q` i?2 K�bbX P7 +Qm`b2- Qm` `2bmHib- #2BM; ;2M2`�HHv +Qp�`B�Mi-
+�MMQi #2 /B`2+iHv i`�MbH�i2/ BMiQ ~�i bT�+2iBK2 H�M;m�;2 rBi?Qmi �TT�`@
2Mi T�`�/Qt2bX

PM2 i?BM; i?�i b?QmH/ #2 /QM2 Bb iQ HQQF BMiQ i?2 p�+mmK 2tT2+i�iBQM
p�Hm2 Q7 i?2 iQi�H 2M2`;v@KQK2MimK Q7 i?2 bvbi2K bBM+2 i?Bb b?QmH/ #2 x2`Q
BM ;2M2`�H `2H�iBpBiv /m2 iQ i?2 �#bQHmi2 /2}MBiBQM Q7 2M2`;B2bc bBKBH�`Hv-
⟨Tµν⟩ b?QmH/ #2 MQr?2`2 bBM;mH�`X

AM i?2 /Bb+mbbBQM r?B+? 7QHHQr2/ .1a1_Ƕb T`2b2Mi�iBQM- GA*>L1_P@
qA*w �M/ 6Pl_1a +QKK2Mi2/ QM i?2 M22/ 7Q` �M 2t�+i /2}MBiBQM Q7 i?2
K2�bm`2X �L.1_aPL bm;;2bi2/ i?�i i?2 BMi2;`�iBQM /B{+mHiB2b KB;?i
#2 +B`+mKp2Mi2/ #v }`bi bQHpBM; i?2 +H�bbB+�H T`Q#H2K Q7 KQiBQM Q7 irQ
K�ii2` }2H/bX h?2M- QM2 +�M 2HBKBM�i2 i?2 MQM@T?vbB+�H p�`B�#H2b 7`QK
i?2 �+iBQMX q>11G1_ }`bi #`Qm;?i mT i?2 TQBMi i?�i i?2 ~m+im�iBQM
Q7 i?2 K2i`B+ �i p2`v bK�HH /Bbi�M+2b- r?B+? #`BM;b �#Qmi +?�M;2 BM i?2
iQTQHQ;v Q7 i?2 bT�+2- K�v K�F2 � ~�i bT�+2@iBK2 mMmb�#H2- 2p2M �b �
}`bi �TT`QtBK�iBQMX AM `272`2M+2 iQ i?2 rQ`F ?2 T`2pBQmbHv /Bb+mbb2/- i?2
mb2 Q7 � K�ii2` T`QT�;�iQ` �b � bi�`iBM; TQBMi Bb 7Q`2B;M iQ i?�i TQBMi Q7
pB2rX �HbQ- i?2 r?QH2 M�im`2 Q7 [m�MimK K2+?�MB+b K�v #2 /Bz2`2Mi BM
;2M2`�H `2H�iBpBiv bBM+2 BM 2p2`v Qi?2` T�`i Q7 [m�MimK i?2Q`v- i?2 bT�+2 BM
r?B+? T?vbB+b Bb ;QBM; QM Bb i?Qm;?i Q7 �b #2BM; /BpQ`+2/ 7`QK i?2 T?vbB+bX



kdy k9X .Bp2`;2M+2b BM Zm�MiBx2/ :2M2`�H _2H�iBpBiv

:2M2`�H `2H�iBpBiv- ?Qr2p2`- BM+Hm/2b i?2 bT�+2 �b �M BMi2;`�H T�`i Q7 i?2
T?vbB+b �M/ Bi Bb BKTQbbB#H2 iQ ;2i QmibB/2 Q7 bT�+2 iQ Q#b2`p2 i?2 T?vbB+bX
�MQi?2` BKTQ`i�Mi i?Qm;?i Bb i?�i i?2 +QM+2Ti Q7 2B;2Mbi�i2b Q7 i?2 iQi�H
2M2`;v Bb K2�MBM;H2bb 7Q` � +HQb2/ mMBp2`b2X >Qr2p2`- i?2`2 2tBbib i?2
T`QTQb�H i?�i i?2`2 Bb QM2 ǳmMBp2`b�H r�p2 7mM+iBQMXǴ h?Bb 7mM+iBQM ?�b
�H`2�/v #22M /Bb+mbb2/ #v 1p2`2ii- �M/ Bi KB;?i #2 2�bB2` iQ HQQF 7Q` i?Bb
ǳmMBp2`b�H r�p2 7mM+iBQMǴ i?�M iQ HQQF 7Q` �HH i?2 T`QT�;�iQ`bX 61uLJ�L
b�B/ i?�i i?2 +QM+2Ti Q7 � ǳmMBp2`b�H r�p2 7mM+iBQMǴ ?�b b2`BQmb +QM+2Tim�H
/B{+mHiB2bX h?Bb Bb bQ bBM+2 i?Bb 7mM+iBQM Kmbi +QMi�BM �KTHBim/2b 7Q` �HH
TQbbB#H2 rQ`H/b /2T2M/BM; QM �HH [m�MimK@K2+?�MB+�H TQbbB#BHBiB2b BM i?2
T�bi �M/ i?mb QM2 Bb 7Q`+2/ iQ #2HB2p2 BM i?2 2[m�H `2�HBiv Q7 �M BM}MBiv
Q7 TQbbB#H2 rQ`H/bX h?2 7QHHQrBM; �`;mK2Mi r�b T`QTQb2/ iQ +?�HH2M;2 i?2
+QM+HmbBQMb Q7 .2b2`X A7 QM2 bi�`i2/ iQ +QKTmi2 i?2 K�bb +Q``2+iBQM iQ-
b�v- �M 2H2+i`QM- QM2 ?�b irQ T`QT�;�iQ`b KmHiBTHvBM; QM2 �MQi?2` 2�+? Q7
r?B+? ;Q2b �b 1/s2 �M/ �`2 bBM;mH�` 7Q` �Mv p�Hm2 Q7 i?2 gǶbX h?2`27Q`2- /Q
i?2 bT�iB�H BMi2;`�iBQMb }`bi 7Q` � }t2/ p�Hm2 Q7 i?2 gǶb �M/ i?2 T`QT�;�iQ`
Bb bBM;mH�`- ;BpBM; δm = ∞X h?2M i?2 bmT2`TQbBiBQM Q7 p�`BQmb p�Hm2b Q7 i?2
gǶb Bb biBHH BM}MBi2X .1a1_ `2THB2/ i?�i i?Bb Bb T�`iHv /m2 iQ �M mM�HHQr2/
BMi2`+?�M;2 Q7 HBKBibX

� `2bQHmiBQM r�b T�bb2/ �i i?Bb +QM72`2M+2 iQ i?2 2z2+i i?�i i?2`2 Bb
iQ #2 �MQi?2` ;`�pBi�iBQM�H +QM72`2M+2 BM 1m`QT2 /m`BM; i?2 bmKK2` Q7
RN83X

1_Lah `2TQ`i2/ QM � T�T2` QM *Q`BM�H/2bBR >2`2- ?B;?2` Q`/2` i2`Kb
�`2 Q#i�BM2/ i?`Qm;? � [m�MimK i`2�iK2Mi Q7 i?2 HBM2�`Bx2/ i?2Q`vX

RS`Q+X S?vbX aQ+X eN- R3N URN8eVX
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_X SX 62vMK�M

h?2 `2�H T`Q#H2Kb BM ;`�pBi�iBQM�H i?2Q`v �`2,

RX hQ mM/2`bi�M/ +H�bbB+�H `2H�iBpBbiB+ ;`�pBiv rBi?Qmi i?2 +QKTHB+�iBQMb
Q7 Qi?2` i?BM;bX

kX h?2 ;2M2`�H i?2Q`v Q7 +QbKQHQ;v #2+�mb2 r2 K�v #2 �#H2 iQ rQ`F
Qmi i?2 b?�T2 Q7 i?2 rQ`H/X

jX hQ bim/v i?2 i?2Q`v iQ b22 B7 �Mvi?BM; M2r Bb BM Bi r?B+? Bb MQi
+QMi�BM2/ �i }`bi bB;?iX

9X hQ H2�`M 7`QK i?2 T?BHQbQT?v Q7 ;`�pBiv bQK2i?BM; iQ mb2 BM Qi?2`
}2H/b bm+? �b r2 ?�p2 K�/2 mb2 Q7 i?2 BMp�`B�M+2 T`BM+BTH2b �M/ i?2
B/2�b Q7 1BMbi2BMX

8X *m`BQbBiv

h?2`2 2tBbib- ?Qr2p2`- QM2 b2`BQmb /B{+mHiv- �M/ i?�i Bb i?2 H�+F Q7 2tT2`@
BK2MibX 6m`i?2`KQ`2- r2 �`2 MQi ;QBM; iQ ;2i �Mv 2tT2`BK2Mib- bQ r2 ?�p2
iQ i�F2 � pB2rTQBMi Q7 ?Qr iQ /2�H rBi? T`Q#H2Kb r?2`2 MQ 2tT2`BK2Mib
�`2 �p�BH�#H2X h?2`2 �`2 irQ +?QB+2bX h?2 }`bi +?QB+2 Bb i?�i Q7 K�i?2@
K�iB+�H `B;Q`X S2QTH2 r?Q rQ`F BM ;`�pBi�iBQM�H i?2Q`v #2HB2p2 i?�i i?2
2[m�iBQMb �`2 KQ`2 /B{+mHi i?�M BM �Mv Qi?2` }2H/- �M/ 7`QK Kv pB2rTQBMi
i?Bb Bb 7�Hb2X A7 vQm i?2M �bF K2 iQ bQHp2 i?2 2[m�iBQMb A Kmbi b�v A +�MǶi
bQHp2 i?2K BM i?2 Qi?2` }2H/b 2Bi?2`X >Qr2p2`- QM2 +�M /Q �M 2MQ`KQmb
�KQmMi #v p�`BQmb �TT`QtBK�iBQMb r?B+? �`2 MQM@`B;Q`Qmb �M/ mMT`Qp2/
K�i?2K�iB+�HHv- T2`?�Tb 7Q` i?2 }`bi 72r v2�`bX >BbiQ`B+�HHv- i?2 `B;Q`Qmb
�M�HvbBb Q7 r?2i?2` r?�i QM2 b�vb Bb i`m2 Q` MQi +QK2b K�Mv v2�`b H�i2`
�7i2` i?2 /Bb+Qp2`v Q7 r?�i Bb i`m2X �M/- i?2 /Bb+Qp2`v Q7 r?�i Bb i`m2 Bb
?2HT2/ #v 2tT2`BK2MibX h?2 �ii2KTi �i K�i?2K�iB+�H `B;Q`Qmb bQHmiBQMb
rBi?Qmi ;mB/BM; 2tT2`BK2Mib Bb 2t�+iHv i?2 `2�bQM i?2 bm#D2+i Bb /B{+mHi-
MQi i?2 2[m�iBQMbX h?2 b2+QM/ +?QB+2 Q7 �+iBQM Bb iQ ǳTH�v ;�K2bǴ #v BMim@
BiBQM �M/ /`Bp2 QMX h�F2 i?2 +�b2 Q7 ;`�pBi�iBQM�H `�/B�iBQMX JQbi T2QTH2
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i?BMF i?�i Bi Bb HBF2Hv i?�i i?Bb `�/B�iBQM Bb 2KBii2/X aQ- bmTTQb2 Bi Bb �M/
+�H+mH�i2 p�`BQmb i?BM;b bm+? �b b+�ii2`BM; #v bi�`b- 2i+X- �M/ +QMiBMm2 mMiBH
vQm `2�+? �M BM+QMbBbi2M+vX h?2M- ;Q #�+F �M/ }M/ Qmi r?�i Bb i?2 /B{@
+mHivX J�F2 mT vQm` KBM/ r?B+? r�v Bi Bb �M/ +�H+mH�i2 rBi?Qmi `B;Q` BM
�M 2tTHQ`�iQ`v r�vX uQm ?�p2 MQi?BM; iQ HQb2, i?2`2 �`2 MQ 2tT2`BK2MibX
A i?BMF i?2 #2bi pB2rTQBMi Bb iQ T`2i2M/ i?�i i?2`2 �`2 2tT2`BK2Mib �M/
+�H+mH�i2X AM i?Bb }2H/ bBM+2 r2 �`2 MQi Tmb?2/ #v 2tT2`BK2Mib r2 Kmbi #2
TmHH2/ #v BK�;BM�iBQMX

h?2 [m2biBQMb `�Bb2/ BM i?2 H�bi i?`22 /�vb ?�p2 iQ /Q rBi? i?2 `2H�@
iBQM Q7 ;`�pBiv iQ i?2 `2bi Q7 T?vbB+bX q2 ?�p2 ;`�pBiv @ 2H2+i`Q/vM�KB+b
@ [m�MimK i?2Q`v @ Mm+H2�` T?vbB+b @ bi`�M;2 T�`iB+H2bX h?2 T`Q#H2K Q7
T?vbB+b Bb iQ Tmi i?2K �HH iQ;2i?2`X h?2 Q`B;BM�H T`Q#H2K �7i2` i?2 /Bb+Qp@
2`v Q7 ;`�pBiv r�b iQ Tmi ;`�pBiv �M/ 2H2+i`Q/vM�KB+b iQ;2i?2` bBM+2 i?�i
r�b 2bb2MiB�HHv �HH i?�i r�b FMQrMX h?2`27Q`2- r2 ?�/ i?2 mMB}2/ }2H/
i?2Q`B2bX �7i2` [m�MimK i?2Q`v QM2 i`B2b iQ [m�MiBx2 ;`�pBivX �b 7�` �b
i?2 irQ K2i?Q/b Q7 [m�MiBx�iBQM �`2 +QM+2`M2/- A #2HB2p2 i?�i B7 QM2 rQ`Fb
i?2 Qi?2` rBHH rQ`FX h?2 +`m+B�H T`Q#H2K Bb iQ #2 �#H2 iQ i2HH r?2M r2 ?�p2
bm++22/2/ BM [m�MiBxBM; i?2 ;`�pBi�iBQM�H }2H/X q2 b?QmH/ i�F2 i?2 b�K2
�iiBim/2 �b BM Qi?2` #`�M+?2b Q7 T?vbB+b �M/ +QKTmi2 i?2 `2bmHib Q7 bQK2
2tT2`BK2MibX q2 /QMǶi ?�p2 i?2 2tT2`BK2Mib �M/ i?mb r2 /Q MQi FMQr
r?B+? `2bmHib iQ +�H+mH�i2X >Qr2p2`- B7 bQK2QM2 #`Qm;?i �M 2tT2`BK2Mi�H
7�+i +QmH/ r2 +?2+F Bi\ *2`i�BMHv- r2 +�M i�F2 � HBM2�`Bx2/ �TT`QtBK�iBQM
�M/ i?2 �Mbr2` rBHH #2 `B;?i Q` r`QM;X h?2 `2�bQM 7Q` bi`2bbBM; 2tT2`@
BK2Mib Bb #2+�mb2 Q7 [m�MimK 2H2+i`Q/vM�KB+b r?B+? r�b rQ`F2/ Qmi BM
RNk3 #mi r�b 7mHH Q7 /B{+mHiB2b bm+? �b i?2 BM}MBi2 2M2`;v H2p2Hb Q7 i?2 ?v@
/`Q;2M �iQKX q?2M G�K# /Bb+Qp2`2/ i?2 bT�+BM; #2ir22M irQ H2p2Hb r�b
}MBi2- "2i?2 i?2M ;Qi iQ rQ`F �M/ +�H+mH�i2/ i?2 /Bz2`2M+2 �M/ BMi`Q/m+2/
i?2 B/2�b Q7 `2MQ`K�HBx�iBQMX q2 FM2r i?�i i?2 MmK#2` r�b }MBi2- #mi
bQK2QM2 K2�bm`2/ Bi �M/ i?mb 7Q`+2/ i?2 +QKTmi�iBQMX h?2 `2�H +?�HH2M;2
Bb MQi iQ }M/ �M 2H2;�Mi 7Q`K�HBbK- #mi iQ bQHp2 � b2`B2b Q7 T`Q#H2Kb r?Qb2
`2bmHib +QmH/ #2 +?2+F2/X h?Bb Bb � /Bz2`2Mi TQBMi Q7 pB2rX .QMǶi #2 bQ
`B;Q`Qmb Q` vQm rBHH MQi bm++22/X

Zm�MimK K2+?�MB+b �M/ ;`�pBiv /Q ?�p2 bQK2i?BM; BM +QKKQMX h?2
2M2`;v BM [m�MimK K2+?�MB+b Bb #2bi ;Bp2M #v /2b+`B#BM; ?Qr i?2 r�p2
7mM+iBQM +?�M;2b B7 QM2 bQHp2b i?2 +QQ`/BM�i2 bvbi2K � HBiiH2 #Bi- �M/ ;`�pBiv
Bb +QMM2+i2/ rBi? Dmbi bm+? i`�Mb7Q`K�iBQMb Q7 +QQ`/BM�i2bX h?mb- i?2
;`QmT@i?2Q`2iB+ /2}MBiBQM Q7 2M2`;v �M/ KQK2MimK BM [m�MimK i?2Q`v Bb
MQi p2`v 7�` �r�v 7`QK i?2 ;2QK2i`B+ +QMM2+iBQM #2ir22M 2M2`;v �M/ r?�i
?�TT2Mb r?2M vQm KQp2 i?2 +QQ`/BM�i2 bvbi2KX
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h?2 +QMM2+iBQM Q7 ;`�pBiv rBi? i?2 Qi?2` T�`ib Q7 T?vbB+b UMm+H2�` �M/
bi`�M;2 T�`iB+H2bV r�b MQi K2MiBQM2/ ?2`2X h?Bb Bb BMi2`2biBM; �M/ bi`�M;2
#2+�mb2 7`QK i?2 TQBMi Q7 pB2r Q7 � MQM@bT2+B�HBbi i?2`2 Bb Dmbi �b Km+?
T?vbB+b BM i?2b2 Qi?2` }2H/bX 6`QK i?2 2tT2`BK2Mi�H bB/2 r2 ?�p2 Km+?
KQ`2 /2i�BH i?2`2 #mi ?�p2 MQ #2�miB7mH i?2Q`vX

AMbi2�/ Q7 i`vBM; iQ 2tTH�BM i?2 `2bi Q7 T?vbB+b BM i2`Kb Q7 ;`�pBiv
A T`QTQb2 iQ `2p2`b2 i?2 T`Q#H2K #v +?�M;BM; ?BbiQ`vX amTTQb2 1BMbi2BM
M2p2` 2tBbi2/- �M/ ?Bb i?2Q`v r�b MQi �p�BH�#H2- #mi i?2 2tT2`BK2Mi2`b
#2;�M iQ /Bb+Qp2` i?2 2tBbi2M+2 Q7 i?2 7Q`+2X 6m`i?2`KQ`2- bmTTQb2 QM2
FMQrb �HH i?2 Qi?2` H�rb FMQrM MQr BM+Hm/BM; bT2+B�H `2H�iBpBivX h?2M
T2QTH2 rBHH b�v r2 ?�p2 bQK2i?BM; M2r- � 7Q`+2 HBF2 � *QmHQK# 7Q`+2X
q?2`2 /B/ Bi +QK2 7`QK\ h?2`2 rBHH #2 irQ b+?QQHb Q7 i?Qm;?iX 6B`bi-
bQK2 T2QTH2 rBHH b�v i?Bb 7Q`+2 Bb /m2 iQ � M2r }2H/ �M/ b2+QM/ bQK2
T2QTH2 rBHH b�v i?�i Bi Bb /m2 iQ bQK2 2z2+i Q7 �M QH/ }2H/ r?B+? r2 /Q MQi
`2+Q;MBx2X A ?�p2 i`B2/ iQ /Q i?Bb 7Q`;2iiBM; �#Qmi 1BMbi2BMX

6B`bi A rBHH /Q i?2 +�b2 Q7 i?2 M2r }2H/X h?2 7Q`+2 Bb T`QTQ`iBQM�H
iQ 1

r2 �M/ i?mb Bi Kmbi #2 K�bb x2`Q }2H/X �HbQ- A �bbmK2 i?�i H�i2` QM2
;2ib 2tT2`BK2Mib �#Qmi i?2 T`2+2bbBQM Q7 Q`#Bib bQ i?�i i?2 `�i2 Q7 KQiBQM
/Q2b MQi �TT2�` iQ #2 T`QTQ`iBQM�H iQ i?2 K�bbX aQK2QM2 rQmH/ i`v b+�H�`
}2H/b- p2+iQ` }2H/b- XXX- �M/ bQ QMX aQQM2` Q` H�i2` QM2 rQmH/ ;2i iQ � bTBM
irQ }2H/ �M/ rQmH/ b�v T2`?�Tb Bi Bb �M�HQ;Qmb iQ 2H2+i`Q/vM�KB+bX h?2M
?2 rQmH/ r`Bi2 /QrM

∫ (∂Aµ
∂xν

− ∂Aν

∂xµ

)
d4x+ e

∫
żµ Aµ ds+

m
2

∫
ż2

µ ds+
1
2

∫
żµ żν hµν ds

+
∫ (

second power of first derivatives of h′s
)

Q` BM TH�+2 Q7 i?2 b2+QM/ i2`K
∫

Aµ jµ d4x , jµ = e
∫

żµ δ 4(x− z)dS,

�M/ BM TH�+2 Q7 i?2 7Qm`i? i2`K
∫

Tµν hµν d4x , Tµν =
∫

żµ żν δ 4(x− z)dS.

AM �HH i?Bb hµν Bb i?2 M2r }2H/ mM/2` BMp2biB;�iBQMX
6`QK i?Bb QM2 ;2ib bQK2 b2+QM/ Q`/2` 2[m�iBQMb `Qm;?Hv Q7 i?2 7Q`K
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∂ 2

∂x∂x
h = T.

�HbQ i?2 2[m�iBQM Q7 KQiBQM Q7 i?2 T�`iB+H2b Bb

gµν z̈λ = [µν ,λ ]żµ żν

r?2`2 gµν Bb Dmbi � b?Q`i?�M/ 7Q` εµν + hµν X h?2 }2H/ 2[m�iBQMb Q7 2H2+@
i`Q/vM�KB+b ?�p2 � T`QT2`iv i?�i i?2 +m``2Mi +QMb2`p�iBQM Bb �M B/2MiBiv
7`QK i?2 }2H/ 2[m�iBQMbX
LQr QM2 �bFb r?�i Bb Tµν 2[m�H iQ bm+? i?�i r2 ;2i �miQK�iB+�HHv Tµν ,ν = 0\
LQr- r?2M QM2 Tmib BM i?2 b2+QM/ TQr2` Q7 i?2 }`bi /2`Bp�iBp2b Q7 h BM
i?2 �+iBQM ?2 ;2ib bQK2i?BM; /2}MBi2X AM+B/2Mi�HHv- QM2 ;2ib i?2 HBM2�`Bx2/
7Q`K Q7 i?2 ;`�pBiv 2[m�iBQMbX A7 MQr i?2b2 2[m�iBQMb �`2 bQHp2/ iQ b22 B7
�Mv T`Q;`2bb ?�b #22M K�/2- QM2 /2/m+2b i?�i HB;?i Bb /2~2+i2/ #v i?2 bmMX
PM2 �i i?Bb TQBMi KB;?i b�v i?�i r2 FMQr iQQ Km+?- i?�i � }2H/ i?2Q`Bbi
rQmH/ M2p2` ?�p2 i?Qm;?i Q7 i?Bb BKTQ`i�Mi +QMb2`p�iBQM i?2Q`2KX h?Bb Bb
MQi i`m2X S�mHB /2/m+2/ i?Bb 2[m�iBQM rBi?Qmi HQQFBM; 7Q` ;`�pBiv- #mi #v
�bFBM; ?BKb2H7 r?�i Kmbi i?2 }2H/ 2[m�iBQMb #2 7Q` }2H/b Q7 �`#Bi`�`v bTBMX
aQQM bQK2QM2 rQmH/ `2�HBx2 i?�i bQK2i?BM; Bb r`QM;- 7Q` B7 T�`iB+H2b KQp2
�++Q`/BM; iQ i?2 2[m�iBQM Q7 KQiBQM- r?B+? i?2v Kmbi /Q 7`QK i?2 ;Bp2M
�+iBQM- i?2M i?2 Tµν /Q2bMǶi b�iBb7v i?2 +Q``2+i 2[m�iBQMbX � bm;;2biBQM-
i?2M- rQmH/ #2 iQ �// i?2 }2H/ 2M2`;v BMiQ i?2 bi`2bb 2M2`;v i2MbQ` �M/ b�v
i?�i i?Bb �HbQ Bb � bQm`+2 Q7 ;`�pBivX h?2M-

∫
th rQmH/ #2+QK2

∫
h(T + t(h))X

>Qr2p2`- i?Bb rQmH/ MQi rQ`F #2+�mb2 � p�`B�iBQM Q7 i?2 hǶb ;Bp2b MQi QMHv
r?�i QM2 r�Mib- #mi bQK2 M2r i2`KbX 6BM�HHv QM2 �bFb B7 i?2`2 2tBbib �M
2tT`2bbBQM Q7 i?B`/ Q`/2` BM i?2 hǶb r?B+? +�M #2 mb2/ BM i?2 �+iBQM Q7 i?2
7Q`K (h)(h,)(h,) �M/ rBHH ;Bp2 �Mv `2HB27 7`QK i?2 /B{+mHivX Ai Bb TQbbB#H2
iQ T`Qp2 7`QK i?2 /2}MBiBQM Q7 T �M/ i?2 2[m�iBQM Q7 KQiBQM i?�i i?2 i`m2
T Kmbi b�iBb7v bQK2 2[m�iBQM Q7 i?2 7Q`K

gµλ Tλ µ ,ν = [µν ,λ ]Tµλ .

h?2M QM2 +�M ;Q iQ i?2 M2ti ?B;?2` Q`/2` Q7 �TT`QtBK�iBQM �M/ i?Bb �T@
T`QtBK�iBQM rBHH 2tTH�BM i?2 T2`B?2HBQM Q7 J2`+m`vX �Hi?Qm;? QM2 Bb QM
i?2 `B;?i i`�+F i?Bb T`Q+2bb Bb Dmbi �M 2tT�MbBQMX Ai Bb TQbbB#H2- ?Qr2p2`-
iQ bQHp2 i?2 T`Q#H2K K�i?2K�iB+�HHv #v }M/BM; �M 2tT`2bbBQM r?B+? Bb
BMp�`B�Mi mM/2`

g′µν = gµν +gµλ
∂Aλ
∂xν +gνλ

∂Aλ
∂xµ +Aλ

∂gµν

∂xλ .
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hQ ;2i i?2 bQHmiBQM Q7 i?Bb T`Q#H2K QM2 �bFb � K�i?2K�iB+B�MX >Qr2p2`-
Bi +QmH/ ?�p2 #22M bQHp2/ #v MQiB+BM; i?�i Bi Bb � ;2QK2i`B+ i`�Mb7Q`K�iBQM
BM � _B2K�MMB�M bT�+2X 6BM�HHv- bQK2QM2 KB;?i bm;;2bi i?�i ;2QK2i`v
/2i2`KBM2b i?2 K2i`B+X h?Bb rQmH/ #2 � K�`p2HHQmb bm;;2biBQM #mi Bi rQmH/
#2 K�/2 �i i?2 2M/ Q7 i?2 rQ`F �M/ MQi �i i?2 #2;BMMBM;X

q?�i /Q2b QM2 ;�BM #v HQQFBM; �i i?2 T`Q#H2K BM i?Bb K�MM2`\ P#@
pBQmbHv- QM2 HQb2b i?2 #2�miv Q7 ;2QK2i`v #mi i?Bb Bb MQi T`BK�`vX q?�i
Bb T`BK�`v Bb i?�i QM2 ?�/ � M2r }2H/ �M/ i`B2/ ?Bb p2`v #2bi iQ ;2i �
bTBM@irQ }2H/ �b +QMbBbi2Mi �b TQbbB#H2X

A i?BMF [m�MiBx�iBQM rQmH/ T`Q+22/ BM i?2 b�K2 /B`2+iBQM �b i?2 Q`B;@
BM�H bQHmiBQM Q7 i?2 T`Q#H2KX PM2 rQmH/ +QMbB/2` i?Bb Dmbi �MQi?2` }2H/ iQ
#2 [m�MiBx2/X 6`QK i?2 Qi?2` pB2rTQBMi i?2 ;2QK2i`v Bb BKTQ`i�Mi- #mi
7`QK i?Bb pB2rTQBMi ;`�pBiv Bb Dmbi �MQi?2` }2H/X A �K bm`2 i?�i �M 2MQ`@
KQmb �KQmMi Q7 7Q`KmH�2 rQmH/ #2 +QHH2+i2/ rBi?Qmi ?�pBM; i?2 ;2M2`�HHv
+Qp�`B�Mi [m�MimK i?2Q`vX A �/p2`iBb2 i?�i i?Bb M2r TQBMi Q7 pB2r K�v- BM
7�+i- bm++22/ BM i?2 2M/X *2`i�BMHv T2QTH2 rQmH/ MQi i?BMF i?�i i?2 `2bi
Q7 T?vbB+b +QmH/ #2 /2/m+2/ 7`QK ;`�pBivX h?2v K�v r2HH #2 r`QM;- #mi
Bi �HbQ K�v #2 i`m2 i?�i ;`�pBiv Bb Dmbi QM2 KQ`2 Q7 � HQM; HBbi Q7 /B{+mHi
i?BM;b i?�i bQK2 /�v ?�p2 iQ #2 Tmi iQ;2i?2`X

LQr H2i mb ;Q iQ i?2 b2+QM/ TQbbB#BHBiv- QH/ }2H/bX h?2 T?vbB+Bbib
KB;?i i`v iQ 2tTH�BM i?2 M2r 7Q`+2 QM i?2 #�bBb Q7 i?2 BM+QKTH2i2 +�M+2HH�@
iBQM Q7 2H2+i`B+ +?�`;2b Q7 i?2 Q`/2` UMmK#2` Q7 T�`iB+H2bV1/2 Q` bQK2 bm+?
b+?2K2X >Qr2p2`- i?2`2 �`2 � MmK#2` Q7 BMi2`2biBM; TQbbB#BHBiB2b r?B+? �`2
MQi +QKTH2i2Hv BKTQbbB#H2X PM2 BKTQ`i�Mi 7�+i Bb i?�i i?Bb }2H/ ?�b �M
BM}MBi2bBK�H +QmTHBM; +QMbi�Mi �M/ �H`2�/v QM2 FMQrb �#Qmi QM2 r2�FHv
+QmTH2/ }2H/- i?2 M2mi`BMQX �HbQ- i?2 M2mi`BMQ ?�b x2`Q `2bi K�bb r?B+? Bb
M22/2/ 7Q` 1/r /2T2M/2M+2X h?2 M2mi`BMQ 2[m�iBQM Bb KQ/B}2/- 7Q` +QMp2@
MB2M+2- iQ `2�/

"2ψ = γµ jµ ,

�M/ i?2 M2mi`BMQ T`QT�;�iQ`b �`2 �bbmK2/ iQ #2 1
p2 X � }`bi i`B�H KB;?i #2

i?2 bBM;H2 2t+?�M;2 Q7 � M2mi`BMQ #2ir22M i?2 irQ BMi2`�+iBM; #Q/B2bX AM
i?Bb +�b2- ?Qr2p2`- � 1/r H�r /Q2b MQi `2bmHi #2+�mb2 i?2 BMBiB�H �M/ }M�H
bi�i2b �`2 Q`i?Q;QM�HX �MQi?2` TQbbB#BHBiv Bb � irQ M2mi`BMQ 2t+?�M;2- #mi
i?Bb ;Bp2b � TQi2MiB�H r?B+? 7�HHb Qz 7�bi2` i?�M 1/rX L2ti- QM2 +QmH/ i`v
QM2 M2mi`BMQ 2t+?�M;2 #2ir22M i?2 irQ #Q/B2b rBi? 2�+? #Q/v 2t+?�M;BM;
QM2 M2mi`BMQ rBi? i?2 `2bi Q7 i?2 mMBp2`b2X h?2 `2bi Q7 i?2 mMBp2`b2 Bb
�bbmK2/ iQ #2 �i bQK2 }t2/ /Bbi�M+2- RX h?Bb /Q2b ;Bp2 `Bb2 iQ � TQi2MiB�H
r?B+? p�`B2b �b 1

rR3 X >Qr2p2`- i?2 �KQmMi Q7 K�ii2` p�`B2b �b R2 bQ i?�i
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mTQM BMi2;`�iBQM Qp2` i?2 mMBp2`b2 QM2 ;2ib � HQ;�`Bi?KB+ /Bp2`;2M+2X h?2
KQbi b2`BQmb /B{+mHiv rBi? i?Bb �TT`Q�+? Bb- ?Qr2p2`- i?2 H�`;2 2z2+i i?2
bmM rQmH/ ?�p2 QM i?2 2�`i?@KQQM bvbi2KX h?Bb H�bi i`B�H r�b bQ Km+?
#2ii2` i?�M i?2 Qi?2`b QM2 +�M ;Q � bi2T 7m`i?2` �M/ i`v � 7Qm` M2mi`BMQ
T`Q+2bb rBi? i?2 �//BiBQM�H M2mi`BMQ #2BM; 2t+?�M;2/ BM i?2 `2bi Q7 i?2
mMBp2`b2X h?Bb rBHH �HbQ ;Bp2 � 1/r TQi2MiB�H �M/ � ?B;?2` Q`/2` /Bp2`;2M+2
�M/ QM2 Kmbi rQ``v �#Qmi i?2 /2MbBiv Q7 K�ii2`- 2i+X >B;?2` Q`/2` i2`Kb
�`2 TQbbB#H2 #mi i?2v �`2 Km+? KQ`2 /B{+mHi iQ ?�M/H2X h?2`27Q`2- i?2
TQbbB#BHBiv 2tBbib i?�i i?2 K�i2`B�H 7`QK i?2 QmibB/2 Bb K�FBM; i?2 bQm`+2 Q7
;`�pBi�iBQM ?2`2 i?`Qm;? i?2 2t+?�M;2 Q7 r2HH FMQrM T�`iB+H2b- i?2 M2mi`B@
MQbX h?Bb Bb Q#pBQmbHv MQ b2`BQmb i?2Q`v �M/ Bb MQi iQ #2 #2HB2p2/X 6Q` QM2
i?BM; i?2 mb2 Q7 i?2 +Q``2+i T`QT�;�iQ`b rQmH/ +?�M;2 i?2 r /2T2M/2M+2X
A7 QM2 /B/ Tmi BM i?BM;b +Q``2+iHv �M/ ;Qi � }MBi2 �KQmMi 7Q` � `2bmHi- i?2M
i?Bb Bb p2`v +m`BQmb �M/ ?�b MQi #22M MQiB+2/ #27Q`2X h?�i Bb QM2 Q7 i?2
�/p�Mi�;2b Q7 HQQFBM; �i bQK2i?BM; 7`QK � /Bz2`2Mi /B`2+iBQMX �Mvr�v-
i?Bb Bb r?�i i?2 T2QTH2 r?Q #2HB2p2 BM QH/ i?2Q`B2b rQmH/ /QX

h?Bb /Bz2`2Mi TQBMi Q7 pB2r ?�b #22M �/p2`iBb2/ BM i?2 ?QT2 i?�i � 72r
T2QTH2 rBHH bi�`i HQQFBM; �i ;`�pBi�iBQM 7`QK � /Bz2`2Mi /B`2+iBQMX A i?BMF
`2�HHv i?�i Bi Bb KQ`2 HBF2Hv �M/ KQ`2 BMi2`2biBM; iQ ;Q 7`QK i?2 ;2QK2i`B+
bB/2- #mi B7 � 72r BMp2biB;�iBQMb +?�M;2 /B`2+iBQMb r2 K�v ;2i bQK2r?2`2X
_Pa1L61G. +QKK2Mib i?�i i?2 TQbbB#H2 +QMM2+iBQM #2ir22M M2mi`BMQb
�M/ ;`�pBi�iBQM r�b /Bb+mbb2/ � HQM; iBK2 �;QX �HbQ- QM2 b�vb i?�i ;`�pB@
i�iBQM�H 2M2`;v Bb +�``B2/ �r�v #v ;`�pBiQMb r?BH2 2M2`;v Bb +QMb2`p2/ BM
#2i� /2+�v #v i?2 M2mi`BMQX h?2b2 KB;?i #2 �Hi2`M�i2 r�vb Q7 b�vBM; i?2
b�K2 i?BM;X



*?�Ti2` ke
amKK�`v Q7 *QM72`2M+2
SX :X "2`;K�MM

Pm` �;2M/� +QMbBbi2/ 2bb2MiB�HHv Q7 irQ K�BM T`Q#H2Kb rBi? � +QMM2+iBM;
HBMF #2ir22M i?2KX h?2 irQ K�BM T`Q#H2Kb �`2 +H�bbB+�H i?2Q`v �M/ [m�M@
imK i?2Q`v �M/ i?2 +QMM2+iBM; HBMF Bb i?2 i?2Q`v Q7 K2�bm`2K2Mi r?B+?
bi�M/b rBi? Bib 722i BM #Qi? +�KTbX

� +�HH 7Q` KQ`2 2tT2`BK2Mib �i i?2 T`2b2Mi iBK2 Bb MQi HBF2Hv iQ T`Q/m+2
KQ`2 2tT2`BK2Mib- #mi KQ`2 2tT2`BK2Mib rQmH/ #2 � rQM/2`7mH i?BM;X h?2
QMHv irQ ivT2b Q7 2tT2`BK2Mib i?�i ?�p2 #22M bm;;2bi2/ �i i?Bb +QM72`2M+2
7�HH BM irQ +H�bb2bX 6B`bi- /Q �HH QH/ 2tT2`BK2Mib Qp2` �;�BM rBi? KQ`2 �+@
+m`�+v �M/ BM+`2�b2/ +�`2X �M/ �b .B+F2 ?�b TQBMi2/ Qmi- B7 �M 2tT2`BK2Mi
`2TQ`i2/ �M �++m`�+v ;`2�i 2MQm;? iQ +?2+F QM i?2 2M2`;v Q7 BMi2`�+iBQM Q7
r2�F BMi2`�+iBQMb Bi KB;?i ;Bp2 � `2bmHi /Bz2`2Mi- BM T`BM+BTH2- 7`QK i?Qb2
/QM2 mT iQ MQrX h?2 Qi?2` ivT2 Q7 2tT2`BK2Mib r?B+? �`2 ;QBM; QM- �M/
Qm;?i iQ #2 ;QBM; QM- �`2 i?Qb2 BMi2M/2/ iQ b?2/ HB;?i QM +QbKQHQ;B+�H
T`Q#H2Kb �i �HH H2p2HbX �+im�HHv- i?2`2 2tBbib � i?B`/ ivT2 Q7 2tT2`BK2Mi
r?B+? Bb �TT�`2MiHv MQi 72�bB#H2- �M/ Bb MQi ;QBM; iQ #2 72�bB#H2 7Q` � HQM;
iBK2X h?Bb ivT2 +QMbB/2`b i?2 /2i2+iBQM Q7 ;`�pBi�iBQM�H r�p2bX

h?2 +H�bbB+�H i?2Q`v Kmbi #2 +QM+2`M2/ rBi? � MmK#2` Q7 [m2biBQMbX
6B`bi Q7 �HH r2 ?�p2 i?2 K�i?2K�iB+�H [m2biBQMbX A i?BMF i?�i GB+?M2`QrB+x
�M/ ?Bb ;`QmT ?�p2 +H2�M2/ mT i?2 [m2biBQM Q7 i?2 T`QT�;�iBQM Q7 BM}MBi2b@
BK�H /Bbim`#�M+2b bQ i?�i r2 MQr FMQr r?�i i?2 HB;?i +QM2 Bb- MQi QMHv BM
i?2 ;`�pBi�iBQM�H i?2Q`v- #mi �HbQ BM � MQM@bvKK2i`B+ i?2Q`vX �b 7�` �b i?2
i`m2 *�m+?v T`Q#H2K Bb +QM+2`M2/- ?Qr +�M r2 /2p2HQT �M �H;Q`Bi?K r?B+?
;Bp2b mb b2H7@+QMbBbi2Mi +QM/BiBQMb QM �M BMBiB�H ?vT2`bm`7�+2 7`QK r?B+? r2
+�M +QMiBMm2\ h?Bb T`Q#H2K Bb MQi bQHp2/ �M/ Bb 2bb2MiB�HHv �MQi?2` rQ`/@
BM; Q7 i?2 b2�`+? 7Q` i`m2 Q#b2`p�#H2bX h?2 i?B`/ ivT2 Q7 T`Q#H2K r?B+?
QM2 KB;?i +H�bbB7v �b K�i?2K�iB+�H �`2 i?2 ;HQ#�H i?2Q`B2b r?B+? ?�p2 #22M
BMp2biB;�i2/ #v i?2 6`2M+? ;`QmTX

LQr iQ i?2 T`Q#H2Kb i?�i �`2 KQ`2 +QM+2`M2/ rBi? i?2 bT2+B�H [m2b@
iBQM- r?2`2 i?BM;b ?�pBM; T?vbB+�H Q` KQ/2H bB;MB}+�M+2 �`2 i`B2/ QmiX h?2
KQbi BKTQ`i�Mi Q7 i?2b2 [m2biBQMb r?B+? Kmbi #2 b2iiH2/ Bb- �`2 i?2`2 ;`�p@
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Bi�iBQM�H r�p2b\ �i i?2 T`2b2Mi i?2`2 Bb MQ ;2M2`�H �;`22K2MiX h?2 Qi?2`
i?BM;b iQ #2 K2MiBQM2/ �`2 BMi2`2biBM; #mi �`2 Q7 H2bb +`m+B�H bB;MB}+�M+2X
S2QTH2 ?�p2 bim/B2/ KQ/2H mMBp2`b2b �M/ bi�#BHBiv [m2biBQMb �M/ i?2b2 �`2
Q7 K�DQ` BKTQ`i�M+2 7Q` +QbKQHQ;vX h?2 ;2QMb- r?B+? �`2 MQi iQ `2T`2b2Mi
T�`iB+H2b- K�v #2 Q7 +QMbB/2`�#H2 mb2 BM bim/vBM; KQ/2H [m2biBQMb- BX2X- ?Qr
rBHH bm+? � i?BM; #2?�p2\ PM2 rQmH/ T`272`- ?Qr2p2`- MQi iQ mb2 i?2 /v@
M�KB+�H Q` bi�iBbiB+�H �p2`�;BM;bX �KQM; i?2b2 +H�bbB+�H T`Q#H2Kb �`2 i?2
mMB}2/ }2H/ i?2Q`B2b- �M/ Kv QrM BM+HBM�iBQM Bb iQ bmbT2M/ 7Q` � 72r v2�`b
i?2 b2�`+? 7Q` #B;;2` �M/ #2ii2` QM2bX 1p2M B7 QM2 #2HB2p2b BM 2t?�mbiBM;
i?2 +H�bbB+�H T`Q#H2Kb }`bi �M/ �HbQ #2HB2p2b BM mMB}+�iBQM- i?2`2 Bb bQK2
[m2biBQM �b iQ r?2i?2` i?2 mMB}2/ i?2Q`B2b �`2 i?2 +Q``2+i bi�`iBM; TQBMiX
�i i?2 2M/ Q7 i?2 HBbi Q7 +H�bbB+�H T`Q#H2Kb i?2`2 Bb i?2 `2�H T`Q#H2K Q7 i?2
72�bB#BHBiv Q7 b2T�`�iBM; i?2 bi`B+iHv +H�bbB+�H [m2biBQMb 7`QK i?2 [m�MimK
[m2biBQMbX

h?2 rQ`F Q7 SB`�MB r?B+? ;Bp2b � bBKTH2 +H�bbB+�H Q#b2`p�iBQM Q7 i?2
+QKTQM2Mib Q7 i?2 _B2K�MM@*?`BbiQz2H i2MbQ` b?QmH/ #2 �++2Ti2/ �M/
K�/2 T�`i Q7 Qm` 2[mBTK2MiX Ai 2M�#H2b mb iQ b2i mT � +QM+2Tim�H 2t@
T2`BK2Mi iQ K2�bm`2 � bT2+B}2/ +QKTQM2Mi Q7 i?Bb i2MbQ`X h?Bb `2bmHi
b?QmH/ #2 � #�bB+ +QKTQM2Mi BM i?2 /2bB;M Q7 M2r 2tT2`BK2MibX �b 7�`
�b [m�MimK K2�bm`2K2Mib �`2 +QM+2`M2/- r2 b?QmH/ b2T�`�i2 i?2K BMiQ
[m�MimK i?2Q`2iB+ K2�bm`2K2Mib rBi? �M/ rBi?Qmi ;�/;2ibX h?2 K�M
r?Q /Q2b �M 2tT2`BK2Mi BM ;�/;2ib #2HB2p2b i?�i ?2 +�M #`BM; +HQ+Fb �M/
K2�bm`BM; `Q/b BMiQ ?Bb T?vbB+�H bT�+2 iBK2 rBi?Qmi �z2+iBM; Bi iQQ Km+?X
A `2KBM/ vQm Q7 a�H2+F2`Ƕb 2tT2`BK2MiX Ai Bb /�M;2`Qmb- ?Qr2p2`- iQ mb2
;�/;2ib BM �M 2tT2`BK2Mi rBi?Qmi +�`27mH i?Qm;?iX

h?2 }`bi TQBMi BM i?2 /Bb+mbbBQM Q7 [m�MimK i?2Q`v Bb i?2 M2+2bbBiv
7Q` [m�MiBx�iBQMX q2 ?�p2 ?�/ irQ ivT2b Q7 �`;mK2Mib 7Q` [m�MiBx�iBQM
?2`2X h?2 }`bi Bb 7Q` i?2 2bb2MiB�H mMBiv r?B+? [m�MiBx�iBQM rBHH #`BM;X
h?Bb Bb � p2`v p�;m2 �M/ ;2M2`�H �`;mK2MiX �M/ i?2 b2+QM/ Bb `2H�i2/
iQ K2�bm`2K2Mi #v ;`�pBiv �M/ ?�b #22M /Bb+mbb2/ #v #Qi? 62vMK�M �M/
_Qb2M72H/X �b 7�` �b i2+?MQHQ;v Bb +QM+2`M2/- r2 ?�p2 i�HF2/ p2`v HBiiH2
�#Qmi i?2 MQM@62vMK�M K2i?Q/b Q7 [m�MiBx�iBQMX A �;`22 rBi? Qi?2`b i?�i
QM2 M22/ MQi r�Bi mMiBH �HH i?2 K�i?2K�iB+�H /B{+mHiB2b �`2 +H2�`2/ mT BM
+QMM2+iBQM rBi? i?2 62vMK�M K2i?Q/X A7 i?Bb +�M #2 +�``B2/ i?`Qm;? Bi
Kmbi �HbQ #2 TQbbB#H2 iQ ;Bp2 � K�i?2K�iB+�HHv �++2Ti�#H2 7Q`K iQ BiX o2`v
HBiiH2 ?�b i`�MbTB`2/ QM i?2 T`Q#H2K Q7 2H2K2Mi�`v T�`iB+H2bX q2 ?�p2 #22M
;Bp2M b2p2`�H rQ`/ TB+im`2b �M/ r2 Kmbi #mBH/ � 7`�K2rQ`F iQ ?�M; i?2
TB+im`2b QMX



*?�Ti2` kd
�M 1tT�M/2/ o2`bBQM Q7 i?2 _2K�`Fb #v _XSX 62vM@
K�M QM i?2 _2�HBiv Q7 :`�pBi�iBQM�H q�p2bR

A i?BMF Bi Bb 2�bv iQ b22 i?�i B7 ;`�pBi�iBQM�H r�p2b +�M #2 +`2�i2/ i?2v +�M
+�``v 2M2`;v �M/ +�M /Q rQ`FX amTTQb2 r2 ?�p2 � i`�Mbp2`b2@i`�Mbp2`b2
r�p2 ;2M2`�i2/ #v BKTBM;BM; QM irQ K�bb2b +HQb2 iQ;2i?2`X G2i QM2 K�bb A
+�``v � biB+F r?B+? `mMb T�bi iQm+?BM; i?2 Qi?2` BX A i?BMF A +�M b?Qr i?�i
i?2 b2+QM/ BM �++2H2`�iBM; mT �M/ /QrM rBHH `m# i?2 biB+F- �M/ i?2`27Q`2
#v 7`B+iBQM K�F2 ?2�iX A mb2 +QQ`/BM�i2b T?vbB+�HHv M�im`�H iQ A- i?�i Bb
bQ �i A i?2`2 Bb ~�i bT�+2 �M/ MQ }2H/ Ur?�i �`2 i?2v +�HH2/- ǳM�im`�H
+QQ`/BM�i2bǴ\VX h?2M SB`�MB �i �M 2�`HB2` b2+iBQM ;�p2 �M 2[m�iBQM 7Q` i?2
MQiBQM Q7 � M2�`#v T�`iB+H2- p2+iQ` /Bbi�M+2 η 7`QK Q`B;BM A- Bi r2Mi HBF2-
iQ 1st Q`/2` BM η

η̈a +Ra
0b0ηb = 0 (a,b = 1,2,3)

R Bb i?2 +m`p�im`2 i2MbQ` +�H+mH�i2/ �i AX LQr r2 +�M };m`2 R /B`2+iHv- Bi
Bb MQi `2�bQM�#H2 #v +QQ`/BM�i2 i`�Mb7Q`K�iBQM 7Q` Bi Bb i?2 `2�H +m`p�im`2X
Ai /Q2b MQi p�MBb? 7Q` i?2 i`�Mbp2`b2@i`�Mbp2`b2 ;`�pBiv r�p2 #mi Qb+BHH�i2b
�b i?2 r�p2 ;Q2b #vX aQ- η QM i?2 _>a Bb b2MbB#Hv +QMbi�Mi- bQ i?2 2[m�iBQM
b�vb i?2 T�`iB+H2 pB#`�i2b mT �M/ /QrM � HBiiH2 UrBi? �KTHBim/2 T`QTQ`iBQM�H
iQ ?Qr 7�` Bi Bb 7`QK A QM i?2 �p2`�;2- �M/ iQ i?2 r�p2 �KTHBim/2XV >2M+2
Bi `m#b i?2 biB+F- �M/ ;2M2`�i2b ?2�iX

A ?2�`/ i?2 Q#D2+iBQM i?�i K�v#2 i?2 ;`�pBiv }2H/ K�F2b i?2 biB+F
2tT�M/ �M/ +QMi`�+i iQQ BM bm+? � r�v i?�i i?2`2 Bb MQ `2H�iBp2 KQiBQM Q7
T�`iB+H2 �M/ biB+FX "mi i?Bb +�MMQi #2X aBM+2 i?2 �KTHBim/2 Q7 BǶb KQiBQM
Bb T`QTQ`iBQM�H iQ i?2 /Bbi�M+2 7`QK A- iQ +QKT2Mb�i2 Bi i?2 biB+F rQmH/
?�p2 iQ bi`2i+? �M/ b?Q`i2M #v +2`i�BM `�iBQb Q7 Bib QrM H2M;i?X u2i �i
i?2 +2Mi2` Bi /Q2b MQ bm+? i?BM;- 7Q` Bi Bb BM M�im`�H K2i`B+ @ �M/ i?�i
K2�Mb i?�i i?2 H2M;i?b /2i2`KBM2/ #v bBx2 Q7 �iQKb 2i+X �`2 +Q``2+i �M/
mM+?�M;BM; �i i?2 Q`B;BMX AM 7�+i i?�i Bb i?2 /2}MBiBQM Q7 Qm` +QQ`/BM�i2
bvbi2KX :`�pBiv /Q2b T`Q/m+2 bi`�BMb BM i?2 `Q/- #mi i?2b2 �`2 x2`Q �i i?2
Ra22 62vMK�MǶb `2K�`Fb- TXk8kX



k3y kdX 1tT�M/2/ _2K�`Fb #v 62vMK�M

+2Mi2` 7Q` g �M/ Bib ;`�/B2Mib �`2 x2`Q i?2`2X A i?BMF, �Mv +?�M;2b BM `Q/
H2M;i?b rQmH/ ;Q �i H2�bi �b η3 �M/ MQi �b η bQ bm`2Hv i?2 K�bb2b rQmH/
`m# i?2 `Q/X

AM+B/2Mi�HHv K�bb2b Tmi QM QTTQbBi2 bB/2 Q7 A ;Q BM QTTQbBi2 /B`2+iBQMbX
A7 A mb2 9 r2B;?ib BM � +`Qbb- i?2 KQiBQMb �i � ;Bp2M T?�b2 �`2 �b BM i?2
};m`2,

!

6B;m`2 kdXR

h?mb � [m�/`mTQH2 KQK2Mi Bb ;2M2`�i2/ #v i?2 r�p2X
LQr i?2 [m2biBQM Bb r?2i?2` bm+? � r�p2 +�M #2 ;2M2`�i2/ BM i?2

}`bi TH�+2X 6B`bi bBM+2 Bi Bb � bQHmiBQM Q7 i?2 2[m�iBQMb U�TT`QtXV Bi +�M
T`Q#�#Hv #2 K�/2X a2+QM/- r?2M A i`B2/ iQ �M�Hvx2 7`QK i?2 }2H/ 2[m�iBQMb
Dmbi r?�i ?�TT2Mb B7 r2 /`Bp2 9 K�bb2b BM � [m�/`mTQH2 KQiBQM Q7 K�bb2b
HBF2 i?2 };m`2 �#Qp2 rQmH/ /Q @ 2p2M BM+Hm/BM; i?2 bi`2bb@2M2`;v i2MbQ` Q7
i?2 K�+?BM2`v r?B+? /`Bp2b i?2 r2B;?ib- Bi r�b p2`v ?�`/ iQ b22 ?Qr QM2
+QmH/ �pQB/ ?�pBM; � [m�/`mTQH2 bQm`+2 �M/ ;2M2`�i2 r�p2bX h?B`/ Kv
BMbiBM+i Bb i?�i � /2pB+2 r?B+? +QmH/ /`�r 2M2`;v Qmi Q7 � r�p2 �+iBM; QM
Bi- Kmbi B7 /`Bp2M BM i?2 +Q``2bTQM/BM; KQiBQM #2 �#H2 iQ +`2�i2 r�p2b Q7
i?2 b�K2 FBM/X h?2 `2�bQM 7Q` i?Bb Bb i?2 7QHHQrBM;, A7 � r�p2 BKTBM;2b
QM Qm` ǳ�#bQ`#2`Ǵ �M/ ;2M2`�i2b 2M2`;v @ �MQi?2` ǳ�#bQ`#2`Ǵ TH�+2 BM i?2
r�p2 #2?BM/ i?2 }`bi Kmbi �#bQ`# H2bb #2+�mb2 Q7 i?2 T`2b2M+2 Q7 i?2 }`bi-
UQi?2`rBb2 #v mbBM; 2MQm;? �#bQ`#2`b r2 +QmH/ /`�r mMHBKBi2/ 2M2`;v
7`QK i?2 r�p2bVX h?�i Bb- B7 2M2`;v Bb �#bQ`#2/ i?2 r�p2 Kmbi ;2i r2�F2`X
>Qr Bb i?Bb �++QKTHBb?2/\ P`/BM�`BHv i?`Qm;? BMi2`72`2M+2X hQ �#bQ`#- i?2
�#bQ`#2` T�`ib Kmbi KQp2- �M/ BM KQpBM; ;2M2`�i2 � r�p2 r?B+? BMi2`72`2b
rBi? i?2 Q`B;BM�H r�p2 BM i?2 bQ@+�HH2/ 7Q`r�`/ b+�ii2`BM; /B`2+iBQM- i?mb
`2/m+BM; i?2 BMi2MbBiv 7Q` � bm#b2[m2Mi �#bQ`#2`X AM pB2r i?2`27Q`2 Q7
i?2 /2i�BH2/ �M�HvbBb b?QrBM; i?�i ;`�pBiv r�p2b +�M ;2M2`�i2 ?2�i U�M/
i?2`27Q`2 +�``v 2M2`;v T`QTQ`iBQM�H iQ R2 rBi? � +Q2{+B2Mi r?B+? +�M #2
/2i2`KBM2/ 7`QK i?2 7Q`r�`/ b+�ii2`BM; �`;mK2MiVX A +QM+Hm/2 �HbQ i?�i
i?2b2 r�p2b +�M #2 ;2M2`�i2/ �M/ �`2 BM 2p2`v `2bT2+i `2�HX



kdX 1tT�M/2/ _2K�`Fb #v 62vMK�M k3R

A ?2bBi�i2/ iQ b�v �HH i?Bb #2+�mb2 A /QMǶi FMQr B7 i?Bb r�b �HH FMQrM
�b A r�bMǶi ?2`2 �i i?2 b2bbBQM QM ;`�pBiv r�p2bX





AM/2t

�#bQ`#2` i?2Q`v Q7 `�/B�iBQM- N8-
R9k- k9N- k3y

�;2 Q7 1�`i?- 83
�M/2`bQM- CX GX- 8N- 39- R8y- R38-

RNk- RNj- ky9- ky3- kjk-
k9j- k88- keN

�Mi?`QTB+ `2�bQMBM;- Rk8

"�#bQM- _X- 3ĜRy
"�?MbQM- �X- dĜRR- Re- R3
"�`;K�MM- oX- 8N- R9k- R38- k9j
"�bb- _X- RR- 3N
"2HBM7�Mi2- 6X CX- RR- Ryy- Rke-

R9j- ReR- R3k- R3d- RNy-
RNR- RNj- kjR- kj3- k9d-
k9N- k8y- k8N

ǵJm//B}2/ i?2Q`vǶ- RNy
"2Hi`�KB QT2`�iQ`- 3k
"2`;K�MM- SX :X- 9- Re- Rd- 83-

ej- d9- 3y- 39- Ryk- Rkd-
Rk3- R9k- R93- R9N- R8N-
Rek- Re8- Ree- R38- RNyĜ
RNk- kjN- k93- k9N- k8j-
k89- kdd

"2iiB MmK#2`b- 3N
"B�M+?B B/2MiBiB2b- Ryd- RyN- R9d
"B`F?QzǶb 7mM/�K2Mi�H i?2Q`2K-

3N
"QM/B- >X- Rd- 8N- N8- NNĜRyk- RR9-

RRe- Rke- Rkd- RkN- R9k-
R8y- R8N- Rey- k9j- k8k-
k89- k83- k8N

"Q`M@AM72H/ i?2Q`v- R99- R98- R93
"`BHH- .X_X- R9k

"m+FBM;?�K- JX CX- k88

*�`i�M +�H+mHmb- 3y
*�m+?v S`Q#H2K- ee- ed- eN- 3kĜ

39- kdd
*?`BbiQz2H bvK#QHb- R9R- kRN
*H�bbB}+�iBQM Q7 j@K�MB7QH/b- d3
*H�bbB}+�iBQM Q7 K2i`B+b- dN
*HQ+F KQ/2Hb- RdR
*QKKmi�iBQM `2H�iBQMb- ke8
*QbKQHQ;v

*QbKQHQ;B+�H S`BM+BTH2- Rkk-
RkN

*v+HB+ +QbKQHQ;v- RR9
2tT2`BK2Mi�H- Rje

*QmTHBM; +QMbi�Mib- 8j
*v;Mmb �- Rj8
*vHBM/`B+�H bvKK2i`v- Ryy- RyR

.�pBb- qX _X- RjN- R98

.2#2p2`- _X- 9e- dN

.2b2`- aX- 3- kjj- kjN- kej- keN-
kdy

.2qBii- "X aX- d- d9- R9j- RNdĜ
RNN- ky9Ĝkye- ky3ĜkRk-
kR8ĜkRd- kRN- kkR- kk8-
kjy- kjN- k99- k9dĜk9N-
k8e

.BK2MbBQMH2bb MmK#2`b- 8j

.B`�+- SX �X JX- 8j- kR9- kRd-
k9d

.B`B+?H2i T`Q#H2K- e3

.Bbi�M+2 K2�bm`2K2Mib- RdR

1//BM;iQM- �X aX- 8j- RR9



k39 AM/2t

1BMbi2BM@_Qb2M iQTQHQ;v- d9- d3-
RyR- Ry9

1ƺipƺb 2tT2`BK2Mi- 8RĜ8j- 83- 8N
1[mBp�H2M+2 S`BM+BTH2- 8R- 8k- 8N-

N8- R9y- k9N
�M/ �MiB@K�ii2`- 8N

1`Mbi- 6X C- R9j
1i?2` /`B7i- 89
1mH2`@SQBM+�`û +?�`�+i2`BbiB+- 3N

62vMK�M [m�MiBx�iBQM- RdN- R3k-
RNk- ky3- kkN- kjk- kjj-
kj3Ĝk9y

62vMK�M- _X SX- 9- Rj- R8- RN-
R98- R9N- R8y- Rdd- Rd3-
R3k- R39- kk3- kjR- kj3-
k99- k93Ĝk8y- k8kĜkey-
kdy- kdR- kd3- kdN

6Q`K�iBQM Q7 JQQM- 8e
6Qm`ĕb- uX- ed- e3- dk- 3y- 3j- 3d-

keN
6`B2/K�M bQHmiBQM- Rey
6mM+iBQM�H BMi2;`�iBQM- ky9- kkN-

kjy- ke8
6mM/�K2Mi�H H2M;i?- R98- R9d

:�m;2 i?2Q`2iB+ +QMbi`�BMib- 9- R3-
3j- 39- 3d- Ree- R3NĜRNR-
RNj- ky3- kRy- kRkĜkR8-
kk8- kk3- kkN- kjRĜkjj

.B`�+Ƕb K2i?Q/- Ree- R3d- kRk

.B`�+Ƕb h?2Q`2K- kRj
62`KBǶb K2i?Q/- RNy

:û?ûMB�m- CX- Re- 9e- dN- RNk
:2M2`�H +Qp�`B�M+2- 39
:2M2`�H `2H�iBpBiv

�M�HQ;v rBi? 2H2+i`QK�;M2iBbK-
99- 9e- 3k- N8- Ryy- Ry9

�M/ �iQKB+ +HQ+Fb- 99- 8N
+H�bbB+ i2bib Q7- 9j
/Bp2`;2M+2b- k9e- ke9- ked

2HBKBM�iBQM Q7- R9d- ke8
QM � +QKTmi2`- dj- 3j- 3d
p�`B�iBQM�H T`BM+BTH2- eN- 39-

3e- R9k
:2QMb- 93- 9N- R9kĜR99- R93- R9N-

R3k- key- kd3
i?2`K�H ;2QMb- RjN

:2Q`;2 _B/2Qmi- 3ĜRy
:H2MM J�`iBM *QKT�Mv- d- 3- Ry-

RR
:HQ#�H bQHmiBQMb- dy
:QH/- hX- 88- 8d- 8N- RkR- RkeĜ

RkN- R8N- R39- k9j- k99-
k89- k83

:QH/#2`;- CX- Re- R3- RyN- RNyĜ
RNj

:`�pBi�iBQM�H r�p2b- j- ee- ed- N8-
NN- Ryj- Ryd- RRe- RRd-
R9k- R83- k8e- k83- key-
kddĜkdN

:`�pBiv �b � `2;mH�iQ`- Re8
:`�pBiv _2b2�`+? 6QmM/�iBQM- 3Ĝ

Ry
:`22MǶb 7mM+iBQMb- 3k- kee- ked
:mTi�- aX- k98

>Q/;2Ƕb i?2Q`2K- Ny
>m##H2 `�/Bmb- 8j
>v/`Q/vM�KB+�H �M�HQ;v- 93- 3j-

RkN

AMBiB�H p�Hm2 T`Q#H2K- j8- 98- 39-
RR9- RjN- RdN

AMp�`B�Mib Q7 i?2 _B2K�MM i2MbQ`-
Ry9

AMpQHmiBQM T`QT2`iv- ed- eN
AbQi?2`K�H +QQ`/BM�i2b- ed

C�MbFv- EX- RjR

E2`p�B`2- JX- RN- NR



AM/2t k38

EQK�`- �X- RjN
Em`bmMQ;Hm- "X- Re- R9d- R93- R8y-

Rek- k9j

G�;`�M;B�M +QQ`/BM�i2b- 3j
G�;`�M;B�M K2b?- 3j- kj3
G�K# b?B7i- kdk
G�m`2Mi- "X- Re- R3- kjk- kjj- kj3-

kjN
GB+?M2`QrB+x- �X- 98- ej- ed- dk-

dj- d3- 3R- 3k- 3d- Ny-
RykĜRy9- R9k- R93- R83-
kjR- keN- kdd

GBHH2v- �X 1X- RjR
GBM/[mBbi- _X qX- RR9
GB[mB/ 1�`i? i?2Q`v- 8d
GQ+�H BMp�`B�Mib- dN

J�+?Ƕb S`BM+BTH2- 98- 9e- RjN
J2�bm`�#BHBiv Q7 i?2 2H2+i`QK�;@

M2iB+ }2H/- RdN
J2�bm`2K2Mi Q7 ;`�pBi�iBQM�H }2H/-

3y
[m�MimK HBKBi�iBQMb- RedĜReN-

R39
JBbM2`- *X qX- R3- 9d- 93- dR-

d9- dd- dN- 3j- 3e- 3d-
NR- R3k- RNk- kjd- kj3-
k9d- k93

JDQHbM2bb- _X- Rey
JǠHH2`- *X- R3

L�im`�H +QQ`/BM�i2b- kdN
L2+2bbBiv Q7 [m�MiBx�iBQM Q7 ;`�p@

Biv- Re8- k98- ke8- kd3
L2mi`BMQb- R9k- R9j- R3k- kde

+QMM2+iBQM iQ ;`�pBiQMb- kde
L2rK�M- 1X hX- Rd- RNR- RNk
LQM@bBKTHv +QMM2+i2/ mMBp2`b2- 3N
LQM@bvKK2i`B+ i?2Q`v Q7 ;`�pB@

i�iBQM- RRy- R99- ReR- kdd

S�`Biv pBQH�iBQM- 83
S�`iB+H2b �b bBM;mH�`BiB2b- RyN
S2i`QpǶb +H�bbB}+�iBQM- Ryj
SB`�MB- 6X �X 1X- Rd- d9- Ryk-

Rye- RR8- Rk3- R9R- R9k-
Rey- Rdd- R38- kd3- kdN

SH�M+F H2M;i?- ke9
SH�M+F K�bb- Red
Sb2m/Q@i2MbQ` 7Q`K�HBbK- RyR

Zm�/`mTQH2- Ry3- k8e- k3y
Zm�MimK }2H/ i?2Q`v BM +m`p2/

bT�+2iBK2- ky8

_�BMB+?- uX- 93- dR- dk
_2;;2- hX- RjN
_2;mH�`Biv T`Q#H2K- dR
_2MQ`K�HBx�iBQM- ke9- kee- kdk
_A�a- AL*- d- RR- Re
_Qb2M- LX- Re- d9- N3- Rye- Ryd
_Qb2M72H/- GX- RN- R9N- Rek- Rd3-

RdN- R39- k9d- k8j- k8e-
k83- k8N- kde- kd3

a�H2+F2`- >X- R93- RdRĜRd9- RdeĜ
RdN- R39- k93- k9N- k8e-
kd3

a+?BH/- �X- Rd- Ry9
a+?BHH2`- _X aX- RNk
a+?r�`xb+?BH/ bQHmiBQM- dR- d9- RyR-

Ry9- RRj- RR9- RjN- R99-
R8N- Re8- key- kee

a+B�K�- .X- 98- Rkd- Rk3- ReR- Rek
aBM;mH�`Biv Q7 T`QT�;�iQ`- kee
aTBMQ`b- ReR- R3N- RNR- k9d- ked
ai2�/v@bi�i2 i?2Q`v- Rkd- RkN

h?QK- _X- dN
h?Qm;?i 2tT2`BK2Mib- 3y

/�M;2`b Q7- kd3



k3e AM/2t

hBK2@p�`vBM; +QMbi�Mib- 8j- 89-
83

hQMM2H�i- JX �X- eN- RRy- R99-
R98- R93

hQv KQ/2Hb- kd3
h`m2 P#b2`p�#H2b- Ree- RNR- RNk-

ky3- kk3- kjy- kjR
hrQ@#Q/v T`Q#H2K- e3

lHi`�pBQH2i /Bp2`;2M+2b- kej
lMB}2/ }2H/ i?2Q`v- R8- j8- 93-

9N- dy- d9- d3- RRy- R99-
R9dĜR8y- Ree- R3k- kdk-
kd3

�H`2�/v mMB}2/ }2H/ i?2Q`v-
dR

T`Q#H2K Q7 Qi?2` }2H/b- R9N
liBv�K�- _X- Re- Rd- R8R- k98-

k9d

oB2`#2BM- Ryk- kjN- k98

q2#2`- CX- RyR- Ryk- RRe- Rey- R3j-
R39

q?22H2`- CX �X- Ry- RjĜRe- RN-
9j- 8d- ed- dR- d9- 3k-
39- 3e- 3N- NR- Ryy- RR9-
Rk3- RkN- RjN- R9k- R9j-
R93- R9N- Rey- RdNĜR39-
RNk- kyd- kjdĜkjN- k9j-
k9d- k9N- key- keN

qB;M2`@a2Bix �TT`QtBK�iBQM- RRj
qBii2M- GX- RR- 8N- 3N- R8y- k8k
qQ`K?QH2b- 9d- d9- dd- dN- R3R-

R3k- R39- k9d- k8e


