The Equilibrium Controversy



Max Planck Research Library
for the History and Development

of Knowledge

Series Editors

Jirgen Renn, Robert Schlogl, Bernard F. Schutz.

Edition Open Access Development Team

Lindy Divarci, Beatrice Gabriel, Jorg Kantel, Matthias Schemmel, and
Kai Surendorf, headed by Peter Damerow!.

Scientific Board

Markus Antonietti, Ian Baldwin, Antonio Becchi, Fabio Bevilacqua,
William G. Boltz, Jens Braarvik, Horst Bredekamp, Jed Z. Buchwald,
Olivier Darrigol, Thomas Duve, Mike Edmunds, Yehuda Elkana, Fynn Ole
Engler, Robert K. Englund, Mordechai Feingold, Rivka Feldhay, Gideon
Freudenthal, Paolo Galluzzi, Kostas Gavroglu, Mark Geller, Domenico
Giulini, Glinther Gorz, Gerd GraBhoff, James Hough, Manfred Laubich-
ler, Glenn Most, Klaus Miillen, Pier Daniele Napolitani, Alessandro Nova,
Hermann Parzinger, Dan Potts, Circe Silva da Silva, Ana Simdes, Dieter
Stein, Richard Stephenson, Mark Stitt, Noel M. Sw erdlow, Liba Taub,
Martin Vingron, Scott Walter, Norton Wise, Gerhard Wolf, Riidiger Wol-
frum, Gereon Wolters, Zhang Baichun.

Sources 2
Edition Open Access

2017



The Equilibrium Controversy

Guidobaldo del Monte’s Critical Notes
on the Mechanics of Jordanus and Benedetti
and their Historical and Conceptual Background

With an Appendix by Oliver Hahn and Timo Wolff
on the Analysis of Iron Gall Inks

Jurgen Renn and Peter Damerow

Communicated by

Antonio Becchi, Carlo Maccagni and Pietro Daniel Omodeo

Edition Open Access
2017



Max Planck Research Library
for the History and Development of Knowledge
Sources 2

This volume was submitted by
Antonio Becchi, Carlo Maccagni and Pietro Daniel Omodeo

ISBN 978-3-945561-26-3

Published 2017 by Edition Open Access,

Max Planck Institute for the History of Science

Reprint of the 2012 edition

Printed and distributed by

PRO BUSINESS digital printing Deutschland GmbH, Berlin
Edition Open Access

http://www.edition-open-access.de

Published under Creative Commons by-nc-sa 3.0 Germany Licence
http://creativecommons.org/licenses/by-nc-sa/3.0/de/

The Deutsche Nationalbibliothek lists this publication in the Deutsche Na-
tionalbibliografie; detailed bibliographic data are available on the Internet
at http://dnb.d-nb.de.

The images of the first facsimile part containing Apianus’ edition of Jor-
danus’ De ponderibus were produced by the Linda Hall Library of Science,
Engineering & Technology, Kansas City from an original in the library’s
rare book collection: Jordanus de Nemore’s Liber Iordani Nemorarii ... De
ponderibus propositiones XIII [Norimbergae, per To. Petreium] 1533. The
images of the second facsimile part containing a chapter of Benedetti’s
Diversarum speculationum with Guidobaldo’s marginalia were produced by
the digitization group of the library of the Max Planck Institute for the
History of Science from an original in the library’s rare book collection.



The Max Planck Research Library for the History and Development of
Knowledge comprises three subseries, Studies, Proceedings, and Sources.
They present research results and the relevant sources in a new format
that combines the advantages of traditional publications and the digital
medium. Available both as printed books and as online open access publi-
cations, they present original scientific work submitted under the scholarly
responsibility of members of the Scientific Board and their academic peers.

The volumes of the three subseries and their electronic counterparts
are directed at scholars and students of various disciplines, and at a broader
public interested in how science shapes our world. They provide rapid
access to knowledge at low cost. Moreover, by combining print with digital
publication, the series offers a new way of publishing research in flux and of
studying historical topics or current issues in relation to primary materials
that are otherwise not easily available.

The initiative is presently supported by research departments of three
Max Planck Institutes, the MPI for the History of Science, the Fritz Haber
Institute of the MPG, and the MPI for Gravitational Physics (Albert Ein-
stein Institute). This is in line with the Berlin Declaration on Open Access
to Knowledge in the Sciences and Humanities, launched by the Max Planck
Society in 2003.

The volumes of the Studies series are dedicated to a key subject in
the history and development of knowledge, bringing together perspectives
from different fields and combining source-based empirical research with
theoretically guided approaches. Studies typically present working group
volumes with integrative approaches to problems ranging from the global-
ization of knowledge to the nature of spatial thinking.

The volumes of the Proceedings series present the results of scientific
meetings on current issues and support further cooperation on these issues
with an electronic platform.

The volumes of the Sources series typically present primary sources
— relevant for the history and development of knowledge — in facsimile,
transcription, or translation. The original sources are complemented by
an introduction and by commentaries reflecting original scholarly work.
The sources reproduced in this series may be rare books, manuscripts,
documents or other materials that are not readily accessible in libraries
and archives.

On the basis of scholarly expertise the publication of the three se-
ries brings together traditional books produced by print-on-demand tech-
niques with modern information technology. Based on and extending the
functionalities of the existing open access repository ECHO (European



vi

Cultural Heritage Online), this initiative aims at a model for an unprece-
dented, web-based scientific working environment integrating access to
information with interactive features.



Contents

Part 1: On the Books and the Handwritten Marginalia

1 Introduction....... ... ... ..
1.1 Onthisbook.... ...
1.2 A first glimpse at a new document...........................
1.3 Scientific controversies and challenging objects...............
1.4 The physical background of the equilibrium controversy......
1.5 Editorial remarks....... ... ...

2 The Authors and their Critic............................
2.1  The author Jordanus de Nemore.............................
2.2 The author Giovanni Battista Benedetti.....................
2.3 The critic Guidobaldo del Monte ............................

3 The Context. ...

3.1  The long-term transmission of mechanical knowledge.........

3.2  The ancient roots of mechanics ..............................

3.3 Preclassical mechanics................. i

3.4 The ancient and medieval origins of the equilibrium
COMETOVETSY e

3.5 Jordanus’ approach to positional heaviness...................
3.6  Tartaglia’s approach to positional heaviness..................

3.7  Cardano’s approach to positional heaviness ..................
3.8  Guidobaldo’s approach to positional heaviness...............
3.9 Benedetti’s approach to positional heaviness.................
3.10 Benedetti, Guidobaldo, and Galileo..........................
3.11 Theoretical excursus: mental models in the transmission

of knowledge ...

4 Jordanus’ Treatise De ponderibus Edited by Petrus

4.1 The prologue .. ...ttt e e
4.2  The postulates ........cooiiiii



viii

4.3

4.4
4.5

4.6
4.7
4.8
4.9
4.10
4.11

4.12

5.2
5.3

5.4

9.5

5.6

6.1
6.2
6.3

7.1
7.2
7.3

7.4
7.5
7.6

Contents

The first theorem on the proportion of descents and ascents
of heavy bodies........ .o 170
The second theorem on the equilibrium position of a balance. 171
The third theorem on the irrelevance of the lengths of the

PENAants . .. ... 171
The fourth theorem on the decrease of positional heaviness .. 171
The fifth theorem on the descent of the longer arm .......... 172
The sixth theorem on the bent lever......................... 172
The seventh theorem on the freely swinging pendant......... 173
The eighth theorem on the law of the lever .................. 174
The ninth theorem on the equal positional heaviness of

bodies in different positions............ ... ... 174
The four theorems of the De canonio ........................ 174
Guidobaldo’s Marginal Notes in Jordanus’ Book...... 177
Second theorem: rejecting Jordanus’ stance in the

equilibrium controversy........... ... . o i 177
Fourth theorem: the neglect of the cosmological context ... .. 181
Fifth theorem: failure to recognize the authority of Archimedes

IN MEChaNICS. ..o 182
Seventh theorem: on the erroneous treatment of an

equilibrium problem ....... ... ... 183
Eighth theorem: rejecting Jordanus’ proof of the law of the

LEVET . 185
Ninth theorem: the problematic attribution to Euclid........ 187
The Treatise De Mechanicis in Benedetti’s Book . .... 189
The oblique position of the beam of a balance ............... 189
Benedetti’s criticism of Tartaglia and Jordanus .............. 190
Benedetti’s criticism of Aristotle............ ... ... ... ... .. .. 193

Guidobaldo’s Marginal Notes in Benedetti’s Book.... 203

First chapter: the general charge of plagiarism............... 204
Second chapter: the neglect of the cosmological context...... 205
Third chapter: the pitfalls of determining positional

heaviness . ... ... 210
Fourth chapter: on the problem of the material beam........ 219
Fifth chapter: on the problem of the material lever .......... 225

Seventh chapter: on the core question of the equilibrium
CONETOVETSY -« vttt et 227



Contents

7.7

7.8
7.9

7.10

7.11
7.12
7.13
7.14

7.15

10
10.1

10.2
10.3
10.4

11

11.1
11.2
11.3
11.4
11.5

Eighth chapter: on plagiarizing the criticism of Jordanus and
Tartaglia .. ....oou e
Tenth chapter: on Aristotle and the composition of motions. .
Twelfth chapter: saving Aristotle in the equilibrium

(670 015 50 ) < =)
Fourteenth chapter: Aristotle’s wheel and the problem of
infinite limits...... ... o
Sixteenth chapter: on Aristotle’s empty balance..............
Twentieth chapter: on reducing the wedge to the lever.......
Twenty-first chapter: the plagiarized pulley ..................
Letter to Pizzamano: simplifying the solution of a
geometrical problem ........ ... .. .. i
Letter to Mercato: rejecting an attempt to improve on
Archimedes. ... ..o

ConcClUuSION . . ..o
Timeline . ...

Online sources.......... ...t
The first editions of Benedetti’s Diversarum speculationum

mathematicarum et physicarum liber and of Guidobaldo del

Monte’s Mechanicorum liber ... ...
Early modern printed treatises on mechanics.................
Other printed Renaissance sources..............c..coovvuen...
Renaissance manuscript sources. ...

Appendix: Analyses of iron gall inks by means of
X-ray fluorescence analysis

Oliver Hahn and Timo Wolff ...... .. ..o oo it
Introduction....... ...
Trongallink..... .o
The archaeometric fingerprint method .......................
Experimental set-up .......coouiiiiiiiii
Results. ..o

ix



b'd Contents

Bibliography........ ... 277
Part 2: Facsimile of Jordanus’ Treatise 293

Part 3: Facsimile of Benedetti’s Chapter on Mechanics 327



Part 1: On the Books and the Handwritten Marginalia






Chapter 1
Introduction

>

Figure 1.1: Illustration of an equal-arms balance, both in equilibrium and
in a deflected position. From Piccolomini (1565).

1.1 On this book

Since ancient times, scales have symbolized justice and equilibrium. Bal-
ance and equilibrium in this wider sense are fundamental to the human
condition, but what about the real, physical balance and its equilibrium?
This book is not concerned with the balance between humanity and its
natural environment, or with an equilibrium of power or of the human
mind, but rather a seemingly innocent question concerning the real bal-
ance: the question of whether a balance in equilibrium, after having been
deflected from its normal horizontal position, remains in its deflected posi-
tion, returns to its original position, or tilts to the vertical. This question
is of no immediate practical relevance — although it may affect the relia-
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bility of a balance — and is certainly not of fundamental significance to the
human condition. Nevertheless, it captured the attention of philosophers,
scholars, engineers, and scientists for almost two millennia, from Greek an-
tiquity to the sixteenth century when this question became central among
scholars and the subject of what we call here the equilibrium controversy.
However, a conclusive answer was not found until the firm establishment
of classical physics, and even then there were still aspects that provoked
controversial discussions.

But why should anyone be interested in such a seemingly trivial and
irrelevant issue? One can hardly avoid the impression that scientific in-
vestigations — and historical scholarship in particular — dedicated to such
issues are inconsequential and detached from human endeavors. Today,
of course, science is surely not removed from the human condition, but
is actually critical for human survival. But this science is concerned with
the grand challenges of humanity such as deciphering and interpreting the
human genome, solving the energy problem, or overcoming the climate cri-
sis. On closer inspection, however, all such pursuits are rooted in scientific
knowledge that originated in intellectual concerns as remote from immedi-
ate practical applicability as the equilibrium controversy. There would be
no scientific understanding of energy without the pivotal role once played
by the balance and its equilibrium in understanding this concept.

The question of whether or not an equilibrated balance, deflected from
its standard position, would return to the horizontal position, appears to
be a typical textbook problem. In real life, most balances do return to their
original position, so clearly we must be talking about an idealized balance
that can be visualized, for instance, by an immaterial beam, suspended at
its center, with two equal weights attached to its ends. Or we may imagine
the more complex case in which the beam is extended, has itself weight,
and is suspended above or below its center. All such cases can be solved
with the techniques of classical mechanics, for instance, by introducing
the concept of center of gravity, by conceiving of one arm of a deflected
balance as an angular or bent lever, and by using the concept of torque in
order to establish the effects that the forces exerted by the weights have
in different positions along the balance.

Why then was it so difficult to resolve this question? Can a few simple
experiments not settle the issue? The answer to such elementary questions
about the progress of physics can only be found if we take into account the
role that the historical development of fundamental concepts such as force,
weight, center of gravity, and torque have played for the understanding
of seemingly simple physical problems, such as those that formed part
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of the equilibrium controversy. The nature of the historical evolution of
mechanical knowledge, as the subject of an historical epistemology, can
only be understood if one realizes that this evolution is not a linear process,
but rather involves extensive restructurations of knowledge accompanied
by concept development in the sciences that deal with this knowledge.

The fundamental concepts of mechanics have a very long history.
They have roots in antiquity and were — or so it seemed — definitively clari-
fied in the classical physics of the eighteenth and nineteenth centuries. But
then it turned out that in the course of the relativity and quantum revolu-
tions of the early twentieth century, even such apparently basic concepts
were subject to further profound modifications. Against the background of
these conceptual revisions, even a simple problem such as that of the bent
lever, for instance, could in fact once again become a challenging issue,
although it had apparently been firmly established in the course of the
equilibrium controversy of the sixteenth century. A genuine understand-
ing of the bent lever in relativity could not simply be accomplished with
the help of the classical concepts of force and torque, but actually necessi-
tated a reconceptualization of the relation between energy and momentum
from a relativistic perspective.!

Nevertheless, concepts with roots in antiquity such as force, weight,
center of gravity, and torque continue to serve as important points of refer-
ence, even for modern physics. How did these concepts emerge? Did they
perhaps result from the establishment of a definitive scientific method,
which is often associated with the Scientific Revolution, an era in which
the equilibrium controversy culminated and classical mechanics emerged?
But why then did these concepts undergo further changes in the subsequent
revolutions of physics? The present book aims to contribute to the un-
derstanding of the fundamental role of concept development for science by
focusing on one particular example, by providing some relevant historical
contexts, and by highlighting the specific role that scientific controversies
and challenging objects played in this development.

Classical mechanics is often considered to be the most pure, abstract,
and rational of the physical sciences.? It is hence natural to assume that its
historical development must also have been essentially a history of linear
progress, or at least of the steady accumulation of knowledge. This may
have suffered interruptions and aberrations, but it nevertheless tended to
reach clear conceptual foundations based on the consideration of idealized
objects such as the balance described above. One aspect that will be-

IFor historical discussion, see Janssen (1995).
2Truesdell (1968).
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come particularly evident in this book is the role historical contingencies
played for conceptual development at the heart of mechanics. There is,
first of all, the contingency of those aspects of the material culture that
become the object of scientific enquiry. These could include the balance,
the pendulum, an elixir, or even the shadow of a gnomon. Then there is
the contingency of the social and cultural conditions under which knowl-
edge is recorded, transmitted, and appropriated, including the losses and
transmutations occurring in such processes. Here we will show that such
losses and transmutations not only acted as disturbances in an otherwise
linear progress toward clarity, but that they also determined, to a large
extent, the very nature of concept development in mechanics. Naturally,
there is also the contingency inherent in the very processes of knowledge
generation as knowledge itself is characterized by a complex cognitive ar-
chitecture that gives rise to unpredictable twists in its development, as
is familiar from other aspects of cultural evolution. And finally, there is
the contingency that itself becomes the object of scientific reflection, for
instance, in the form of the question of which material processes can be
studied with scientific rigor and which must be excluded from the realm
of mechanics because they are not subject to precise mathematical laws.

No doubt, science is a deeply human affair, historical down to its very
core concepts. Perhaps there is no need for further study to illustrate that
nothing that is human is alien to science. But is not the question of how the
specific features that distinguish science from other social activities still a
challenging intellectual problem? In particular, how can science ensure the
long-term proliferation of knowledge while undergoing, at the same time,
profound conceptual transformations as we have indicated? What role is
played by the material culture underlying science as a social activity, and
what significance does the long-term transmission of theoretical traditions
have, and how is concept formation affected by different social and cultural
contexts? In order to answer such questions, we propose that it makes
sense to imitate science itself, that is, to start not necessarily from what
are perhaps the most interesting, complex, and advanced forms of the
phenomenon to be studied, but rather to take a simple but characteristic
model case, such as the concept development taking place in the context
of the equilibrium controversy.

Finally, a personal note: When Peter Damerow and I began to work
on this book some three years ago, questions such as these were pertinent,
but did not present the primary goal of our enterprise. Our principal aim
was rather to make available to a wider public an important new source
on the history of mechanics, a source that illuminates a critical phase of
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the equilibrium controversy: the handwritten marginal commentaries by
one important early modern author on the book of another contemporary
author. Our intention was to reserve theoretical issues of historical epis-
temology such as the questions listed above for a comprehensive study of
the evolution of mechanical knowledge. It was only in the course of our
efforts to understand the pre-history and contexts of the sources that the
equilibrium controversy presented itself as a perfect illustration of some of
the theoretical insights into the nature of the evolution of the knowledge
under consideration.

This book began as an edition of new historical sources, but was trans-
formed over time into a case study of the long-term history of mechanical
knowledge. Yet, in accordance with the scope of the series, the sources re-
main at center stage, while the theoretical passages take more the form of
commentaries and excursions than of systematic studies. Wherever feasi-
ble and useful, we have included quotations both in the original language
and in English translation. We furthermore extensively used, as in the
other volumes of this series, the digital library of the ECHO initiative,
which makes many of the relevant historical materials freely accessible on
the Web. We also included hitherto unpublished results of earlier work,
pursued in the context of the research project Mental Models in the History
of Mechanics at the Max Planck Institute for the History of Science.

As in other joint projects, Peter and I worked closely on every sentence
until the book was almost finished. Even when Peter’s struggle with his
illness became ever more hopeless, he continued to work with the greatest
intensity on this project. He carefully economized his last resources to be
able to make final revisions and improvements. I have never known anyone
so dedicated, so serene and cooperative, and so ingenious, even in the face
of death. His mind and heart were stronger than any bodily weakness.
He literally worked on this joint project until his very last moment and
it hurts to think how much he would have liked to see it completed. It
is therefore with the greatest respect for my friend and co-author that I
have tried to implement the final amendments as far as possible and rush
in making this, his last work, available in the open-access series that Peter
initiated.

This would not have been possible without the continuing support
of several colleagues. I am therefore particularly grateful to Lindy Di-
varci who looked after this project from the beginning, to Beatrice Gabriel
who kept encouraging us and carefully copy-edited the final version, to
Urs Schoepflin who helped to track down many of the sources, to Sabine
Bertram for her help with the ink analysis, as well as to the development



8 1. Introduction

team, including Jorg Kantel and Kai Surendorf, for realizing the online
version. Some of the transcriptions and translations have been corrobo-
rated by Eleonora Renn, Volkmar Schiiller, and Stefan Trzeciok. We are
particularly grateful to Antonio Becchi, Carlo Maccagni, and Pietro Daniel
Omodeo for their extensive help with checking transcriptions and trans-
lations and for acting as critical and helpful submitters and reviewers, to
Gideon Freudenthal for important suggestions on some of the theoretical
passages, to Alexander S. Blum for his help in presenting the physics, and
to Jochen Biittner, Peter McLaughlin, Matthias Schemmel, and Matteo
Valleriani for many discussions in the framework of our joint research on
the history of mechanics. Discussions with Horst Bredekamp always pro-
vided a strong motivation to see the project to its end. We would also like
to thank Martin Frank, Enrico Gamba, and Pier Daniele Napolitani for
many productive discussions of this material and for their collaboration
in the context of the project Archimede nel Rinascimento: Laboratorio
Urbino 1500. Parts of this work were written during a stay of one of us
(J. Renn) at the Einstein Papers Project at the California Institute of
Technology in Pasadena. We especially acknowledge the constant support
of Rivka Feldhay and Paolo Galluzzi as members of the Scientific Advisory
Board of the Max Planck Institute for the History of Science, and also the
support received by the German Israeli Foundation (GIF) in the frame-
work of the Project From Knowledge and Faith to Science and Religion:
The Jesuit Way to Modernity. And finally we gladly acknowledge the
stimulating context that the Collaborative Research Center Transforma-
tions of Antiquity under the direction of Hartmut Béhme and the project
TOPOI — The Formation and Transformation of Space and Knowledge in
Ancient Civilizations have provided for this work.

Jirgen Renn, December 2011

1.2 A first glimpse at a new document

In 2006 the library of the Max Planck Institute for the History of Science
acquired a copy of the first edition of Giovanni Battista Benedetti’s® Di-
versarum speculationum mathematicarum et physicarum liber.* The book

3QGiovanni Battista Benedetti, 1530-1590.
4Benedetti (1585).
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was purchased from an American bookseller who had acquired it at auction
somewhere in Europe.®

Benedetti’s book comprises six treatises: on arithmetical theorems,
on perspective,” on mechanics,® on certain opinions of Aristotle’ (in par-
ticular concerning his theory of motion),'? on the fifth book of Euclid’s!?
Elements,'?> and on physical and mathematical problems dealt with in
letter form.'®> The mathematical part concerns arithmetical principles,
proving them geometrically; it also includes a discussion of perspective.
The mechanical part contains a critique of sections of the Aristotelian
Mechanical Problems'* and also investigates issues of hydrostatics.

While Benedetti’s book is itself an important source for understand-
ing the struggles of early modern engineer-scientists with the ancient her-
itage of mechanical knowledge due to Aristotle, Archimedes'® and others,
this specific copy is of special value since it contains handwritten marginal
notes by the leading expert on mechanics of the generation before Galileo, '
Guidobaldo del Monte,'” himself the author of the most influential Renais-
sance text on mechanics, the Mechanicorum liber.'3

6

5We would like to warmly thank Enrico Giusti for bringing our attention to the possibil-
ity of purchasing this work for the library of the Max Planck Institute for the History
of Science in Berlin and Urs Schoepflin, its director, for pursuing the acquisition so
efficiently.

6Benedetti (1585, 1-118).

"Benedetti (1585, 119-140).

8Benedetti (1585, 141-167), pages 329-355 in the present edition.

9 Aristotle, 384-322 BCE.

10Benedetti (1585, 168-197).

HEuclid of Alexandria, fl. ca. 300 BCE.

12Benedetti (1585, 198-203).

13Benedetti (1585, 204-426), partly reproduced on pages 356-376 in the present edition.
M Aristotle (1980). The attribution of this work to Aristotle is controversial. While in
the early modern period it was widely considered to be an original work of Aristotle,
later philologists have questioned his authorship, ascribing it to one of his immedi-
ate followers; see Krafft (1970) and Rose and Drake (1971, 72). For more extensive
discussions, see section 3.4.1.

15 Archimedes, around 287-212 BCE.

16Galileo Galilei, 1564-1642.

17Guidobaldo del Monte, 1545-1607; often formerly referred to as Guido Ubaldo.
8DelMonte (1577), see the first volume of the present series (Renn and Damerow, 2010).
The volume contains a complete facsimile reproduction of Guidobaldo’s publication.
Guidobaldo’s authorship of the marginal notes is indubitably evidenced not only by the
style of handwriting, but also by some references in the notes to his own publications.
The indications in the notes, which allow the identification of Guidobaldo as their
author, were listed in the description of the book in the auction catalog (Martayan
Lan Catalogue 38). This description is based on work by Anthony Grafton, who also
provided a transcription of some key passages.
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Part 3 of this book presents facsimile images of those chapters of
Benedetti’s work that contain the handwritten marginal notes by Guidobal-
do del Monte. Similar marginal notes by Guidobaldo have been identified
by Martin Frank in a copy of the first printed edition of a work by Jor-
danus de Nemore,'? the Liber de ponderibus®® edited by Petrus Apianus;2!
these notes are reproduced in Part 2. With two exceptions the notes in
Benedetti’s book were written in the margins of the chapter on mechan-
ics, covering 26 of the 428 pages of the whole book. The two remaining
notes are added to two letters contained in a later part of the book. The
second of these letters again deals with mechanics. This shows clearly
that Guidobaldo was interested mainly in Benedetti’s theory of mechan-
ics. The contents of the notes indicate a strong criticism of Benedetti’s
theory, which is evidently related to objections raised by Guidobaldo also
against Jordanus’ work.

This criticism in Guidobaldo’s notes concerns the central question of
the equilibrium controversy: Does an equilibrated balance, if deflected into
an oblique position of its beam, spontaneously return to the horizontal or
does it remain in the deflected position? It will be shown, however, that
this controversy only scratched the surface of a deeper-going conceptual
crisis, indicated by the introduction — based on medieval sources — of a new,
but ambiguous concept, the concept of positional heaviness. This crisis of
the conceptual foundations of mechanics helped establish fundamental in-
sights on which Galileo eventually built his theory of mechanics, as well
as his theory of motion. More precisely, they concern the various contro-
versial attempts to replace the ancient concepts of force and heaviness in
the context of the causal interpretation of motion by modified concepts
which were used to address the more complex technical experiences of
the early modern period. We will show that the controversial opinions of
Guidobaldo and Benedetti — as reflected in Guidobaldo’s marginal notes
on Benedetti’s systematic treatment of the concepts of force and heaviness
— concern core issues dealing with the problem of reorganizing the con-
ceptual framework of ancient mechanics. In particular, Galileo’s theory of
motion along inclined planes, as well as many other of his characteristic
themes, such as the motion of a pendulum, projectile motion, the motion
of fall, and even his Copernicanism, were, as we shall argue, directly or
indirectly related to this equilibrium controversy. In fact, Galileo’s new
science of motion would probably not have developed as it did without the

19Jordanus de Nemore (also Jordanus Nemorarius), fl. early thirteenth century.
20de Nemore (1533).
21Petrus Apianus, 1495-1552.
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insights he gained from Benedetti, or rather, from the conflictual encounter
between Benedetti’s and Guidobaldo’s perspectives on mechanics.

The conceptual and historical background of the controversy will be
extensively presented and analyzed in Part 1 of this volume. It will be
shown that the equilibrium controversy was part of a long-term devel-
opment which can only be understood against the background of the
multi-layered architecture of human knowledge. In the case of mechan-
ical knowledge, this architecture comprises first basic intuitive insights
gained from everyday experience of the behavior of material bodies. Sec-
ond, this knowledge architecture comprises the knowledge of practitioners
who use, elaborate, and improve mechanical devices, thus extending the
general intuitive mechanical knowledge by developing specific professional
skills. Third, it comprises scholarly expertise represented by written man-
uals, innovative constructions, and scientific theories. Moreover, a pro-
found analysis of the long-term development, from antiquity to the early
modern period, of the basic concepts of mechanics involved in this con-
troversy requires the exploration of the mechanisms of the synchronic and
diachronic transmission of knowledge with regard to the different layers
of its architecture. In the case of mechanics, an exploration of this kind
reveals substantial differences between these layers regarding the condi-
tions and the outcome of the knowledge transfer. While the basic intuitive
mechanical knowledge depends on general environmental challenges and
is thus widely available, practical knowledge requires transmission using
historically created and reproduced mechanical instruments and devices.
In turn, theoretical knowledge requires the transmission of external rep-
resentations and the reflective reconstruction of their meaning by stable
scholarly communities, which are thus often fragile due to contingent social
conditions.

The analysis of the equilibrium controversy offers an opportunity to
study the interaction of various components of mechanical knowledge, such
as the Archimedean theory of the center of gravity and Aristotelian dynam-
ics, and to investigate the consequences of the incomplete transmission of
this knowledge through various transmission paths, from antiquity to the
Arabic and Latin Middle Ages, and finally to the early modern period.??

1.3 Scientific controversies and challenging objects

Scientific controversies are ubiquitous; the field that is sometimes called
rational mechanics is no exception. A famous example is the so-called vis

22The timeline in chapter 9 provides an overview of this long-term development.
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viva controversy which arose toward the end of the seventeenth century
and was concerned with the question of which agent produces certain me-
chanical effects and which physical magnitude is conserved in mechanical
interactions. This debate eventually helped to arrive at the insight that
there are conservation laws for both energy and momentum. But what
exactly is a scientific controversy??® At first glance, it may seem that
a scientific controversy does not distinguish itself substantially from any
other controversy, for instance, in politics or in religion. On closer in-
spection, however, the very existence of scientific controversies may seem
a puzzling but perhaps irrelevant fact. If science essentially concerns the
pursuit of truth, based on solid facts and guided by logical principles, then
scientific controversies should arise only in unfortunate circumstances or
when errors and misunderstandings occur. Ultimately, one if not all of the
positions defended in the controversy would then be simply erroneous. In
other words, scientific controversies may seem to reflect only the human
aspect of science and its function as a social activity, undertaken by be-
ings that do not always follow rational procedures. In this understanding,
controversies in science are simply an accident of rationality, or even an
indication that the alleged rationality of science does not exist at all and
that science can be better understood without even making reference to
it.

In view of the fact that controversies in science are so common and
so closely related to its conceptual development, it seems, however, more
plausible to assume that they are not simply a social or psychological
phenomenon, but rather constitute an essential epistemic element of sci-
ence and a medium of its historically developing rationality. A scientific
controversy is understood here, using a definition proposed by Gideon
Freudenthal, as a persistent antagonistic disagreement concerning a sub-
stantial scientific issue that cannot be resolved by the standard means
available to science in the given period. In such a situation, the partic-
ipants of the controversy attempt to defend their positions by showing
that their understanding agrees with widely accepted explanations, that it
allows them to explain certain challenging problems that may be objects
of the controversy and to extend their interpretation to novel situations,
hence broadening the empirical range of their approach. On the other

23Here we closely follow the arguments and the definition of a scientific controversy
suggested by Gideon Freudenthal in the context of a jointly developed epistemological
framework, see Freudenthal (2000, 2002). His contributions also offer relevant examples
from the history of mechanics as well as comments on the literature about scientific
controversies; for the jointly developed epistemological framework, see Damerow et al.
(2004).
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hand, they attempt to show that their adversaries fail on some or all of
these accounts. In reality, we may also encounter controversies that are
not marked by an ongoing exchange between two antagonistic positions,
but rather by a chain of criticisms among different protagonists or by
a complex interaction involving different partners, issues and arguments.
Nevertheless, the essential features emphasized in the following apply to
these cases as well.

Scientific controversies are often triggered by challenging objects.?*
These are artifacts or other parts of the material culture that confront
existing theoretical frameworks with explanatory tasks that cannot be
accomplished with the available conceptual means, thus triggering their
further development and ultimately their transformation. They typically
embody other forms of knowledge, for instance, the practical knowledge of
artisans to invent, produce, or make use of such objects. The development
of the theoretical knowledge of mechanics in the early modern period can
to a large extent be accounted for by the increasing attention scholars and
engineer-scientists of the period paid to new objects of study which they
investigated by means of the extant conceptual frameworks. These objects
and phenomena had their origin predominantly in the rapidly develop-
ing technology of the day such as the pendulum and the flywheel used
in machine technology or the projectile trajectory relevant to artillery.
The practical experience gathered in the application of these objects in
a technological context became one of the points of departure for related
theoretical considerations. Before the onset of the experimental method,
these objects were a key source of empirical knowledge which accounts for
one aspect of their fundamental role in the conceptual reorganization of
mechanical knowledge in the sixteenth and seventeenth centuries. Thus,
Galileo’s new science of motion, for instance, can be conceived as result-
ing from a struggle with the challenges represented by the pendulum and
the motion of a projectile, both addressed on the basis of attempts to
understand another challenging object, the inclined plane.

Challenging objects served as shared knowledge resources.?’> In com-
bination with the theoretical frameworks employed in their investigation,
these objects largely determined the possible theoretical questions and an-
swers. Focusing on such objects thus allows for an understanding of congru-

24The idea to approach the history of early modern mechanics from the perspective
of its challenging objects was first launched in Renn (2001). It has since been widely
taken up, see in particular Biittner et al. (2004), Bertoloni Meli (2006), Biittner (2008),
Biittner (2009) and Valleriani (2010). The notion as it is here presented has been jointly
formulated with Jochen Biittner.

25For the concept of shared knowledge, see Renn (2001) and Biittner et al. (2004).
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ent theoretical developments — so characteristic for the period — which can
hardly be accounted for by oral and textual transmission alone. Another
stimulus for the development of the theoretical knowledge of mechanics
is the fact that the theoretical accounts given for these challenging ob-
jects often sought to mirror and account for the complex relations of these
objects in their technological context to other mechanical objects and phe-
nomena of interest, and in particular to the so-called simple machines. In
many cases this led to the integration of previously disparate mechanical
knowledge. This evidently represents an important mechanism for the uni-
fication of mechanical knowledge. A key example that will be discussed
below is Galileo’s identification of the inclined plane with a bent lever and
his attempt to explain the former in terms of the latter.

Scientific controversies are possible because they refer to the shared
knowledge of its participants and they presuppose a common structuring of
this knowledge by shared conceptual systems. They arise because the dis-
cussants adopt different interpretations of the same framework and draw
different conclusions from it. For example, it may turn out that the same
phenomenon can be conceived in two alternative manners. This may hap-
pen even within a single conceptual system, but is all the more likely as
the relevant shared knowledge typically involves diverse conceptual sys-
tems or alternative options for choosing foundational concepts that may
then serve as starting points for conceptualizing the given phenomenon. In
any case, in the course of the exploration of the shared knowledge, partial
differences of meaning may arise. The fact that these differences are only
partial allows a meaningful exchange over the course of the controversy,
while the very existence of these differences makes the controversy itself
unavoidable.

Typically, scientific controversies are not resolved by victory, but
rather by a further development and subsequent transformation into a
new conceptual framework in which the original question often changes
or even loses its meaning. Thus, the original issue of the vis viva contro-
versy concerned two alternative proposals for the causal agent of certain
effects, as well as the question of what physical magnitude is conserved.
Eventually this alternative gave way to the understanding that there are
actually two distinct magnitudes, momentum and energy, which are ef-
fective and conserved in physical interactions. But even when no party
prevails, one of the opposing positions may have a greater impact on the
emergence of a novel conceptual system. In any case, both antagonistic
positions can be recognized, in hindsight, as alternative interpretations of
the same underlying conceptual basis. This is precisely the hallmark of a



1. Introduction 15

more developed conceptual framework, that it allows a reconstruction of
the previous positions, while it cannot be expressed itself in terms of the
previous framework.

From this epistemological perspective, a number of typical features
may be recognized that characterize a scientific controversy, such as the
multiplication of examples in one’s favor, attempts to reconstruct the ad-
versary’s position from one’s own perspective, but also the unavoidable
occurrence of misunderstandings, and a shift toward a more reflective
stance, following the lineage of the premises of the argument defended.
All of these moves effectively constitute a further exploration of the limits
of the conceptual framework available to the historical actors. This con-
ceptual framework is in fact never given from the outset in its entirety,
that is, in all of its potential conclusions and applications, but actually
only unfolds with the unfolding of the real scientific practice in which it
is embedded. Conceptual development in this sense is hence the develop-
ment of the shared knowledge of the community of practitioners, and their
controversies are one essential form in which this development takes place.
Its effectiveness may therefore depend on the specific historical conditions,
be they material, social, or intellectual, favoring or impeding the possibil-
ity of controversies. As a result, some controversies may be resolved, in
the sense outlined above, in a very short time, while others, such as the
one treated here, may extend over centuries.

1.4 The physical background of the equilibrium controversy

The first balances were constructed in the grand early civilizations of antiqg-
uity, in Babylonia, in Egypt, and in China. They are attested since about
the third millennium BCE. The introduction of balances was associated
with the establishment of a quantified concept of weight. The balance also
attained a symbolic significance from very early on, but its functioning did
not become the subject of any written accounts before Greek antiquity. In
fourth-century Greece, balances with unequal arms were invented, an in-
vention which opened up the possibility of equilibrating different weights
on one side of a balance with a single weight in different positions on the
other side. This invention eventually gave rise to the formulation of the
law of the lever as we find it in the works of Aristotle, Archimedes, Heron,
and others. In modern terms, the law of the lever can be expressed as the
equality of the product of weight and lever arm at each side of a balance
in equilibrium. The invention of the balance with unequal arms also gave
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rise to the insight that the effect of a weight may depend on its position,
the central subject of this book.

Numerous studies have been dedicated to the balance in practically
all times and cultures, in particular, in the Arabic and Latin Middle Ages,
as well as in the early modern period. The understanding of the balance
became, more than that of any other instrument, the paradigm of me-
chanical knowledge, the core of a science of weights. For more than two
millennia the balance served as a generator or touch stone for physical
concepts, from the law of the lever to the principle of the conservation of
energy. How could this happen? Here we deal not with the fascinating
history of the balance as a key model of physical science, but focus rather
on a specific aspect of this history which is related to the positional effect
of a weight placed on a balance.

A balance with equal arms and equal weights is in equilibrium. We
normally imagine such a balance in its default position, its arms aligned
along the horizontal, perhaps with the two equal weights placed in two
scale pans, appended to the beam of the balance at equal distances from
its suspension point. But what happens when the balance is deflected from
this horizontal position? The following study will show that historically
the default expectation was — and is probably the case even today — that
it returns to this position, which indeed happens for most balances in
practical use. If we are taught by a modern physicist that this question
can be answered, due to classical physics, within a theory of mechanics
that is based on a network of causes involving concepts such as center of
gravity, torque, bent lever, the position of the fulcrum, and friction, we
are, of course, willing to concede that the equilibrated balance may not be
as simple a physical device as it initially appeared. We may also learn that
an ideal balance does not actually return to the horizontal position, but
that it will rather stay in whatever position it is brought, thus illustrating
the concept of an indifferent equilibrium.

Apparently, more sophisticated knowledge is required to answer even
the seemingly simple question of whether a deflected balance will return
to its original position. But from where did this sophisticated knowledge
come? Modern physical theories such as theoretical mechanics no longer
carry with them easily recognizable traces of the origin of their concepts.
Physicists tend to assume that the correct answer to a problem such as
that of the deflected balance must have ultimately emerged from careful
experiments, the results of which were integrated into a proper theoretical
framework. Without such a framework, even the most sophisticated ex-
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perimental explorations will in fact yield nothing but an accumulation of
data on single cases without a basis for generalization.

But how could such a theoretical framework emerge when observations
concerning even the most elementary case of a deflected balance remained
inconclusive, as they apparently did for more than two millennia? The
question of whether or not an equilibrated balance would return to its
horizontal default position or remain indifferent in whatever position it
is brought was not in fact settled before the early modern period when
it became the explicit subject of a controversy between Guidobaldo del
Monte and other protagonists of preclassical mechanics,?® in particular
Benedetti.

There is, of course, the possibility that the knowledge necessary to
decide this equilibrium controversy developed from sources other than the
study of balances, as it certainly did to some extent. Without confronting
other challenging objects such as the so-called simple machines, the lever,
the wheel and axle, the pulley, the inclined plane, the wedge, and the
screw, theoretical mechanics would not have evolved as it did. From its
beginning in Greek antiquity, the aim of mechanics was to explain the
communality of a set of mechanical devices and, in particular, of how they
made it possible to achieve a large effect with a small force. Nevertheless,
in much of the history of mechanics up to the early modern period, it
was the balance that kept its paradigmatic role in forming and exploring
basic concepts such as equilibrium and the positional effect of a weight.
A study of the history of the equilibrium controversy, culminating in the
confrontation between Guidobaldo and Benedetti, therefore also offers the
opportunity to analyze this pivotal role of the balance more closely.

An ideal balance with equal arms and equal weights, that is, a balance
with a weightless beam suspended from its center of mass in a homogeneous
gravitational field, will indeed be in an indifferent equilibrium. When it
is brought into any position compatible with its mechanical constraints, it
will stay there. The weights at the end of the beam of the balance exert
forces on the beam. Together with the arms at each side of the beam
these forces form a torque, also called moment or moment of force, causing
a tendency to rotate the balance. In the case of the ideal balance described
above the torques are equal, which explains the equilibrium of the balance
from a modern point of view.

26For the concept of preclassical mechanics, see Damerow et al. (2004); see also Renn
et al. (2001), Biittner et al. (2004); Valleriani (2010); Damerow and Renn (2010); Biit-
tner (2008); furthermore see the broad discussion in Bertoloni Meli (2006).
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Figure 1.2: The torque of a weight attached to one side of a balance is
given by the product of the arm and the effective component of
the force acting perpendicularly to it, or, which is equivalent,
by the product of the force and its effective lever arm, which is
the component of the real lever arm perpendicular to the force.

The torque is given, more specifically, by the product of the arm and
the effective component of the force acting perpendicularly to it. Alterna-
tively, the torque can be expressed as the product of the force and its effec-
tive lever arm, which is the component of the real lever arm perpendicular
to the force (see figure 1.2).27 While the equivalence of both definitions
is immediately clear if the algebraic notation of modern physics is used,
it needs a more sophisticated argument to prove it purely geometrically
using the mathematics of the time of preclassical mechanics.

If the balance is in a horizontal position, the torque at one side is
simply the product of the weight and the balance arm at that side. If
the balance is in an oblique position, the torque can be found by project-
ing the arm of the balance on the horizontal and multiplying the length
of this projection, that is, the effective lever arm, with the weight. In
modern understanding, the torque is actually a vector product, a concept
not established before the nineteenth century. The requirement that the
torques are equal for a balance in equilibrium can be conceived of as a
generalization of the law of the lever. This generalization is applicable not

2"Halliday and Resnick (1977, 232); Halliday et al. (2007, 225-226).
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only to balances with unequal arms, but also to balances with arms that
are not aligned or, in other words, to the so-called bent lever. If one arm
of a balance is aligned with the horizontal, while the other arms is bent
at an angle, it is again the projection of the bent arm on the horizontal
that acts as the effective lever arm. This way of determining the effective
lever arm by a projection on the horizontal was emphasized — as we will
see below — by Benedetti and opposed by Guidobaldo.

The concept of torque is not the only modern concept to explain the
equilibrium of a balance or the behavior of a bent lever. They can also be
analyzed with the help of the concept of mechanical work. This concept is
more generally applicable to physical systems than the concept of torque
and, in a sense, even more intricate as a glance at its definition in classical
physics makes clear. In general, the work performed by a force on a body
along a trajectory is given by the line integral of the scalar tangential com-
ponent of the force along the trajectory. Generally, the force is changing
along the path, as it does in the case of a balance arm moving from the hor-
izontal into an oblique position. The line integral of the changing force is
given by the infinite sum of infinitely small displacements on the trajectory
multiplied with the forces acting in these infinitesimal displacements. The
changing force may have arbitrary directions, but according to the defini-
tion of mechanical work only the component of the force acting along the
path of the displacement or, which is the same, the component of the path
traversed along the direction of the force has to be taken into account. In
modern terminology, this is the time integral of the scalar product of the
force vector and the velocity vector along the trajectory, in contrast to the
vector product of the lever arm and the force relevant to the consideration
of the torque. Thus, the concept of work is even more demanding than the
concept of torque because it involves the infinitesimal calculus so that the
historical actors considered here, living before its introduction in the age
of Newton?® and Leibniz,?° had no chance to fully master this concept.

Only in the most simple cases can mechanical work be thought of as
the product of a force and the distance over which it acts. In particular,
the work performed by the force of gravity does not depend on the path
taken by a body. The vertical component of the force of gravity can be
considered as practically constant and the varying horizontal component
requires no force and thus has no influence on the mechanical work of the
motion along the trajectory. Therefore, the work can be determined in
this specific case by just considering the vertical distance traversed, for

28]saac Newton, 1642-1726.
29Gottfried Wilhelm Leibniz, 1646-1716.
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Figure 1.3: In the specific case of a balance in a homogeneous field of grav-
itation the mechanical work of a weight attached to one of its
arms is given by the product of the constant gravitational force
and the vertical component of its displacement.

instance, by a weight on a balance beam (see figure 1.3). The equilibrium
of a mechanical constellation can then be characterized by the demand
that the total work performed by a displacement of the entire constella-
tion in agreement with the mechanical constraints is zero. Now the work
performed by one weight is simply given by the product of the vertical
component of its displacement by the force of weight. In the case of a
balance with unequal arms, the vertical components of the displacements
of the two weights are proportional to the lengths of the arms of the bal-
ance. Hence the total work performed by a displacement, for instance, by
bringing the balance from the horizontal into some oblique position, is zero
if the products of weight and length of the arm are equal on both sides.
Then the work performed by lifting the weight on one side of the balance
will be equal to the work gained by lowering the weight on the other side of
the balance. In this way, the inverse proportionality of weights and arms
follows, as stated by the law of the lever.

This way of determining mechanical equilibrium can be also illustrated
by the case of an inclined plane: Let a weight be placed on the inclined
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plane and connected via a weightless rope through a wheel at the top
to another weight hanging down on the other side, moveable along the
vertical such that when the weight along the plane is moved upwards, the
other weight is moving perpendicularly downward. In equilibrium, the
total work performed by the system must be zero. For the weight moving
along the vertical, the work performed is simply the product of the weight
and the total displacement which happens to be along the vertical. For the
weight moving along the inclined plane, the work performed is the product
of the weight with the vertical component of the displacement along the
plane. Given the connection through the rope, the total displacement
along the plane must be the same as the total displacement of the weight
moving along the vertical. In the case of equilibrium, the product of the
weight along the vertical with the total displacement must be the same as
the product of the vertical component of the displacement along the plane
with the weight on the plane. But this vertical component is to the total
displacement as is the height of the plane to its length. It hence follows
that the product of the weight in the vertical and the length of the plane
must be the same as the product of the weight on the plane and the height
of the plane, or in other words, the weight along the vertical is to the weight
on the plane as is the length of the plane to its height. This is the famous
law of the inclined plane, as it was first stated by Jordanus. Remarkably,
his proof also works with the consideration of vertical displacements which
is why it has often been associated with the principle of work (see figure
3.13).

Such associations are in fact merely the product of anachronistic pro-
jections. They suppose an essentially teleological development of the his-
tory of scientific concepts in which earlier concepts are merely embryonic
forms of the mature ones. A closer look at the equilibrium controversy
makes it evident that such a perspective is of little help in understand-
ing the nature of the historical process. None of the protagonists of this
controversy strove for the introduction of novel physical concepts such as
torque or work. They were actually merely concerned with a better un-
derstanding of the concept of weight and of the way a weight acts under
given mechanical circumstances. They also did not attempt to differen-
tiate between those physical aspects captured by the modern concepts of
torque and work. While the modern concept of work indeed covers all
mechanical devices, the concept of torque only applies to cases in which
a lever arm is involved. Also, while the torque refers to the way a force
acts at a particular point in space and time, the concept of work, being
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represented by an integral, refers to the action of a force along a certain
path.

The participants in the controversy attempted instead to find a univer-
sal way in which the effectiveness of a weight varying with the mechanical
circumstances could be described so as to be applicable to all mechanical
devices. The concept of positional heaviness, introduced by Jordanus in
the thirteenth century, represents such an attempt. One key aspect of the
controversy was, as we shall extensively discuss in the following, the ques-
tion of whether positional heaviness is to be measured by the projection of
the lever arm on the horizontal (as the torque) or by the vertical compo-
nent of a displacement of the weight on the lever arm (as the work). From
a modern perspective this alternative makes little sense as it refers, as we
have seen, to two distinct physical concepts that cannot always be applied
to the same situations. How hopeless the attempt was to capture both as-
pects by a single, modified concept of weight becomes clear if one considers
that the modern concept of torque refers to a point, while the concept of
work refers to a displacement. Nevertheless, the equilibrium controversy
contributed significantly to preparing the ground for the emergence of the
later conceptual distinctions of classical physics, in particular, with the
ambiguities and paradoxes that surfaced as it unfolded.

One of these paradoxes was the perplexing difficulty in establishing a
stable answer to the simple question of whether an ideal balance deflected
from its horizontal default position would return to it or not. By referring,
as we did above, to an ideal balance we have actually introduced tacit
premises, in particular, that the lines of force are parallel and that the
gravitational force remains the same even when the balance is displaced
from its default position. In short, we have neglected the cosmological
context of the balance, the fact that the weights carried by its beam tend
to fall not along parallel lines, but along lines meeting at the center of the
earth and that the force of gravitational attraction may vary with distance.
Clearly, the effects introduced when these circumstances are taken into
account must be vanishingly small and practically irrelevant. They can,
however, not be as easily dismissed as for instance the role of friction as
they directly pertain to the understanding of the very concept of weight
at the center of the analysis of the balance. Moreover, the cosmological
context of a physical problem like that of the equilibrium of the balance
was particularly important to the debates of the early modern period where
such problems were inevitably related to larger issues of the physical world
view. In fact, Aristotelian natural philosophy was the dominant conception
of nature at the universities and, beginning with the Council of Trent, had
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been embraced as the official world view of the Church. It is therefore not
surprising that, in this period, the cosmological dimension played a critical
role for the equilibrium controversy.

Figure 1.4: A diagram from Benedetti’s book representing a balance AB
supported at O in a cosmological context where U is the center
of the earth. The weights in A and B have a tendency to fall
toward U. The lines OT and OF drawn from the point of sus-
pension are perpendicular to the lines AU and BU connecting
the weights with the center of the earth.

It is not difficult to reconsider the question of the behavior of an
equilibrated balance in a context in which the lines of force connect the
weights to the center of the earth and in which the forces themselves may
vary with the distance from that center (see figure 1.4). How does such a
cosmological balance behave from the perspective of later classical physics?
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The torque of one of the weights placed at the end of the beam is given by
the projection of the respective balance arm onto a line that now plays the
role that the horizontal had played in the ordinary balance. This line is
obtained by drawing, from the point of suspension, a perpendicular onto
the line connecting the weight with the center of the earth. Similarly,
the torque of the weight on the other side of the balance can again be
determined by constructing a perpendicular onto the line connecting this
weight with the center of the earth. It now turns out that the ratio between
the two lines measuring the torques at the two sides of the balance is the
inverse of the ratio of the two lines connecting the weights to the center of
the earth, if it is assumed that the gravitational force does not change with
distance. As a consequence, the torque on the side of the balance which
has descended is larger than the torque on the side which has been raised
so that the cosmological balance would neither stay indifferent nor return
to the default position, but rather align itself along the vertical. This
was also the conclusion that Benedetti reached and to which Guidobaldo
violently objected. If it is furthermore assumed that the gravitational
force does vary with distance, becoming weaker as the distance increases
(as in reality), the effect that the balance turns into the vertical is even
strengthened. Under the given circumstances, the only way to obtain
an indifferent equilibrium is to assume that the gravitational attraction
behaves the other way around, becoming stronger as the distance increases,
as if it were a rubber band by which bodies are confined to their center of
attraction.

Guidobaldo, the most influential writer on mechanics of the sixteenth
century, was proud to have reconciled the Archimedean theory of equi-
librium, based on the concept of center of gravity, with the Aristotelian
understanding of weight as tending to the center of the world. This rec-
onciliation was embodied by what was evidently, in his view, the greatest
discovery he had made: the insight that both an ideal balance and also
what we have called a cosmological balance remain in indifferent equi-
librium. His adversary Benedetti claimed that, while such an indifferent
equilibrium holds under terrestrial circumstances, it is impossible for a
cosmological balance. He thus challenged Guidobaldo’s grand synthesis.
While Benedetti’s conclusion is in accordance with later classical physics,
the controversy could hardly be settled definitively with the arguments
available at the time. It was the equilibrium controversy more than its
resolution that spurred the further development of physics.3°

30The equilibrium controversy was not settled during the period under consideration
here. Also, we have not attempted to be exhaustive in dealing with all pertinent con-
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1.5 Editorial remarks

Latin and Italian texts are transcribed using orthographic normalization,
that is, punctuation, accents, and capital letters have been revised accord-
ing to standard Latin and Italian. As a rule, abbreviations and symbols
have been expanded or resolved. Arabic names are romanized. Transla-
tions are adapted from standard references, when available, and modified
whenever necessary. All further translations, unless otherwise indicated,
are by the authors.?!

Some of Guidobaldo’s marginal notes to Benedetti’s text were deleted
and are now unreadable. Some notes have been cut off by a bookbinder.
Such passages have been amended as far as possible.

The considerable number of deleted passages raised the question of
whether it would be possible to read the text underneath the deletions by
applying special analytical methods and also whether the deletions have
been performed by the same author who wrote the notes. In order to
answer these questions the composition of the ink has been examined by
means of an X-ray fluorescence analysis (XRF), performed at the Federal
Institute for Materials Research and Testing in Berlin.3? The result of the
preliminary analysis is that the deletions were made in the same ink and
hence most probably by Guidobaldo himself and that the text underneath
cannot be rendered legible by a non-destructive analysis.

The copy of DelMonte (1577), reproduced in the first volume of the
present series, (Renn and Damerow, 2010), is itself a testimony to the
equilibrium controversy. Passages relevant to the controversy have been
underlined using an iron gall ink from the period but distinct from that
used by Guidobaldo himself in his marginal notes to Benedetti’s work.
The composition of the ink has also been analyzed by means of an X-
ray fluorescence analysis, performed at the Federal Institute for Materials
Research and Testing in Berlin (see figure 1.5).

tributions. For glimpses of other aspects of the controversy and its historical sequel
in the recent literature, see Roux (2004, 36—39) and Bertoloni Meli (2006, 31-32).
A particularly interesting case is the treatise on mechanics from 1597 by Colantonio
Stigliola, 1546-1623, see Gatto (2006). For a discussion of the role of the bent lever as
a challenging object in the relativity revolution, see Janssen (1995).

31Translations of Benedetti, Guidobaldo, and Tartaglia, for example, are taken from
Drake and Drabkin (1969), sometimes with slight modifications.

328ee the appendix.
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.

Figure 1.5: X-ray fluorescence analysis of the ink used in underlinings
found in a copy of Guidobaldo’s mechanics. The underlinings
were written with an iron gall ink from the period. They con-
centrate on the foundational aspects of Guidobaldo’s approach,
his comments on Aristotle, and the critique of his adversaries.



Chapter 2
The Authors and their Critic

2.1 The author Jordanus de Nemore

Jordanus de Nemore, or Jordanus Nemorarius as he is called in some
manuscripts, was the author of several treatises completed before 1260.
Nothing specific is known about his personal life. The historical period
and the range of his scholarly activities are only circumscribed by the in-
clusion of his works in the Biblionomia, a catalog of the library of Richard
de Fournival, the chancellor of the Amiens Cathedral,! compiled between
1246 and 1260.

Codex 43 of this catalog lists several works attributed to Jordanus:
Philotegni or De triangulis,
De ratione ponderum,
De ponderum proportione, and
De quadratura circuli.

Codex 45 lists:
Practica or Algorismus,
Practica de minutiis, and
Ezxperimenta super algebra.

Codex 47 refers to:
Arithmetica.

Codex 48 lists:
De numeris datis,
Quedam experimenta super progressione numerorum, and
Liber de proportionibus.

Codex 59 refers to:
Suppletiones plane spere.

1Richard de Fournival, ca.1201-1260
2For the following, see Brown (1967); Hgyrup (1988); Grant (2008).
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Many more later manuscripts are attributed to Jordanus, but this
may have been due to the close association of his name with the sub-
jects he established in the Latin tradition, in particular also the science
of weights. It is therefore often difficult to assess which works he actually
authored, which works he adopted himself from an earlier tradition and
just commented upon, which works were partly authored by him but then
extended by later commentaries, and which works were simply ascribed to
him because of his role as an authority in a particular field.

Jordanus thus emerges as one of the most important mathematicians
of the Middle Ages. His extant mathematical writings deal with geometry,
algebra, and arithmetics. His work clearly draws both on ancient and on
Arabic sources, as is the case for his contributions to mechanics. He thus
represents for the mathematical sciences, in a sense, a parallel figure to
his contemporary Albertus Magnus,? who established Aristotelianism as a
frame of reference for theological and philosophical discourse, benefitting
from the Arabic-Latin translation movement of the preceding century.*
More specifically, Jordanus flourished in a period in which Latin Europe
was about to establish its own institutional and intellectual structures for
absorbing the rich knowledge inherited from the Arabic world. By bringing
subjects such as the science of weights, known to him through the Arabic
tradition, into a more rigorous, Euclidean form, he elevated them to the
scientific standards of the emerging scholastics, a transformation that did
not take place without leaving traces on the contents with which it was
concerned.® Here we claim, in particular, that the concept of positional
heaviness which Jordanus introduced in order to distinguish between a
weight and its positional effect was exactly such a trace of the framework
of emerging scholastics (see page 60).

The starting point of Jordanus’ work on mechanics was probably the
Liber karastonis, ascribed to Thabit Ibn Qurra® in a translation that may
go back to Gerard of Cremona,” as well as the Liber de canonio,® probably
a Latin translation of a text going back to a Greek source. Both texts deal
with the balancing of the steelyard and take into account the fact that
a balance has a material beam which itself possesses weight. The Liber
karastonis provides a proof of the law of the lever from an Aristotelian
foundation and the Liber de canonio focuses on the material beam. Taken

3 Albertus Magnus, ca.1200-1280

4For an overview, see Abattouy et al. (2001) and Speer and Wegener (2006).
5See also the discussion in Hgyrup (1988).

6Thabit ibn Qurra, died in 901.

7Gerard of Cremona, 1114-1187.

8Moody and Clagett (1960, 55-76).
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together, they constituted the challenge of constructing a sophisticated
theory of the balance on an Aristotelian foundation in a Euclidean form,
in other words, just the kind of challenge that Jordanus also addressed in
his other works.

Three major groups of manuscripts on the science of weights at-
tributed to Jordanus can be distinguished.” The Elementa super demon-
strationem ponderum contain seven postulates and nine propositions to-
gether with extensive proofs. They also contain a reference to one of
Jordanus’ mathematical works. The Elementa are often found in medieval
manuscripts together with the Liber de canonio. They may thus be con-
sidered as providing a theoretical foundation, anchored in an Aristotelian
framework, for the treatment of the material beam in the Liber de canonio.

The Liber de ponderibus begins with precisely the same postulates
and propositions, albeit their wording is partly different.'® Furthermore
the postulates are preceded by a prologue, explicitly introducing the term
gravitas secundum situm, i.e. positional heaviness; at the end four addi-
tional propositions are appended, which stem from the Liber de canonio.
This treatise, however, does not contain the extended proofs of the Ele-
menta but instead, in the various forms in which it is extant, two types
of explanatory commentaries to the propositions, one short in a scholastic
style, one longer involving mathematical arguments as well.

Finally, the Liber de ratione ponderis is a much longer treatise divided
into four parts containing ten, twelve, six and seventeen propositions re-
spectively. The text begins with seven postulates that are similar to those
of the other two treatises. The first postulate adds reference to the “vir-
tus,” i.e. “force” of tending downward and resisting motion. The last pos-
tulate explains the horizontal equilibrium position of the beam in terms of
angles with the vertical. Also, most of the propositions of the first part are
similar to those of the other treatises, with a reference to upward motion
omitted in the first proposition, a reference to unequal weights added in
the second proposition, with proposition 3 of the De ratione ponderis tak-
ing the place of proposition 4 of the FElementa and vice versa, proposition
5 remaining identical, with proposition 6 of the De ratione ponderis tak-
ing the place of proposition 8 of the Elementa, and with proposition 7 of
the De ratione ponderis taking the place of proposition 9 of the Elementa.
Propositions 6 and 7 of the Elementa, dealing with the bent lever in a

9See the edition of the manuscripts and the commentaries by Moody and Clagett
(1960); see also Brown (1967).

10Compare the propositions in de Nemore (1533) with the corresponding propositions
in Moody and Clagett (1960, 119-142).
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way that is problematic from a modern perspective, however, are replaced
by the “correct” proposition 8 of the De ratione ponderis. Propositions 9
and 10 of the De ratione ponderis deal with the descent of a weight along
a rectilinear path and with the inclined plane. Part 2 of the De ratione
ponderis treats the material beam, Part 3 further cases of the bent lever,
while Part 4 adresses various subjects of motion.

As mentioned above, Jordanus’ work became known in the sixteenth
century through printed editions of his Liber de ponderibus by Petrus Api-
anus'! and of the De ratione ponderis by Tartaglia.'? The latter comprises
the two kinds of commentaries mentioned above, the longer one obviously
based on knowledge of other manuscripts by Jordanus as well.

The present volume deals mainly with Apianus’ edition of the Liber de
ponderibus, that is, the edition annotated by the marginalia of Guidobaldo.
In manuscripts of the Liber de ponderibus, but not in the Apianus edition,
the text concludes with the formula:

Explicit tractatus de ponderibus magistri Jordanis.
Here ends the treatise on weights of Master Jordanus.!?

The authorship of Jordanus de Nemore is nevertheless controversial,
even for the postulates and the theorems. Some manuscripts ascribe the
postulates and the first nine theorems not to Jordanus but to Euclid.
Indeed, the final sentence of the second comment to the ninth theorem of
the Apianus edition reads:

Hic explicit secundum aliquos liber Euclidis de ponderibus.
Here ends, according to some, Euclid’s book on weights.!4
Since in medieval manuscript traditions, propositions, proofs, and as-
criptions of authorship led a life of their own, rather independently from

each other, there is little one can conclude with certainty from these cir-
cumstances.®

1de Nemore (1533).

2de Nemore (1565).

3Moody and Clagett (1960, 164-165).

1 de Nemore (1533, D i verso), page 320 in the present edition.

15Moody speculated that the theorems were transmitted independently from the proofs
and traditionally ascribed to Euclid. From this view, Jordanus can neither be the
author of the concept of positional heaviness nor of the theorems, but rather emerges
as a commentator who developed the technical proofs found in the Elementa super
demonstrationem ponderum (Moody and Clagett, 1960, 146-147) as well as those of
the improved and extended version of this treatise, the De ratione ponderis (Moody
and Clagett, 1960, 167—227).
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The postulates and the first nine theorems in fact form a rather closely
knit deductive system centered on the notion of positional heaviness that
could have hardly arisen without some explicit technical proofs in the first
place.'® For this reason, we will treat the core theory of the various trea-
tises, the Elementa, the Liber de ponderibus, and the De ratione ponderis
as the work of Jordanus. We have to leave open, in particular, whether the
prologue of the Liber de ponderibus with its apparent or real echoes of the
Aristotelian Mechanical Problems, or the substantial improvements found
in the De ratione ponderis are the accomplishment of Jordanus himself
or of a later commentator. For most of our arguments it is sufficient to
associate them with the paradigm he created.

2.2 The author Giovanni Battista Benedetti

Giovanni Battista Benedetti was born in Venice on August 14, 1530 and
died on January 20, 1590 in Turin.!” He belonged to a patrician family
and was educated in philosophy, music, and mathematics by his father,
who, according to Gaurico, was a Spaniard interested in philosophy and
the natural sciences.'® At the age of 23 Benedetti published his first scien-
tific treatise, the Resolutio omnium Euclidis problematum,'® offering the
solution to geometrical problems using a compass with a fixed opening.
The work reacted to a challenge that emerged from a controversy between
Niccold Tartaglia?® and Ludovico Ferrari?! in the years 1546-1548. The
letter of dedication, addressed to Gabriel de Guzman, a Spanish priest,
contains some autobiographical remarks by Benedetti. According to these
remarks he did not receive any formal education, nor did he have a mas-
ter. However, he acknowledged that Tartaglia had introduced him to the

16While this still leaves the speculative possibility that such proofs once existed, were
then lost, and finally reconstructed by Jordanus, such a reconstruction remains without
any specific historical evidence in the sources.

17There is little historical evidence concerning Benedetti’s personal life. For biographical
accounts, see the pioneering study from 1926 by Giovanni Bordiga, with a commented
bibliography by Pasquale Ventrice of 1985 (Bordiga, 1985). See also Drake and Drabkin
(1969, 31-41), Cappelletti (1996), and Drake (2008). A comprehensive review of his
work and historical context may be found in Manno (1987). For a reconstruction of
Benedetti’s European network of correspondents, see Cecchini (2002). For a detailed
presentation of Benedetti’s mechanical theories we benefitted from Maccagni’s studies,
in particular, Maccagni (1967).

18Luca Gaurico, 1476-1558, in Tractatus astrologicus (Gaurico, 1552).

9Benedetti (1553).

20Niccold Tartaglia, 15007-1557.

21Lodovico Ferrari, 1522-1565.
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first four books of Euclid’s Elements, probably between 1546 and 1548.%2
Tartaglia may also have familiarized the young Benedetti with the prob-
lems of mechanics as he had treated them in his own book, Quesiti, et
inventioni diverse of 1546.23 Benedetti later also became acquainted with
the edition of a work by Jordanus that Tartaglia had prepared and that
contained an analysis of the bent lever by the principle that Benedetti was
using in his own work to determine the positional heaviness of a body.2*
According to an epigraph preserved in Turin, Benedetti had a daugh-
ter who died in childbirth in 1554 at the age of 26. In the same year he
published another work, the Demonstratio proportionum motuum local-
ium.?> Here he developed a theory of the motion of fall, first proposed in
the dedicatory letter of the Resolutio of 1553.25 According to this theory,
bodies of the same material fall through a given medium with the same
speed and not with speeds in proportion to their weights, as Aristotle had
claimed. Benedetti thus tried to overcome the fallacies of the Aristotelian
theory of fall by employing the Archimedean concept of buoyancy, assum-
ing that the motion of fall depends on the specific rather than the absolute
weight. The use of Archimedean notions to correct Aristotle’s physics was
probably stimulated by Tartaglia’s Italian translation of the first book of
Archimedes’ treatise on bodies in water in 1543.27 Benedetti’s challenge
to Aristotle apparently raised considerable discussion. In his Demonstra-
tio he discussed Aristotle’s views at length and responded to his critics.
In the second edition of the Demonstratio, also published in Venice in
1554,%® Benedetti argued that the resistance incurred by a falling body
in a medium depends not on its volume, but on its surface area. This
is also the view that Benedetti presented in Diversarum speculationum
mathematicarum et physicarum liber, published in Turin in 1585 and is-
sued again under slightly different titles in Venice in 1586 and in 1599.%
He explained the acceleration of the motion of fall in terms of an increas-
ing impetus of the falling body. Such examples show how he dealt with
new challenging problems, which were difficult and sometimes impossible

22Tn the letter to the reader of Benedetti’s Diversarum speculationum mathematicarum
et physicarum liber (Benedetti, 1585, first page of Ad lectorem) the author referred to
Tartaglia as his main mathematical source.

23Tartaglia (1546).

24de Nemore (1565). See the discussion in chapter 3.9.

25Benedetti (1554).

26Benedetti (1553).

27 Archimedes (1543a).

28Benedetti (1555); see Benedetti (1985).

29Benedetti (1585, 1586, 1599).
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to treat using the mainstream theories of his time, by bringing forth and
promoting new ideas. In spite of Benedetti’s efforts to secure priority for
his ideas by repeated publication, they were plagiarized by Jean Taisnier3’
in 1562 and spread without recognition of his authorship.3!

In 1558 Benedetti joined the court of Ottavio Farnese, the Duke of
Parma,3? as “lettore di filosofia e matematica.”3® There, he performed
astronomical observations and built sundials whose construction he later
described in his own book on the subject in 1574.34 In two letters to Cipri-
ano da Rore, choirmaster at the Court of Parma, Benedetti explained the
musical consonance and dissonance of two tones by the ratio of oscilla-
tions of waves of air generated by the strings of musical instruments. He
claimed that the frequency of two strings of equal tension must have an
inverse ratio to the lengths of the strings, and thus proposed to mathe-
matically describe the degree of consonance or dissonance of two tones.
These letters were only published much later in Benedetti’s comprehen-
sive Diversarum speculationum mathematicarum et physicarum liber. In
January 1567 Benedetti left Parma with a letter of recommendation from
the Duke.

In the same year Benedetti was invited by the Duke of Savoy, Emanuele
Filiberto,?® to the Court in Turin.?® The Duke, after the invasion and dev-
astation of his territory by French and Spanish troops, was engaged in a
renewal of the civic and military infrastructure that included political and
economic reforms, but also an increased support for education and the
sciences.3” Benedetti became involved in this renewal as an advisor to the
Duke, as a court mathematician, and as an engineer-scientist. In Turin he
constructed mathematical instruments such as sundials, calculated horo-
scopes, built a fountain, and executed other public tasks.?® Concurrently,
he possibly taught at the new University of Turin and educated the son of
the Duke, the later Carlo Emanuele I, in mathematics. In recognition of
his services to the court he was made a nobleman in 1570.

30 Jean Taisnier, 1508-1562.

31 Taisnier (1562), see the discussion in Drake (2008).

320ttavio Farnese, 1524-1586.

33Bordiga (1985, 593 ff.).

34Benedetti (1574). Drake (2008) and others following him suggest the year 1573. This
seems to be an error.

35Emanuele Filiberto, 1528-1580.

36Benedetti (1585, first page of the dedication to the Duke).

37See Ricuperati (1998).

38See Mamino (1989) and Roero (1997).
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In his book De gnomonum umbrarumque solarium usu liber of 157439
he dealt at length with the construction of sundials with faces of varying
inclinations and also with cylindrical and conical surfaces. His treatise De
temporum emendatione opinion of 1578 aimed at correcting and reform-
ing the calendar. In 1578 the Duke initiated a public disputation at the
University of Turin, at which Benedetti argued with Antonio Berga on
whether there was more water or more land covering the surface of the
earth. The views which Benedetti brought forth against Berga in this de-
bate were published in Turin in 1579 under the title Consideratione di Gio.
Battista Benedetti, filosofo del sereniss. S. Duca di Savoia, d’intorno al
discorso della grandezza della terra e dell’acqua del eccellent. sig. Antonio
Berga.?® In 1580, after the death of Emanuele Filiberto, Benedetti was
confirmed in his position by Carlo Emanuele I. There is evidence that, by
1585, he was married. In 1581 he wrote a lengthy letter in which he reacted
to a treatise questioning the reliability of astrology and ephemerides, later
published in Diversarum speculationum mathematicarum et physicarum
liber.A' Benedetti was, as this book shows, an admirer of Copernicus and
developed cosmological views of his own, which were remarkably close to
the views of his correspondent Francesco Patrizi (the fluidity of space and
the infinity of the universe outside the sphere of the fixed stars) and to
Giordano Bruno (Copernicanism and plurality of worlds) who visited Turin
and Chambéry around 1578.42

In astrological accounts, Benedetti predicted his own death for the
year 1592, as one reads in the conclusion of the Diversarum speculationum
mathematicarum et physicarum liber. As he lay on his deathbed in January
1590, he tried to account for his premature death with a calculational error
of four minutes that he must have made in his horoscope.

2.3 The critic Guidobaldo del Monte

Guidobaldo del Monte was born on January 11, 1545 in Pesaro, in the
territories of the Duke of Urbino and died on January 6, 1607 in nearby
Montebaroccio (today Mombaroccio).*® He studied mathematics at the

39Benedetti (1574).

40Benedetti (1579).

41Benedetti (1585, 228-248).

42See Seidengart (2006) and Omodeo (2009).

43For the following short biography, see the volume on Guidobaldo’s Mechanicorum
liber in this series; see also Rose (2008) and Gamba and Andersen (2008). For exten-
sive discussions of Guidobaldo’s science and historical context, see Gamba and Mon-
tebelli (1988), Biagioli (1990), Bertoloni Meli (1992), Gamba (1998), Micheli (1992),
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University of Padua in 1564. After serving in the army for some time
and participating in the campaign of the Holy Roman Emperor Maximil-
ian 1144 against the Turks, he joined the circle of Federico Commandino*®
in Urbino. Commandino was a key figure of a scientific humanism that
aimed at restoring the ancient mathematical sciences by editing and trans-
lating works of Euclid, Archimedes, Pappus,?® and others. In later life
Guidobaldo pursued his studies, writing several books and constructing
and producing scientific instruments at the family castle in Montebaroc-
cio.

In his own work Guidobaldo built on the restoration of ancient science
inaugurated by Commandino and, in 1577, published the comprehensive
and influential Mechanicorum liber.*” The book focuses on Heron’s*® five
simple machines — the lever, the pulley, the axle in a wheel, the wedge, and
the screw — complemented by the balance as a sixth one. Following Heron
and Pappus, Guidobaldo claimed that every mechanism can be reduced
to one of these machines and that their properties can in turn be derived
from those of the balance and the lever. He saw himself as pursuing an
approach that could be traced directly to Archimedes. In fact, the latter’s
concept of center of gravity plays a key role in his treatise. But Guidobaldo
also followed the Aristotelian tradition by attaching great importance to
the concept of the center of the world, deriving mechanical properties
from the mutual relation of the three centers: the point of suspension or
support of a body (its fulcrum), its center of gravity, and the center of the
world. In 1581 Guidobaldo’s book was published in Italian,*® translated
and introduced by Filippo Pigafetta.’® In 1588 Guidobaldo published a
commentary on Archimedes’ book on the equilibrium of planes,®! followed
in 1600 by a major treatise on perspective.®?

The Urbino school of engineer-scientists to which Guidobaldo be-
longed was characterized by a strict focus on classical antiquity as the only
legitimate model for science as well as by an esprit de corps that found

Henninger-Voss (2000), Bertoloni Meli (2006), van Dyck (2006a), van Dyck (2006b)
and Becchi et al. (2012).

44 Maximilian II, 1527-1576.

45Federico Commandino, 1509-1575.

46Pappus of Alexandria, ca. 290-350.

4"DelMonte (1577), Renn and Damerow (2010).

48Heron (or Hero) of Alexandria, ca. 10-70.

49DelMonte (1581); see the discussion in Henninger-Voss (2000).

50Filippo Pigafetta, 1533-1604.

51DelMonte (1588), see the discussion in Frank (2007).

52DelMonte (1600), see the discussion in Gamba and Andersen (2008) and Marr (2011).
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its most prominent expression in Bernardino Baldi’s®® posthumously pub-
lished Cronica de’ Matematici®* Baldi was Guidobaldo’s friend and a
fellow-disciple of Commandino. His In mechanica Aristotelis problemata
exercitationes, also published posthumously,?® built on Guidobaldo’s me-
chanics and constituted another attempt to demonstrate the harmony be-
tween Archimedean and Aristotelian approaches to mechanics and thus of
the integrity of the ancient tradition. The members of the Urbino school
were unanimous in their rejection of what they considered medieval con-
taminations of the ancient tradition by writers such as Jordanus and his
early modern followers Tartaglia and Cardano.?® Accordingly, the judge-
ment on authors such as Benedetti who was considered a proponent of this
tradition was harsh. This is evident from Guidobaldo’s marginal comments
presented in this volume, but also from the short biography of Benedetti
in Baldi’s Cronica de’ matematici:

Gio: Battista Benedetti Venetiano attese alle Matematiche,
nelle quali servi i Duchi di Savoja. Scrisse un libro di Gnomon-
ica, il quale toccod molte cose appartenenti alle dimostrationi
della detta disciplina, se non che viene ripreso da piu esquisiti di
non haver’osservato quel metodo, e quella purita nell’insegnare,
che ricercano le Matematiche, ed € stato osservato da gl’ottimi
Greci, e da gl’Imitatori loro. Scrisse anco alcune altre cose
leggiere, e di non molto momento.

The Venetian G.B. Benedetti occupied himself with mathe-
matics, a field in which he served the Dukes of Savoy. He
wrote a book on gnomonics which deals with many themes
belonging to the proofs of this discipline. It is, however, re-
proached by more distinguished scholars for not having followed
that method and that purity in teaching which mathematics re-
quires and which has been observed by the great Greeks and
those who followed them. He furthermore wrote some other
light things of little import.>”

In 1589 Guidobaldo became Visitor General of the fortresses and cities
of the Grand Duke of Tuscany. A year earlier he had come in contact with

53Bernardino Baldi, 1553-1617.

54Baldi (1707). The manuscript version is preserved at University of Oklahoma Li-
braries, History of Science Collections. See also Nenci (1998).

55Baldi (1621); see volumes 3 and 4 on Baldi’s treatise in this series Nenci (2011a,b).
56 Gerolamo Cardano, 1501-1576.

57Baldi (1707, 140). Baldi himself was keenly interested in gnomonics on which he wrote
an extensive manuscript that remained, however, unpublished.
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the young Galileo. They frequently exchanged letters about mechanical
subjects and probably met for the first time when Guidobaldo visited Tus-
cany in the late Spring of 1589,°® and again in 1592 in Montebaroccio.
Guidobaldo became Galileo’s mentor and patron, securing him university
positions first in Pisa (1589) and later in Padua (1592). One link be-
tween them was Galileo’s Pisan friend and colleague Jacopo Mazzoni in
whose work Guidobaldo was interested.?® Galileo’s initial scientific inter-
ests, concerning problems of static equilibrium analyzed in the style of
Archimedes, were well matched with those of Guidobaldo. Later Galileo
also emulated Guidobaldo’s activities as an engineer-scientist, setting up
a workshop for producing scientific instruments and writing treatises on
fortification and mechanics.®® However, in the course of time, significant
differences emerged in their approach to the developing mathematical sci-
ence of nature in which Galileo took a position closer to that of Benedetti.
In contrast to Guidobaldo, Galileo was convinced, in particular, that also
phenomena of motion such as projectile motion, the oscillations of a pen-
dulum, or motion along an inclined plane were amenable to an exact math-
ematical treatment. Like Benedetti, but not Guidobaldo, he furthermore
developed a keen interest in the Copernican world system. In 1592, the
year of Galileo’s move to Padua, Guidobaldo was visited at Montebaroccio
by Galileo with whom he performed the experiments on projectile motion
that led to the discovery of the law of fall.’! On that occasion, and proba-
bly even earlier, they must have discussed foundational issues of mechanics
as well, including the relation between Guidobaldo’s and Benedetti’s ap-
proach, possibly using the very copy of Benedetti’s book, parts of which
are reproduced here. Galileo’s early intellectual career thus unfolded in
the midst of the tension between Guidobaldo and the classicist Urbino
school, on the one hand, and Benedetti’s more open—minded attitude to
tradition, on the other.

58This information is based on recent studies by Francesco Menchetti, subsequently
extended by Martin Frank, see Menchetti (2012).

59 Jacopo Mazzoni, 1548-1598. Guidobaldo’s interest in Mazzoni has recently been
stressed by Martin Frank (personal communication).

60For an extensive historical discussion, see Valleriani (2010).

61See Renn et al. (2001).






Chapter 3
The Context

3.1 The long-term transmission of mechanical knowledge

The context of this discussion of the equilibrium controversy, based on
Guidobaldo’s marginalia, is the long-term development of mechanical knowl-
edge, in particular from the origin of theoretical mechanics in antiquity to
the dawn of classical mechanics in the late Renaissance, when the contro-
versy first became a central issue of contemporary discussions. It may be
helpful therefore to begin with a brief survey of the history of mechanics,
a history that extends over more than two millennia. This long period can
be divided into six more or less coherent periods:

- The first period may simply be called the prehistory of mechanics; it
comprises the long period in which human cultures accumulated practical
mechanical knowledge without documenting this knowledge in written
form and without developing theories about it. Although the origin of
other sciences such as mathematics and astronomy can be traced back
to ancient urban civilizations such as those of Babylonia and Egypt,
this, surprisingly, is not the case for mechanics. Although there are
numerous sources testifying to the large construction projects of these
civilizations, there is in fact not one single document referring to the
mechanical knowledge that must have been involved in these endeavors.

- The next period properly merits the label origin of mechanics. It saw, in
particular, the formulation and proof of the law of the lever. More gen-
erally, it is characterized by the appearance of the first written treatises
dedicated to physics and mechanics in ancient Greece, associated in par-
ticular with names such as Aristotle, Euclid, Archimedes, and Heron.!
These works had an enormous impact on the subsequent development of
mechanical knowledge. Aristotelian physics focused on the role of forces
on moving bodies, and Aristotelian and Archimedean mechanics, based

1For a discussion of the parallelism between the emergence of mechanics in Greece and
in China, see Renn and Schemmel (2006).
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on the law of the lever, provided two fairly independent points of refer-
ence for the development of theoretical mechanics. They finally merged
into one common conceptual basis for a new coherent theory of mechan-
ics only with the advent of classical physics in the late seventeenth and
eighteenth centuries.

The third period is, at the beginning, characterized by the transforma-
tion of mechanics into a science of balances and weights and the enrich-
ment of Aristotelian physics by a theory of impetus and a mathematical
extension of the Aristotelian doctrine of generation and corruption to a
theory of changing qualities. This period covers the Arabic and Latin
Middle Ages, which saw the production of a substantial literature on
mechanics focused on a relatively small range of subjects, in particular,
the behavior of the balance and the justification of the law of the lever,
and the changing qualities of mechanical bodies such as heaviness and
velocity.

The fourth period is that of preclassical mechanics, ranging from the
sketches of Renaissance engineers such as Leonardo da Vinci? to the
mature works of Galileo Galilei. In contrast to the preceding period,
it deals with an increasingly large number of subjects, including the
inclined plane, the pendulum, the stability of matter, and the spring, in
attempts to integrate the science of weights with the effect of forces on
moving bodies, which necessarily transformed the inherited theoretical
building blocks.

The fifth period is that of the rise of a mechanistic world view. The
successful integration of earlier traditions into the fundament of classi-
cal physics appeared without alternatives. From the first comprehensive
vision of a mechanical cosmos, such as that of Descartes, via the es-
tablishment of classical and later analytical mechanics, this process led
to the attempts of nineteenth-century scientists to build physics on an
entirely mechanical foundation, which was conceived as an ontological
basis of the natural sciences.

The sixth period comprises the decline of the mechanistic world view
and the disintegration of mechanics at the turn of the nineteenth to
the twentieth century, resulting in the emergence of modern physics and
its conceptual revolutions represented by the relativity and quantum
theories.

2Leonardo da Vinci, 1452-1519.
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This schematic overview of the long-term development of mechanics
raises a number of puzzling questions. For example: How did theoreti-
cal mechanics originate in ancient Greece and why did this not happen
earlier? What kind of knowledge made the formulation of the law of the
lever possible, and what knowledge was required for its proof? What
accounts for the remarkable differences between the medieval science of
weights and preclassical mechanics? What kind of empirical knowledge
made the emergence of classical mechanics possible and what accounts for
its remarkable stability over the more than 200 years of classical physics?
What explains the steady development, consolidation, and stabilization of
Aristotelian physics over more than 2000 years? How can one explain the
disintegration of mechanical concepts around the turn from the nineteenth
into the twentieth century and the creation of revolutionary theories such
as general relativity and quantum theory, which proved to be an adequate
foundation for today’s physical and cosmological knowledge, although that
knowledge was not available when they emerged? How did the law of the
lever survive all these changes? And finally the question that will come
under closer scrutiny in the present volume, how did the concept of po-
sitional heaviness emerge and, under varying labels, become an integral
part of preclassical and, after a substantial transformation, of classical
mechanics?

3.2 The ancient roots of mechanics

The development of mechanical knowledge sketched here was a non-linear
and multi-layered historical process. In particular, the following analysis
of the specific process of the transmission of mechanical knowledge from
antiquity to the Arabic and Latin Middle Ages and finally to the Renais-
sance makes it clear that the development of mechanics was anything but
a successive accumulation and theoretical integration of a growing body
of mechanical knowledge. Theoretical mechanics had a twofold root in the
ancient Greek reflection on practical experiences. On the one hand, there
was the intuitive experience that in order to move a body a certain effort
is required depending on its weight. This experience became the basis
of the concept of force as the cause of terrestrial and celestial motion in
Aristotelian dynamics. On the other hand, the reflection on the potential
of mechanical devices to reduce the force required to move a body became
the basis of the Archimedean theory of equilibrium and its generalization
in the concept of the center of gravity.
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In ancient Greece the development of these basic concepts of mechan-
ics was an issue of highly personalized communication between the mem-
bers of a relatively small group of experts, for which the correspondence of
Archimedes is typical.? There was a strong relation between authors, their
theoretical biases, and their specific subjects. Following the model of Eu-
clid’s compilation of the mathematical knowledge of his time, Archimedes
tried to present his insights in the form of deductive treatises.* Thus, the
concept of center of gravity became the core concept of deductive mechan-
ics. Aristotle, in contrast, presented his account of natural phenomena in
a network of categorizations linked by syllogisms. Originally, there was no
intimate relation between Aristotelian dynamical explanations of motion
and gravity, on the one hand, and the deductive mathematical method,
on the other. Similarly, Aristotelian explanations of mechanical devices
merely followed the tradition of the literature presenting issues in form
of problems and their solutions, without exposing an immanent necessity
constituted by its subject. Finally, the shift from a personalized to a more
institutionalized representation of knowledge in late antiquity contributed
much to the historical transfer of the ancient heritage, but resulted in a
compilation rather than an integration of the various elements of mechan-
ics developed in the ancient Greek tradition.

3.3 Preclassical mechanics

Preclassical mechanics of the sixteenth and early seventeenth centuries
was characterized by an elaboration of the knowledge resources available
in light of challenging objects such as labor-saving machinery, ballistics,
the stability of architecture, or ship-building provided by contemporary
technology. Preclassical mechanics was a historical stage in its own right
in the development of mechanics. It was pursued by a class of engineer-
scientists who addressed these technical challenges by drawing on hetero-
geneous bodies of knowledge, which comprised the growing set of recovered
ancient scientific and technical texts. The heterogeneity as well as the frag-
mentary nature of the shared knowledge of early modern science, especially
with regard to the heritage of ancient science and its subsequent transfor-
mation, is well illustrated by the conflictual integration of Aristotelian and
Archimedean knowledge resources on mechanics as it can be traced in the
works of Tartaglia, Cardano, Guidobaldo, Benedetti, Galileo, and many

3See the discussion in Netz (1999).
4Dijksterhuis (1956).
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others, and in particular also in the conflicting approaches of Guidobaldo
and Benedetti documented in this volume.

No simplistic division of the protagonists of preclassical mechanics into
followers of Aristotelian dynamics and Archimedean statics, into northern
and central Italian schools, into Aristotelians and anti-Aristotelians, will
be able to do justice to the complex interlocking of the diverse components
of the shared ancient heritage.® For instance, the works of Archimedes on
statics and hydrostatics provided not only a model for a deductive theory
of physics emulating the structure of Euclid’s Elements, but also assets to
modify specific explanations within an Aristotelian conceptual framework,
in particular, the Aristotelian explanation of free fall in media with the help
of the Archimedean concept of extrusion. Conversely, Aristotelian natural
philosophy provided a physical underpinning to the Archimedean theory
of equilibrium of planes, fostering its extension to a more comprehensive
treatment of mechanics. Although discussions about mechanics in the
early modern period were often shaped by questions of the superiority or
compatibility of the diverse bodies of knowledge inherited from antiquity,
in the end everyone drew from the same sources so that Aristotelian and
Archimedean elements are found alongside each other, albeit in different
constellations, in the works of authors as diverse as Tartaglia, Cardano,
Guidobaldo, Benedetti, and Galileo.

The integration of these elements took place under the new conditions
of the early modern period for the development of mechanical knowledge
that were given not only by the emergence of challenging objects, but
also by an intellectual context that involved many more actors intervening
simultaneously than had ever been the case since antiquity. Accordingly,
the inherent potential of the traditional bodies of knowledge was much
more intensely exploited than ever before — in directions shaped, but not
uniquely determined, by the concrete material at hand, that is, by the
challenging objects that represented focal points of attention.

As a consequence, a multiplicity of different pathways developed,
sometimes leading to the same insights into a given problem, sometimes
to diverging opinions on it. At the same time, intrinsic tensions within a
given traditional body now emerged more clearly, due to the fact that it
was no longer, as was typically the case in antiquity, one single author or
a string of authors separated by generations who were involved in its elab-
oration. Instead, one and the same problem was now often addressed from

5For a still very helpful survey of different sixteenth-century knowledge traditions, see
Drake and Drabkin (1969).
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distinctive perspectives, thus becoming a borderline problem of different
knowledge traditions and catalyzing their conflictual integration.®

The traditional image of this period, which still often lurks behind
even the most sophisticated historical reconstructions, whereby single au-
thors studied single problems with greater or lesser success as judged in
hindsight, thus preparing the eventual combination of the pieces of a puz-
zle into one coherent whole, is fundamentally mistaken. In fact, strictly
speaking, all solutions proposed in preclassical mechanics are untenable
from the viewpoint of classical mechanics since they were articulated in
conceptual frameworks incompatible with those of later science, making
use of alien concepts such as positional heaviness, natural and violent ten-
dencies, or impetus.

Thus, the emergence of classical mechanics from preclassical mechan-
ics cannot have been an essentially cumulative process of selecting from
ancient sources isolated pieces of knowledge that were deemed valuable,
separating the wheat from the chaff, and then gradually adding new in-
sights. Rather, the emergence of classical mechanics from its ancient roots
must have amounted to the structural transformation of a system of knowl-
edge, which involved a reorganization of conceptual systems on the basis
of results achieved within traditional frameworks. Such a transformation
would not have been possible without the interaction of the authors and a
confrontation of their proposed solutions to mechanical problems, and can
neither be described in terms of a linear accumulation of knowledge nor in
terms of a competition between distinct schools or traditions.

When was a problem actually solved? With hindsight, we may claim,
for instance, that Aristotle was the first to analyze the equilibrium of
the balance, that Archimedes proved the law of the lever, that Jordanus
solved the problem of the inclined plane, and that Galileo discovered the
law of fall. With hindsight, it may indeed seem that these insights could
have been achieved as isolated contributions, independent of the establish-
ment of a larger, stable conceptual framework. From the perspective of
preclassical mechanics, however, it is remarkable how far these solutions
actually were from being evident or uncontroversial among the contem-
poraries. Some of these became the topic of heated debates, such as the
question of the equilibrium of the balance. In particular, as will be seen
in the following, the question of whether or not a balance with equal arms
would, when deflected from the horizontal position, return to its original
state, was controversially discussed by authors such as Tartaglia, Cardano,
Guidobaldo, and Benedetti. The issue arose because partly different con-

6For the notion of borderline problem, see Renn (2007, 30).
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ceptual frameworks seemed to suggest different answers, since the exact
relation between concepts such as center of gravity and positional heaviness
had not yet been definitively established.

Solutions that appear to come close to the correct solution in classical
mechanics, such as Jordanus’ analysis of the inclined plane, were rather
isolated and in part disregarded by contemporary authors. But an isolated
solution, a solution that is not taken up, discussed, contradicted, reformu-
lated, supported by new arguments, or used in novel contexts, fails to be a
convincing solution. A broadly shared acceptance of the solution to a par-
ticular problem typically presupposes controversy and only results from
embedding the solution within an extended network of arguments, even-
tually connecting it with everything else within a system of knowledge.
A progressive accumulation of established results remained, however, il-
lusionary as long as the argumentative networks developed in preclassical
mechanics were neither comprehensive in the sense of being adequate to
deal with the entire scope of shared mechanical knowledge nor coherent in
the sense of yielding an unambiguous solution, at least to those problems
within their range of extension. The eventual emergence of more or less
stable solutions to such basic mechanical problems only emerged in the
course of the transformation of preclassical into classical mechanics, and
represented an outcome rather than a precondition of this development.

From a traditional perspective, it may come as a surprise that not only
new discoveries of dynamics such as the law of fall and the parabolic shape
of the projectile trajectory, but even elementary insights from statics such
as the indifferent equilibrium of a balance suspended from its center of
gravity, the equilibrium of a body on an inclined plane, or the principle of
the bent lever were still not definitively established toward the end of the
sixteenth century, although it seems that these results could easily have
been inferred from known ancient and medieval sources. But from the
perspective sketched above, the seemingly fruitless contemporary debates
about such problems take on a new significance. Rather than representing
encounters between blind men sometimes hitting the mark and sometimes
not, they were a medium of the dialogical transformation of a system of
knowledge.”

But how did this dialogical transformation of knowledge actually take
place and how in the end did more or less stable solutions to basic mechan-
ical problems result? Although we have claimed that this stabilization did
not happen in a piecemeal fashion, but rather in the context of a more
holistic process of conceptual reorganization, it is also clear that the trans-

7See the discussion in section 1.3; compare also the approach developed in Beller (1999).
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formation of preclassical into classical mechanics did not happen in one fell
swoop. Rather, within the developing network of mechanical arguments,
some more or less stable nodes gradually emerged which did not corre-
spond to the original roots from which the network was growing, such
as the principles of Aristotelian physics and of Archimedean mechanics.
These nodes resulted instead from an elaboration of the consequences of
the traditional framework triggered by the confrontation with challenging
objects. Some of these consequences constituted indeed the starting points
for the reorganization of the accumulated knowledge, eventually yielding
the new principles of classical mechanics, such as the principle of inertia,
the principle of work, or the understanding of the directional character of
force and of the relation between force and torque. Thus, the principle of
inertia, for instance, could be obtained by reflecting on Galileo’s results
concerning projectile motion which had still been achieved within a pre-
classical conceptual framework.® In turn, these results were related to a
stabilization of the knowledge on mechanical devices such as the inclined
plane, the bent lever, and the deflected balance, also resulting from a te-
dious process of the elaboration and integration of different knowledge re-
sources. This process was typically accompanied by controversies over the
conceptual foundations of mechanics, for instance about the role of such
concepts as that of positional heaviness, center of gravity, or momento as
it can be traced in the works of Guidobaldo, Benedetti, and Galileo, and
as they are illustrated in an exemplary way by Guidobaldo’s annotation
of Benedetti’s book.

3.4 The ancient and medieval origins of the equilibrium
controversy

Whether and under what circumstances an equilibrated balance deflected
into an oblique position returns into the horizontal is a question that goes
back to the second problem of the Aristotelian Mechanical Problems. This,
however, deals with balances having a beam of finite thickness so that it
makes a difference whether they are supported from above or from below.
But the seemingly simple case of the beam being supported at its center of
gravity is not discussed. The concept of a center of gravity in fact was un-
known to the Aristotelian author. As far as we know, this concept, which
immediately suggests one stance in the later controversy, was not intro-

8See the extensive discussion of the preclassical framework of Galileo’s work in Renn
et al. (2001) and Damerow et al. (2004).
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duced before Archimedes.? As will become clear below, it was Guidobaldo
who revived and applied this concept in the context of the controversy
about the deflected balance.

An understanding of the positional dependence of the effect of a weight
under the constraints of its attachement to the beam of a balance was, as
far as we know, expressed in geometrical terms for the first time in the
Aristotelian Mechanical Problems.'® The issue was clarified by Archimedes
who formulated the law of the lever, supplying a convincing deductive
proof.1!

The question of why the deflected balance nevertheless caused a vivid
controversy in the early modern period is obviously related to the question
of which parts of the ancient mechanical knowledge were transmitted when,
where, and how to early modern scholars.’?> As will be shown below,
the ignorance of the concept of the center of gravity in fact led to the
introduction of the concept of positional heaviness.

9For an argument that Archimedes only elaborated an already existing intuitive con-
cept, see Dijksterhuis (1956, 298-313).

10 Aristotle (1980). See the discussion in Krafft (1970), Damerow et al. (2002), and
Renn and Damerow (2007).

HThe law of the lever is also contained in the Aristotelian Mechanical Problems. How-
ever, the answers to the problems in this treatise are not based on this law but — as
far as they deal with the force-saving potential of mechanical devices which is the case
for approximately half of the problems — on a basic explanatory principle discussed in
the following section 3.4.1. Notwithstanding the debated attribution of the treatise to
Aristotle, this principle can be considered as a precursor of the law of the lever. This
law itself occurs in the whole treatise only once, pointlessly inserted into the answer to
the third problem which is based on the basic principle as all other related problems
(Aristotle, 1980, 352-353). It is therefore likely that the inserted phrase stating the law
of the lever is a later addition based on the erroneous inclusion of a marginal note in
a Byzantine manuscript from which all surviving copies are derived, see section 3.4.2
below.

12Caverni (1972, vol. 4, 190 ff.) discusses extensively the problem of the deflected bal-
ance and the opinions of Jordanus, Leonardo, Tartaglia, Cardano, Guidobaldo, and
Benedetti, as well as the subsequent discussions of this issue in the seventeenth cen-
tury. Duhem (1991) also refers frequently to the problem. In both accounts Leonardo
is considered a pivotal figure for having found or identified the correct solution to this
problem as well as to the related problem of the bent lever. Both authors essentially as-
sume that the transmission of such insights was unproblematic, supposing in particular
that Benedetti’s treatment was based on knowledge of Leonardo’s manuscripts. Clagett
(1959, 159) assumes that Galileo knew the correct solution to the bent lever problem
because he was familiar with Jordanus’ De ratione ponderis in the Tartaglia edition.
We will come back to the challenges of knowledge transmission below. The role of the
equilibrium controversy for Galileo’s Mechanics is also discussed in the introductory
essay of Galilei (2002). The role of the controversy for Guidobaldo’s work has been dis-
cussed extensively in Palmieri (2008). For a general survey of early modern mechanics,
see also Laird (1986).
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3.4.1 The Aristotelian context

Throughout the entire period under consideration, from antiquity via the
Arabic and Latin Middle Ages to the early modern period, core ideas
of Aristotelian dynamics were evidently known to scholars dealing with
mechanical problems.

According to Aristotle the velocity of a body in natural descent is
proportional to its weight while that of a body in violent motion is pro-
portional to the moving force. In his Physics he wrote:

[...] as to differences that depend on the moving bodies them-
selves, we see that of two bodies of similar formation the one
that has the stronger trend (ponr}) downward by weight (Béapog)
[...] will be carried more quickly than the other through a given
space in proportion to the greater strength of this trend.!®

A passage from On the Heavens dealing with the effect of a moving
force sheds light on what he means by the term more quickly:

[...] if there is a moving body which is neither light nor heavy
(Bapog), its motion must be enforced, and it must perform this
enforced motion to infinity. That which moves it is a force
(dbvapug), and the smaller, lighter body will be moved farther
by the same force. [...] For as the greater body is to the less,
so will be the speed of the lesser body to that of the greater.!4

This passage contains in essence the core idea of the Aristotelian dy-
namics of violent, that is, enforced motion. The same force exerts a greater
effect on a lesser than on a greater body. The effects are measured by the
speeds in the sense of distances traversed in the same time which are in-
versely proportional to the sizes of the bodies.

The proportionality between force and effect, however, seems to con-
tradict experiences gained from levers and balances. Applied to such tools,
the same force has different effects depending on the position where it acts
on a beam. The Aristotelian Mechanical Problems can be interpreted as an
attempt to avoid this contradiction. The resolution of this contradiction
in the Mechanical Problems relies on a basic explanatory principle inter-
preting the balance in terms of motions of weights along circles of different
radii.!> This principle states that the part of the radius of a circle that is

13 Aristotle (1995, 216a, 12-17).
14 Aristotle (1986, 301b, 4-14).
5 Damerow et al. (2002, 94-95).
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Figure 3.1: Drawing by Tomeo in his 1525 translation Aristotelis quaes-
tiones mechanicae illustrating that the arc BS of the larger
circle is less bent than the arc ML of the smaller circle. Ac-
cording to Aristotle, the interference of the violent constraint
on the natural downward motion must thus be greater on the
smaller than on the greater circle.

farther from the center moves more quickly than the part that is closer to
the center being moved by the same force. The greater effect of a weight
moving on the greater circle described by a larger beam is explained by
the lesser interference of that violent constraint with the natural motion
downward when compared to the motion along a smaller radius. In the
Latin translation by Tomeo, the relevant passage reads:

Si autem duobus ab eadem potentia latis hoc quidem plus re-
pellatur, illud vero minus, rationi consentaneum est tardius
moveri id quod plus repellitur eo quod repellitur minus: quod
videtur accidere maiori et minori illarum quae ex centro cir-
culos describunt: quoniam enim proprius est manenti, eius
quae minor est extremum, quam id quod est maioris, veluti
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retractum in contrarium ad medium tardius fertur minoris ex-
tremum. Omni quidem igitur circulum describenti istuc ac-
cidit: ferturque eam quae secundum naturam est lationem se-
cundum circunferentiam: illam vero quae praeter naturam, in
transversum et secundum centrum: maiorem autem semper
eam quae praeter naturam est ipsa minor fertur: quia enim
centro est vicinior quod retrahit vincitur magis.

Now if of two objects moving under the influence of the same
force one suffers more interference, and the other less; it is
reasonable to suppose that the one suffering the greater inter-
ference should move more slowly than that suffering less, which
seems to take place in the case of the greater and the less of
those radii which describe circles from the centre. For because
the extremity of the less is nearer the fixed point than the ex-
tremity of the greater, being attracted towards the centre in
the opposite direction, the extremity of the lesser radius moves
more slowly. This happens with any radius which describes
a circle; it moves along a curve naturally in the direction of
the tangent, but is attracted to the centre contrary to nature.
The lesser radius always moves in its unnatural direction; for
because it is nearer the centre which attracts it, it is the more
influenced.'6

The author thus introduced the idea of explaining the dependence of
the effect of a weight on its position by considering factors such as the
natural and violent components of the motion and the lesser or greater
deviation of the motion from its natural course.

The Aristotelian analysis left much room for interpretation. In any
case, the Aristotelian Mechanical Problems could have become the start-
ing point for formulating a concept of positional heaviness and were indeed
brought into connection with it by early modern writers on this subject
such as Tartaglia.'” Positions taken in the early modern period on this
issue such as those of Guidobaldo and his adversaries can be considered as
elaborating one or the other alternative implicit in the Aristotelian anal-
ysis.!® However, it is rather unlikely that this was how the concept of

16Tomeo (1525, 27r-27v). Translation in Aristotle (1980, 341-342).

17See, for instance, how Tartaglia’s virtual interlocutor reminds him in his Quesiti of
the connection between the claim that the equilibrated balance deflected into an oblique
position will return to the horizontal and the treatment of the balance in the Aristotelian
Mechanical Problems; see Tartaglia (1546, 88v), cf. Drake and Drabkin (1969, 124).
18See section 3.8.
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positional heaviness actually came into being in the thirteenth century,
since at that time the text of the Aristotelian Mechanical Problems had
probably not yet circulated in the Latin West.!® However, once it became
available it was printed, translated, and commented upon by numerous
early modern scholars and became a standard point of reference for me-
chanical arguments in the sixteenth century.2’

3.4.2 The transmission of ancient mechanics

The concept of positional heaviness was, as discussed in section 2.1, explic-
itly introduced by the medieval scholar Jordanus de Nemore. Its historical
roots can only be determined, however, by a closer look at the milestones of
ancient mechanics represented in the works of Aristotle, Archimedes, and
Heron, and at the vexing history of the transmission and transformation
of this heritage by scholars in the Arabic world.?!

From the viewpoint of the transmission of ancient knowledge, the first
milestone of the development of the science of mechanics is the work of
Aristotle. As mentioned above, the backbone of the long-term transmission
of mechanical knowledge was Aristotelian dynamics, known in the Arabic
world, in the medieval Latin period, and in early modern times. It was
used throughout as a point of reference for arguments on balances and
other mechanical devices.

The Aristotelian Mechanical Problems had a somewhat less continu-
ous history as they were probably unknown when the science of weights
first emerged in the Latin Middle Ages.?? The treatise has been transmit-
ted as part of the Aristotelian corpus, but its attribution to Aristotle has
been called into question although there is a consensus that it dates back
to the third century BCE and has emerged from the immediate context of
his work.?® With the exception of an earlier Arabic epitome,?* all extant
Greek manuscripts and later printings are based on one archetype Byzan-
tine codex, the codex Z.Gr.214 of the Biblioteca Marciana.?® Altogether

9The arguments for its availability are indeed rather weak, see Clagett (1957).
20Rose and Drake (1971).

21For an overview of Arabic science and technology, see Hill (1993, 59-70).

221t is sometimes assumed that Jordanus must have been familiar with the Aristotelian
Mechanical Problems. However, Jordanus wrote his works in the first half of the thir-
teenth century whereas there are no indications that any manuscript reached the Latin
West at that early date.

23Rose and Drake (1971, 72).

24 Abattouy (2001, 180 and 195-199).

25Rose and Drake (1971, 73).
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twenty-nine Greek manuscripts survived.?® The three oldest manuscripts,
that is, all extant manuscripts written before the fifteenth century, were
written in Byzantium and only later transferred to Italy, whereas the ma-
jority of later manuscripts were certainly written in the West. The fifteenth
century is marked by an extreme increase in copying activities.?” Thus
twenty-one of the later manuscripts were written in the fifteenth century,
four in the sixteenth, and one in the seventeenth century.?® The situation
is further confused by the widely overlooked fact that the treatise was also
covered by Pachymeres’ Philosophia which contains paraphrases and com-
mentaries on most of Aristotle’s works. Pachymeres?? was a Greek scholar
who spent most of his life in Constantinople. The extant manuscripts of
Philosophia show a similar distribution as the “normal” manuscripts with
a peak in the sixteenth century.3°

Thus, the Aristotelian Mechanical Problems only became widely avail-
able to the scholars of the Latin tradition at the beginning of the early
modern period through Greek manuscripts and their Latin translations,
all of which derived from a single Byzantine source from the late eleventh
or early twelfth century.3' In the Arabic context, however, the core text
of the Aristotelian Mechanical Problems was known, but not the deductive
justification of its basic explanatory principle3? which in the early mod-
ern period served as an important background for arguments concerning
positional heaviness. The Mechanical Problems contain with this princi-
ple a precursor formulation of the law of the lever, knowledge of which

260One must assume that the actual number at the time was much higher, but due to
their long and changeful history, not all manuscripts that had once existed came down
to us. Rose and Drake (1971, 72-76) list twenty-nine manuscripts. The codices Ms.
Vat. Gr. 2231 and Vat. Gr. 905 have to be added to this list while Ms. Phi 1,10 of the
Biblioteca de El Escorial has to be dropped.

27 At the end of the fifteenth century, between 1495 and 1498, the Aristotelian corpus
was printed for the first time by Aldus Manutius (1449-1515). The Mechanical Problems
are contained in the second volume, printed in 1497.

28 All data on the manuscript tradition are based on unpublished work by Paul Weinig
who joined the project on the history of mechanical knowledge at the Max Planck
Institute for the History of Science for several years.

29Georgios Pachymeres, 1242-ca.1310.

30T hirteenth century: three copies; fourteenth century: three copies; fifteenth century:
nine copies; sixteenth century: twenty copies, among them Ms. Phi 1,10 of the Bib-
lioteca de El Escorial which was erroneously listed by Rose and Drake (1971, 73) as an
original Greek copy; seventeenth century: one copy; eighteenth century: one copy.
31This way of transmission, however, is untypical for the transmission of Greek
manuscripts in general. Byzantine scholars tended to neglect sources of the mathemat-
ical science and natural philosophy; see Krumbacher (1897, 605-638) for an overview
of the scarcity of technical literature.

32 Abattouy (2001, 195-199).
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was hence transmitted with the text. They also constitute, as mentioned
above, a bridge between Aristotelian dynamics and the characteristics of
mechanical devices to save force, a bridge that is sustained mainly by the
proof of the basic explanatory principle.

The second milestone is the work of Archimedes on mechanical prob-
lems, without doubt a culmination of ancient mechanical knowledge. How-
ever, this was only partially transmitted. In particular, his writings on
mechanics, apart from a fragment of On floating bodies, became known to
the Arab world only indirectly, e.g., through the works of Heron and Pap-
pus. In the Latin world they only became known through the translations
from the Greek by Willem of Moerbeke®? after 1269.3% However, the law
of the lever and the tradition of deductive proofs associated with his work
were known in all the periods in question. But his key concept of a center
of gravity seems to have been unknown in the Latin Middle Ages until the
translations of Moerbeke and those produced later.

The third milestone is the work of Heron of Alexandria. Heron of
Alexandria evidently knew all of the Greek sources representing mechanical
ideas but used them eclectically in his reduction of mechanical devices to a
classification of simple machines. In particular, Heron’s Mechanics refers
to parts of Archimedes’ works on mechanics, some of which have been lost.
Heron introduced the concept of center of gravity and applied it several
times. Moreover, he used the concept implicitly when he dealt with the
equilibrium of arbitrarily shaped beams of balances.?® Furthermore, in an
added proposition concerning a beam in form of a pulley, he introduced a
from a modern viewpoint correct solution which covered the bent lever as
a special case (see figure 3.2).3¢

Heron’s Mechanics as a whole was, as far as we know, only trans-
mitted to the Arabic world, while excerpts relating mainly to the simple
machines were also transmitted in Greek to the West by Pappus’ selection,
in particular by the Latin translation of Pappus of Alexandria (1588).

Further achievements of ancient mechanics regarding the balance are
known to us only through fragments, probably either transmitted directly
from the Greek or indirectly to the Arabic and subsequently to the Latin
world. One example is a proof of the law of the lever in a Book of the
Balance ascribed to Euclid. This proof is preserved only in Arabic and

33Willem of Moerbeke, ¢.1215-1286.

34Clagett (1984), see the introduction to volume 1.
35Heron of Alexandria (1900, 88).

36Heron of Alexandria (1900, 90).
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Figure 3.2: The law of the bent lever is an implicit consequence of a theo-
rem in Heron’s Mechanics. Two ropes are fixed at points ff and
v to the border of a pulley. If unequal weights are attached to
the ropes, the rope of the smaller weight will be rolled up while
the greater weight will move downwards to a certain point {
until the weights are in equilibrium. Thus the pulley with the
ropes acts as if it were a bent lever Cay.

its ascription to Euclid is somewhat doubtful.?” The most remarkable
aspect of Euclid’s proof, if compared to that of Archimedes, is the fact
that it proceeds without involving the concept of center of gravity, using
instead a concept characterizing the positional effect of a weight on a
balance, designated as the force of heaviness. Another achievement of
ancient mechanics with unclear origins is the treatment of the material
beam of the balance in the Liber de canonio.

A fourth milestone in the transmission of the ancient heritage of me-
chanics was its reception and transformation by scholars in the Arabic
world. As mentioned earlier, the Arabic world had access to Aristotelian
dynamics as well as to the Aristotelian Mechanical Problems, but with-
out the proof of the main principle. In addition, the full text of Heron’s

37See (Clagett, 1959, 24-30). Here as in other passages we make use of a text written
by the authors jointly with Peter McLaughlin (Renn et al., 2003).
38Moody and Clagett (1960, 55-75); see also the discussion in Knorr (1982, 15-39).
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Mechanics as well as the selection made by Pappus were available.?® Fur-
thermore, the law of the lever was known, including a proof in a text
ascribed to Euclid,*® and on this basis the material beam was correctly
treated.!

Arabic treatises, probably composed on the basis of Greek material
by authors such as Thabit and al-Isfizari,*? focused on the proof of the law
of the lever on the basis of Aristotelian dynamics, including a treatment
of the material beam, and knowledge about the bent lever.*3 In partic-
ular, a scholium to the treatise of Thabit contains the idea, crucial for
an understanding of the bent lever, that the effect of a weight suspended
not directly from the beam of a balance but from the end of a rod that
is rigidly connected to the beam at an oblique angle, will be as if it were
suspended at the foot of the perpendicular drawn from the weight to the
beam.?** On the other hand, Thabit, contrary to later Arabic authors, did
not make use of the concept of the center of gravity, a circumstance which
may have motivated his attempt to justify the equilibrium of the balance
instead on the basis of Aristotelian dynamics.

In his Book on the Balance of Wisdom, completed 1121-1122, al-
Khazini*® treated the question of what happens if the balance beam is
supported from above or from below, which was raised in the Aristotelian
Mechanical Problems. He explicitly considered the case in which the bal-
ance is supported at the center of gravity of the beam and claimed correctly
that it remains at rest in whatever position it is left.*%

In the course of the translation movement of the twelfth century, only
a fraction of the Arabic material was transmitted to the Latin world. In
particular, a treatise by Thabit entitled Liber karastonis was transmitted
in a Latin version, probably translated by Gerard of Cremona*’ from a
lost Arabic version. However, this treatise did not contain a treatment of
the bent lever and states in contrast to al-Khazini’s Book on the Balance
of Wisdom that the deflected balance returns to the horizontal:

39 Jackson (1970).

40Clagett (1959, 24-30).

HKnorr (1982, 15-39).

42 A}-Muzaffar al-Isfizari, 1048-1116.

43See Moody and Clagett (1960, 81-82) for the occurrence of such knowledge in a treatise
of Thabit, and Abattouy (2001, 227) for its occurrence in a treatise of al-Isfizari.
44For a discussion of the manuscript sources, see Knorr (1982, 75-87).

45 Abu al-Fath Khazini, fl. 1115-1130).

46 Abattouy (2001, 191).

47Gerard of Cremona, 1114-1187.
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Dico ergo quod linea sit veniens super equidistantiam orizon-
tis, ita quod si nos inclinemus punctum A ad punctum 7T et
elevetur punctum B ad punctum D, sufficiet pondus a donec
redeat linea AB ad locum suum ex equidistantia orizontis.

Then I say the line is in horizontal equilibrium, so that if we
incline point A to point T and elevate point B to point D,
the weight a is sufficient for line AB to return to its place of
horizontal equilibrium.*®

When Jordanus took up the subject of the science of weights at some
point in the thirteenth century, the main sources he probably had at his
disposal were, apart from Aristotelian dynamics, in particular the Liber
karastonis and the Liber de canonio. Most likely he did not yet have
access to Archimedes’ achievements, nor to any part of Heron’s work. In
a sense, Jordanus was thus in a position similar to Thabit in the ninth
century, confronted with the challenge to provide a deductive treatment of
the science of weights on the basis of Aristotelian dynamics, without having
the concept of center of gravity or other Archimedean achievements at his
disposal. The further elaboration of the framework he built was evidently
guided by taking into account new challenging objects beyond the balance
such as the inclined plane.

A more extensive access to the ancient heritage did not become possi-
ble before the fifteenth century. Among the first to refer to the Archimedean
concept of center of gravity was Leonardo da Vinci who used it in his work
on mechanical devices. In particular, he applied the concept to the prob-
lem of the bent lever (see figure 3.3):

S’e centri de’ pesi saranno equidistanti al loro centro comune,
essi pesi staranno equali in equilibra. S’e perpendiculari de’
centri de’ pesi saranno equidistanti al perpendicolare del lor
centro commune, essi pesi staranno equali in equilibra, se essi
pesi sieno equali. Per tal ragione il centro del mondo & sempre
mobile per la mutazione della inondazione dell’Oceano.

When the centers of the weights are equally distant from their
common center, these weights will be equal in equilibrium.
When the perpendiculars of the centers of the weights are
equidistant from the perpendicular of their common center,
these weights will be equal in equilibrium, if these weights are

48Moody and Clagett (1960, 94-95).
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Figure 3.3: Leonardo argued correctly that a bent lever will be in equi-
librium if the weights of the two parts of the beam are equal
and their centers of gravity have the same distance from the
vertical through their common center of gravity.

equal. For this reason, the center of the world is always mobile
because of the change of the tides of the ocean.*®

Leonardo also treated the behavior of an equilibrated balance de-
flected into an oblique position (see figure 3.4). He argued that the ob-
servable fact that such a balance tends to return to the horizontal is a
consequence of the imprecision of the fulcrum:

La gravita e tutta per tutta la lunghezza del suo sostentaculo
e tutta in ogni parte di quello. Per che causa accade in ispe-
rienzia che quando I'aste istando per obbliqua linia e restando
colle sue parti equalmente distante a la linia centrale, essa non
resta obliqa, anzi si fa equidiacente e componente colla detta
linia centrale con 4 angoli retti? Risponda nascere dalla im-
perfezzione del polo.

The heaviness is whole for the whole length of its carrier and
whole in each part of it. Why does it happen in experience
that, when the beam is along an oblique line and with its parts

4Leonardo da Vinci (1992, folio 126v).
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Figure 3.4: Leonardo correctly assumed that an equilibrated balance de-
flected into an oblique position will not return into the hori-
zontal. He explained the common experience that the balance
nevertheless seems to return into the horizontal as resulting
from the difficulty in constructing a balance whose fulcrum
matches precisely the center of gravity.

equally distant from the central line, it does not remain oblique,
but rather makes itself horizontal and forming with the said
central line 4 right angles? Answer that this comes from the
imperfection of the fulecrum."°

As is well known, the impact of such insights found in Leonardo’s
manuscripts on the subsequent scientific development is difficult to assess.
From our point of view, there can be no question of singular discoveries

50Leonardo da Vinci (1992, folio 128r).
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that may have been lost or found in a scientific relay race as long as such
insights are not integrated into a wider network of knowledge.?!

Another striking instance in which significant contributions to a fur-
ther development of mechanics based on Archimedean principles can be
attributed to an author in hindsight, while in fact the contemporary im-
pact remained rather limited, is the extraordinary work of Francesco Mau-
rolico.’? By early 1548 Maurolico completed a major work composed of
four books, entitled De momentis aequalibus.®® In this work he systemat-
ically defined the concept of momentum as the positional effect of weights
responsible for their equilibrium. His work was first published, however,
more than a century later when knowledge of Archimedes’ work had be-
come widely available.?*

3.4.3 The unreconciled ancient heritage

The preceding overview shows that the transmission of the ancient knowl-
edge about mechanics was neither cumulative nor a linear process. From
the Hellenistic world there were essentially two pathways of transmission
to the Latin scholarly tradition. The first was the transmission to the
Arabic world and from there through the boundary areas of Arabic and
Latin cultures in Spain and Sicily to the rest of Europe. The second was
the transmission to the Eastern Roman Empire centered around the city
of Constantinople and from there first to Italy and later to other Westeu-
ropean regions.

The result was a patchwork of partly incompatible conceptual net-
works of mechanical knowledge, embedded in quite distinct cultural and
social settings. Consequently, the intermittent and scattered transmission
of the concept of center of gravity led in particular to the emergence of
an alternative conceptualization of the way in which equilibrium results
from the functioning of weights depending on different mechanical constel-
lations, and this focused on the concept of positional heaviness.

Using the concept of center of gravity the equilibrium can be con-
ceptualized in terms of the relation of the center of gravity and the point
of suspension. Such a conceptualization leads directly to the concept of
torque in classical mechanics if the equilibrium is expressed as an equality
of physical magnitudes. However, as shown above, the concept of center
of gravity, introduced by Archimedes and taken up by Heron and Pappus,

51See Renn et al. (2001); Biittner et al. (2004).
52Francesco Maurolico, 1494-1575.
53Maurolico (1685a).

54Gee Clagett (1974); Napolitani (1998, 2001).
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was known in principle in the Arabic scholarly community but evidently
had only a limited and rather late impact on Arabic mechanical knowledge.
In any case, it did not become part of the Arabic treatises on mechanics
which were translated in the twelfth century into Latin. It became known
to the Latin scholarly world only in the later thirteenth century through
the translation of works of Aristotle by William of Moerbeke who had ac-
cess to now lost Greek manuscripts probably transmitted from Byzantium.

Thus, the early medieval Latin scholars were familiar with Aristotelian
dynamics through works such as Aristotle’s Physics or De caelo, but with
the tradition of ancient mechanics only through the selective translation
of Arabic sources. In this situation the attempt to solve the problem of
explaining the causes for the equilibrium of balances resulted in the idea
that the actual weight of a body changes according to the mechanical
context. This idea, however, is ambiguous in itself. If it is the weight that
really changes, what then is the magnitude that has been determined since
millennia using the balance as a weighing device? But if the real weight
does remain the same, what kind of weight is it that changes according to
the context? How can one explain that two bodies holding a balance in
equilibrium may nevertheless have different weights?

This ambiguity is reflected in the conceptual fuzziness of the terms
used to express the effect of a weight under different mechanical conditions.
The most advanced attempt to eliminate this ambiguity was offered by
Jordanus. In accordance with the growing role of Aristotelian methodology
for structuring knowledge, his solution made use of Aristotelian logic in
order to avoid the apparent fallacies related to the mechanical problems
associated with weights in different positions on a balance. Aristotle had
introduced the term fallacia a dicto simpliciter ad dictum secundum quid
to denote the fallacy of ignoring a qualification such as the position of a
weight, supposing that what is true under certain circumstances,?® e.g.
the equilibrium of equal weights on a balance, is true also in general, e.g.
generalizing the statement of equilibrium for the positions of weights on
an equal-arms balance to all positions of the counterpoise of a steelyard.
Thus, Jordanus introduced the term gravitas secundum situm in contrast
to the pondus of a body, translated here as positional heaviness and weight
respectively. In this way a historically consequential concept of mechanics
had been shaped by a reflection suggested by the intellectual context of
early scholasticism (see section 2.1).

55For a discussion of this fallacy, see Uberweg (1882, 418-422) and Schreiber (2003,
141-151).
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With the revival of the work of Jordanus in the early modern pe-
riod this solution was widespread, but now became confronted with the
alternative conceptualization of the equilibrium of balances by means of
the concept of center of gravity revived with the translation of works by
Archimedes and Pappus and indirectly through quotations of Heron’s work
in Pappus’ Collectiones.

Thus, Renaissance and early modern scholars stumbled upon an un-
reconciled part of the ancient conceptual heritage. This eventually led to
the equilibrium controversy on which the present study is focused.

3.5 Jordanus’ approach to positional heaviness

The treatise Liber de ponderibus is, as discussed in section 2.1, another
representation of Jordanus’ core theory with an extended set of proposi-
tions, but here the postulates are preceded by a prologue. This prologue
introduces Jordanus’ concept of positional heaviness as a new technical
term together with a justification of its introduction:

Quia si sumantur de circulo maiori et minori arcus equales,
corda arcus maioris circuli longior est. Propterea possum ex
hoc ostendere, quod pondus in libra tanto fit levius, quanto
plus descendit in semicirculo. Incipiat igitur mobile descendere
a summo semicirculi, et descendat continue. Dico tunc quod,
cum maior arcus circuli plus contrariatur recte linee quam mi-
nor, casus gravis per arcum maiorem plus contrariatur casui
gravis qui per rectam fieri debet, quam casus per minorem
arcum. Patet ergo quod maior est violentia in motu secun-
dum arcum maiorem, quam secundum minorem; alias enim
non fieret motus magis contrarius. Cum ergo apparet plus in
descensu adquirendum impedienti, patet quia minor erit gravi-
tas secundum hoc. Et quia secundum situationem gravium sic
fit, dicatur gravitas secundum situm in futuro processo.

If equal arcs are taken on a greater circle, and on a smaller one,
the chord of the arc of the greater circle is longer. From this I
can then show that a weight on the arm of a balance becomes
lighter to the extent that it descends along the semicircle. For
let it descend from the upper end of the semicircle, descending
continuously, I then say that since the longer arc of the circle is
more contrary to a straight line, than is the shorter arc, the fall
of the heavy body along the greater arc is more contrary to the
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fall which the heavy body would have along the straight line,
than is a fall through a shorter arc. It is therefore clear that
there is more violence in the movement over the longer arc, than
over the shorter one; otherwise the motion would not become
more contrary (in direction). Since it is apparent that in the
descent (along the arc) there is more impediment acquired, it
is clear that the gravity is diminished on this account. But
because this comes about by reason of position of the heavy
bodies, let it be called positional heaviness in what follows.%6

M. o XXXIII,e

Figure 3.5: Title vignette of Apianus’ edition of Jordanus’ Liber de pon-
deribus displaying a scholar and a practitioner. The scholar ex-
plains the functioning of a steelyard according to Aristotelian
principles.

The justification seems to echo an argument in the Aristotelian Me-
chanical Problems but could also have been inspired in a more general way
by Aristotelian physics. At the very least, Aristotelian scholars must have
faced a contradiction. On the one hand, according to Aristotelian dynam-
ics, the moving force or weight of a body is proportional to the resulting

56Moody and Clagett (1960, 150), see also Apianus’ edition of de Nemore (1533, A iii
verso), page 300 in the present edition. Translation adapted from Moody and Clagett
(1960, 151).
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swiftness. On the other hand, according to the principle of Aristotelian
mechanics, in circular motion the swiftness, as discussed in section 3.4.1,
caused by equal forces does not stay the same but rather becomes propor-
tional to the distance from the center (see figure 3.5). As shown above,
the Aristotelian explanation for this principle was based on the assumption
that the interference of the center forcing the motion into a circular path
impedes the motion toward the center of the world in dependence on the
degree to which the path is curved. This is similar to the argument used
by Jordanus to justify for the seemingly changing weight the designation
as positional heaviness (gravitas secundum situm), applying, as is claimed
in section 3.4.3, an Aristotelian strategy for avoiding the secundum quid
fallacy to the science of weights.

The term positional heaviness thus became the core concept in the
postulates and the propositions of Jordanus’ treatises on the science of
weights. First he attempted in the postulates to provide a precise defini-
tion of the term on the basis of the Aristotelian assumptions. In Apianus’
edition of the Liber de ponderibus, the first to the fifth postulate are for-
mulated accordingly:

Prima est: Omnis ponderosi motum ad medium esse.

Secunda: Quanto gravius tanto velocius descendere.

Tertia: Gravius esse in descendendo, quanto eiusdem motus ad
medium est rectior.

Quarta: Secundum situm gravius esse, quanto in eodem situ
minus obliquus est descensus.

Quinta: Obliquiorem autem descensum minus capere de di-
recto, in eadem quantitate.

The first is: The motion of every weight is toward the center
[of the world].

The second: The heavier it [the weight] is, the faster it de-
scends.

The third: It is heavier in descending, insofar as its movement
toward the center [of the world] is straighter.

The fourth: It is positionally heavier, insofar as its descent, in
that same position, is less oblique.

The fifth: But a more oblique descent partakes less of the
straight [descent], for the same quantity [of the path].5”

57de Nemore (1533, A iv recto), page 301 in the present edition.
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The second postulate simply asserts the basic principle of Aristotle
that the velocity of a moving body depends on the exerted force, in this
case the heaviness of a falling body (see section 3.4.1). The third postulate
also refers to the Aristotelian tradition, but now to the consequences of the
relation between natural motions and what acts contrary to them. The
fourth postulate introduces the term positional heaviness as resulting from
the obliqueness of descent. Finally, the term obligueness is explained in the
fifth postulate by the amount of straight descent covered by it for equal
quantities of the path. This fifth postulate had, as will be shown below,
the greatest influence on all attempts to quantify the concept of positional
heaviness.
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mftrutta .

{

=
=
—a

;/

Figure 3.6: Figure added by Tartaglia to the proof of the second proposi-
tion of Jordanus’ De ratione ponderis. Jordanus argued that
the positional weight at C is greater than at B because the
vertical descent ZM is greater than the vertical descent KY.
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Having stated his postulates, Jordanus started with a proposition re-
lated to the Aristotelian doctrine that velocity is proportional to weight
respectively to the exerted force:

Propositio prima.

Inter quaelibet duo gravia est velocitas descendendo proprie, et
ponderum eodem ordine sumpta proportio, descensus autem,
et contrarii motus, proportio eadem, sed permutata.

First proposition

Between any two heavy bodies, the proper velocity of descent
is directly proportional to the weight; but the proportion of
descent and of the contrary movement of ascent is the inverse.%®

Then, with his second proposition, Jordanus presented the claim which
later became the issue of the equilibrium controversy triggered by the in-
herent ambiguity of the concept of positional heaviness (see figures 3.6 and
3.7:

Propositio secunda.

Cum fuerit aequilibris positio aequalis, aequis ponderibus ap-
pensis, ab aequalitate non discedet, et si ab aequidistantia se-
paretur, ad aequalitatis situm revertetur.

Primum patet, quia sunt equae gravia. Secundum patet per
suppositionem quartam, vocatur autem illud situs, quod circu-
lus dicitur, sicut patet per praedicta.

Second proposition.

If an equilibrated [balance] is in horizontal position [positio
aequalis], with equal weights suspended, it will not leave the
horizontal position [aequalitate]; and if it is removed from the
horizontal position [aequidistantia], it will return to the hori-
zontal position [aequalitatis situm).

The first [part] is evident because the weights are equally heavy.
The second is clear from the fourth postulate; but it [the weight]
is called positionally [heavy] because one speaks about the cir-
cle as is evident from the preceding.®®

58de Nemore (1533, A iv verso), page 302 in the present edition. Translation in Moody
and Clagett (1960, 155).

59de Nemore (1533, B ii recto), page 305 of the present edition. Translation by the
authors, cf. Moody and Clagett (1960, 156-157).
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Figure 3.7: Figure added in Apianus’ edition to the proof of the second
proposition of Jordanus’ Liber de ponderibus. The commentary
argues that equal arcs along a circle correspond to unequal ver-
tical descents depending on the distance from the horizontal.
Thus, the upper arc CD corresponds to a smaller vertical de-
scent, i.e. FE, than the lower but equal arc BC corresponding
to the vertical descent EI

The short argument in Apianus’ edition of Jordanus’ Liber de pon-
deribus as well as the detailed proof in Tartaglia’s edition of Jordanus’ De
ratione ponderis make essential use of the fourth postulate. The argument
specifies the positional heaviness of the weights at the deflected balance
by identifying the vertical components corresponding to their respective
descents. Jordanus’ result is the erroneous claim that the deflected balance
returns into the horizontal position because the upper weight acquires a
greater positional heaviness than the lower weight.

Several of the following propositions are concerned with the influence
of various circumstances on the positional heaviness of a weight. The
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fourth proposition of Apianus’ edition of the Liber de ponderibus,%° for
example, concerns the dependence of the positional weight on the deflection
of the beam of a balance:

Propositio quarta.

Quodlibet pondus in quamcumque partem discedat secundum
situm sit levius.

Fourth proposition.

In whichever direction any weight departs [from the position
of equality], it becomes positionally lighter.5!

As in the case of the second proposition, the proofs of all further
propositions that concern the magnitude of the positional heaviness are
essentially based either on the fourth postulate, thus relating the positional
heaviness to the obliqueness of the downward tendency or motion and,
in consequence, to the vertical descent, or directly on the Aristotelian
dynamics as it is formulated with some variations in the first theorem of
all three treatises ascribed to Jordanus.

Accordingly, Jordanus presented as the eighth proposition®? the law of
the lever by expressing the equilibrium of two unequal weights as equality
of their positional heaviness (see figure 3.8):

Propositio octava.

Si fuerint brachia librae proportionalia ponderibus appenso-
rum, ita, ut in breviori gravius appendatur, aeque gravia erunt
secundum situm.

FEighth proposition.

If the arms of the balance are proportional to the weights sus-
pended in such a manner that the heavier [weight] is suspended
on the shorter [arm], positionally they will be equally heavy.%3

The proof of this proposition is based directly on Aristotelian dynam-
ics as formulated in the first proposition. Jordanus made particular use

60The proposition is the same as the fourth proposition in Jordanus’ Elementa and the
third proposition in his De ratione ponderis.

61de Nemore (1533, B iii verso), page 308 in the present edition. Translation adapted
from Moody and Clagett (1960, 157).

62The proposition is the same as the eighth proposition in Jordanus’ Elementa and the
sixth proposition in De ratione ponderis.

63de Nemore (1533, C iv recto), page 317 in the present edition.
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Figure 3.8: Jordanus’ proof of the law of the lever and Apianus’ commen-
tary are based on the establishment of a relationship between
the motion of unequal weights D and F on a balance and up-
ward motions MD and HG of similar weights caused by the
same force treated according to Aristotelian dynamics.

of the assumption, which is summarized succinctly in the passage from
On the Heavens quoted above:%* distances and weights are inversely pro-
portional when the same force is applied to them. In order to apply this
assumption to the equilibrium of a balance with unequal weights he argued
that the descent of the heavier weight on one side of the balance can be
considered as being equivalent to an upward motion of the same weight
on the other side. He could thus compare ascents of different weights over
different distances, inversely proportional to the weights, which according
to Aristotelian dynamics can be achieved by the same force. This then
serves to show that the balance is in equilibrium.

Apianus not only reported Jordanus’ proof, but also extended it with
commentaries. He made explicit use of the concept of positional heaviness,
exploiting the vertical component of the path of the beam as a measure
(see figure 3.7).

For our context it is important to note that both the Elementa and the
De ponderibus, that is, the present text, are distinguished from De ratione
ponderis by the fact that the latter omits two incorrect propositions on the
bent lever, propositions 6 and 7. In Apianus’ edition proposition 6 reads:

64See section 3.4.1.
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Propositio sexta.

Cum unius ponderis sint appensa, et a centro motus inae-
qualiter distent, et si remotum secundum distantiam propin-
quius accesserit ad directionem, alio non moto secundum situm,
illo levius fiet.

Sixth proposition

When equal weights are suspended at unequal distances from
the center of movement, and if the longer arm is bent so that
its end is at the same distance from the vertical as is the
shorter arm, then, if the latter remains unmoved, the weight on
the longer arm will become positionally lighter than the other
weight.%°

This incorrect proposition on the bent lever was replaced in Jordanus’
treatise De ratione ponderis by a correct theorem (numbered as proposi-
tion 8) which indirectly states the measure of positional heaviness by means
of vertical projections on the horizontal, and which later became central
to Benedetti’s work (see figure 3.15):

Si inequalia fuerint brachia librae, et in centro motus angulum
fecerint: si termini eorum ad directionem hinc inde aequaliter
accesserint: aequalia appensa in hac dispositione aequaliter
ponderabunt.

If the arms of a balance are unequal, and form an angle at the
axis of support, then, if their ends are equidistant from the
vertical line passing through the axis of support, equal weights
suspended from them will, as so placed, be of equal heaviness.%6

It seems that the De ratione ponderis was an improved version of the
FElementa, probably due to Jordanus himself.®” In particular, the distance
between the weight and the vertical through the point of suspension of
the beam of a balance is used as a measure of its positional heaviness,
also in other theorems.®® But in spite of this improvement, other issues
involving positional heaviness, such as the claim that a balance would
always return to its horizontal position, still received the same problematic

65de Nemore (1533, C ii verso), page 314 in the present edition, cf. Moody and Clagett
(1960, 158-159).

66de Nemore (1565, 6), cf. Moody and Clagett (1960, 184-187).

6"Moody and Clagett (1960, 171-172).

68Moody and Clagett (1960, 205-206).
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treatment as they had in the Elementa.%° Thus, the new insight expressed
in proposition 8 did not lead to a thorough conceptual revision of the
theory of the balance expounded by Jordanus and in particular not to a
revision of the concept of positional heaviness. A similar situation holds for
the later treatise on weights by Blasius of Parma,”® who also stuck to the
erroneous assumption that a deflected balance returns to the horizontal.
The bent lever, however, is correctly treated by taking the projections on
the horizontal as a measure of positional heaviness.”

The erroneous claim that the deflected balance spontaneously returns
to the horizontal was later criticized by Leonardo da Vinci with direct
reference to the science of weights.”? Leonardo critically discussed the
explanation of the balance by “Pelacani,” i.e., Blasius of Parma. According
to Leonardo, Blasius had claimed that the longer arm of the balance will
fall more quickly than the shorter arm because its descent traverses the
quarter circle more directly than the shorter arm. Since the weights tend to
fall along the perpendicular, the motion will be slower the more the circle
is curved. In the proof of the seventh proposition of Part I of his treatise
on weights, Blasius indeed claimed that a heavy body seeks to move along
a straight line and that the slower it moves the more it deviates from its
natural path.”® Leonardo argued against this by considering a case in
which the weights are attached by ropes and fall perpendicularly without
being impeded by the curvature of the circle described by the balance. He
concluded that what is more distant from its suspension will be carried
less by it. Since it is carried less, it acquires more freedom, and since a
free weight will always descend, the end of the beam which is more distant
from the fulcrum will sink more quickly than any other part as it carries
a weight.

It remains unclear whether Leonardo’s insights into the behavior of
a deflected balance had any impact on the scholarly discussion of this
problem in the early modern period. With certainty we only know that the
De ratione ponderis was published in 1565 in Venice by Curtius Trojanus
at the instigation of Niccold Tartaglia.”™ In this form it may have become
one of the starting points for Benedetti’s treatment of positional heaviness.
He could have indeed taken the result that Jordanus had formulated in

69Moody and Clagett (1960, 176-179).

70Blasius of Parma, 1345-1416.

“IMoody and Clagett (1960, 251).

72See Liicke (1953, 485) on Ms. 2038 Bib. Nat. 2 v. See also the discussion on pages
56-59.

73Moody and Clagett (1960, 243-245).

7de Nemore (1565).
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proposition 8, transforming it into a general principle for analyzing the
positional effect of weight. Remarkably, the controversy in the sixteenth
century between Tartaglia, Cardano, Guidobaldo, and Benedetti on the
notion of positional heaviness was triggered by a conundrum that had
remained unsettled for centuries, as the different versions of Jordanus’
work testify.

3.6 Tartaglia’s approach to positional heaviness

Compared to the situation of Jordanus, the availability of sources on me-
chanics was significantly different in the early modern period (see sections
3.4.1 and 3.4.2). In particular, the Aristotelian Mechanical Problems had
become widely known through the transmission and translation of the
Byzantine manuscript. As mentioned above, part of Heron’s work had
become available through Pappus. In addition, Archimedes’ work on the
equilibrium of planes made available the knowledge of how to treat the
problems of the balance in a deductive way on the basis of the concept of
center of gravity.

This broad availability of ancient sources brought about a novel sit-
uation for discussions of the dependency of the effect of a weight on its
position. In particular, it now became relevant to establish connections
between the different conceptual frameworks embodied in these sources.
One of the key protagonists to contribute both to the spread of ancient and
medieval sources and to the creation of a new synthesis was the engineer-
scientist Niccolo Tartaglia. Following Jordanus, he formulated the law of
the lever in Quesiti, et inventioni diverse™ in terms of positional heaviness:

Se li brazzi della libra saranno proportionali alli pesi in quella
imposti, talmente, che nel brazzo pit corto sia appeso il corpo
piu grave, quelli tai corpi, over pesi seranno equalmente gravi,
secondo tal positione, over sito.

If the arms of the balance are proportional to the weights im-
posed on them, in such a way that the heavier weight is on the
shorter arm, then those bodies or weights will be equally heavy
positionally.”®

Tartaglia’s book became a point of reference — and a target of severe
criticism — both for Guidobaldo and Benedetti and shall therefore be con-

"5 Tartaglia (1546).
"6 Tartaglia (1546, 92v). Translation in Drake and Drabkin (1969, 132-133).
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sidered here in further detail. Tartaglia also followed Jordanus in claiming
in his Third Petition that

[...] un corpo grave esser in el discendere tanto piu grave,
quanto che il moto di quello ¢ piu retto al centro del mondo.

[...] a heavy body in descending is so much the heavier as the
motion it makes is straighter toward the center of the world.””

Figure 3.9: According to Tartaglia, the descent of a body from A to D is
more obligue than the descent from A to C since the projection
AH on the line of descent to the center of the world is shorter
than the projection AG.

He substantiated the idea by the defining concepts of line of direction to
the center of the world and obligueness:

La linea della direttione € una linea retta imaginata venire per-
pendicolarmente da alto al basso, e passare per il sparto, polo,
over assis de ogni sorte libra, over bilancia.

The line of direction is a straight line imagined to come perpen-
dicularly from above to below and to pass through the support
or axis of any kind of scale or balance.”

"TTartaglia (1546, 84v). Translation in Drake and Drabkin (1969, 118).
"8 Tartaglia (1546, 83r). Translation in Drake and Drabkin (1969, 115).
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Piu obliquo se dice essere quel descenso, d’un corpo grave, il
quale in una medesima quantita, capisse manco della linea della
direttione, overamente del descenso retto verso il centro del
mondo.

The descent of a heavy body is said to be more obliqgue when
for a given quantity it contains less of the line of direction, or
of straight descent toward the center of the world.”™

Thus, Tartaglia measured the straightness of the given descent by its pro-
jection on the vertical line of direction (see figure 3.9).

H

Figure 3.10: According to Tartaglia, the descent of a body from A to G is
more oblique than the descent from A to H since its curvature
is greater.

Alternatively, he measured the straightness of descent also with ref-
erence to the more or less acute angle with the path of straight and direct
descent to the center of the world (see figure 3.10).8° He thus followed a
procedure introduced by Jordanus in De ratione ponderis which Tartaglia
later edited,®' a procedure, however, that was absent in Jordanus’ other
works. In the case of a curved descent in particular, for instance along a
circular arc, Tartaglia determined straightness by the lesser or greater cur-
vature of the path of descent, making use of the idea of angles of contact
(also referred to as curvilinear angles or as mized angles in the following),

" Tartaglia (1546, 83r). Translation in Drake and Drabkin (1969, 115).

80Tartaglia (1546, 84v-85r). Translation in Drake and Drabkin (1969, 118-119).

81de Nemore (1565, 3v—4r). Evidently, at the time Tartaglia wrote Quesiti, he must
have been familiar with Jordanus’ De ratione ponderis.



74 3. The Context

formed not by straight lines but by circles or by a straight line and a
circle.®?

Tartaglia treated the case of a scale or balance of equal arms with
equal weights attached to them following Jordanus. Taking the latter’s
stance in the equilibrium controversy, he also concluded that, when the
scale is moved from its initially horizontal equilibrium position by an exter-
nal intervention so that one weight is above, the other below the horizontal,
the scale will return to the horizontal position by itself because the weight
that has been raised has become positionally heavier than the weight that
has been lowered (see figure 3.11). On the other hand, he claimed that the
greater positional heaviness cannot be compensated by adding a weight to
the lower weight since even the smallest weight attached to this side would
move the scale to a vertical position.

e
SwmE

Figure 3.11: According to Tartaglia, the body at I is positionally heavier
than the body at V since the projection XY is greater than
WF.

To justify the first claim, Tartaglia considered the balance in any
position outside the horizontal and now compared, following Jordanus,
the descents of the two weights with the aim of establishing which of them
is more direct. For this purpose, he compared descents through equal parts
of the circle described by the arms of the balance, i.e. descents through
equal angles taken downward from the given position of the beam. Due

82Gee Tartaglia (1546, 84v—85r), Drake and Drabkin (1969, 119). For a review of the
contemporary controversial discussion of this mathematical concept, see Maieru (1992),
see also Bordiga (1985, 627-628).
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to geometrical reasons, it now turns out that the descent of the upper
weight is always straighter than that of the weight that has been lowered
so that the upper weight becomes, according to the definition, positionally
heavier. As a consequence, the balance will return to its original horizontal
position.®3

In his discussion of this result Tartaglia actually employed two dif-
ferent measures of straightness, both of which were in agreement with his
definition quoted above. In the proof of his proposition, he made use of
the projection of a finite circular descent on the vertical line of direction,
comparing those projections for descents of equal angles. Later, however,
he compared instead more directly the angles between the curved path
of descent and a straight perpendicular line to the center of the world.®*
For this purpose he actually compared angles of contact, just as Jordanus
had done in De ratione ponderis (see figure 3.12). In this way Tartaglia
concluded that the angle between the circular descent of the lower weight
and the vertical line to the center of the world is larger than the angle
between the circular descent of the higher weight and the said line.

E

Figure 3.12: According to Tartaglia, the body at B is positionally heavier
than the body at A since the angle of contact between BD
and BF (taken along the periphery) is smaller than the angle
between AH and AF (taken along the periphery).

He thus again obtained the result that the descent of this higher weight
is more direct and the weight itself positionally heavier. Had he just com-

83 Tartaglia (1546, 88v-90r), Drake and Drabkin (1969, 124-127).
84Tartaglia (1546, 90r-92r), Drake and Drabkin (1969, 130-131).
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pared the ordinary angles between the tangents to the circular paths of
descent and the vertical, the two angles would have simply been equal. It
is thus the difference or ratio between the angles of contact, themselves
less than any difference or ratio you please which can occur between any
large and small quantities®® that is responsible for the difference in posi-
tional heaviness. Therefore, this difference cannot be compensated by any
finite weight placed on the side of the scale that happens to be positionally
lighter.

Following and improving upon Jordanus, Tartaglia also treated the in-
clined plane with the help of the concept of positional heaviness.86 He con-
sidered two adjacent inclined planes of different inclinations but of equal
height (see figure 3.13). He then took two weights which may be imagined
to be connected by a weightless rope making sure that if one weight moves
up, the other moves down. He claimed that when the weights are in the
same proportion as the lengths of these planes with the greater weight
being placed upon the more oblique plane, equilibrium will result. This is,
in fact, a correct proposition about bodies placed on inclined planes.

In his proof, Tartaglia, following Jordanus, managed to compare as-
cents of equal lengths along the differently inclined planes, but starting
from the same height. From the larger vertical projection of the displace-
ment along the steeper ascent he concluded that the corresponding weight
must have a larger positional heaviness. By means of a geometrical ar-
gument he showed that the ratio between the positional heaviness of two
weights equals the inverse relation between the lengths of the inclined
planes. As a consequence, the weight on the steeper plane — due to its
proportionally increased positional effectiveness — is able to equilibrate
the larger weight on the more oblique plane.

Tartaglia thus employed the concept of positional heaviness in his
proof of the law of the lever, in his problematic conclusion that a balance
with equal arms always returns to the horizontal position although the
infinitely small driving force cannot be compensated by any weight, and
as well in demonstrating the equilibrium of an inclined plane. In each case,
his analysis was based on evaluating the straightness of descent, either by
determining the projection of the descent on the vertical, or by its angle
with the line connecting a heavy body to the center of the world. Some of
these achievements and the conceptual framework on which they depend
were both further elaborated and criticized by Benedetti and Guidobaldo.

85Drake and Drabkin (1969, 130).
86 Tartaglia (1546, 96v-97r), Drake and Drabkin (1969, 140-143).
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Figure 3.13: According to Tartaglia, given that MH equals NG, the lines
MX and NZ represent the different positional heaviness of a
body on the corresponding inclined planes. A body at H is
thus positionally heavier than the same body at G in propor-
tion to the length of the lines MX and NZ which for geomet-
rical reasons equals the proportion between the lengths of the
inclined planes DK and DA.
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Tartaglia’s systematic use of the concept of positional heaviness adopt-
ed from Jordanus became a starting point for numerous attempts to apply
Archimedes’ law of the lever to challenging new objects of preclassical me-
chanics. The way Tartaglia applied the concept already shows its inherent
difficulties, which puzzled scholars in the early modern period. The con-
cept was supposed to provide an answer to the problem that the effect
of a weight depends somehow on material conditions which hindered its
straight movement toward the center of the world. But precisely how
this effect came about remained ultimately undetermined. In particular,
Tartaglia was unable to convincingly eliminate the resulting ambiguity of
the concept. As we shall see in the following, this ambiguity triggered
several contradicting interpretations which became stumbling blocks of
preclassical mechanics and resulted in acrimonious struggles between their
adherents.

3.7 Cardano’s approach to positional heaviness

Girolamo Cardano was born in Pavia in 1501. His father was a lawyer
and a friend of Leonardo da Vinci. He studied and practiced medicine,
a subject on which he published extensively. Later, he published also on
mathematics, contributing significantly to the development of algebra. On
the issue of solving third-degree equations he had an intense priority dis-
pute with Tartaglia. He also made major contributions to mechanics. In
1570 he was imprisoned by the Inquisition for heresy, in particular for hav-
ing casted the horoscope of Christ. In the same year, Cardano published
his Opus novum de proportionibus in which he returned to a consideration
of mechanical problems, in particular, of weights on a balance and their
displacements along horizontal and vertical components.

Cardano first treated the balance on a few pages of the first book of
De subtilitate, published in 1550.87 At that time he may have been famil-
iar with Jordanus’ work through Apianus’ edition of Liber de ponderibus
printed 1533.88 It is also possible that he knew the work of Jordanus
through Tartaglia’s Quesiti®® published 1546, four years before his own
publication. In any case, the first part of his text is substantially based on
Jordanus’s treatment of the medieval doctrine of the science of weights.

Cardano began his treatment of the balance with the figure of a bal-
ance deflected from the horizontal equilibrium into an oblique position (see

87Cardano (1550, 16-21).
88de Nemore (1533).
89Tartaglia (1546).
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Figure 3.14: According to Cardano there are three ways to determine po-
sitional heaviness. The positional heaviness in point F, for
instance, may be determined by the horizontal FP, by the
vertical FL, or by the angle QBF.

figure 3.14). He claimed that a weight placed at the end of the beam of
the balance will be heavier in the horizontal position than in any oblique
position:

Dico quod pondus in C constitutum erit gravius quam si lanx
collocetur in quocunque alio loco, ut pote quod constitueretur
lanx in F. Ut autem cognoscamus quod C sit gravius in eo situ
quam in F, necessarium est ut in aequali tempore movetur per
maius spacium versus centrum. Videmus enim graviora pari
ratione in reliquis existente velocius ad centrum ferri.

I say that the weight placed at C' will be heavier than when
the scale beam is placed in any other position, like when for
instance the beam is located in F. But in order to recognize
that C is heavier in this position than in F it is necessary that
it is moved in the same time through a greater distance toward
the center. We see namely that the heavier bodies, everything
else being equal, are more quickly carried toward the center.%0

The claim that a weight will be heaviest if the beam is in horizontal
position corresponds precisely to the way in which Jordanus introduced

90Cardano (1550, 16).
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the technical term positional heaviness in the Proemium to the Liber de
ponderibus®® and how he formulated the claim in his fourth proposition
using the term. In Tartaglia’s Quesiti, which Cardano may have known,
there is no explicit proposition with the same claim, but it is implicitly
contained in the proof of his fifth proposition and explicitly formulated as
the first corollary to this proposition:

Dalle cose dette, et dimostrate di sopra, se manifesta qualmente
un corpo grave in qual si voglia parte, che lui se parta, over
removi dal sito della equalita lui si fa piu leve, over leggiero
secondo il sito, over luoco, et tanto pit quanto piu sara remosso
da tal sito [...]

From the things said and demonstrated above, it is manifest
how a heavy body, whenever parted or removed from the posi-
tion of equality, is made positionally lighter, and the more so,
the more it is removed from that position.%?

The first step of the justification of Cardano’s claim refers to Aris-
totelian dynamics associating the heaviness of a body with the velocity of
its descent as it was formulated in Jordanus’ second comments and in a
sequence of definitions and postulates of Tartaglia’s Quesiti leading to his
second postulate. Jordanus’ postulate reads:

Secunda, quanto gravius tanto velocius descendere.

Second: That which is heavier descends more quickly.”3
Tartaglia’s postulate reads:

Simelmente adimandamo, che nasia concesso quel corpo, ch’e di
maggior potentia debbia anchora discendere piu velocemente,
et nelli moti contrarii, cioe nelli ascensi, ascendere pit pigra-
mente, dico nella libra.

Likewise we request that it be conceded that that body which
is of greater power should also descend more swiftly; and in
the contrary motion, that is, of ascent, it should ascend more
slowly — I mean in the balance.?*

91de Nemore (1533, A iii verso), page 300 in the present edition.

92Tartaglia (1546, 90r). Translation in Drake and Drabkin (1969, 127).

93de Nemore (1533, A iv recto), page 301 in the present edition. Translation in Moody
and Clagett (1960, 175).

94Tartaglia (1546, 83v). Translation in Drake and Drabkin (1969, 116).
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Cardano then announced two reasons for his claim that positional heavi-
ness at the end of a deflected beam is greater the closer the beam is to the
horizontal (see figure 3.14):

Quod autem hoc contingat magis pondere et libra in C' collo-
cata quam in F, ostendo duabus rationibus.

Prima, quod si in aliquo tempore moveatur ex C' in E, et sit
arcus CF aequalis F'G, quod tardius descendet ex F in G, quam
ex Cin F, et ita erit levius in F, quam in C.

Secundo, quod posito quod in aequali spatio temporis movere-
tur ex C'in F, ex et F in G, adhuc per arcum CE aequalem
FG, magis appropinquaret centro quam per motum factum in
arcu FG.

Ideo ergo duplici ratione magis gravabit pondus lance posita
ad perpendiculum cum trutina, quam in quoque alio loco.

But that it is heavier when the balance is placed at C than at
F, 1 demonstrate with two reasons.

First, because, insofar as [the weight at the end of the beam]
is moved in some time from C to E, the arc CFE being equal to
F@, it descends more slowly from F to G than from C to E,
and so it will be lighter at F' than at C.

Second, because, insofar as it is assumed that [the weight at
the end of the beam]| is moved in the same amount of time from
C' to F, and from F to G, up to this point through the same arc
CFE equal to FG, it approaches the center more than through
the motion made along the arc FG.

Hence for this double reason the weight placed on the scale
beam perpendicularly with respect to the support will be heav-
ier than in any other position.®®

Cardano’s first reason considers the case that equal arcs are traversed
in different times and infers that the speed through the arc further away
from the horizontal must be smaller and thus that the weight in this po-
sition must be lighter. His second reason considers the case that equal
arcs are traversed in equal times and infers that the weight closer to the
horizontal approaches the center of the world more.

The following main part of the argument explains the two cases. The
first explanation reads (see figure 3.14):

95Cardano (1550, 16-17).
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Primum igitur sic declaratur. Manifestum est in stateris, et in
his qui pondera elevant, quod quanto magis pondus a trutina,
eo magis grave videtur: sed pondus in C distat a trutina quan-
titate BC' lineae, et in F quantitate FP, sed CB est maior
FP, ex decimaquinta, tertii elementorum Euclidis: igitur lance
posita in C, gravius pondus videbitur quam in F, quod erat
primum.

Ex hac etiam demonstratione manifestum est, libram quanto
magis discendit versus C ex A, tanto gravius pondus reddere,
et eo velocius moveri: at ex C versus @), contraria ratione pon-
dus reddi levius, et motum segniorem, quod et experimentum
docet.

The first is thus explained in the following way. It is manifest
in steelyards and in those [instruments] that lift weights, that
the more the weight is [removed] from the support, the heavier
it appears: but the weight at C' is removed from the support
by the quantity BC of the line, and at F' by the quantity FP,
but CB is larger than FP, from the fifteenth [proposition] of
the third [book] of Euclid: hence when the beam is placed at C,
the weight will appear heavier than at F, which was the first.

From this demonstration it is also manifest that the more the
balance descends from A toward C, the heavier the weight will
be rendered, and the quicker it will be moved: but from C to
Q, for the contrary reason, the weight will be rendered lighter,
and the motion slower, as also the experiment shows.%

This explanation is puzzling and not only because the last sentence
refers to an experiment that relates the equilibrium controversy to the
motion along a circular arc, as in the case of a pendulum. Cardano’s text
introduces an idea that cannot be found in Tartaglia’s Quesiti, that is, the
idea that if the beam is in a deflected position, the horizontal distance to
the vertical through the center of the balance is a measure of the positional
weight. It is, however, as discussed earlier, implicitly contained, among
others, in the eighth proposition of Jordanus’ De ratione ponderis, which
is the proposition that has been corrected from proposition six of Elementa
and Liber de ponderibus (see section 3.5). It is thus also contained in the
eighth proposition of Tartaglia’s later edition of Jordanus’ corrected and
extended treatise, which is supplemented by improved drawings (see figure
3.15).

96 Cardano (1550, 17).
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Figuraa Nicolao T artalea
coftrutta fuper banc 8,

I3

Figure 3.15: Tartaglia’s figure added to the text of Jordanus in order to
explain the idea that in the case of a bent lever ACB with
equal weights attached, the equilibrium is characterized by
equal horizontal distances EB and AC.

The conclusive part of Cardano’s second explanation reads (see figure
3.14):

Secundum vero sic demonstratur. [...] Dum igitur libra move-
tur ex C' in F pondus descendit per BM lineam, seu propin-
quius centro redditur quam esset in C, et dum movetur per
spatium arcus FG, descenditque per OP, et BM, maior est OP.

Igitur suppositio etiam quod in aequale tempore transiret ex C'
in E, et ex F in G, adhuc velocius descendit ex C, quam ex F.
Igitur gravius est in C, quam in F. Ex hoc autem demonstratur
quod dicit Philosophus, quod si aequalia sint pondera in F' et
R, libra tamen sponte redit ad situm CD, ubi trutina sit AB.
Nec hoc demonstrat Iordanus, nec intellexit.

But the second will be thus demonstrated. [...] When thus the
balance is moved from C to E the weight descends through the
line BM, that is, it is rendered closer to the center than when
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it was in C, and when it is moved through the space of the arc
FG, it will descend through OP, and BM [is] larger than OP.

Hence also the supposition that when [the weight] traverses
in the same time from C to E, and from F to G, it thus de-
scends more quickly from C than from F. Hence, it is heavier
at C than at F. But from this it is demonstrated what the
Philosopher says, that when the weights at F' and R are equal,
the balance will nevertheless spontaneously return to the posi-
tion CD, where the support is AB. And this Jordanus neither
demonstrates nor understands.?”

In this case Cardano again closely followed the fourth and fifth pos-
tulates of Jordanus by which the vertical descent is taken as a measure
of the positional heaviness (see section 3.5). His argument also parallels
Tartaglia’s line of argument in the Quesiti where the twelfth in combi-
nation with the seventeenth definition completely determines his further
reasoning (see section 3.6).

Tartaglia’s twelfth and seventeenth definitions read:

Diffinitione XII:

Un corpo se dice essere pili, over men grave d’un’altro nel de-
scendere, quando che la rettitudine, obliquita, over dependen-
tia del luoco, over spacio dove descende lo fa descendere pit,
over men grave dell’altro, et similmente pil, over men veloce
dell’altro, anchor che siano ambidui simplicemente eguali in
gravita.

Definition XII:

A body is said to be more or less heavy in descent than another
when the straightness, obliquity, or pendency of the place or
space where it descends makes it descend more or less heavl|il]y
than the other, and similarly more or less rapidly than the
other, though both are simply equal in heaviness.”®

Diffinitione XVII:

Piu obliquo se dice essere quel descenso, d’un corpo grave, il
quale in una medesima quantita, capisse manco della linea della

97Cardano (1550, 17).
98 Tartaglia (1546, 82v). Translation in Drake and Drabkin (1969, 114).
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direttione, overamente del descenso retto verso il centro del
mondo.

Definition XVII:

The descent of a heavy body is said to be more oblique when
for a given quantity it contains less of the line of direction, or
of straight descent toward the center of the world.%

Consequently, Cardano, like Jordanus and Tartaglia, also arrived at
the erroneous conclusion that an equilibrated balance, deflected into an
oblique position, will spontaneously return to the horizontal. Strictly
speaking, this conclusion does not follow from his first measure of po-
sitional weight, but Cardano evidently failed to notice the fact that his
different measures have different implications. In particular, he failed to
recognize the potential of the first measure to lead to the correct solution
of later classical physics.

Remarkably, Cardano ascribed the traditional stance in the equi-
librium controversy to Aristotle himself. While he disputed that the
claim that a deflected balance returns to the horizontal had been prop-
erly demonstrated by Jordanus, he referred to the Aristotelian Mechanical
Problems for further support of this claim and introduced, on this basis, a
third measure of positional weight, the angle with regard to what he called
the meta, the direction of the line of support in the sense that, when the
support is from above, the meta is represented by the lower half line, and
when the support is from below, the meta is represented by the upper half
line (see figure 3.14):

Aristoteles dicit hoc contingere, quum trutina est supra libram,
quia angulus QBF metae, maior est angulo @BR. Et similiter
quum trutina fuerit QBQB, erit meta AB, et tunc angulus
RBA, maior erit angulo FBA, sed maior angulus reddit gravius
pondus.

[..]

Generalis igitur ratio haec sit: pondera quo plus distant a meta
seu linea descensus per rectam aut obliquum, id est, per angu-
lum, eo sunt graviora.

Aristotle says that this happens when the support is above the
balance, because the angle QBF of the meta is larger than the
angle @BR. And similarly when the support is @B, the meta

99Tartaglia (1546, 83r). Translation in Drake and Drabkin (1969, 115).
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will be AB, and thus the RBA will be larger than the angle
FBA, but the larger angle will render the weight heavier.

[o.]

The general reason is hence this: the more the weights are
removed from the meta or from the line of descent along a
straight or an oblique line, that is, [as measured] by an angle,
the heavier they are.!%?

Many years later, in 1570, Cardano published his Opus novum de pro-
portionibus where he once again returned to a consideration of mechanical
problems, in particular also of weights on a balance and their displacements
along horizontal and vertical components without, however, proposing a
new approach to the question of the stability of the balance.!0!

3.8 Guidobaldo’s approach to positional heaviness

In his Mechanicorum liber of 1577192 Guidobaldo del Monte made consid-
erable efforts to criticize the concept of positional heaviness, as introduced
by Jordanus and revived by Tartaglia and Cardano, as well as some of the
consequences drawn from it. As this criticism provides the background for
many of his marginal notes to Benedetti’s book, it shall be discussed in the
following at some length.1% Even in the preface to his book, Guidobaldo
stressed the fundamental importance of his criticism of Jordanus and his
early modern followers Tartaglia and Cardano:

Verum quo facilius totius operis substructio ad fastigium suum

per duceretur, nonnulla quoque de libra fuerunt pertractanda,

et praesertim dum unico pondere alterum solum ipsius brachium
penitus deprimitur: que in re mirum est quantas fecerint ru-

inas Tordanus (qui inter recentiores maximae fuit auctoritatis)

et alii; qui hanc rem sibi discutiendam proposuerunt.

Now, in order that my whole work might be more easily built
up from its foundation to its very top, certain properties of the
balance had to be treated, particularly the case when one arm

100Cardano (1550, 17-18).

101 Cardano (1570, 100-102).

102DelMonte (1577), see Renn and Damerow (2010).

103See also the illuminating discussion of Guidobaldo’s controversy on the same issue
with the “Goto” in Gamba and Montebelli (1988). For a discussion of Guidobaldo’s
criticism of the concept of positional heaviness, see also Duhem (1991, 150-156).
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of the balance is depressed by a single weight. On this subject
it is strange what disastrous errors were made by Jordanus
(who had enjoyed the greatest authority among recent writers)
and others who proposed this subject.!%4

Of particular importance to Guidobaldo was the claim that the bal-
ance, in any position also outside the horizontal, is in an indifferent equi-
librium, in contrast to the opinion of Jordanus, Tartaglia, and Cardano,
that it would return spontaneously to the horizontal position. The argu-
ment was of such importance to Guidobaldo that he spent the better part
of some fifty pages of his book in dealing with it. In the Italian edition
of 1581, he made the translator, Filippo Pigafetta, insert at the end of
this discussion a lengthy comment,'® actually written by himself, refer-
ring both to the theoretical novelty of Guidobaldo’s treatment and to the
evidence he had been able to offer for it by actually constructing balances
that displayed indifferent equilibrium:

Che questo autore ¢ stato il primo a considerare esquisitamente
la bilancia, ed intenderla dalla natura, e dal vero esser suo;
pero che egli il primiero di tutti ha manifestato chiaramente
il modo del trattarla, e insegnarla, con proporre tre centri da
essere considerati in questa speculatione; I'uno ¢ il centro del
mondo, 'altro il centro della bilancia, ed il terzo il centro della
gravezza della bilancia, che in essa era un nascosto secreto di
natura. Senza questi tre centri, chiara cosa ¢, che non si puote
venire in conoscimento perfetto, ne dimostrare gli effetti varii
della bilancia, i quali nascono dalla diversita del collocare il
centro della bilancia in tre modi, cioé quando il centro della
bilancia sta sopra il centro della gravezza di essa, overo quando
¢ di sotto, o pure allhorche il centro della bilancia ¢ nell’istesso
centro della gravezza di lei;

si come l'autore insegna nelle tre precedenti dimostrationi, cioe
nella seconda, nella terza, e nella quarta propositione: peroche
nella seconda mostra quando la bilancia torna sempre egual-
mente distante dall’orizonte; nella terza quando non solo non
ritorna, ma si move al contrario; nella quarta, che essendo

104The preface of DelMonte (1577) is printed without page numbers, see the facsimile
reproduction in Renn and Damerow (2010, 54). Translation in Drake and Drabkin
(1969, 246).

105DelMonte (1581, 28v—29r). See the discussion in Micheli (1995), in particular, pp.
163-167.
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la bilancia sostenuta nel suo centro dalla gravezza sta ferma
dovunque ella si trova, il quale effetto in particolare non e piu
stato tocco, ne veduto, ne manco da niuno manifestato, fuor
che dall’autore: anzi fin hora tenuto falso, ed impossibile da
tutti gli predecessori nostri; i quali con molte ragioni si sono
sforzati di provare non solamente il contrario, ma hanno etian-
dio affermato per certo, che la sperienza mostra la bilancia
non dimorare gia mai ferma se non quando ella & egualmente
distante dall’orizonte.

La qual cosa in tutto & contraria alla ragione prima, per essere
la dimostratione della sudetta quarta propositione tanto chiara,
facile, e vera, che non so, come se le possa in modo alcuno con-
tradire: e poi all’esperienza conciosia che ’autore habbia fatto
sottilissimamente lavorare bilancie giuste a posta per chiarire
questa verita, una delle quali ho io veduto in mano dell'Tllustre
Signor Gio. Vicenzo Pinello, mandatagli dall’istesso autore,
la quale per essere sostenuta nel centro della su a gravezza,
mossa dovunque si vuole, e poi lasciata, sta ferma in ogni sito
dove ella vien lasciata. Ben e egli vero, che non bisogna, nel
fare cotesta esperienza, correr cosi a furia, per essere cosa oltra
modo difficile, come dice I’autore di sopra, il fare una bilancia,
la quale sia nel mezo delle sue braccia sostenuta a punto, e nel
centro proprio della sua gravezza.

Per la qual cosa egli ¢ da por mente, che qual’hora alcuno si
mettesse a far cotale esperienza, e non gli riuscisse, non percio
si deve sgomentare, anzi dica pur fermamente di non haver
bene operato, ed un’altra volta ritorni a farne la sperienza, fin
che la bilancia sia giusta, ed eguale, e venga sostenuta a punto
nel centro della gravezza sua.

Et benche da altri siano state tocche le altre due predette spec-
ulationi, cioe quando la bilancia ritorna sempre egualmente
distante dall’orizonte, e quando si move al contrario di questo
sito, tuttavia non si & piu intesa questa verita gia mai aperta-
mente, se non dall’autore nostro; peroche gli altri non hanno
co’l senno penetrato in cio tanto avanti, che habbiano saputo
con distintione considerare il centro della bilancia in tre modi,
come ho narrato.

Now our author is the first to have considered the balance in
detail and to have understood its nature and true quality. For
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he is the first of all to have shown clearly the way of dealing
with it and teaching about it, by propounding three centers
to be considered in its theory: one is the center of the world,
another the center of the balance, and finally the center of
gravity of the balance: for in this was a hidden secret of nature.
Without these three centers, it is clear that one could not come
to a perfect knowledge or demonstrate the various effects of the
balance which emerge from the diversity of placing the center
of the balance in three ways, that is, when the center of the
balance is above the center of gravity, or below, or when the
center of the balance is in its very center of gravity.

These the author shows in the three preceding demonstrations,
that is, in the second, third, and fourth propositions. In the
second, he shows when the balance returns to a horizontal posi-
tion, in the third when it not only does not return but moves in
the contrary direction, and in the fourth that, when a balance
is sustained at its center of gravity, it remains at rest wher-
ever it is left. This last effect in particular has not been dealt
with before, or seen, or even suggested by anybody besides
this author. Indeed, until the present time it has been held to
be false and impossible by all our predecessors, who not only
have given many arguments attempting to prove the contrary,
but have even assumed it to be certain that experience shows
the balance never to remain fixed except when parallel to the
horizon.

This is quite contrary to reason, first because the demonstra-
tion of the above fourth proposition is so clear, easy, and true
that T do not know how it could be contradicted in any way;
and second, their view is contrary to experience, inasmuch as
our author has arranged for precise balances to be manufac-
tured in a very sophisticated way for the purpose of showing
this truth, one of which I saw in the hands of the illustrious
Giovanni Vicenzo Pinelli,!% sent to him by the author himself,
and, because it was sustained at its center of gravity, it could
be moved to any position and would rest at any place where
it was left. True it is that in performing this experiment one
might not act hastily, for it is an extremely difficult thing (as
the author says above) to make a balance which is sustained

106 Giovanni Vincenzo Pinelli, 1535-1601.
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precisely at the center of its arms and at its precise center of
gravity.

For this reason it is good to remember that, when anyone tries
to perform such an experiment and does not succeed, he should
not be discouraged, but rather should say that he had not been
careful enough, and should try repeatedly until the balance is
just and equal and is sustained precisely at its center of gravity.

And though others have touched on the other two propositions
(that is, when the balance always returns to a horizontal po-
sition, and when it moves to the contrary side), yet the truth
of this has never been understood except by this author, and
others have not gone far enough to have made a distinct con-
sideration of the center of the balance in three ways, as I have
explained.'”

This inserted text higlights the centrality of the reconcialiation of Aris-
totelian and Archimedean approaches for Guidobaldo’s work, embodied in
the relation between the three centers: the center of the world, the center
of the balance, and the center of gravity of the balance.'%® Inachievable as
this synthesis was because of the impossibility of an indifferent equilibrium
with gravitational forces acting toward a center, it did create a challenging
problem driving the further development of mechanics, including experi-
mental endeavors as described by Pigafetta.

Guidobaldo started the main part of his book with a long chapter
on the balance. After some propositions about balances that are not sus-
pended from the center of gravity, he turned with his fourth proposition to
his major concern mentioned above, that is, the indifference of a balance
suspended from the center of gravity against displacements. He actually
gave a rather concise demonstration of the statement formulated in this
proposition:

Libra horizonti aequidistans aequalia in extremitatibus, ae-
qualiterque a centro in ipsa libra collocato, distantia habens
pondera; sive inde moveatur, sive minus; ubicunque relicta,
manebit.

107DelMonte (1581, 28v). Translation in Drake and Drabkin (1969, 294-295), with
modifications.

108For the role of this argument in Guidobaldo’s work, see van Dyck (2006a) and van Dyck
(2006b); for the general role of cosmological considerations in preclassical mechanics,
see Damerow and Renn (2010); Biittner and Renn (2007).
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A balance parallel to the horizon, having its center within the
balance and with equal weights at its extremities, equally dis-
tant from the center of the balance, will remain stable in any
position to which it is moved.'%?

The gist of his proof consists of a simple idea. The proof directly follows
from his definition of the concept of center of gravity of a body, adopted
from Commandino’s Latin translation of Pappus’ Collectiones:'1°

Centrum gravitatis uniuscuiusque corporis est punctum quod-
dam intra positum, a quo si grave appensum mente concipiatur,
dum fertur, quiescit; et servat eam, quam in principio habebat
positionem: neque in ipsa latione circumvertitur.

The center of gravity is a certain point within it, from which,
if it is imagined to be suspended and carried, it remains stable
and maintains the position which it had at the beginning, and
is not set to rotating by that motion.'!

If the balance is suspended from its center of gravity it must — according
to this definition — remain stable in any position. From a modern point of
view of the necessary rigor of demonstrations, this of course is a tautology
rather than a proof. What is missing is a justification of the implicit
assumption that a center of gravity meeting the requirements of Pappus’
definition always exists.

Guidobaldo also gave another definition of the center of gravity which
he adopted from Federico Commandino:

Centrum gravitatis uniuscuiusque solidae figurae est punctum
illud intra positum, circa quod undique partes aequalium mo-
mentorum consistunt. si enim per tale centrum ducatur planum
figuram quomodocunque secans semper in partes aequeponder-
antes ipsam dividet.

The center of gravity of any solid shape is that point within it
around which are disposed on all sides parts of equal moments
[partes aequalium momentorum], so that if a plane is passed

109DelMonte (1577, 5r), Renn and Damerow (2010, 65). Translation in Drake and
Drabkin (1969, 261).

1108ee Commandino’s edition (Pappus of Alexandria, 1660, 450), first published in 1588
(Pappus of Alexandria, 1588).

H1DelMonte (1577, 1r), Renn and Damerow (2010, 57). Translation in Drake and
Drabkin (1969, 259).
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through this point cutting the said shape, it will always be
divided into parts that are in equilibrium [partes aequeponder-
antes].11?

If the concept of moment is understood in a modern sense as describing
the effect of a weight depending on its position, that is, the vector product
of the weight and the lever arm, the definition is essentially correct (see
section 1.4). Tt should be noted, however, that the concept of momento
or momentum, later revived by Galileo,!!® was employed by Guidobaldo
neither here nor in any of his other demonstrations.

Guidobaldo must have felt that his proof of the indifference of a bal-
ance suspended from the center of gravity could not easily convince his
contemporaries. Thus he noted:

Quoniam autem huic determinationi ultimae multa a nonnullis
aliter sentientibus dicta officere videntur; idcirco in hac parte
aliquantulum immorari oportebit; et pro viribus, non solum
propriam sententiam, sed Archimedem ipsum, qui in hac eadem
esse sententia videtur, defendere conabor.

But with regard to this last conclusion, many things are said
by men who believe otherwise. Hence it will be well to dwell
further on this; and according to my ability I shall endeavor
to defend not only my own opinion but Archimedes too, who
seems to have been of the same opinion.'*

Continuing the proof of his fourth proposition he therefore started to
address extensively the erroneous claim of his adversaries and their alleged
proofs that a balance removed from the horizontal position will actually
not remain indifferent to this displacement, but rather return to its original
position.

112DelMonte (1577, 1r), Renn and Damerow (2010, 57). Translation in Drake and
Drabkin (1969, 259). In the second part Guidobaldo clearly referred to the Latin
translation aequeponderare of Archimedes’ expression for being in equilibrium. The
translation of Drake and Drabkin has been corrected here accordingly.

13For a comprehensive study of Galileo’s use of the term and its historical context, see
Galluzzi (1979).

H4DelMonte (1577, 5v), Renn and Damerow (2010, 68). Translation in Drake and
Drabkin (1969, 262).
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3.8.1 Overview of Guidobaldo’s criticism of the claims of his
adversaries

The long, somewhat chaotic supplement of some fifty pages''® to Guidobal-
do’s fourth proposition of the chapter on the balance starts with a marginal
note. This explicitly lists the treatises that were the subject of Guidobal-
do’s critique (see figure 3.16). In the first place he referred to Jordanus’ De
ponderibus, known to him from the commented edition of Apianus which
he owned.!!® In the second place he referred to Cardano’s De subtilitate,**"
and finally to Tartaglia’s Quesiti.''® As we have discussed in the preceding
sections, these treatises in fact all contain the claim that a balance in
equilibrium, if it is moved out of the horizontal position, will spontaneously
move back into the horizontal.!'?
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Figure 3.16: Marginal note listing the treatises Guidobaldo is criticizing.

Guidobaldo proceeded, over many pages, to derive assertions within
the framework of Jordanus, Tartaglia, and Cardano, including his own
opinion about the indifferent equilibrium of a balance, initially derived

15DelMonte (1577, 5v—-30r), see Renn and Damerow (2010, 68-117).

116de Nemore (1533), see chapter 5 for the discussion of Guidobaldo’s marginal notes in
his copy of the treatise. It seems that this version of Jordanus’ doctrine was the only
one to which he explicitly referred, although he could have also seen the edition of De
ratione ponderis by Tartaglia (de Nemore, 1565). On the manuscript tradition and an
English translation, see Moody and Clagett (1960, 169-227).

17Cardano (1550, 16-20) and the corresponding part contained in Opera omnia (Car-
dano, 1966, vol. 3, 369-371).

18 Tartaglia (1546).

119de Nemore (1533, propositio secunda), page 305 in the present edition; Cardano (1550,
17, emphasized by a marginal note); Tartaglia (1546, 88v, libro ottavo, quesito XXXII,
propositione V); see also the corresponding proposition in Tartaglia’s edition of Jor-
danus’ De ratione ponderis (de Nemore, 1565, 3v, quaestio secunda).
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with the help of the concept of center of gravity. His motives are explained
in the already mentioned comment inserted by Pigafetta (see page 87ff.):

ed affine che questa nova opinion sua, dimostrata a pieno nella
predetta quarta propositione, resti totalmente chiara, non si
¢ gia contentato egli d’haverla dimostrata con vive ragioni, e
certe solamente, ma come buon filosofo, procedente con via
di reale dottrina, e di fondata scienza, (imitando Aristotele, il
qual ne’ principii de suoi libri, investigando dottrina migliore,
ha datto contra la opinione de gli antichi, solvendo le ragioni
addotte da loro:) ha ben voluto, essendo la verita una sola,
proporre le opinioni de’ suoi predecessori, ed esaminare le loro
ragioni, le quali sembrano provar il contrario, e solverle, la loro
fallenza dimostrando co’l presente discorso [...]

Anzi di piu per confermatione della verita soggiunge, che questi
tali non hanno saputo fare le loro demostrationi; poi che co’l
proprio modo di speculare usato da loro, e con le loro medesime
ragioni prova la sua intentione, e sentenza essere verissima,
appoggiando si alla dottrina di Aristotele sempre, e facendo
toccar con mano, che egli con esso lui € d’accordo nelle questioni
mechaniche.

And to the end that this new opinion of his, fully demonstrated
in the aforesaid fourth proposition [about the indifferent equi-
librium], should be completely clear, he has not been content
to demonstrate it with vivid and certain reasoning alone, but,
like a good philosopher, proceeding by the path of true doctrine
and well-founded science (imitating Aristotle, who at the be-
ginning of his books, in quest of the best doctrine, has given the
contrary opinions of the ancients, analyzing the reasons which
they accepted), he has wished, because there is but one truth,
to propound the opinions of his predecessors and examine the
reasons by which they prove the contrary, and to resolve these,
showing their fallacy in the present argument [...]

Moreover, as a confirmation of the truth, he adds that they did
not know how to construct their proofs; for by their own mode
of theorizing and their very own reasons, he proves his opinions
to be most true, supporting them always on the doctrine of
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Aristotle and making it clear that he is in accord with him in
the mechanical questions.'?°

Mentioning Aristotle here is significant. It shows that Guidobaldo
could not easily dismiss a concept as closely related to Aristotelian dynam-
ics as is positional heaviness. His faithfulness to Aristotle was evidently a
major motive for his engagement in the equilibrium controversy, as also
his marginal comments to the works of Jordanus and Benedetti show.

Guidobaldo’s discussion of arguments in the treatises of his adver-
saries, which are related to his allegedly fundamental “discovery” of the
indifferent equilibrium of a balance suspended from its center of gravity,
is composed of several sections. Typically these sections begin with a
paraphrase or reference to an argument of one of these treatises which
Guidobaldo considered worthy of substantial rejection. He then presented
opposing arguments or derived implicit consequences that justified his crit-
icism. The result is a flow of meandering arguments and counterarguments.
They extend the proof of his fourth proposition to an irritating web of in-
ferences that cannot easily be disentangled. Given that the arguments of
Guidobaldo’s adversaries are themselves partly hybrids of various threads
of implications, an adequate understanding of the disproportionate “proof”
of his fourth proposition requires taking into account the context of the
arguments in their treatises. A brief overview of the different sections of
Guidobaldo’s continuation of his proof may help to follow his arguments.

1. Guidobaldo first developed a general argument against the proposi-
tion that a balance in equilibrium if moved into an oblique position
will return to the horizontal. He showed that the implications of
this proposition are incompatible with the concept of the center of
gravity upon which Archimedes’ theory of equilibrium is based.!?!

2. Guidobaldo then paraphrased and extended a counterargument of
Tartaglia’s fictitious interlocutor Mendoza against his claim that the
balance will return to the horizontal.'??> This counterargument is
based on the idea that it must be possible to compensate the alleged

120DelMonte (1581, 29r). Translation in Drake and Drabkin (1969, 295-296), with slight
modifications.

121DelMonte (1577, 6r-6v), Renn and Damerow (2010, 69-70), for an English translation
see Drake and Drabkin (1969, 262-263).

122 Tartaglia (1546, 90v—91r), for an English translation see Drake and Drabkin (1969,
128-129).
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greater positional heaviness of the upper end of the balance in an
oblique position by adding a weight to the lower end.'?3

. Tartaglia rejected this counterargument by referring to an idea of

Jordanus concerning the possibility of infinitely small differences be-
tween “mixed” angles which are composed of straight and curved
legs.'?* Guidobaldo paraphrased Tartaglia’s rejection of Mendoza’s
counterargument, followed by an extensive argument against this re-
jection.'?® At the end of this argument Guidobaldo introduced the
condition that the directions to the center of the world for both ends
of the beam of the balance are not parallel, attributing this assump-
tion also to his adversaries although they did not make explicit use
of it in their arguments. This condition later became a major con-
cern in his reception of Benedetti’s work. Contrary to the claim
of Guidobaldo’s adversaries, it follows that the lower end becomes
positionally heavier than the upper end, a conclusion to which he
returned in the sequel.

. Next, Guidobaldo paraphrased three different arguments for dealing

with the changing positional heaviness in dependence of the position
of the beam of the balance. They differ in the measure of the po-
sitional heaviness, the first determining the positional heaviness by
the horizontal distance of the weight from the vertical axis of sup-
port, the second by the vertical component of the actual trajectory,
the third by the angle between the beam of the balance and the di-
rection toward the center of the world. They have in common that
they seem to determine somehow the effect of the obliquity by which
the weights are hindered in descending directly to the center of the
world.

Guidobaldo first reported Cardano’s argument that the weight of a
body attached to the beam of the balance is heavier the more dis-
tant it is from the support of the balance (see section 3.7).126 This

123DelMonte (1577, 6v), Renn and Damerow (2010, 70), for an English translation see
Drake and Drabkin (1969, 263).

124Tartaglia (1546, Book 8, sixth proposition, 91r-92r), for an English translation see
Drake and Drabkin (1969, 129-131). Tartaglia had evidently taken this argument from
the manuscript he used in his later edition of Jordanus’ De ratione ponderis, de Nemore
(1565, 4r), for an English translation see Moody and Clagett (1960, 179).

125DelMonte (1577, 6v-8r), Renn and Damerow (2010, 71-73), for an English translation
see Drake and Drabkin (1969, 263-265).

126 DelMonte (1577, 8v), Renn and Damerow (2010, 74), for an English translation see
Drake and Drabkin (1969, 265-266). See also Cardano (1550, 16—20) and (Cardano,
1966, vol. 3, 369-371) which is discussed above.
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distance is measured, as we have seen, by the horizontal distance of
the suspended weight from the vertical through the center of the bal-
ance.'?” Accordingly, a body suspended from a balance arm would
be heaviest in the horizontal position of that arm, the position in
which its motion would also be swifter than in any other position.
This conceptualization of positional heaviness is close to the mod-
ern concept of torque, suggesting that the positional heaviness at the
upper and the lower position must be the same (see section 1.4).
The second argument is based on taking the vertical distances of
descent as a measure of the positional heaviness.'?® Guidobaldo
knew this argument from his copy of Apianus’ edition of Jordanus’
treatise Liber de ponderibus, where the argument forms the basis of
the fourth and fifth postulates and is further elaborated in Apianus’
commentary to Jordanus’ second proposition.'?® The argument also
appears in Jordanus’ treatise De ratione ponderis and is thus also
contained in Tartaglia’s edition (see section 3.5).13% As discussed
above, an extensive version of the argument is furthermore contained
in Tartaglia’s Quesiti (see section 3.6).13! The argument is also
appended by Cardano to his virtually correct conceptualization of the
positional heaviness as representing — in modern terms — the torque.
It seemed to imply the same conclusion as his first argument about
the changing positional heaviness in dependence of the obliquity of
the beam of the balance. This argument, however, provided a strong
reason in favor of the erroneous conclusion that the balance must
return to the horizontal position.

The third argument, which Guidobaldo again explicitly attributed to
Cardano,'3? involves the concept of meta and is based on taking as a
measure the angle between the beam of the balance and the direction

127TDelMonte (1577, 8v) added the marginal note: Cardanus primo de subtilitate. The
note concerns Cardano (1550, 16-17). Drake and Drabkin (1969, 266, footnote 20)
attribute misleadingly also Guidobaldo’s following references to Jordanus and Tartaglia
to this proof.

128DelMonte (1577, 8v-9r), Renn and Damerow (2010, 74-75), for an English translation
see Drake and Drabkin (1969, 266—-267).

129de Nemore (1533, B ii recto-B ii verso), pages 305-306 in the present edition.

130de Nemore (1565, 3v), for an English translation see Moody and Clagett (1960, 176
179).

131 Tartaglia (1546, 89r-89v), for an English version see Drake and Drabkin (1969, 125
127).

132Guidobaldo referred to Cardano (1550, 17-18).
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toward the center of the world.!?3 From the fact that the angle, thus
defined, is greater in the upper than in the lower position, Cardano
concluded that also the positional heaviness must be greater in the
upper position.

5. Before detailing a refutation of his adversaries, Guidobaldo coun-
tered both Cardano’s and Tartaglia’s arguments in a general way by
stressing that from the observation that a weight is swifter or its
motion straighter, it does not follow that it will therefore also be
heavier:

Neque enim intellectus quiescit, nisi alia huius ostendatur
causa; cum potius signum, quam vera causa esse videatur.
Now the intellect is not satisfied unless this can be demon-
strated from some other cause, for this appears to be merely
a sign rather than a cause.'3*

He also noticed that all arguments referring to the swiftness of motion
do not actually infer the positional heaviness of a body from its
position, but only from its departure from that position.
Guidobaldo started his detailed account of the arguments of his ad-
versaries with a discussion of Cardano’s claim that the positional
heaviness is determined by the distance from the vertical through the
center of the lever, that is, the first argument he had introduced ear-
lier.!3% In the sequel he gave an account of the changing effect of the
obliquity of the beam of a balance from his own perspective.'36 His
account included the cosmological context, in contrast to the tacit
assumption of Cardano that the lines drawn from different points of
the balance to the center of the world are parallel and thus cannot
meet at this point. Guidobaldo’s arguments are mainly based on
physical reasons for his own claim that a weight (pondus) attached
to the end of the beam of a balance is more or less heavy (gravius)
according to the amount of support the beam gets from the center
of the balance in dependence on the obliqueness of its position.

133DelMonte (1577, 9r), Renn and Damerow (2010, 75), for an English translation see
Drake and Drabkin (1969, 267).

34DelMonte (1577, 9v), Renn and Damerow (2010, 76). Translation in Drake and
Drabkin (1969, 267-268).

135DelMonte (1577, 9r-9v), Renn and Damerow (2010, 75-76), for an English translation
see Drake and Drabkin (1969, 267-268).

136DelMonte (1577, 9v-151), Renn and Damerow (2010, 76-87), for an English translation
see Drake and Drabkin (1969, 268-275).



3. The Context 99

6. Guidobaldo continued with a critique of the second claim of his ad-
versaries, in this case, as mentioned above, maintained by Jordanus,
Tartaglia, and Cardano as well.!37 All of them considered the verti-
cal descent of a weight attached to the end of the beam of a balance,
that is, the projection of the circular path of the end of the beam on
the vertical direction to the center of the world, to be a measure of
the obliquity of its path and thus of the weight’s changing positional
heaviness. Guidobaldo’s refutation made use of two arguments. He
first referred to the cosmological fact that the directions from differ-
ent points of the circular path of the end of the beam toward the
center of the world cannot be parallel and thus only approximately
represent the positional heaviness. From the failure of his adversaries
to take this fact into account, he concluded that all their demonstra-
tions are false. His second argument conceded that the difference
of the directions toward the center of the world is so small as to be
imperceptible, and that their assumption that the straight descents
of the weights are parallel was feasible. On this basis he then showed
that their definition of positional heaviness was ambiguous and leads
to contradictory results.

7. After demonstrating that the arguments of his three adversaries may
lead to untenable conclusions, Guidobaldo added a sophisticated ge-
ometrical proof that on the basis of their assumptions about the re-
lation between the vertical descent, the obliqueness of descent, and
the positional heaviness, he could actually infer the opposite of their
claim, namely that the positional heaviness at a position closer to the
vertical is greater than the positional heaviness at a position more
distant to the vertical, which is counter-intuitive.33

8. What follows is a short commentary on the origin of the errors of
his adversaries. Guidobaldo argued that in general, inferences from
false assumptions are false.!3?

9. After this general commentary, Guidobaldo once again returned to
the dependence of the positional heaviness on the geometrical con-
stellation of the inclined balance, now paying attention to the fact

37DelMonte (1577, 15r-17r), Renn and Damerow (2010, 87-91), for an English transla-
tion see Drake and Drabkin (1969, 275-277).

138DelMonte (1577, 17r-17v), Renn and Damerow (2010, 91-92), for an English transla-
tion see Drake and Drabkin (1969, 277-278).

139DelMonte (1577, 17v-18r), Renn and Damerow (2010, 92-93), for an English transla-
tion see Drake and Drabkin (1969, 278-279).
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that both weights should be considered as being connected by the
beam so that their motions cannot be considered independently.!*°
He tried to show that, even if the assumptions of his adversaries
were accepted, that is, if the directions from the weights attached to
the ends of the beam toward the center of the world were assumed
to be parallel, and that the positional heaviness depended on how
straight (rectus) their descent is, it does not necessarily follow from
their arguments that the beam returns to the horizontal.

At this point Guidobaldo introduced the idea that one has to con-
sider both weights not separately, but connected by the beam of
the balance. From this perspective he reconsidered the arguments of
his adversaries. He first discussed the dependence of the positional
heaviness on the vertical descent of weights attached to the beam,
as claimed by Jordanus, Tartaglia, and Cardano. He then discussed
the dependence on the horizontal distance to the vertical through
the point of suspension of the balance, as claimed by Cardano. In
both cases Guidobaldo argued that the positional heaviness must be
equal. In the first case he drew attention to the fact that one must
not compare two descents, but rather a descent on one side with a
rise on the other. In the second case the positional heaviness is equal
by definition so that both measures lead to the same conclusion, in
agreement with Guidobaldo’s claim that the balance is in indifferent
equilibrium. As an act of virtuosity Guidobaldo added the argument
that if one compares ascents rather than descents, the balance will
move, according to the logic of his adversaries, into a vertical and
not a horizontal position.

10. Guidobaldo continued with an investigation of the situation in which
the directions meet at the center of the world, instead of being paral-
lel, and with a discussion of the meaning of obliqueness and straight-
ness as criteria for the positional heaviness, offering his own reinter-
pretation of this concept.'*! He concluded that, contrary to the
opinion of his adversaries, the positional heaviness in the lower po-
sition must be greater and not smaller than the weight in the upper
position.

HM0DelMonte (1577, 18r-19r), Renn and Damerow (2010, 93-95), for an English transla-
tion see Drake and Drabkin (1969, 279-281).

MIDelMonte (1577, 19r-19v), Renn and Damerow (2010, 95-96), for an English transla-
tion see Drake and Drabkin (1969, 281).



3. The Context 101

11. This conclusion contradicts, of course, not only the claims of Guido-
baldo’s adversaries, but also his own claim that an equilibrated bal-
ance suspended at its center of gravity, if moved to an oblique posi-
tion, will remain there. Therefore he now made use of his main argu-
ment, which he had introduced earlier, namely that the two weights
on the balance have to be considered in conjunction.!*? He criticized
his adversaries for not taking this circumstance into account. His ar-
gument is implicitly based on the modern idea that the horizontal
components of the directions toward the center of the world cancel
each other out so that the remaining directions of gravity are parallel
and the straightness of descent is the same for both weights.

12. So far Guidobaldo had extensively discussed and refuted all the infer-
ences his adversaries had drawn from taking horizontal and vertical
measures as defining the magnitude of the positional heaviness. At
this point he moved on to the last claim of his initial overview.'43
Cardano had argued that the angle between a beam supported from
above and the meta, the direction toward the center of the world,
determines the positional heaviness of a body attached to the end of
the beam. He concluded that in this case the positional heaviness of
the upper body exceeds that of the lower body. He further claimed
that if the balance is supported from below, the positional heaviness
of the lower body will exceed that of the upper body. Guidobaldo
replied that there was no reason whatsoever for this assertion. More-
over, he argued that this assertion would lead to a contradiction if
it were taken into account that a balance can be supported, at the
same time, from above and below.

13. Guidobaldo finally discussed extensively the issue of a balance sup-
ported from above or from below'** as it had been treated in the
Aristotelian Mechanical Problems, that is, with regard to a material
beam in which the point of suspension of the balance does not nec-
essarily lie on the line connecting the centers of gravity of the two
weights. Cardano had indeed ascribed to Aristotle his assertion that
the angle between the beam and the meta determines the heaviness of

142DelMonte (1577, 19v—20v), Renn and Damerow (2010, 96-98), for an English trans-
lation see Drake and Drabkin (1969, 281-283).

143DelMonte (1577, 20v-21v), Renn and Damerow (2010, 98-100), for an English trans-
lation see Drake and Drabkin (1969, 283-284).

M4DelMonte (1577, 21v-30r), Renn and Damerow (2010, 100-117), for an English trans-
lation see Drake and Drabkin (1969, 284-294).
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its weight (gravius pondus reddere).'*> Cardano had further main-
tained, as discussed above, that Jordanus neither proved nor even
understood this relation. In addition he had claimed that experience
(ezperimentum) supports his assertion.'46 Guidobaldo first discussed
Cardano’s misunderstanding of Aristotle’s proposition. He conceded
the difficulty in constructing a balance that is supported exactly at
its center of gravity, but maintained that this is not a principal dif-
ficulty but only a question of practical precision. He then continued
with his own interpretation of Aristotle’s arguments, adding detailed
proofs of his own of all possible constellations including equilibrated
balances with unequal weights attached to them, compensated by
corresponding unequal arms, and finally balances with a bent beam.
The gist of this discussion is the support of his own claim from the
Aristotelian treatment of the balance.

In summary, this long and somewhat chaotic supplement to Guidobal-
do’s fourth proposition of the chapter on the balance is concerned with
a number of basic ideas intimately related to the concept of positional
heaviness. In the following, some of these ideas will be addressed in more
detail, also in order to demonstrate how carefully Guidobaldo studied the
contemporary literature and how he worked the fruits of these readings
into his own line of reasoning. Our later discussion of the marginalia to
Benedetti’s work vividly illustrates how this process of reception actually
worked.

3.8.2 Exploiting the concept of center of gravity

Guidobaldo began his discussion'” by generally refuting his adversaries’
claim that a balance with equal weights attached at equal distances from
its beam will, if the beam is moved from the horizontal position, not be
indifferent to this displacement, but rather return to its original horizontal
position. He pointed out a specific consequence of this claim:

Hanc eorum sententiam nullo modo consistere posse ostendam.
Non enim, sed si quod aiunt, evenerit, vel ideo erit, quia pon-
dus D pondere E gravius fuerit, vel si pondera sunt aequalia,
distantiae, quibus sunt posita, non erunt aequales.

145The discussion concerns the second problem of the Aristotelian Mechanical Problems,
see Aristotle (1980, 346-351).

146See our discussion in section 3.7.

147See point 1 of the preceding overview, page 95.
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For if what they say is true, this result will occur because either
the [upper] weight D is heavier than the [lower] weight E or the
weights are equal but the distances at which they are placed
are not equal.'*®

Guidobaldo argued that, since the weights are equal, the return to the
horizontal position would involve a shift of the common center of gravity
of the two weights at the arms of the balance. This, however, would be in
conflict with the third proposition of Archimedes’ On the Equilibrium of
Planes'®® and with Pappus’ definition of the center of gravity he used in
his own proof of the contrary statement:

Cum pondera eandem inter se se servent distantiam. Unius
cuiusque enim corporis centrum gravitatis in eodem semper
est situ respectu sui corporis.

For the weights remain the same distance apart, and the center
of gravity of any body stays always in the same place with
respect to that body.?°

In the following part'®' Guidobaldo turned to the other possibility,
that is, to the claim that the balance might return to the horizontal po-
sition due to an increase of the weight'®? of the ascending side of the
balance. He used an indirect proof working with the counterargument of
Tartaglia’s interlocutor Mendoza that, if the two bodies on the arms of the
balance should attain different weights, that difference could be compen-
sated by placing an additional weight on the side that has become lighter.
The latter conclusion then would lead to a contradiction.!®® While on the
one hand the center of gravity of the balance now in equilibrium must
still be at the center of the balance, according to the law of the lever the
addition of a weight would move the center of gravity out from the center
of the balance. Guidobaldo argued that the existence of two centers of

148DelMonte (1577, 6r), Renn and Damerow (2010, 69). Translation in Drake and
Drabkin (1969, 262).

149 Archimedes (1953, 190), see also the first proposition in Tartaglia’s edition
(Archimedes, 1543b, 5).

150DelMonte (1577, 6r), Renn and Damerow (2010, 69). Translation in Drake and
Drabkin (1969, 263).

151DelMonte (1577, 6v), Renn and Damerow (2010, 70), see Drake and Drabkin (1969,
263).

152Guidobaldo avoided here as in other places the term positional heaviness used by his
adversaries.

153Point 2 of the overview, page 95.
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gravity contradicts Archimedes’ theory, indirectly demonstrating that in
the oblique position the balance would remain stationary (manebunt).

3.8.3 The intricacies of the concept of curvilinear angles

Figure 3.17: Guidobaldo refuted the argument that the curvilinear angle
MDG, which from a modern point of view is zero, is the small-
est possible angle by inserting the curves D and RD. Accord-
ing to the line of reasoning of his adversaries the angles MDQ
and MDR must be smaller than MDG.

The objection put forward by Tartaglia’s interlocutor Mendoza that
a greater positional heaviness of the upper part of an inclined balance
might be compensated by an additional weight on the lower part, had
been refuted by Tartaglia using an argument going back to Jordanus.'?*
Tartaglia had argued that the difference in positional heaviness may just
be infinitesimally small (not just minimal, but still less) so that it cannot
be compensated by any finite weight. In his book Guidobaldo summarized
this argument as follows:

1548ee point 3 of the overview, page 96.
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Excessum enim ponderis D supra pondus E, cum quantitatis
rationem habeat, non solum minimum esse, verum in infini-
tum dividi posse immaginabamur, quod quidem ipsi, non solum
minimum, sed ne minimum quidem esse, cum reperiri non pos-
sit, hoc modo demonstrare nituntur.

For, the excess of weight D over weight F having some ratio
and quantitative part, we imagined it to be not only minimal
but also capable of infinite division. They seek in the following
manner to prove that no such weight can be found, since it is
not just minimal, but still less.??

Indeed, Tartaglia had argued that this is exactly what happens be-
cause the ratio of the mixed angles (angulus miztus), as Guidobaldo called
them, included between circumference and perpendicular at the two sides
of the balance, that is, between the path of the weight and the direction
to the center of the world, is supposedly smaller than any other ratio that
exists between greater and smaller quantities.! The term mized angle
designates angles with a curved leg. Guidobaldo reduced them to the spe-
cial case of circles and a tangent touching each other. From a modern
point of view the degree of such angles is zero, independent of the curva-
ture of their legs. Guidobaldo, however, shared with Tartaglia the opinion
that such angles differ from each other, although the difference is infinitely
small.

In his response Guidobaldo first argued that it is easily possible, by
considering circles of larger diameters, to construct situations in which the
ratio between the two angles is even smaller so that the claim that the ratio
is the smallest possible one is refuted (see figure 3.17). He then pointed
to the fact that the lines connecting the weights to the center of the world
are not parallel but must converge at that center. On this basis he ar-
gued that the lower weight actually becomes positionally heavier than the
weight that has been raised,!®” because the small but finite angle between
perpendiculars and the directions to the center of the world outweighs any
effect of infinitely small “angles” (see figure 3.18).

155DelMonte (1577, 6v-7r), Renn and Damerow (2010, 70-71). Translation in Drake and
Drabkin (1969, 263-264).

156 Tartaglia, (1546, 130-131), thirty-third question, sixth proposition; for an English
translation see Drake and Drabkin (1969, 128-132). See also the discussion on page 73.

157TDelMonte (1577, 7r-8r), for an English translation see Drake and Drabkin (1969, 264
265).
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Figure 3.18: According to Guidobaldo, if S represents the center of the
world the mized angle SEG between the circular path of the
weight at £ and the direction to the center of the world is
less than the mized angle SDG. Thus, contrary to what his
adversaries claim, by their own suppositions the weight placed
at E must be heavier than that at D.
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As we shall discuss below (see section 3.9), Benedetti shared this con-
clusion but based this argument on entirely different assumptions.'®® In
contrast to Benedetti, Guidobaldo stayed entirely within Tartaglia’s con-
ceptual framework, comparing curvilinear angles as indicators of positional
heaviness. It is thus also clear that Guidobaldo’s insistence on the con-
vergence of perpendiculars at the center of the world was not exaggerated
precision, but rather a valid argument in a context in which infinitesimally
small angles are being considered.®®

3.8.4 Guidobaldo’s reaction to Cardano’s first argument

In responding to the arguments of his adversaries,'®® Guidobaldo began
with a general remark on their failure to offer physical reasons for the
changing effect of the obliquity of the beam of a balance. He then adressed
Cardano’s claim that the closer a weight is to the vertical of the beam the
less it weighs, offering his own account for this claim (see figure 3.19).

Figure 3.19: Discussing Cardano’s first measure of positional heaviness by
the horizontal distances LP, DO, AC Guidobaldo explained
the changing effect of the weight by the different extent to
which the weight presses on the circumference of the circle
traced by the balance.

158 Benedetti (1585, 148—149), pages 336—337 in the present edition, for an English
translation see Drake and Drabkin (1969, 175-176).

159Gee the discussion in van Dyck (2006a).

160DelMonte (1577, 9r-151), Renn and Damerow (2010, 75-87), for an English translation
see Drake and Drabkin (1969, 267-275). See point 5 of the overview, page 98.
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In dealing with the varying distance of a weight from the vertical posi-
tion of the beam, Guidobaldo reconstructed the whole line of reasoning by
which the weight of a body on a balance arm has different effects according
to the position of the arm from his own perspective, governed by attention
to the relation between weight, support and center of the world. He sum-
marized his own account stressing the physical reasons for the changing
effect of a weight in different positions on the circle described by the beam
of the balance:

Idem ergo pondus propter situum diversitatem gravius, lev-
iusque erit. Non autem quia ratione situs interdum maiorem re
vera acquirat gravitatem, interdum vero amittat, cum eiusdem
sit semper gravitatis, ubicunque reperiatur; sed quia magis,
minusque in circumferentia gravitat |[...]

Therefore the same weight, by diversity of position, will be
heavier or lighter, and this not because by reason of its place
it sometimes truly acquires greater heaviness and sometimes
loses it, being always of the same heaviness wherever it is, but

because it presses [grava] more or less on the circumference
[...]161

The proximity of the descent of a weight moving in constrained mo-
tion, on the one hand, and the natural motion of a weight to the center
of the world, on the other, is determined by the angle of contact between
the circular path of constrained descent and the straight line of direct de-
scent to the center of the world. In this way Guidobaldo concluded, in
particular, that it is not in the horizontal position of the balance arm that
a body weighs most but at that point where a straight line drawn from
the center of the world touches, as a tangent, the circle described by the
balance arm. In the following we shall call that point for ease of reference
the extreme point. At this point the lever arm forms a right angle with
the path of direct descent to the center of the world. Accordingly, at this
point the constrained descent of the weight along the circle will be closest
to its natural descent along a straight line. It is also at the extreme point
where the balance arm sustains the weight less than if it were at any other
place on the circumference. The position of the balance arm at this point
will be parallel to the horizontal, though not at the fulcrum of the balance
but at the position of the center of gravity of the suspended body.

161DelMonte (1577, 10v), Renn and Damerow (2010, 78). Translation in Drake and
Drabkin (1969, 269).
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Figure 3.20: Contrary to Cardano, Guidobaldo took into account that the
directions from the two weights at the end of a balance cannot
be parallel and that therefore the extreme point at which a
weight is heaviest differs from point A.
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Evidently, if the center of the world were infinitely distant and all
lines of direction converging at it were perpendiculars and parallel to each
other, then the extreme point would mark the horizontal position of the
balance arm, also at the fulcrum. For a finite distance of the center of the
world, the point where the weight is heaviest lies instead slightly below
the horizontal through the fulcrum (see figure 3.20).

S

Figure 3.21: Guidobaldo argued that the weight placed at O will be heav-
ier along the arm DO than along the arm CO because the
curvilinear “angle” SOH is less than the “angle” SOG.

Guidobaldo then showed that the same line of reasoning also allowed
him to conclude that the weight at the extreme point is heavier the longer
the balance arm, a crucial feature of any acceptable concept of positional
heaviness (see figure 3.21). His argument is based on comparing curvilin-
ear angles. In fact, the larger circle marked by the larger balance arm will
make the smaller “angle” with the line of straight and natural descent to
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the center of the world. He then continued to consider the balance from
a cosmological perspective, taking into account its finite distance from the
center of the world (see figure 3.20). As we have discussed, this perspective
was suggested to him by the attempt to set mechanical devices and pro-
cesses into the context of an Aristotelian cosmos, a characteristic feature of
preclassical mechanics. Guidobaldo demonstrated that the closer the bal-
ance is to the center of the world the farther the extreme point (where the
weight is heaviest) will lie from the horizontal position of the balance arm
(as seen from the fulcrum). He even proceeded to study cases in which the
balance is located so that the center of the world lies either on or within
the circle described by the balance arm. In his analysis Guidobaldo stuck
to the principle that the positional heaviness (which he avoided to desig-
nate in this way) is determined by the closeness between constrained and
direct descent to the center of the world, as given by the angle of contact
between these two descents.

Figure 3.22: Guidobaldo considered the extreme case in which the center
of the world lies at the bottom of the circle described by the
balance.

Particularly interesting is the case in which the balance is located
so that the center of the world lies at the bottom of the circle described
by the balance arm (see figure 3.22). For this case Guidobaldo showed
that the closer the weight is to the bottom the heavier it becomes since,



112 3. The Context

in any other position, it receives support from the balance arm and thus
does not attain its full effect. The drawing accompanying the argument
shows a circle with various chords connecting points on the circumference
with the bottom of the circle; these points are also connected by radii
to its center. Guidobaldo compared the constrained motion along the
circumference with the direct motion along the corresponding chord to
the center of the world located at the bottom of the circle. The exact
same constellation of motions would later play a crucial role in Galileo’s
theory of motion, albeit with a different interpretation (see figure 3.23). It
seems that Galileo simply transposed Guidobaldo’s cosmological model to
a terrestrial situation. The center of the world located at the bottom of
the circle then simply becomes again the lowest point of the motion of the
beam of a balance, while the various radii represent positions of the beam
at different angles. But what about the chords? In a terrestrial setting
they can only be interpreted as inclined planes connecting various points
along the circumference with the bottom of the circle. Alternatively, the
circle itself could also be conceived as representing the cross-section of a
sphere or a cylinder constraining the motion. In any case, the motion of
a weight left to itself along the circle, whether constrained by the beam
of a balance or the surface of a sphere, would then be the motion of a
pendulum.

Guidobaldo’s cosmological model of a balance touching the center of
the world could thus serve as the blueprint for a cornerstone of Galileo’s
new science of motion, the comparison of the motion of a pendulum along
a certain arc with the motion along an inclined plane representing the
chord of that arc. In 1602 the motion of a pendulum as well as the motion
of fall along inclined planes representing the chords of a circle became
the subject of a famous letter by Galileo to his patron Guidobaldo, who
had been skeptical with regard to Galileo’s claim about the isochronism of
these motions.'®? Indeed, Guidobaldo’s analysis does not suggest any such
isochronism. Its demonstration required a recognition of the laws of motion
along differently inclined planes. This Galileo attained on a conceptual
basis that was closer to Benedetti’s mechanics than to Guidobaldo’s theory
(see section 3.10). Galileo’s famous insights into the relation between the
motion of a pendulum and the motion along inclined planes thus ultimately
derived from integrating elements of both Guidobaldo’s and Benedetti’s
work.

162Favaro (1968, vol. 10, 97-100). See also the discussion in Renn et al. (2001) and in
Biittner (2009).
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Figure 3.23: Part of a page of Galileo’s manuscript MS 72 (Galilei, 1602,
fol. 172r) related to theorem 6 of Galilei (1638) in (Favaro,
1968, vol. 8), the so-called “Theorem of Chords.” According to
this theorem a falling body will require equal times to traverse
the distances CA and DA.

Guidobaldo finished his excursion on the question of how a balance
behaves in the vicinity of the center of the world with a remark on the
material beam of the balance which, of course, has weight itself. With
the help of the concept of center of gravity he was able to quickly settle
the issue. All that needed to be done was to find the center of gravity of
the entire constellation of the arm of the balance and the weight attached
to it. This constellation could then be treated as before as an idealized
beam with a weight attached to it. Before going further, Guidobaldo
summarized what he had identified so far as being the false assumptions
of his adversaries, in particular, that a weight is heaviest in the horizontal
position of the beam, which cannot be the case if the finite distance to the
center of the world is taken into account.
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3.8.5 Guidobaldo’s reaction to the main argument of his
adversaries

Having exhausted the issue of the distance of the balance beam from the
vertical, Guidobaldo, as he had announced before, next entered a series of
arguments shared by Jordanus, Tartaglia, and Cardano.'®3 These argu-
ments concerned the determination of the positional heaviness by straight-
ness and obliqueness in the sense of the amount to which a given descent
partakes more or less in the direct descent to the center of the world.
His adversaries took the horizontal projections of equal parts of the cir-
cular trajectory to the vertical as a measure of this partaking (see figure
3.24). Comparing the different descents along equal arcs of the upper and
the lower weight, for geometrical reasons they thus came, as we have dis-
cussed, to the conclusion that the beam of the balance must return to the
horizontal because the descent of the upper weight exceeds that of the
lower.

Figure 3.24: According to Jordanus, Tartaglia, and Cardano, the verti-
cal lines PO and OC represent the vertical descents of the
starting points of the displacements along the equal arcs LD
and DA. Therefore, the positional heaviness at point L must
be smaller than at point D. Consequently, the balance must
move spontaneously into the horizontal position.

163See point 6 of the overview, page 99.
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Since Guidobaldo had earlier emphasized that the lines connecting
the weights with the center of the world cannot be parallel, he could now
argue that the alleged proofs of his adversaries were altogether fallacious:

Ex quibus non solum suppositio illa, qua libram DE in AB
redire demonstrant, verum etiam omnes fere ipsorum demon-
strationes ruunt.

Thus they ruin not only the assumption from which they demon-
strate that the balance DE returns to AB, but also almost all
their demonstrations.!%4

Guidobaldo’s response to his adversaries, however, left room for the
counterargument that the deviations from the parallelism of the lines to
the center of the world is negligibly small and that their arguments would
work at least approximately. Therefore, Guidobaldo conceded this paral-
lelism and proceeded to demonstrate that measuring positional heaviness
by vertical projections leads to inconsistencies, even under these condi-
tions.1% Jordanus, Tartaglia, and Cardano attempted to determine the
magnitude of the positional heaviness by the vertical components of their
further descent. They thus fell into the trap that they had to determine
an attribute of a weight at a particular point by the length of a line, ne-
glecting that this implicit definition did not sufficiently clarify how and in
which direction the endpoint of this line had to be placed.

This is the tacit background of Guidobaldo’s construction of counter-
examples to their claim. He compared subsequent descents along equal
arcs such as LA and AM corresponding to the equal vertical descents
PC and CH. According to the implicit definition of his adversaries, the
positional heaviness at points L and A should thus be equal (see figure
3.24). However, these subsequent descents in fact bring the beam into two
different inclinations in which the endpoints of the beam are obviously of
different positional heaviness.

Guidobaldo extended this discussion with further arguments, claiming
in particular that when comparing the positional heaviness of descents on
the two sides of the balance, their vertical components with regard to
the horizontal position of the beam must be taken into account because
otherwise further difficulties arise. He finally concluded that this definition
of the magnitude of positional heaviness by vertical descents is inconsistent:

164DelMonte (1577, 15v), Renn and Damerow (2010, 88).
165See point 7 of the overview, page 99.



116 3. The Context

Ergo ex diversitate tantum modi considerandi, idem pondus,
et gravius, et levius esse continget. Non autem ex ipsa natura
rei. Insuper ipsorum suppositio non asserit, pondus secundum
situm gravius esse, quanto in eodem situ minus obliquum est
principium ipsius descensus. Suppositio igitur superius allata,
hoc est, secundum situm pondus gravius esse, quanto in eodem
situ minus obliquus est descensus; non solum ex his, quaedix-
imus, ullo modo concedi potest; sed quoniam huius oppositum
ostendere quoque non est difficile: scilicet idem pondus inae-
qualibus circumferentiis, quo minus obliquus est descensus, ibi
minus gravitare.

Thus from a mere diversity in manner of consideration, and
not from the nature of the thing, it would come about that the
same weight was heavier or lighter. Moreover, their assumption
does not affirm that the positional heaviness will be greater
when at the same place the commencement of the descent is
less oblique. Hence the postulate [they] adopted above, that is,
that the weight is positionally heavier according as the descent
from the same place is less oblique, is not to be conceded at
all, for the reasons we have given; and not only that, but it is
not difficult to show the exact opposite; that is, that the less
oblique the descent of the same weight along equal arcs, the
less it weighs.'66

Guidobaldo proceeded to consider equal arcs as before but now shifted
the lower arc AM to result into the arc OP. By a rather involved geomet-
rical proof he was now able to show that by applying the definition of
his adversaries, the positional heaviness in the upper position L must be
greater than the positional heaviness in the almost horizontal position O,
which is absurd.

Guidobaldo concluded with a general methodological reflection:!6”

Non igitur ex rectiori, et obliquiori motu ita accepto colligi
potest, secundum situm pondus gravius esse, quanto in eodem
situ minus obliquus est descensus. atque hinc oritur omnis
ferme ipsorum error in hac re, atque deceptio: nam quamuis
per accidens interdum ex falsis sequatur verum, per se tamen ex

166DelMonte (1577, 16v—17r, page number 16, misprinted as 14), Renn and Damerow
(2010, 90-91). Translation in Drake and Drabkin (1969, 277).
167See point 8 of the overview, page 99.
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Figure 3.25: Guidobaldo argued that according to the definition of his ad-
versaries and contrary to their claims the positional heaviness
in point L must be greater than in point O, since the vertical
descent LX is longer than the descent TP.

falsis falsum sequitur, quemadmodum ex veris semper verum,
nil idcirco mirum, si dum falsa accipiunt; illisque tanquam
verissimis innituntur; falsissima omnino colligunt, atque con-
cludunt. Decipiuntur quinetiam, dum librae contemplationem
mathematice simpliciter assummunt; cum eius consideratio sit
prorsus mechanica: nec ullo modo absque vero motu, ac pon-
deribus (entibus omnino naturalibus) de ipsa sermo haberi
possit: sine quibus eorum, quae librae accidunt, verae caulae
reperiri nullo modo possint.

Therefore it is not possible to deduce from the degree of straight-
ness or bending of the motion (taken in their sense) that the
weight is positionally heavier [secundum situm pondus gravius
esse] according as, at a given place, the fall is less bent. And
from this arises most of their error and delusion in this mat-
ter. And though at times the truth may accidentally follow
from false assumptions, nevertheless it is the nature of things
that from the false the false generally follows, just as from true
things the truth always follows. So it is no wonder that, when
they assume false things as true and use these as a basis, they
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deduce and conclude things that are quite false. These men
are, moreover, deceived when they undertake to investigate
the balance in a purely mathematical way, its theory being ac-
tually mechanical; nor can they reason successfully without the
true movement of the balance and without its weights, these
being completely physical things, neglecting which they simply
cannot arrive at the true cause of events that take place with
regard to the balance.'%8

3.8.6 The necessity of considering the weights in conjunction

Finally, Guidobaldo approached his goal of demonstrating with the help of
a modified but still ambiguous concept of positional heaviness the indiffer-
ent equilibrium of a balance, assuming that the weight itself is changing.!6?
This rather tedious procedure is in stark contrast to his straightforward
earlier proof which made use of the concept of the center of gravity. Now,
at the beginning of the home stretch, he introduced the key idea that
distinguishes his own approach from that of his adversaries, namely that
the weights on a balance cannot be considered in isolation “as if now one
and now the other were placed in the balance, but never both of them
together.”170

Neglecting the cosmological context for the time being, Guidobaldo
first showed that the procedure of determining positional heaviness by the
amount to which a given descent partakes more or less in the direct descent,
a procedure he had just refuted with a reductio ad absurdum, allowed for
the conclusion that a balance, when removed from the horizontal, would
stay in its oblique position and not return to its original place (see figure
3.26). In his argument he used the key idea of the connection of the two
weights, stressing that one should not compare the descents of the weights
but rather the descent of one (from position D) with the simultaneous rise
of the other weight (from position E):

Erit itaque descensus ponderis in D ascensui ponderis in F ae-
qualis, et qualis erit propensio unius ad motum deorsum, talis
etiam erit resistentia alterius ad motum sursum. Resistentia
scilicet violentiae ponderis in F in ascensu naturali potentiae

168DelMonte (1577, 17v—-18r), Renn and Damerow (2010, 92-93). Translation in Drake
and Drabkin (1969, 278-279).

169Gee point 9 of the overview, page 99.

170Drake and Drabkin (1969, 279). Translated from DelMonte (1577, 18r), see Renn and
Damerow (2010, 93).
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Figure 3.26: Guidobaldo’s drawing on page 18r related to his proof of the
indifferent equilibrium of a balance in an oblique position.

ponderis in D in descensu contra nitendo apponitur; cum sit
ipsi aequalis. Quo enim pondus in D naturali potentia deorsum
velocius descendit, eo tardius pondus in E violenter ascendit.
Quare neutrum ipsorum alteri praeponderabit, cum ab aequali
non proveniat actio. Non igitur pondus in D pondus in F sur-
sum movebit. Si enim moveret; necesse esset, pondus in D
maiorem habere virtutem descendendo, quam pondus in E as-
cendendo; sed haec sunt aequalia: ergo pondera manebunt. Et
gravitas ponderis in D gravitati ponderis in E aequalis erit.

Therefore, the descent of the weight placed at D will be equal
to the rise of the weight placed at E, and whatever the incli-
nation of the one is to downward movement [propensio [...] ad
motum deorsum], such will also be the resistance of the other
to upward motion [resistentia ad motum sursum]. That is, the
resistance to the force of the weight [violentia ponderis] placed
at E in its ascent opposes itself to the natural power [naturalis
potentia ponderis| of the weight placed at D, because of their
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equality, so that by however much the weight placed at D goes
with its natural power more swiftly downward, by so much
the weight placed at F is more slowly forced upward. So that
neither of the two will weigh more [praeponderare] than the
other; there being no action that proceeds from equality, the
weight [pondus| placed at D will not move the weight placed
at E upward, because, if it did, it would be necessary that the
weight placed at D should have stronger force [maior virtus|
in descending than should the weight placed at E in rising.
But these things are equal; therefore the weights [pondus] will
remain at rest and the weighing down of the weight [gravitas
ponderis| placed at D will be equal to the weighing down of the
weight placed at E.'7!

Not leaving any doubt among his readers that he nevertheless consid-
ered the procedure applied to be worthless, Guidobaldo inserted another
virtuoso-like reductio ad absurdum. He used the same procedure of deter-
mining positional heaviness by the amount to which a descent partakes in
the vertical, to conclude that the balance would, when removed from its
original horizontal position, ultimately assume a vertical position. The ar-
gument only works when the connection of the two weights on the balance
is once again ignored. The trick of Guidobaldo’s reductio ad absurdum
is not to compare descents, as Jordanus and Tartaglia had done in order
to show that the balance returns to its horizontal position, but to com-
pare ascents instead. When previously the descent of the upper weight
was straighter than that of the lower weight so that it acquired a greater
positional heaviness, its rise is now more oblique than that of the lower
weight so that it acquires a smaller positional heaviness. As a consequence,
the lower weight which acquires a greater positional heaviness sinks to the
bottom and the balance attains a vertical position.

Quae quidem suppositio, adeo manifesta esse videtur, veluti
ipsorum altera.

This assumption seems as evident as theirs. [...]}72

Thus Guidobaldo commented and concluded that neither of these demon-
strations is true.

I71DelMonte (1577, 18v), Renn and Damerow (2010, 94). Translation in Drake and
Drabkin (1969, 279-280).

172DelMonte (1577, 19r), Renn and Damerow (2010, 95). Translation in Drake and
Drabkin (1969, 280).
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3.8.7 Guidobaldo’s reinterpretation of the concept of positional
heaviness

It is at this point that Guidobaldo introduced his own interpretation of the
changing effect of a weight attached to the end of a beam in dependence of
its inclination.!”™ Following up on his earlier discussion,'”® this interpreta-
tion takes the cosmological context into account, i.e., the finite distance to
the center of the world. Furthermore, this interpretation determines oblig-
uity in terms of the deviation of the actual path of the displacement from
the closest route to this center. This deviation is measured by the curvi-
linear angle between both paths at the initial point of the displacement. In
order to discriminate the weight pondus from its effect Guidobaldo quali-
fied the way in which a weight acts under different circumstances using the
term gravitare. He formulated his reinterpretation in the following way:

Praeterea si ipsorum suppositionem, eorumque verborum vim
recte perpendamus; alium certe habere sensum conspiciemus.
nam cum semper spatium, per quod naturaliter pondus move-
tur, a centro gravitatis ipsius ponderis ad centrum mundi, in-
star rectae lineae a centro gravitatis ad centrum mundi pro-
ductae, sit sumendum; tanto huiusmodi ponderis descensus,
magis, minusque obliquus dicetur; quanto secundum spatium
instar praedictae lineae designatum, magis, aut minus (natu-
ralem tamen locum petens, semperque magis ipsi appropin-
quans) movebitur; ita ut tanto obliquior descensus dicatur,
quanto recedit ab eiusmodi spatio: rectior vero, quanto ad idem
accedit. et in hoc sensu suppositio illa nemini difficultatem
parere debet, adeo enim veritas eius conspicua est; rationique
consentanea: ut nulla prosus manifestatione egere videatur.

In addition to this, if we shall examine their assumption, and
the force of their argument, we shall certainly see that these
have a different meaning. For since the space through which
the weight moves naturally must be from the center of gravity
of this weight toward the center of the world, along a straight
line drawn from the center of gravity to the center of the world,
it will be said that a descent of the weight made in this way
will be more or less oblique according to the space designated,
and that it will move more or less along the said line, always

173See point 10 of the overview, page 100.
174See point 3 of the overview, page 96, and chapter 3.8.3.
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going to seek its natural place by the closest route. Thus the
descent is said to be more oblique, the more it departs from
that space, and straighter the more it approaches it. Now in
this sense the assumption need not give rise to difficulty on
the part of anyone, because this is so clear in its truth and its
agreement with reason that it does not appear to need to be
made evident in any way.!™

Guidobaldo thus explained his understanding of the concept of po-
sitional heaviness, an understanding that he evidently no longer saw as
being in conflict with his own line of reasoning, which emphasized the con-
cept of center of gravity and its relation to the center of the balance and
the center of the world. The concept of positional heaviness was indeed
an underdetermined concept, susceptible to various interpretations that
were not necessarily in agreement with each other.!”® These interpreta-
tions, moreover, could vary in conciseness. A more concise interpretation
typically allows for more powerful conclusions, but is also more liable to
conflict with other branches of the conceptual network in which it is em-
ployed. Guidobaldo’s vaguer version of the concept avoided conflicts with
his elaborate framework: it allowed for comparisons between weights of
larger and smaller positional heaviness, it avoided the ambiguities that re-
sult from making the positional heaviness dependent on finitely extended
descents, but it did not comprise a quantification as will be encountered
in Benedetti’s case. In other words, there was no quantitative measure for
the positional heaviness of a given body under given circumstances.

Nevertheless, Guidobaldo’s concept opened up a wide range of conclu-
sions, in particular with regard to the cosmological behavior of balances
and weights closer or more distant from the center of the world. With
this Guidobaldo implicitly also left a challenge to his successors employing
his achievements in their own work: For instance, how stable are these
conclusions or what modifications do they require when reconsidered from
the perspective of a modified interpretation of the concept of positional
heaviness such as that of Benedetti or Galileo? As we have mentioned
above, Galileo for instance turned Guidobaldo’s statements about weights
on a balance being closer or more distant from the center of the world into
statements about weights on lesser or more steeply inclined planes.

175DelMonte (1577, 19r), Renn and Damerow (2010, 95). Translation in Drake and
Drabkin (1969, 281).
1761n the words of Yehuda Elkana, it was a “concept in flux,” (Elkana, 1970).
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3.8.8 From positional heaviness to indifferent equilibrium

After Guidobaldo had reinterpreted the notion of positional heaviness, he
now approached the task of demonstrating the indifferent equilibrium of
a balance. He had just shown that this reinterpretation would apparently
even lead to the conclusion that the lower weight tends more to the center
of the world than the upper weight. As a consequence, it seemed to follow
that the balance would spontaneously move into a vertical position as soon
its horizontal position is slightly disturbed, which is indeed a correct con-
sequence from a modern point of view which Guidobaldo, however, could
not accept. In order to show that, with the help of his reinterpretation
of the positional effect of a weight, he could nevertheless derive the in-
different equilibrium of a balance, Guidobaldo now made crucial use of
the fact that the two weights are connected. He thus complemented his
reinterpretation with the idea to consider the balance as a system with an
interaction of the two weights (see figure 3.27).177

His crucial argument was that if the two weights are joined together,
one has to consider the descent not of each single weight, but of their
center of gravity toward the center of the world. As a consequence, the
natural motions of the two weights fixed to the balance will not be along
straight lines converging at the center of the world, but along parallels to
the straight line that connects their center of gravity with the center of the
world. He argued that the connection of the two weights by the balance
forces the weights into these parallel downward tendencies.

Si vero pondera in ED sibi invicem connexa, quatenusque sunt
connexa consideraverimus; erit ponderis in £ naturalis propen-
sio per lineam MEK: gravitas enim alterius ponderis in D ef-
ficit, ne pondus in E per lineam ES gravitet, sed per EK.

But if the weights at £ and D are joined together and we
consider them with respect to their conjunction, the natural
inclination of the weight placed at F will be along the line
MEK, because the weighing down of the other weight [gravitas
alterius ponderis] at D has the effect that the weight [pondus]
placed at F must weigh down [gravitet] not along the line ES,
but along EK.178

177See point 11 of the overview, page 100.
178DelMonte (1577, 20r), Renn and Damerow (2010, 97). Translation in Drake and
Drabkin (1969, 282).
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Figure 3.27: Guidobaldo considered the weights in conjunction and argued
that the balance resulting tendencies of the weights downward
are parallel.

Having thus established the legitimacy of considering the natural de-
scents of the two weights as being parallel, Guidobaldo could now use
the same consideration as he had done before: comparing the rise of one
weight with the decline of the other. The downward tendencies of the two
weights were then identified by means of the closeness between constrained
and natural descent (or rise) as measured by the angles of contact between
these two paths:
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Cum autem suppositio illa, quae ait, secundum situm pondus
gravius esse, quanto in eodem situ minus obliquus est descen-
sus; tanquam clara, atque conspicua admittatur; proculdubio
haec quoque accipienda erit; nempe, secundum situm pondus
gravius esse, quanto in eodem situ minus obliquus est ascen-
sus. Cum non minus manifesta, rationique sit consentanea.
Aequalis igitur erit descensus ponderis in F ascensui ponderis
in D. eandem enim obliquitatem habet descensus ponderis in
E, quam habet ascensus ponderis in D; et qualis erit propensio
unius ad motum deorsum, talis quoque erit resistentia alterius
ad motum sursum.

Now assuming that the weight is positionally heavier to the
degree that its descent from a given place is less oblique, one
will also admit without doubt that the weight will be position-
ally heavier according as its rise at a given point will be less
oblique, since this is no less evident or agreeable to reason.
Therefore the descent of the weight at E will be equal to the
rise of the weight at D, because the descent of the weight at E
has as much of the oblique as does the rise of the weight at D;
and whatever may be the inclination of the one to downward
movement, this likewise will be the resistance of the other to
upward movement.' ™

Guidobaldo finally concluded:

Ex quibus sequitur pondera in D F, quatenus sunt sibi invicem
connexa, aeque gravia esse.

From which it follows that the weights at D and F, considered
in conjunction, are equally heavy.'8°

3.8.9 Guidobaldo’s interpretation of Aristotle’s balances

In agreement with his plan Guidobaldo next addressed the last argument
in favor of the balance returning to the horizontal position, involving the
idea of the meta of the balance.'®" This meta is represented by the lower

179DelMonte (1577, 20r-20v), Renn and Damerow (2010, 97-98). Translation in Drake
and Drabkin (1969, 282-283).

180DelMonte (1577, 20v), Renn and Damerow (2010, 98). Translation in Drake and
Drabkin (1969, 283).

181Gee point 12 of the overview, page 101, as well as section 3.7.
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half of the perpendicular line through the fulcrum when the support is
from above. He was quite aware of the obscure character of argument:

[...] nihil meo iudicio concludit. Figmentumque hoc de trutina,
et meta potius omittendum, ac silentio praetereundum esset,
quam verbum ullum in eius confutatione sumendum; cum sit
prorsus voluntarium.

[...] in my opinion this [i.e. the return to the horizontal] does
not follow, and this fiction about the support and the meta
should just be left out and passed over in silence; for to say
anything about it only confuses the issue, the whole thing being
arbitrary.182

Nevertheless, Guidobaldo went to some length to reveal the illusionary
character of the argument, apparently because the argument seemed to be
supported by the Aristotelian Mechanical Problems as well as by empirical
evidence.'® As to the role of empirical evidence, Guidobaldo stressed
that the case in which the balance is supported at its center is particularly
difficult to realize in practice, in contrast to the cases in which the support
is either from above or from below:

Quocirca si centrum in ipsa libra esse consideraverimus, ad
sensum confugiendum non est: cum artificilia ad summum illud
perfectionis gradum ab artifice deduci minime possint.

Hence if we consider the center to be in the balance, one can-
not have recourse to the senses, for artificial devices cannot be
brought to such a degree of perfection.!®*

This consideration may have provided a challenge and the starting point
for Guidobaldo’s efforts to actually produce such an indifferent balance, as
it is described in Pigafetta’s inserted letter quoted above (see page 87ff.).

The remainder of Guidobaldo’s discussion of the Aristotelian Mechan-
ical Problems deals mainly with the other two cases discussed by Aristotle,
i.e., the cases when the support is either from above or from below (see
figure 3.28). He had actually already dealt with these cases in the deduc-
tive part of his book, in propositions 2 and 3, on the basis of the concept

182DelMonte (1577, 20v—21r), Renn and Damerow (2010, 98-99). Translation in Drake
and Drabkin (1969, 283).

183See point 13 of the overview, page 101.

184DelMonte (1577, 22r), Renn and Damerow (2010, 101). Translation in Drake and
Drabkin (1969, 285), modified by the authors.
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Figure 3.28: In agreement with Aristotle, Guidobaldo argued that a bal-
ance supported from above when displaced from the horizon-
tal position would return to the horizontal. His proof differs,
however, from the proof of Aristotle. Guidobaldo argued that
the upper weight E requires a greater heaviness than the lower

weight F' because the descent of the upper weight toward the

center of the world S is less oblique than the rise of the lower
weight.

of center of gravity. Now Guidobaldo re-expressed these conclusions with

the help of his concept of the dependence of the heaviness (gravitas) on
the positional circumstances:

Quod non solum ex secunda, et tertia huius liquet; verum
quia existente centro supra libram pondus elevatum maiorem
propter situm acquirit gravitatem. Ex quo contingit reddi-
tus librae ad aequalem horizonti distantiam. E contra vero,
quando centrum est infra libram. Quae omnia hoc modo os-
tendentur; supponendo ea, quae supra declarata sunt. Scilicet
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pondus ex quo loco rectius descendit, gravius fieri. et ex quo
rectius ascendit, gravius quoque reddi.

This [i.e. Aristotle’s opinion that a balance supported from
above will return to the horizontal, while a balance supported
from below will move toward the lower side] is clear not only
from the second and the third propositions of the present book,
but also because, if the center is above the balance, the higher
weight acquires a greater positional heaviness, considering the
return of the balance to the position parallel to the horizon.
The contrary happens when the center is below the balance.
These things are demonstrated in the following manner, what
has been said above being assumed: that is, that the weight
will be heavier in that place from which its descent is straighter,
and is likewise heavier at the place from which its rise would
be straighter.!®®

Throughout the arguments that follow, Guidobaldo made use of defin-
ing that straightness in terms of angles of contact as he had done before.
But he also occasionally employed Tartaglia’s other definition of straight-
ness, in terms of the descent partaking more or less in the vertical. The
use of the latter definition, however, is prefaced by a note of caution on
the intrinsic falsity of this approach:

Ex ipsorum quinetiam rationibus, ac falsis supositionibus iam
declaratos librae effectus, ac motus deducere, ac manifestare
libet; ut quanta sit veritatis efficacia appareat, quippe ex falsis
etiam elucescere contendit.

Besides, we may use their logic and their false assumptions
to produce the effects and motions of the balance already ex-
plained, so that from this one may see the power of truth and
how it forces itself to shine forth even from false things.8¢

The excursion on Aristotle’s balances ends with an extension of the
previous arguments to the case in which an additional weight is placed on
one arm of the balance, to the case in which the arms of the balance are
of different lengths, and to the cases in which the arms are curved or form
an angle.

185DelMonte (1577, 23r), Renn and Damerow (2010, 103). Translation in Drake and
Drabkin (1969, 286).

186DelMonte (1577, 25v), Renn and Damerow (2010, 108). Translation in Drake and
Drabkin (1969, 289).
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3.8.10 Arguments in further propositions

This lengthy digression is followed in the Italian version by the comment of
the editor Pigafetta (page 87ff.). Guidobaldo then resumed the deductive
part of his treatise with a continuation of the systematic treatment of
the balance. What will be discussed in the following is the remainder of
Guidobaldo’s book, giving exclusive attention to the question of weights
and forces acting in a direction other than the perpendicular or toward
the center of the world and, of course, to the issue of positional heaviness.
It is in the subsequent book on the lever that these topics again play a
significant role.

Figure 3.29: Guidobaldo extended the vertical through the center of grav-
ity of the weight to the beam of the lever in order to determine
its effective heaviness, a conclusion that is not compatible
with classical mechanics.

The crucial theorem is proposition 5 (see figure 3.29):

Potentia quomodocunque vecte pondus sustinens ad ipsum pon-
dus eandem habebit proportionem, quam distantia a fulci-
mento ad punctum, ubi a centro gravitatis ponderis horizonti
ducta perpendicularis vectem secat, intercepta, ad distantiam
inter fulcimentum, et potentiam.
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The power that sustains the weight in any way by means of the
lever will have the same proportion to the weight as that of the
distance from the fulcrum to the point on the lever, vertical to

the center of gravity of the weight, to the distance between
187

fulerum and the power.

Figure 3.30: Guidobaldo considered the lever in various positions, always
determining the effective lever arm by vertically projecting
the position of the center of gravity of the sustained weight
upon the lever arm.

In order to fully appreciate the significance of what Guidobaldo had in
mind, it is necessary to consider the ensuing applications of this theorem
as well, for instance proposition 8 (see figure 3.30):

Potentia pondus sustinens centrum gravitatis supra vectem
horizonti aequidistantem habens, quo magis pondus ab hoc
situ vecte elevabitur; minori semper, ut sustineatur, egebit po-
tentia: si vero deprimetur, maiori.

187TDelMonte (1577, 43v), Renn and Damerow (2010, 144). Translation in Drake and
Drabkin (1969, 300).
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If the power sustaining the weight which has its center of grav-
ity above a horizontal lever is given, then, the more the weight
is raised from this position by means of the lever, the smaller
the power required to sustain it. But if it shall be lowered,
greater power is required.'®®

In other words, Guidobaldo attempted to address the variation of the
force required to lift a weight placed from above on a lever, when that lever
is either raised or lowered. Now while it does seem that in this analysis
Guidobaldo made use of the projection on the horizontal, measuring the
effective length of the lever arm of a weight appended or sustained at
an angle, this is actually not the case. What he considered is merely the
projection of the center of gravity of the sustained weight along the vertical
upon the lever arm in an oblique or horizontal position. In the case of a
weight placed from above on a lever arm, the base point of this projection
on the lever is then taken as determining the effective length of the lever
arm. This is different from the way in which the effective weight (or rather
the torque) would have to be determined according to classical physics.
From a modern perspective, it would be the point where the perpendicular
through the center of gravity of the weight placed on the lever arm crosses
the horizontal (and not the arm of the lever as Guidobaldo had it) that
determines the effective length of the lever arm, namely the distance of this
point from the fulcrum. The two procedures only coincide in the trivial
case in which the lever is in a horizontal position. In summary, although
Guidobaldo’s approach is vexingly close to that of Benedetti and Galileo,
it does not actually yield the same correct results.

Another instance in which Guidobaldo needed to take into account
something like positional heaviness can be found in his book on the wheel
and the axle (see figure 3.31). Proposition 1 of this book states that

Potentia pondus sustinens axe in peritrochio ad pondus ean-
dem habet proportionem, quam semidiameter axis ad semidi-
ametrum tympani una cum scytala.

The power sustaining the weight by means of the wheel and
axle is in the same ratio to the weight as the radius of the axle
to the radius of the wheel including the handle.!89

188DelMonte (1577, 49r), Renn and Damerow (2010, 155). Translation in Drake and
Drabkin (1969, 301-302), with slight modifications.

189DelMonte (1577, 107r), Renn and Damerow (2010, 271). Translation in Drake and
Drabkin (1969, 318).
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Figure 3.31: Guidobaldo reduced the wheel to the case of a balance in
which the power may act in a non-vertical direction. He did
not offer a general procedure for determining the effective
lever arm.

In the context of explaining this proposition Guidobaldo also consid-
ered the case in which the power is applied to a handle not in a horizontal
but in an oblique position. He treats this case according to the model
of a balance at the end points of which the weight to be moved and the
moving weight (representing the power) are attached. This balance is in
an oblique position, its fulcrum supposed to be at the center of gravity
of the two weights (and not at the center of the wheel). The relation be-
tween those two weights, in case of equilibrium, can hence be derived from
the law of the lever. Remarkably, Guidobaldo did not make use of the
treatment of the bent lever according to the procedure of determining ef-
fective lever arms by horizontal projection, a procedure that would, in this
case, have yielded the same result. His approach is indeed not a generic
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one at all, but depends entirely on the adequate identification of the lever
problem at hand.

Figure 3.32: Pigafetta, the translator of Guidobaldo’s book, added Pap-
pus’ erroneous proof of the law of the inclined plane.

The risky character of this identification may be well illustrated by a
third instance in which something like positional heaviness plays a role. In
his book on the screw, Guidobaldo dealt with its reduction to the inclined
plane which in turn is reduced to the balance. For the latter reduction he
referred to Pappus. Pappus’ analysis of the inclined plane has therefore
at this point been inserted into the Italian edition by Pigafetta (see fig-
ure 3.32). It considers a spherical body placed on an inclined plane and
imagines that the force needed to move its weight along the plane can be
determined by imagining the whole situation being equivalent to that of
an appropriately positioned balance. The procedure is indeed quite sim-
ilar to the one we have just encountered in the discussion of wheel and
axle, albeit much more problematical. A balance with unequal arms in
horizontal position is erected from the point at which the sphere touches
the inclined plane, its fulcrum being positioned vertically above it. At one
side of the balance the body to be moved is attached, and on the other
side, a weight, whose magnitude is to be determined, that balances the
body to be moved. The length of this other side is given by the point at
which the horizontal balance arm touches the plane. In other words, from
the geometrical constellation the lengths of both lever arms are known so
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that the magnitude of the counter-balancing weight can be obtained, and
from it, and some dynamical assumptions, the power needed to move the
given weight along the inclined plane. Although the procedure reproduces
correctly some qualitative features of the problem, such as the increase of
power with steepness of the plane, it turns out to be incompatible with
classical physics, implying that an infinitely large power would be required
to lift a weight vertically.

In his 1588 book on Archimedes,'® Guidobaldo briefly returned to
the issue of the distances at which weights act to form a center of gravity.
But instead of entering a detailed discussion of the positional effect of a
weight, he limited himself to emphasizing that one should always consider
weights arranged in a straight line (see figure 3.33):

Quare cum Archimedes tam in hoc postulato, quam in sequen-
tibus, supponit pondera in distantiis esse collocata, intelligen-
dum est distantias ex utraque parte in eadem recta linea exis-
tere. Nam si (ut in secunda figura) distantia A B fuerit aequalis
distantiae BC, quae non in directum iaceant, sed angulum con-
stituant; tunc pondera AB, quamvis sint aequalia, non aeque
ponderabunt. nisi quando (ut in tertia figura) iuncta AC, bi-
fariamque divisa in D, ductaque BD, fuerit haec horizonti per-
pendicularis, ut in eodem tractatu nostro exposuimus. Distan-
tias igitur in eadem recta linea semper existere intelligendum
est. ut ex demonstrationibus Archimedis perspicuum est.

For this reason, since Archimedes assumes in this postulate as
well as in the following ones that the weights are placed at
certain distances, it is to be understood that these distances
exist on both sides in the same straight line. For if (as in
the second figure) the distance AB were equal to the distance
BC, which do not lie along a straight line, but constitute an
angle, the weights AB, although they are equal, do not weight
equally [non aeque ponderabunt], other than when (as in the
third figure) AC is connected and divided in half at D and BD
being drawn, the latter would be perpendicular to the horizon,
as we have discussed in our treatise. Therefore the distances
are always understood to be along the same straight line, as is
evident from the demonstrations of Archimedes.*!

190DelMonte (1588). For extensive historical discussion, see Frank (2007).
91DelMonte (1588, 25).
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Figure 3.33: In his 1588 book on Archimedes, Guidobaldo stressed that
the distances of weights have to be considered always along
the same straight line, without giving a prescription for the
case of a bent lever.
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3.8.11 The flaws of Guidobaldo’s understanding of the
positional effect of heaviness

After this lengthy discussion, following Guidobaldo’s meandering argu-
ments, let us summarize his views on positional heaviness. He abandoned
the framework of Jordanus and Tartaglia as he considered this to be incom-
patible with his own treatment based on the concept of center of gravity.
He considered their exclusive focus on the straightness of descent as re-
sulting from a purely mathematical perspective, neglecting the fact that
the descent of a body is related, on the one hand, to the mechanical con-
straints of the motion of weights suspended from a balance, and, on the
other, to the direction of the descent toward the center of the world.

In view of his extensive discussion of the concept as well as the argu-
ments of his adversaries, which were based on it, one may ask if Guidobaldo
himself believed in a concept of positional heaviness that may be freed from
the contradictions he had revealed, or whether his use of that concept was
exclusively polemical in character. At first glance one may be inclined to
answer this question in favor of the merely polemical use, as indeed most
interpreters have done.

On closer inspection, however, it has turned out that Guidobaldo
did not reject the concept of positional heaviness altogether. He reinter-
preted it using a conceptual differentiation between the weight (pondus)
and its heaviness (gravitas) as a result of the positional circumstances of
its descent. In his own treatment, Guidobaldo avoided the definition of a
quantitative measure of the positional effect of a weight in a constrained
situation so as not to run into the same ambiguities he himself had crit-
icized. Instead, he limited himself to a consideration of the tendency of
the center of gravity to join the center of the world along the most direct
path possible, without having the mathematical means at his disposal to
make such a procedure concise. He used ad-hoc suppositions to obtain the
results he believed to be true. In this way, however, he exposed himself to
the same kind of criticism that he had raised against his adversaries.

In summary, neither in the polemical nor in the deductive part of
Guidobaldo’s treatise on mechanics, a generic procedure for quantitatively
determining positional or effective heaviness by a projection of the lever
arm onto the horizontal can be found that corresponds to the modern pro-
cedure for determining the torque of a weight on a bent lever. Similarly,
no treatment of this problem of forces not acting along the vertical was
offered by Guidobaldo. Against this background, the question of how he
might react to an analysis in which such procedures are employed becomes
relevant as it must have constituted a foundational challenge for his me-
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chanics. Pondering this question would have remained a matter of mere
speculation were we not in the fortunate position of having Guidobaldo’s
extensive marginalia on Benedetti’s book at our disposal.

3.9 Benedetti’s approach to positional heaviness

For Benedetti’s mechanics a specific way of determining positional heavi-
ness, measured by the distance from the fulcrum to the line of inclination
of a weight (linea inclinationis, the line connecting the center of gravity of
the weight to the center of the elements) played a crucial and unambigu-
ous role.'92 Benedetti’s situation was, in fact, somewhat different from
that of his predecessors. Nothing speaks against the assumption that he
was familiar with the preceding literature, in particular, with the works
discussed above. He thus also knew the pitfalls and contradictions into
which the discussion of the positional effect could lead. In the beginning
of his treatise on mechanics he introduced the positional aspect of weight,
without, however, explicitly introducing positional heaviness as a technical
term.

Benedetti then carefully analyzed how a weight changes its effect in
dependence on the position of a moveable arm of a balance.'®3 Follow-
ing the tradition of his predecessors, he explained this change of effective
weight in physical terms by claiming that a weight is impeded by the bal-
ance arm in following its straight path to the center of the region of the
elements, as he expressed himself. As a consequence, it exerts a certain
pressure on the arm which varies according to its inclination. This pres-
sure will be greater the nearer the arm is to the vertical, while it would
vanish in the horizontal position. Hence the weight will be positionally
heavier when the moveable arm of the balance is along the horizontal than
in any other position.

More specifically, Benedetti proposed a quantitative measure of a
given weight or of a motive force according to its position. In contrast
to Tartaglia’s measure of positional heaviness, he determined the (posi-
tional) weight using a projection by means of perpendiculars drawn from
the center of the balance to the line of inclination, corresponding to the
effective length of the lever arm. This argument resembles Cardano’s first
argument, that is, to take the horizontal component of the distance to the

192Benedetti (1585, 141-142), pages 329-330 in the present edition. See also sections 6.1
and7.1.

193Benedetti (1585, 142-143), pages 330-331 in the present edition. See also sections 6.1
and 7.2.
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support as a measure of the positional heaviness. However, going beyond
Cardano who only considered the case of parallel directions to the cen-
ter of the world, Benedetti also considered lines of directions not directed
along the vertical. From the perspective of classical physics Tartaglia’s
(and Jordanus’) concept of positional heaviness is closer to issues of en-
ergy conservation and the work principle, while that of Benedetti (and
later of Galileo) is closer to the modern concept of torque (see section 1.4).

Benedetti may have taken his lead from Cardano’s argument or even
from its criticism by Guidobaldo. But he may also have turned a re-
sult that he could have found in Jordanus’ De ratione ponderis, edited by
Tartaglia,'?* into a key principle of his mechanics. As we have discussed,
proposition 8 of De ratione ponderis states in fact that when the arms
of a balance form an angle, then if their ends are equidistant from the
vertical line passing through the axis of support, equal weights suspended
from them will be of equal heaviness (see figure 3.15).1%5 Jordanus’ proof
is a rather complex indirect proof that is based on showing that if such a
balance were not in equilibrium, a weight by descending through a certain
vertical distance would be able to lift an equal weight by a larger verti-
cal distance, which is assumed to be impossible. If Jordanus was indeed
Benedetti’s starting point, which seems likely as he referred to de Nemore
(1565), then he must have dropped any consideration of such vertical de-
scents and rather took the end result of Jordanus’ analysis, namely the
distance of a weight from the line of suspension, as a general criterion for
its positional effect.!?6

Benedetti also made use of his method to determine the effectiveness
of a force according to its position by treating a balance with a weight
on one arm and a force acting on its other arm at an angle other than
90 degrees.'” The line of inclination is hence, in this case, not a perpen-
dicular but given by the direction in which the force acts. Nevertheless,
Benedetti’s procedure is general enough to cover this case as well. Ac-
cordingly, a perpendicular is drawn from the center of the balance to the
oblique line of inclination, and it is the length of that perpendicular which
determines the effective lever arm of the force. This treatment happens to
be in agreement with the way in which the torque of the force would be
determined according to classical physics (see section 1.4).

194de Nemore (1565).

195Moody and Clagett (1960, 185-187). See also the discussion in sections 2.1 and 3.5.

196We have observed such a process of reinterpretation also in many other instances
of conceptual development, see e.g. Damerow et al. (2004), and referred to it as a
Copernicus process.

197Benedetti (1585, 143), page 331 in the present edition. See also sections 6.1 and 7.3.
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Benedetti also dealt with the fact that the beam of a balance is not
a mathematical line but a material body which he imagined as having a
rectangular cross-section.'”® Furthermore, he treated balances supported
at one of their ends. His idea was to use his treatment of forces not
acting along the vertical in order to reduce such a material balance to
the simple case of a bent lever. For this purpose he first imagined a
balance supported from below with two bodies attached to its arms that
are conceived as exerting their weights from the top of the rectangular
beam of the balance. Connecting the fulcrum of the balance with the
places of the weights Benedetti thus obtained a triangle positioned on its
top. He then argued that what determines the effectiveness of the weights
are the distances of their lines of inclination from the center, i.e. the
horizontal projections of the sides of that triangle. Next he generalized
the treatment to the cases of balances supported at their center or at
another point. Benedetti claimed that such an analysis of the material
beam had never been achieved before in the literature.'®?

Benedetti further addressed alleged errors in Tartaglia’s Quesiti.
His main target, however, was Tartaglia’s understanding of the concept
of positional heaviness. He did agree with Tartaglia’s general claim which
has been quoted above (see section 3.7).

200

Dalle cose dette, et dimostrate di sopra, se manifesta qualmente
un corpo grave in qual si voglia parte, che lui se parta, over
removi dal sito della equalita lui si fa piu leve, over leggiero
secondo il sito, over luoco, et tanto pitt quanto piu sara remosso
da tal sito [...]

From the things said and demonstrated above, it is manifest
how a heavy body, whenever parted or removed from the posi-
tion of equality, is made positionally lighter, and the more so,
the more it is removed from that position.?0!

But he disagreed with the cause assigned by Jordanus and Tartaglia to
this effect. According to Benedetti,

quia vera causa per se ab eo oritur, quod a centro librae de-
pendeat ut primo cap. huius tractatus ostendi.

198 Benedetti (1585, 144-146), pages 332-334 in the present edition. See also sections 6.1,
7.4 and 7.5.

199Drake and Drabkin (1969, 171).

200Benedetti (1585, 148-151), pages 336-339 in the present edition. See also sections 6.2,
7.6 and 7.7.

201 Tartaglia (1546, 90r). Translation in Drake and Drabkin (1969, 127).
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the true cause emerges by itself from the fact that the weight
hangs down [in part] from the fulcrum of the balance, as I
showed in the first chapter of this treatise.202

In other words, Benedetti stressed that by taking into account the distance
from the fulecrum to the line of inclination his approach to the positional
effect of a weight is distinct from and superior to Tartaglia’s consideration
in the Jordanus tradition of straightness of descent.

More specifically, Benedetti refuted several of Tartaglia’s claims. In
particular, he disputed the central claim in the equilibrium controversy
that when a balance is moved from its horizontal position it will return to
this position because the body that had been moved upward will attain
greater positional heaviness than the body which had been moved down-
ward.2?3 As we have seen above, Jordanus’ and Tartaglia’s argument was
based on comparing the descents of the two weights. In other words, the
balance would thus have to break in the middle in order to visualize these
descents. Benedetti now pointed to the simple fact, already emphasized by
Guidobaldo, that, when one weight descends, the other must ascend, and
that the corresponding arcs will always be similar to each other and placed
in the same way. He concluded that no positional difference in heaviness
can be produced in the way that Tartaglia argued.2%*

Nevertheless, Benedetti did not believe in an indifferent equilibrium
of such a balance when considered in a cosmological context. In the con-
tinuation of his argument, he rather came to the from a modern viewpoint
correct conclusion that, when such a balance in equilibrium is displaced
from its original horizontal position, the weight that has been lowered will
actually assume a greater positional heaviness than the one that has been
lifted up:

Pondus igitur ipsius A in huiusmodi situ, pondere ipsius B
gravius erit.
Therefore the weight of A in this [lower] position will be heavier

than the weight of B.205

He reached this conclusion by taking into account that the lines of
inclination of the two weights are not parallel to each other but must

202Benedetti (1585, 148), page 336 in the present edition. Translation in Drake and
Drabkin (1969, 175).

203 Thirty-second question, fifth proposition; see Drake and Drabkin (1969, 124-127).

204Drake and Drabkin (1969, 175).

205Benedetti (1585, 148), page 336 in the present edition. Translation in Drake and
Drabkin (1969, 176).
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converge at the center of the elements. The effective lever arms of the two
weights must hence be determined by perpendicular lines drawn from the
center of the balance to these lines of inclination. It now turned out that
the perpendicular line, corresponding to the weight that had been lowered,
is larger than the line corresponding to the weight that had been lifted.
Consequently, the lower weight had become heavier positionally so that
one would expect the balance to tilt into a vertical position (see figure
1.4).

Benedetti added some more critical remarks on Tartaglia’s way of
considering positional heaviness. Tartaglia had argued in Quesiti, as we
have seen, that the upper weight attains a greater positional heaviness
than the lower one, but that this difference is arbitrarily small and can
therefore not be compensated by any finite weight.2°6 This conclusion
was reached by comparing curvilinear angles of contact on each side of
the balance. In his analysis of this argument Benedetti again took into
account that the lines of inclination are not parallel to each other but
must converge toward the center of the elements, just has Guidobaldo had
done before him. Clearly, since Tartaglia’s argument hinges on angles of
contact, which are infinitesimally small compared to ordinary angles, even
that small deviation from being parallel must matter in this case. Taking
this into account, Benedetti was able to construct a contradiction, thus
refuting Tartaglia’s argument. He concluded:

Omnis autem error in quem Tartalea, lordanusque lapsi fuerunt
ab eo, quod lineas inclinationum pro parallelis vicissim sumpserunt,
emanuit.

Now the whole error into which Tartaglia and Jordanus fell
arose from the fact that they took the lines of inclination as
parallel to each other.207

Other propositions of Tartaglia, such as his demonstration using the
concept of positional heaviness of basic properties of a balance with un-
equal arms in propositions 7 and 8 of the Quesiti, were dismissed as
lacking in rigor when compared to the corresponding demonstrations of
Archimedes. Concerning the inclined plane treated in Tartaglia’s proposi-
tion 14, Benedetti interpreted it by reducing it to a balance in a position
parallel to the plane. He did not consider the vertical displacements that

206 Thirty-third question, sixth proposition; see Drake and Drabkin (1969, 130-131). See
the discussion in section 3.6.

207Benedetti (1585, 150), page 338 in the present edition. Translation in Drake and
Drabkin (1969, 177).
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are crucial to the analysis given by Jordanus and Tartaglia. Instead, he
rather argued that Tartaglia’s geometrical analysis was flawed by the ne-
glect of the convergence of the lines of inclination at the center of the
elements and that the same body which Tartaglia considered at different
positions on the same inclined plane cannot have the same weight in these
positions since, in Benedetti’s interpretation, they correspond to places at
different lengths along the arm of a balance.

In summary, Benedetti had introduced a way to determine the posi-
tional effect of a weight or a force that essentially gives, in the cases he
considered, the same results as the application of the modern concept of
torque. In particular, Benedetti had managed to go beyond the considera-
tion of weights tending downward to include forces acting in an arbitrary
direction. In this way, he was also able to take into account the fact that,
on a spherical earth, the lines of inclination of weights on a balance are not
parallel. He did not manage, however, to successfully apply his measure
of positional heaviness to challenging objects such as the inclined plane.

3.10 Benedetti, Guidobaldo, and Galileo

Historians of science have always regarded Benedetti’s Diversarum specu-
lationum [...] liber®*® as remarkable because of the close similarity of some
of its parts with Galileo’s early writings. The range of themes and methods
common to both authors is indeed astonishing. Both Benedetti and Galileo
proposed a theory of the motion of fall based on Archimedean hydrostatics,
both considered the acceleration of this motion and its causes, both for-
mulated what in hindsight appear as proto-inertial principles, both dealt
with the bent lever in a similar fashion, both analyzed the relation between
vibrating strings and musical tones, both formulated similar views on the
irradiation of surfaces, both expressed similar views on thermal and hydro-
static phenomena, and, last but not least, both embraced the Copernican
world system.?%? Many of these themes and ideas belonged to the shared
knowledge of preclassical mechanics. Yet, in some respects the agreement
of their approaches is so striking that one may wonder whether it is due
to mere coincidence.

In the introduction to Mechanics in Sixteenth-Century Italy Stillman
Drake writes:

208Benedetti (1585).
209For an overview, see Bordiga (1985).
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The question of Benedetti’s influence, particularly on the young
Galileo, is one of great interest and importance in the history
of mechanics in the sixteenth century.2'°

Still, in spite of many pages dedicated to the issue over more than one
century, the question of Benedetti’s direct impact on Galileo has remained
unclear, in particular as Benedetti was never mentioned by him. Did
Galileo ever consider Benedetti’s mechanics, his theory of motion, and his
cosmology in any detail? Did Benedetti’s work shape Galilei’s own views
during his formative years, and, if so, why did he never refer to it?

There are a number of possible connections that have been consid-
ered in the past. For instance, Galileo’s Pisan colleague Jacopo Mazzoni
mentioned Benedetti in In universam Platonis et Aristotelis philosophiam
praeludia from 1597.2'1 He also received a letter from Galileo, written
on May 30, 1597 arguing for the Copernican world view.?!2 In his book
Mazzoni referred to Benedetti’s discussion of the possibility that motion
along a straight line can be continuous,?!® a theme that was later taken
up by Galileo in chapter 20 of De Motu, which also contains an explicit
reference to Copernicus.?'* Another potential intermediary was Galileo’s
friend Paolo Sarpi who discussed Benedetti’s theory of fall in Pensieri
naturali e metafisici.?®> While earlier historians of science such as Cav-
erni, Duhem, Wohlwill, and Mach stress Benedetti’s role for the history
of mechanics and his pivotal role for Galileo’s subsequent achievements,
the more recent historical literature tends to deny the possibility of an
influence of Benedetti on Galileo.?'6

210Drake and Drabkin (1969, 36).

211 Mazzoni (1597).

212Favaro (1968, vol. 2, 194-202).

213Gee Benedetti (1585, 183—-184). For a historical discussion of the context of this
argument in contemporary technology, see Freudenthal (2005).

214Mazzoni (1597, 193) and Galilei (1960b, 326). It is conceivable that such issues
had been discussed, inspired by Benedetti’s work, between Galileo, Mazzoni, and
Guidobaldo during the latter’s stay in Tuscany in 1589. We would like to thank
Pier Daniele Napolitani for drawing our attention to this possibility and to the above-
mentioned passages.

215Cozzi and Sosio (1996). For an overview of such potential connections, see the dis-
cussion in Bordiga (1985, 732-736) who also mentions Mersenne, Clavius, and Cardinal
Michelangelo Ricci as possible intermediaries.

216See the discussion by Ventrice in Bordiga (1985, 732-736) who mentions Drake,
Drabkin, Fredette, and Galluzzi among those who are skeptical about a concrete
influence of Benedetti on Galileo. A notable exception are the commentaries by
Carugo and Geymonat to their edition of Galileo’s Discorsi (Carugo and Geymonat,
1958). Bertoloni Meli even discusses the possibility of Guidobaldo and Galileo dis-
cussing Benedetti, but nevertheless rejects any substantial influence by the latter on
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The present edition of the parts of Benedetti’'s book that deal with
mechanics together with Guidobaldo’s critical notes may help to provide
a somewhat surprising answer to this question. It was most probably
Guidobaldo, Benedetti’s fervent opponent in matters of mechanics, who
served as a conduit to Galileo and, at the same time, made it virtually
impossible for Galileo to openly admit to this influence if did he not want
to risk the protection of the most important patron of his early career.

Among the most striking and consequential similarities between the
work of the young Galileo and that of Benedetti is the latter’s theory of
the motion of fall,?!” with the treatment of the motion of fall as motion in
a medium according to Archimedean principles, just as it was presented
in Galileo’s early work De motu.?'® After carefully examining the issue,
Drabkin arrived at the following conclusion:

While there may be some instances of the influence, direct or
indirect, of the earlier author on the later, in many cases the
similarities seem to be the reflection of a common heritage and
tradition, the use of the same sources, or the concurrence of
independent minds.2!?

Drake surmised, referring to a period extending at least up to 1596:

But of course it may be simply that Galileo had not yet heard
of Benedetti.??0

In line with this assessment, even recent, more careful studies of the
emergence of Galileo’s science have basically ignored a possible impact
of Benedetti on its formative period.

There are, however, other perhaps less striking similarities between
Galileo and Benedetti. One of them is the prominence of the bent lever in
their writings on mechanics, which contrasts with the rather minor role it

Galileo’s thinking because that influence would have supposedly arrived too late, see
Bertoloni Meli (2006, 61-65).

217This topic was the first subject in the letter of dedication in Resolutio (Benedetti,
1553). It was taken up again with different arguments in the two editions of Demon-
stratio (Benedetti, 1554, 1555). Finally it became the subject of a chapter on the
Aristotelian theory of motion in Diversarum speculationum |[...] liber (Benedetti, 1585,
168-197) which remained without any marginal notes by Guidobaldo.

2188ee Galilei (1909a, 1960b).

219Drabkin (1964, 630).

220Drake and Drabkin (1969, 37).
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played for Guidobaldo.??! A related similarity is the analysis of the bent
lever in terms of special concepts expressing the varying effect of a weight
according to its position.

In his mechanical writings, most likely postdating his move to Padua,
Galileo used such a term for expressing the varying effect of a weight, his
famous concept of momento which he defined as follows:?22
Momento & la propensione di andare al basso, cagionata non
tanto dalla gravita del mobile, quanto dalla disposizione che
abbino tra di loro diversi corpi gravi.

Moment is the tendency to move downward caused not so much
by the heaviness of the movable body as by the arrangement
which different bodies have among themselves.??3

Galileo’s concept of momento®?* and his analysis of the bent lever,

crucial to both his mechanics and his theory of motion, evidently emerged
from the midst of the controversy about the concept of positional heavi-
ness. In this controversy Galileo took a position much closer to Benedetti
than to Guidobaldo. Instead of positional heaviness Galileo used the con-
cept of momento or momentum that Guidobaldo had introduced in his
book by quoting Commandino’s definition of the center of gravity. But
while Guidobaldo made no further use of it in his mechanics, Galileo took
this concept with respectable lineage in the Urbino school, gave it a new
meaning that was taken over from Benedetti and made it a pillar of his
own framework, including, following Commandino, the definition of the
center of gravity:

Centro della gravita si diffinisce essere in ogni corpo grave quel
punto, intorno al quale consistono parti di eguali momenti.

Center of gravity is defined to be that point in every heavy
body around which parts of equal moments are arranged.?2?

The evidence for our claim concerning Benedetti’s legacy in Galileo’s
work comes from Guidobaldo’s marginal notes on Benedetti’s book, as

221Benedetti’s achievements in this regard have been recognized in the history of me-
chanics since Mersenne’s French edition, Galilei (1634); see the discussion in Bordiga
(1985, 184-187). For a more recent assessment, see Benvenuto (1987).

222Remarkably, the concept of momento is also used in Stigliola’s treatise from 1597, see
Stelliola (1597) and, for historical discussion, Gatto (2006).

223Favaro (1968, vol. 2, 159). Translation in Galilei (1960a, 151). See also Galilei (2002).

2248ee the extensive discussion in Galluzzi (1979).

225Favaro (1968, vol. 2, 159). Translation in Galilei (1960a, 151). See also Galilei (2002).
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well as from his entries in a research notebook, known under the title of
Meditatiunculae,?®® which contain traces of Galileo’s intervention in this
controversy.

According to Benedetti and Galileo (and in contrast to Tartaglia and
Guidobaldo) the effective length of the lever arm, obtained by drawing a
perpendicular from the fulcrum of the balance to the line of inclination
determines the effectiveness of a weight or a mechanical constellation. As
we have seen, the measure of positional heaviness used by Benedetti had
already played a role in Cardano’s treatment of the balance in De subtilitate
where it occurs together with two other measures.?2” While these measures
in a similar way qualitatively determine the changing effect of a weight
attached to a balance in dependence on the obliquity of the beam, they
result in quantitatively different values. Cardano was either unaware of
these differences, or he simply did not pay attention to the possibility of
defining a quantitative measure of the magnitude of positional heaviness.

As we have also discussed, in contrast to Cardano, Benedetti unam-
biguously introduced a quantitive measure for the magnitude of a given
weight or force in dependence of the positional circumstances (see section
3.9). His prescription is strikingly similar to that of Galileo:

Quod quantitas cuiuslibet ponderis, aut virtus movens respectu
alterius quantitatis cognoscatur beneficio perpendicularium duc-
tarum a centro librae ad lineam inclinationis.

That the magnitude of one given weight or the magnitude of
one motive force in comparison with another can be found by
means of perpendiculars drawn from the center of the balance
to the line of inclination.?2®

Similarly Galileo wrote in his Mechanics:

Ma qui ¢ d’avvertire, come tali distanze si devono misurare
con linee perpendiculari, le quali dal punto della suspensione
caschino sopra le linee rette, che dai centri della gravita delli
due pesi si tirano al centro commune delle cose gravi.

But here it must be noted that such distances must be mea-
sured with perpendicular lines dropped from the point of sus-

226 DelMonte (1587).

227Cardano (1550, 16-20), see section 3.7.

228 Benedetti (1585, 143), page 331 in the present edition. Translation in Drake and
Drabkin (1969, 169).
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pension upon the straight lines drawn from the centers of grav-
ity of the two weights to the common center of heavy bodies.??"

In his Mechanics, Galileo later stressed once more how important it is to
carefully define the effective distances of weights from their support:

Un’altra cosa, prima che piu oltre si proceda, bisogna che sia
considerata; e questa ¢ intorno alle distanze, nelle quali i gravi
vengono appesi: per cio che molto importa il sapere come
s'intendano distanze eguali e diseguali, ed in somma in qual
maniera devono misurarsi.

There is one thing that must be considered before proceeding
further, and this concerns the distances at which heavy bodies
come to be weighed; for it is very important to know the sense
in which equal and unequal distances are to be understood,
and in what manner they must be measured.23°

He also made it clear in his analysis of the inclined plane by means of
the bent lever that this procedure is critical in determining the momento of
a given weight.23! As discussed earlier, in his Diversarum speculationum
[-..] liber Benedetti convincingly demonstrated the effectiveness of this
method in determining the magnitude of a force or weight according to its
position.

Another remarkable similarity between Benedetti’s and Galileo’s me-
chanics is the proof of the law of the lever. Both started by considering a
uniform weight supported from its center of gravity which is then broken
into unequal pieces sustained by strings from a support above the uniform
weight. The proof then argues about the possibility to rearrange these
strings without disturbing the equilibrium. Benedetti’s somewhat obscure
proof was critically annotated by Guidobaldo (see section 7.15). A sim-
ilar proof is then much more clearly expressed in Galileo’s mechanics.?32
Finally, Benedetti’s discussion of projectile motion may have stimulated
Galileo and Guidobaldo’s joint experiment using an inclined plane to trace
the trajectory of a projectile (see page 199).

The very existence of Guidobaldo’s marginal notes on Benedetti’s Di-
versarum speculationum [...] liber provides one definitive answer to the
question of who had actually read this book. The fact that Guidobaldo

229Favaro
230Favaro
231 Favaro
232Favaro

1968, vol. 2, 160). Translation in Galilei (1960a, 152).
1968, vol. 2, 164). Translation in Galilei (1960a, 156-157).
1968, vol. 2, 181) and Galilei (1960a, 173).

1968, vol. 2, 161-163) and Galilei (1960a, 153-154).

A~~~
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del Monte had read it, however, is not entirely new.?33 Guidobaldo’s note-
book, the famous Meditatiunculae,?** contains a few entries referring to
Benedetti’s book which furthermore suggest that Guidobaldo must have
studied this work at about the same time he began to correspond with
Galileo.?%> Tt has also been shown that other entries in the Meditatiunculae
document common research and discussions by Guidobaldo and Galileo.?36

This coincidence strongly suggests that Guidobaldo served as a con-
duit to his younger colleague Galileo, transmitting knowledge about some
of Benedetti’s methods that he himself rejected. A closer inspection of the
Meditatiunculae reveals striking evidence for the likelihood of this scenario.
Remarkably, the page of Guidobaldo’s notebook facing the page with his
most detailed critique of Benedetti shows Galileo’s famous construction
relating the bent lever to the inclined plane (see figure 3.34).237

Figure 3.34: Galileo’s construction relating the bent lever to the inclined
plane in Guidobaldo’s notebook.

233See Renn et al. (2001, 74).

234DelMonte (1587). For a historical discussion and a transcription, see Tassora (2001).

235Gee, in particular, DelMonte (1587, 145-146), extensively discussed in sections 5.2
and 7.3 below.

236See Renn et al. (2001).

237DelMonte (1587, 145bis), this page may have been inserted.
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Figure 3.35: Guidobaldo’s construction related to the inclined plane in his
notebook. The construction was adapted from Pappus’ erro-
neous solution.

This circumstance is all the more noteworthy as Guidobaldo’s note-
book also contains, on an earlier page, his own problematic adoption of
Pappus’ analysis of the inclined plane (see figure 3.35).23% In his writings
Galileo had criticized this analysis,??® substituting it with his own solu-
tion of the problem which makes use of the bent lever conceptualized in
the same way as Benedetti did. Guidobaldo therefore must have learned
about this proof from Galileo, and he must also have seen the connection to
Benedetti’s methods. It is in any case most unlikely that the two scientists
did not discuss this connection and it is quite plausible that Galileo be-
came familiar with Benedetti’s work through Guidobaldo. Galileo started
corresponding with Guidobaldo in 1588, three years after the publication
of Benedetti’s book and shortly before he embarked on what later became
known as his writings De Motu.?4* First Galileo wrote a dialogue ver-
sion and then an essay in twenty-three chapters. Only this second version
contains his proof of the law of the inclined plane, the argument about
continuity of motion along a straight line, and the mention of Copernicus.
Most probably this version was written after Galileo became familiar with
Benedetti’s work. His treatise on mechanics, which for the first time ex-
plicitly discussed the problem of the effective lever arm, was only written
much later, certainly after he had visited Guidobaldo in 1592 on his way

238DelMonte (1587, 64).

239Galilei (1960a, 172).

240Galilei (1960b). For a thorough discussion of the chronology of these writings, see
Giusti (1998).
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to Padua (see section 2.3). It therefore seems most probable that Galileo
was familiar with key ideas of Benedetti when he wrote these works.

A more detailed examination of Guidobaldo’s argument in his note-
book makes it evident that the discussion of Benedetti’s work was not only
a turning point for Galileo, but also for Guidobaldo himself. In fact, this
discussion must have convinced him, at least to some extent, both of the
legitimacy and the fertility of Benedetti’s procedure for determining the
positional effect of a weight. In fact, he was able to justify this proce-
dure with the help of the concept of center of gravity central to his own
mechanics.

In the approach to the bent lever problem that he took in his note-
book, Guidobaldo considered an arrangement familiar from Benedetti’s
book, a balance with one deflected arm and with two weights that are in
inverse proportion to the projections of their lever arms on the horizontal
(see figure 3.36). He assumed this balance to be in equilibrium and deter-
mined the center of gravity of the two weights according to the principles
of his own book on mechanics. He found that their center of gravity lies
at the crossing point between a vertical line through the support and the
line connecting the two weights, thus justifying the assumption that it is
in equilibrium.

For geometrical reasons it is now clear that the distances of the weights
from the center of gravity are in the same proportion as the projections on
the horizontal, and inversely as the weights themselves. Guidobaldo had
thus managed to relate Benedetti’s procedure for determining positional
heaviness to his own use of the concept of center of gravity, a typical
example of how concepts become related by being applied to the same
problem. At first he concluded that this is what was to be shown, but
then continued the argument to include Galileo’s consideration of inclined
planes (see figure 3.36):

Libra ABD habeat AB horizonti aequidistans. Ponderaque in
AD maneant. Primum ducta DC ad AB perpendiculari, dico
pondus D ad pondus A esse, ut AB ad BC. Sit BK ipsi AB per-
pendicularis, et in centrum mundi tendat, iungaturque AGD.
Et quod pondera manent, erit ex meis mechanicis punctum G
centrum gravitatis, et ut pondus D ad pondus A, ita AG ad
GD. Et quod BG DC sunt parallelae erit AB ad BC ut AG ad
GD, hoc est ut pondus D ad A. Quod demonstrare oportebat.

Let the balance ABD have [the part] AB equidistant from the
horizon. And let the weights in AD be at rest. If first DC
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is drawn perpendicularly to AB, I say that the weight D is
to the weight A, as [is] AB to BC. Let BK be perpendicular
to AB and tend toward the center of the world, and let AGD
be joined. And since the weights are at rest, according to my
[book on] mechanics the point G will be the center of gravity,
and as the weight D is to the weight A, so is AG to GD. And
since BG DC are parallel, AB will be to BC as AG to GD,
that is, as the weight D to [the weight] A. Which was to be
demonstrated.?4!

Figure 3.36: Guidobaldo’s analysis of Galileo’s construction relating
inclined plane and bent lever.

Before the claim that this is what was to be demonstrated, Guidobaldo
inserted a passage in which he prepared the argument concerning inclined
planes by reformulating what he had found in terms of positional heaviness
without actually using the term. What he nevertheless needed was a way to
describe the changing effect of a weight with position in order to then argue
about the powers capable of supporting weights on differently inclined
planes. So he attempted to reformulate the equilibrium of two different
weights on a bent lever in terms of the different effects of one and the
same weight, which he introduced as a reference weight, on the two sides of

241DelMonte (1587, 145bis).
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the bent lever. Expressing himself in a rather cumbersome and confusing
way, he argued, from what he had shown before, that these effects are
proportional to the projections of the lever arms on the horizontal:

Ex hoc patet aequalia pondera in A D [...] esse pondus A ad
pondus D ut AG ad GD. Sit n[empe] ob evitandam confusionem
pondus L, quod intelligatur in A aequale existens ipsi ponderi
in D. Quod nlempe] pondus in D ad pondus in A cui aeque-
ponderat est ut AG ad GD. Pondus vero in D eandem habet
gravitatem ut pondus in A. Ergo pondus L ad pondus A et ad
pondus in D est ut AG ad GD. et per consequens ut AB ad
BC. Levius ergo est pondus in D quam pondus in B, quanto
minor est BC quam BA.

From this it is evident that, equal weights [being] in A D [...],
that the weight A is to the weight D as is AG to GD. Let now,
in order to avoid confusion, the weight L, which is understood
to exist in A, be equal to the same weight at D. Because in
fact the weight at D is to the weight at A, with which it is
in equilibrium, as is AG to GD. But the weight at D has the
same heaviness as the weight at A. Therefore the weight L is
to the weight A and to the weight at D as is AG to GD, and
in consequence as AB to BC. Hence the weight at D is lighter
than the weight at B by as much as BC is smaller than BA.?42

After this preparation, following Galileo’s argument, Guidobaldo re-
lated the bent lever to the inclined plane, comparing the power supporting
a weight in the vertical direction with the power supporting the same
weight along the plane. He formulated the law of the inclined plane by
stating that these powers are inversely as the length of the plane is to
its height. He then proceeded to relate the inclined plane as well as the
vertical to the balance or rather to the bent lever with different positions
of its arm, by claiming that a weight on the plane is as if it were on an
arm that is vertical to the plane. He could then apply the result previously
derived for the bent lever to the inclined plane. For geometrical reasons
his argument refers to an inclined plane formed by the intersection of the
line representing the original inclined plane and the vertical line tangent
to the circle formed by the possible positions of the deflected lever arm
(see figure 3.36):

242DelMonte (1587, 145bis).
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Sit deinde planum DFE horizonti inclinatum, et per EF hori-
zonti recta sitque DF horizonti aequidistans. Dico potentiam
pondus sustinentem in FF ad potentiam idem pondus susti-
nentem super DEF, ita esse, ut DE ad EF. Intelligatur idem
pondus in N. Quoniam nempe pondus in N super NO est, ac si
esset libra ABN essetque pondus in brachio BN, cum sit BNP
angulus rectus. Similiter ob eandem causam pondus in D super
DF est ac si esset in brachio BD, cum sit BDE quoque rectus.
Hoc nempe modo pondera tangunt plana quod nempe similiter
pondus in N super planum NPO est ac si esset in brachio BN
pondus vero in N est aequegrave ut in A erit pondus in N ad
pondus D ut AB hoc est BD ad BC. Et quod triangula CDE
EDF PDO sunt similia, et CDE simile est ipsi BDC erit BD
ad BC ut DFE ad EF, hoc est ut DP ad PO.

Let then DFE be a plane inclined to the horizon, and through
EF, perpendicular to the horizon, let DF be equidistant to the
horizon. I say that the power supporting the weight at EF' is to
the power supporting the weight over DE as is DE to EF. 1t is
to be understood that the same weight is in N. Now evidently
the weight at N is over NO, as if the balance were ABN and the
weight on the arm BN, because BNP is a right angle. Similarly
for the same reason the weight at D over DF is as if it were on
the arm BD, because BDE is also a right [angle]. In this way
namely the weights touch the planes since indeed the weight at
N over the plane NPO is similarly as if it were on the arm BN.
But the weight at N is equally heavy as at A. The weight at N
will be to the weight D as AB, that is BD, is to BC. And since
the triangles CDE EDF PDO are similar, and CDF is similar
to BDC, BD will be to BC as DE is to EF, that is, as DP to
PO.243

Guidobaldo returned to his introduction of a reference weight rep-
resenting the power of supporting a weight in the vertical. This weight
corresponds to the weight at the deflected arm of the balance and is to the
weight on the horizontal arm as is the horizontal arm to the projection of
the deflected arm. He could now conclude that the same proportion also
holds for the powers supporting weights along the vertical and the inclined
plane, respectively:

243DelMonte (1587, 145bis).
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Pondus atque in N sustinetur a pondere L. Pondus vero D
sustinetur a pondere in A, pondus vero in L ad ipsum in A,
est ut AB hoc est BD ad BC. Ergo potentia sustinens pondus
super NO ad potentiam pondus sustinens super DPFE est ut
BD ad BC.

And the weight at N is supported by the weight L. But the
weight D is supported by the weight at A, but the weight at L
is to the same in A, as is AB, that is BD, is to BC. Therefore the
power supporting a weight over NO is to the power supporting
the weight over DPE as BD is to BC.?*

In a final step of his proof Guidobaldo then transferred the propor-
tions he had found for the small triangle generated by his geometrical
construction to the originally considered inclined plane:

Eodem atque modo sustinetur pondus super DP, veluti super
DE, et super PO, ut super EF. Ergo potentia sustinens pondus
super DE ad eam, quae sustinet pondus super EF est ut DE
ad FF. Quod demonstrare oportebat.

And in the same way the weight is supported over DP, or over
DE, and over PO, as over EF. Therefore the power supporting
the weight over DF is to that which supports the weight over
EF as is DE to EF. Which was to be demonstrated.?4°

Guidobaldo had thus recapitulated Galileo’s proof of the inclined
plane based on relating it to the bent lever. Since he had previously shown
that Benedetti’s treatment of the bent lever could be justified using the
concept of center of gravity, he had reached a new understanding of the
problem of the inclined plane within the framework of his own mechanics.

Let us summarize the situation with regard to the interaction between
Guidobaldo, Galileo, and Benedetti: At the beginning of 1588, Galileo and
Guidobaldo exchanged their views on the technicalities of proofs in the
Archimedean tradition. A more intensive and regular scientific exchange
then developed, as we may conclude from the few surviving letters. Thus
Guidobaldo had sent Galileo his commentary on Archimedes for commen-
tary and criticism, as we know from a letter of May 28, 1588.246 From
another letter to Galileo, dated December 8, 1590,2*” we may conclude

244DelMonte (1587, 145bis).
245DelMonte (1587, 145bis).
246 Favaro (1968, vol. 10, 33-34).
247Favaro (1968, vol. 10, 45).
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that Guidobaldo used to receive letters from Galileo on an almost daily
basis and that Galileo sent his findings likewise to his mentor Guidobaldo.
As mentioned above, recent research into Guidobaldo’s biography has re-
vealed evidence that Guidobaldo and Galileo must have met as early as
1589 in Tuscany.?*® They might even have met jointly with Galileo’s
teacher Mazzoni who, as we have also seen, cited Benedetti in his work.
Thus Guidobaldo, Mazzoni and Galileo may have discussed Benedetti’s
Diversarum speculationum ...liber with the consequence that Galileo re-
considered his work in progress on motion and, in particular, his treat-
ment of motion along inclined planes. This treatment essentially relies
on Benedetti’s theory of the bent lever and was included in Guidobaldo’s
notebook. But Benedetti’s impact on Galileo probably went even further
than that. Galileo may now have taken the Copernican hypothesis much
more seriously than before, discussing this as well as other subjects with
Magzzoni. In the above-mentioned letter of 1597 Galileo praised Mazzoni
for his Praeludia and reminded him of the controversial issues on which
they meanwhile had reached an agreement, trying now to also press him
on the Copernican hypothesis (see page 143).249

It is in any case difficult to imagine that Guidobaldo did not discuss his
views on Benedetti’s mechanics with Galileo, views that he considered at
the same time misguided as well as profoundly challenging, as his marginal
notes make evident.

3.11 Theoretical excursus: mental models in the transmission
of knowledge

3.11.1 The basic mental models of early mechanical knowledge

An analysis of the long-term development of mechanical knowledge re-
quires an appropriate description of the architecture of this knowledge.
As pointed out earlier (see section 1.2), one must take into account, in
addition to the theoretical knowledge usually considered in the history of
science, two further types of knowledge, intuitive physics and practical
mechanical knowledge. In order to describe the interaction between these
different layers, it has turned out to be useful to adopt the concept of
mental model from cognitive science and to adapt it to the needs of his-

248\Menchetti (2012).
249This scenario was developed in a joint discussion with Pier Daniele Napolitani.
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torical analysis.??® Mental models are cognitive instruments for drawing
conclusions from experiences in the context of given knowledge.

More specifically, mental models are knowledge representation struc-
tures which allow inferences to be drawn from prior experiences about
complex objects and processes, even when only incomplete information on
them is available. Furthermore, conclusions based on mental models can
be corrected in light of new information. The concept of mental model
is thus particularly suited to explain the long-term continuity of certain
aspects of physical thinking. Mental models are also capable of mediating
between existing theories and experiences which may or may not be diffi-
cult to subsume under these theories. They thus constitute a particularly
important theoretical instrument for understanding what happened in the
early modern period. It was indeed the period of preclassical mechanics
that was characterized, as we have discussed, by the encounter between
traditional theories and novel challenging objects that were difficult to sub-
sume under the existing theories so that these objects became a stimulus
for further developments (see section 3.3).

A mental model consists of a relatively stable network of possible
inferences relating inputs that are variable. Cognitive science often uses
the term slots to indicate the nodes in the structure which have to be
filled with inputs satisfying specific constraints. Applying a mental model
presupposes the assimilation of specific knowledge to its structure, that is,
input information compatible with the constraints of the slots is mapped
into them. Filling the slots is the crucial process that decides on the
appropriateness and applicability of a mental model for a specific object
or process. Once the mapping is successful — if the input information
satisfies the constraints of the slots — the reasoning about the object or
process is, to a large extent, determined by the mental model.

An example of fundamental importance of the history of mechanics
is the motion-implies-force model which, when involved in the interpreta-
tion of a process of motion, yields the conclusion that the moved object
is moved by a force exerted upon it by some mover. While this conclu-
sion is incorrect from the perspective of classical physics, contradicting as
it does Newton’s principle of inertia, it is in agreement with Aristotelian
dynamics (see section 3.4.1). What is more important in our context, the
motion-implies-force model represents elementary human experiences. In
fact, when observing some moving object, one usually presumes that there
is some mover at work which drives the object by its force, even when the

2500n the concept of mental model, see Renn and Damerow (2007). In the following we
also make use of Renn et al. (2003).
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mover itself and its force cannot be directly observed. The missing infor-
mation about the mover is simply added by the default setting of the model
based on prior experiences. If, however, additional empirical information
eventually becomes available, e.g. specifying the kind of mover, then this
information replaces the original default setting without, however, chal-
lenging the model itself.

Mental models relevant to the history of mechanics either belong to
generally shared knowledge or to the shared knowledge of specific groups.
Accordingly, they can be related to the three types of knowledge men-
tioned above. First, there are the basic models of intuitive physics, such
as the motion-implies-force model just described. Another group of men-
tal models is part of the professional knowledge of more or less specialized
practitioners. Their historical transmission is related to the transmission
of the real instruments that embody them. And, finally, there are the
mental models that belong to theoretical knowledge and that are commu-
nicated by an explicit description of their structure and of the conditions
of their applications.

A foundational experience of practitioners’ knowledge since ancient
times has been the equivalence of the weight of a body and the force
required to lift it up. This equivalence is prototypically embodied in a
real model, namely that of the balance with equal arms. In fact, the
force that keeps the balance in equilibrium is equal to the weight in the
scale pan. Hence we call this model of compensation between force and
weight the equilibrium model. However, the practical knowledge of the
technicians and engineers of antiquity also involved other basic experiences,
and, in particular, the experience of how one can free oneself from the
constraint of the equivalence between weight and force. In fact, the art
of the mechanician consisted precisely in overcoming the natural course of
things with the help of instruments such as the lever. According to this
understanding, a mechanical instrument serves to achieve, with a given
force, an unnatural effect that could not have been achieved without the
instrument. We therefore call the model underlying this understanding
the mechanae model — according to the Greek word punyoav which means
both mechanical instrument and trick, and which is at the origin of the
word mechanics.

A key mental model of theoretical knowledge resulted from an inte-
gration of the mechanae model with the equilibrium model in the context
of a theoretical reflection on the practical knowledge related to the balance
with unequal arms that occured in the context of Aristotelian physics, and
in particular in the Aristotelian Mechanical Problems. We call this model
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the balance-lever model. It can be understood as a generalization of the
equilibrium model, associated with the ordinary balance with equal arms.
In the case of an equal-arms balance, weight differences are balanced by
weights; in the case of an unequal-arms balance, they are balanced by
changing the position of the counterweight along the scale or by fixing
the counterweight at the end of the beam and changing the position of
the suspension point. This necessarily generalized the equilibrium model:
weights can be compensated not only by weights but also by distances. It
was this practical knowledge related to balances with unequal arms, in-
vented in Greek antiquity some time before Aristotle, which provided the
empirical basis for the formulation of the law of the lever.25!

Another key mental model of mechanical knowledge is the center of
gravity model. Tt can be applied to any given heavy body, allowing one to
mentally replace it by its total weight and its center of gravity. Its slots are
therefore the heavy body itself, its total weight, and the center of gravity.
The structure of the model is determined by noting that any axis through
the center of gravity turns the body into a lever in equilibrium. In other
words, the center of gravity model allows any body to be conceived as a
generalized balance with a fulcrum and a distribution of weights around it
in equilibrium. In contrast to the fulcrum, however, the center of gravity
no longer has to be a physically distinguished point that can be identified
by visual cues, but its identification is rather the result of the application
of the model to a heavy body. In fact, the center of gravity model can
be applied to any body, whether it physically resembles a balance or not.
This is the step taken by Archimedes in his work on the equilibrium of
plane figures.?52

To what kind of knowledge does the center of gravity model belong?
It is clearly rooted in practical knowledge dealing with balances as it is
embodied in the equilibrium model and also in observations on the stability
of bodies. On the other hand, understanding the center of gravity model
actually requires an explicit or implicit description of its properties. In
other words, neither the emergence nor the transmission of this mental
model is conceivable without its representation by written language. The
very fact that the model is applicable to all heavy bodies suggests that
it could hardly have emerged in the context of practitioners’ knowledge
dealing with specialized domains, but that the model rather belongs to
theoretical knowledge.

251See the discussion in Damerow et al. (2002) and Renn and Damerow (2007).
252 Archimedes (1953).
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The center-of-gravity model resulted from a reflection on the applica-
bility of the equilibrium model to all bodies. Indeed, the application of a
mental model to different objects and processes and the outcome of such
applications may themselves become the object of reasoning that produces
new knowledge, provided that such knowledge is appropriately represented
— in our case by written language. Knowledge about knowledge structures
may then in turn change these knowledge structures. Thus, the application
of a mental model may lead to changes — in our case to a generalization —
of that model by a deliberate reorganization of its structure as the result
of the accumulated meta-knowledge obtained by reflection. As an example
for such a reorganization, take the transformation of the concept of ful-
crum into that of the center of gravity. While in the equilibrium model the
fulcrum is primarily characterized by its physical properties as the turning
point of a balance, and only then by the functions it takes on as a conse-
quence of the application of the model, in the more developed model these
secondary properties now become the primary properties of the center of
gravity.

Figure 3.37: If a material beam of a balance is supported from above, and
deflected from its horizontal position, it returns to this po-
sition according to the Aristotelian Mechanical Problems be-
cause the upper part of the balance, to the right of the plane
indicated by the perpendicular line through the suspension
point, is heavier than the lower part to the left of this plane.
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A starting point for the development of the center-of-gravity model is
found in the Aristotelian Mechanical Problems discussed above in section
3.4. There the Aristotelian author considered, as we have seen, an equal-
arms balance with an extended, material beam and distinguished between
the case in which the balance is suspended from above and the case in which
it is supported from below. In these two cases the balance displays different
behaviours when its equilibrium is disturbed, for instance by adding or
removing a weight. The solution to the problem of why it rises again when
supported from above is based on a consideration of the perpendicular
line across the point of suspension, which represents a plane dividing the
balance into two parts (see figure 3.37). The relation between the weights
of these two parts of the balance now decides whether or not the balance
rises again. In this way, the equilibrium model is generalized to apply
to the suspended beam itself, without the weights usually attached to a
balance. The criterion for whether it moves or remains at rest is now no
longer the relation between such weights, but that between the two parts
divided by the perpendicular plane across the point of suspension.

Although applied to the special case of the material beam of a balance
either suspended from above or supported from below, this model works
quite generally for all bodies and, if elaborated systematically, naturally
singles out the case in which the two parts are always of equal weight.
Indeed, if the suspension point across the beam is appropriately moved, a
point is reached where the downwardly displaced side of the beam is neither
greater nor lesser than the other side. For the material beam this happens
if it is suspended from the middle rather than from above or below, in
other words, if it is suspended from its center of gravity — a conclusion
that the Aristotelian author does not actually draw. But a reflection on
the Aristotelian argument could yield a first characterization of the center
of gravity as the point from which a suspended body will remain at rest and
preserve its position. In this way, the center-of-gravity model eventually
resulted from a reflective abstraction of the equilibrium model rooted in
practical knowledge, made possible because of the representation of this
knowledge in terms of written language, in this case in the Aristotelian
text.

The center-of-gravity model provided the backbone for Archimedes’
proof of the law of the lever based on redistributing weights under the con-
straint that the equilibrium is maintained (see figure 3.38). The legitimacy
of this argument, however, has often been disputed, in particular vividly
and powerfully by the historian and philosopher of science Ernst Mach
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Figure 3.38: Archimedes’ proof of the law of the lever is based on a redistri-
bution of weights justified with the help of the concept of cen-
ter of gravity. A constellation of unequal weights at unequal
distances from the fulcrum may thus be replaced, as shown in
the figure, by a set of equal weights evenly distributed with
regard to the fulcrum. The two constellations are equiva-
lent because the redistribution of weights leave the center of
gravity invariant. The redistribution may be visualized by
replacing the unequal weights by equilibrated balances, ap-
pended from the same suspension points and carrying evenly
distributed weights. This illustrates how the concept of cen-
ter of gravity makes it possible to conceive any given body as
a balance and how this concept can be iteratively applied to
justify such redistributions of weights.

around the turn of the last century.??® He argued that Archimedes’ proof
actually presupposes what has to be shown, the law of the lever. In fact, he
argued that the proof involves the assumption that equal displacements of
a weight placed on a beam from and towards the point of support cancel
each other. This assumes that the effect of a weight placed on a beam
is a linear function of distance, a presupposition essentially equivalent to
the law of the lever. A closer look at Archimedes’ proof reveals, however,
that he did not actually talk about such displacements of weights at all.
This objection to Mach’s analysis has been raised by several historians and
has been masterfully elaborated in Dijksterhuis’s book on Archimedes.2>*
In his analysis Dijksterhuis correctly emphasized that, in the critical step
of his proof, Archimedes made use of the concept of center of gravity in

253Mach (1988, 10-24). Mach also reports other criticisms.
254Dijksterhuis (1956, chap. 9).
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order to justify that the original weights keep the system in equilibrium.
Indeed, Archimedes argued that these weights maintain the equilibrium
because they are placed at the respective centers of gravity of the two
groups of equally spaced weights which correspond to them and which,
taken together, keep the beam in equilibrium because their overall center
of gravity coincides with the point of support of the beam.

Archimedes’ proof essentially presupposes three properties of the cen-
ter of gravity: First, the center of gravity of a symmetric configuration as
used in the proof will be at the middle point of the configuration. Second,
if a body is supported at its center of gravity, it will be in equilibrium.
And third, bodies of equal weight may be substituted for each other with-
out changing the state of equilibrium as long as their centers of gravity
coincide. The latter point is crucial for Archimedes’ argument: Because
of the new abstract quality which the concept of fulcrum assumes when
generalized to the concept of center of gravity, it could now be applied
iteratively, allowing, in particular, the point of suspension of a weight on
a balance to be conceived as the fulcrum of another balance (see figure
3.38). The properties listed above are also used in the proofs of Benedetti
and Galileo (see section 7.15). The iterative application of the concept of
center of gravity is in fact the critical feature of these proofs, working with
different constellations of weights on a balance, considered to be equivalent
with regard to their center of gravity.

Against this background, it now becomes possible to characterize the
concept of positional heaviness as resulting from a reflective abstraction
following a route alternative to that which led to the center-of-gravity
model. As our historical analysis has shown, the concept of positional
heaviness emerged in a situation where the concept of center of gravity
was not available and thus left room for this alternative conceptualization
(see section 3.4).

3.11.2 The positional-heaviness model

The basic idea of the concept of positional heaviness was to express the
equilibrium of two different weights on a balance with unequal arms, not
as a statement of proportionality — equilibrium results when the lengths of
the lever arms are inversely proportional to the weights — but as resulting
from an equality. Equilibrium then results when the two different weights
are nevertheless equal in positional heaviness, given that a weight acquires
a larger or smaller positional heaviness the longer or shorter the lever arm
is on which it acts. As we have seen, the concept of positional heaviness
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proved to be effective also in treating devices such as the bent lever and
the inclined plane because it lent itself to dealing with the varying effect
of a weight in dependence on the angle of inclination.

From a theoretical point of view the concept of positional heaviness
is based on a special mental model. Like the center-of-gravity model, this
mental model also resulted from a reflective abstraction based on gen-
eralizing the equilibrium model to all balances, including balances with
unequal arms. But in contrast to the center-of-gravity model, the posi-
tional heaviness model did not lead to a generalization of the concept of
fulcrum, but rather to a generalization of the concept of weight attached
to a mechanical constellation such as a balance. The original positional
heaviness model allowed for a differentiation between a weight and its ef-
fect without establishing any precise relation between them — other than
requiring that equilibrium is associated with equal positional weights. The
model thus paved the way for a number of theoretical attempts to specify
such a relation under the condition that they are conformal with general
properties of the model such as the monotonous relation between the mag-
nitude of the observable effect and the magnitude of the positional heav-
iness which describes this effect. As we have discussed, several different
and partly incompatible measures of positional heaviness were triggered in
the framework of its underlying mental model which provided a coherence
of qualitative knowledge, in spite of such alternatives.

Mental models are usually context-specific and not universally valid.
Thus, the concept of positional heaviness made sense only against the
background of the specific context of knowledge about mechanical devices
used in medieval and early modern technology and of the body of available
contemporary theories available to organize this knowledge. In particular,
when the concept of positional heaviness was first coined by Jordanus, it
was shaped by a context in which the Archimedean concept of center of
gravity was not available, in which the perplexing differentiation between
a weight and its effect under certain conditions could make reference to
Aristotle’s theory of fallacies, and in which a deductive organization of
knowledge on the Euclidean model served as an epistemic ideal. The re-
flection on such theories and their function constituted a specific image of
knowledge®>® and thus another context-specific condition of the concept.

In the early modern period, the context for using, rejecting, or elabo-
rating the positional-heaviness model changed. New technological devices
and a broader program of mechanical explanation entered the scene. The
possibility to reduce an effect such as the power-saving potential of a pul-

2553ee Elkana (1978).
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ley or a complex machine to the paradigm of the balance from which
the concept of positional heaviness had been derived now became a criti-
cal, context-specific condition of the applicability of the model. Another
context-specific condition was the cosmological assumption that weights
always tend to move toward the center of the world. This was an almost
universally accepted Aristotelian premise of preclassical mechanics. Fur-
thermore, the adherence to the Archimedean kind of deductive theories
as a model for structuring the body of mechanical knowledge provided
an image of knowledge characteristic for the Renaissance and early mod-
ern context. This explains the common mathematical framework of the
attempts to render the meaning of the concept of positional heaviness in
precise mathematical terms. And finally, the availability of Archimedean
writings made it necessary to confront the consequences of interpreting
a mechanical problem against the background of the positional-heaviness
model with the implications of the center-of-gravity model.

Mental models can be adapted to new experiences attained, in par-
ticular, in the process of studying challenging objects. The example of an
equilibrated balance deflected into an oblique position of its beam shows
that this adaptation may be a multifaceted process. The analysis of the
different approaches of Guidobaldo and his adversaries demonstrates, on
the one hand, that these scholars and engineers shared a basic under-
standing of the difference between a weight and its effect. This common
understanding was based on a shared mental model which reflected gen-
eral experiences obtained from the practical handling of balances. We have
shown, on the other hand, that the specific ways in which Guidobaldo and
his adversaries applied the shared mental model to particular experiences
such as those concerning the behavior of a deflected balance and to results
of experiments dedicated to studying this behavior in detail challenged the
application of the model and determined in various ways its more or less
successful adaptation.

These adaptations were, however, limited by some common context-
specific historical conditions. In particular, no concept of mathematical
function existed that would have allowed experiences involving several
physical dimensions such as space, time, and weight to be integrated into
a single composite physical magnitude such as torque or work. In the case
of the challenging object of a deflected balance, it was thus impossible to
integrate the effect of geometrical properties of the deflected balance and
the effect of physical properties of the attached weights into a composite
magnitude representing all of these effects. The changing effect of a weight
in dependence on the obliquity of the beam of a deflected balance could
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either be explained as resulting from circumstantial conditions that could
not be assimilated to one theoretical framework, or the effect could be
represented by a new concept of weight that would be determined by spe-
cific geometrical or mechanical aspects of the experiences with deflected
balances. Realizing the latter possibility led to the specific problems of
defining a precise concept of positional heaviness. The deficiency in ad-
equately representing the interplay between various physical magnitudes
was fundamental, to the effect that not even the equilibrium of a balance
could be conceived of as an equality of values of a composite physical mag-
nitude. The introduction of generalized composite mechanical properties
such as the product of lengths and weights would have been, however, the
precondition for a conceptual development leading to the concept of torque
used in classical mechanics to define the equilibrium of a balance.

The historical development we have reviewed nevertheless did even-
tually lead to a certain reconciliation of the original alternative concep-
tualizations in terms of center of gravity and positional heaviness. This
must be understood as the result of the extensive elaboration and contro-
versial evaluation of the consequences of the application of the underlying
shared mental models to an ever increasing array of challenging objects.
It is thus no accident that this relative and preliminary stabilization of the
conceptual structures of preclassical mechanics went along with a growing
network of arguments connecting these mechanical problems and hence
the mental models underlying their conceptualization. Galileo’s proof of
the inclined plane theorem with the help of the bent lever, analyzed with
the help of his concept of momento, itself an adaptation of the concept
of positional heaviness, may stand as a representative for this process of
knowledge integration.

Mental models link past with present experiences and thus allow con-
clusions to be drawn from incomplete information. In the present case the
knowledge about a challenging object such as the bent lever, the inclined
plane or the equilibrated balance deflected by a force acting in an arbitrary
direction, was too incomplete to determine a general theory covering all
of this knowledge. Only mental models such as the positional-heaviness
model made it possible to link this knowledge to prior experiences and
to the tradition of theoretical mechanics based on the law of the lever,
as well as to Aristotelian cosmology and the medieval science of weights.
Among the relevant prior experiences was, in particular, the familiarity
with balances in equilibrium which were normally conceived of as being in
horizontal position, a default assumption which was even reflected in the
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designation of the equilibrium as the position in which the beam of the
balance is parallel to the horizon.??¢

Mental models bridge various levels of knowledge that represent the
same object in various forms. Early modern technology was based largely
on the intuitive knowledge of practitioners and, in particular, on rules of
thumb derived by engineers who organized their work. Early modern prac-
titioners had ample experience with the dependency of forces and weights
on geometrical and mechanical constellations. However, such knowledge
was not usually written down and transmitted only by participation in
its application in practical contexts. It was mental models such as the
positional-heaviness model that allowed this practical knowledge to be
combined with knowledge at the level of theoretical reflection based on
theories of mechanics available at the time.

If one tries to confront the historical concept of positional heaviness
with potential counterparts in classical physics, it becomes particularly
evident that the effectiveness of the historical concept requires an expla-
nation along the lines just sketched, rather than conceiving it in some
sense as an ancestor of modern concepts (see section 1.4). For the cases of
the equilibrium of a balance with unequal arms and that of a bent lever,
the equality of positional heaviness corresponds, in modern terms, to the
equality not of weights or forces but of torques. This translation, however,
does not work in the case of equilibrium on an inclined plane. In this
case the equality of positional heaviness for different weights placed on
differently inclined planes has to be interpreted in terms of the changing
component of the force of gravitation in the direction of the inclined plane
and as a consequence of the principle of work. The equilibrium of two bod-
ies of different weights placed on differently inclined planes and connected
with each other by a weightless rope can then be explained by the com-
pensation of weight and distance in the sense that the larger weight travels
a shorter vertical distance along the less steeply inclined plane than the
smaller weight hanging down along the more steeply inclined plane, when
both are being moved in accordance with their constraints. In other words,
the compensation between lengths and weights receives different explana-
tions in the two cases, excluding the possibility of translating positional
heaviness with a single modern term such as torque, vector component of
force, or work.

256Gee, for instance, the term parallelum epipedo orizontis in the Liber de canonio, the
expression equatur linea super equidistantiam orizontis in the Liber karatonis, and the
expression situm equalitatis esse equidistantiam super superficiei orizontis in the Liber
de ponderibus; for reference see Moody and Clagett (1960, passim).
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In summary, both the concept of center of gravity and the concept of
positional heaviness are reflective abstractions resulting from mental mod-
els rooted in practical experience, in particular, the equilibrium model and
the balance-lever model. The representation of these models in the medium
of written language constituted not only the basis for using these models
far beyond the original extension of their range of applicability but also
the presupposition for reflecting on the properties of the model as they are
revealed by applying it to particular challenging objects. Whereas mental
models such as the motion-implies-force model emerged from a reflection
on the operations directly performed with a real object, secondary abstrac-
tions such as that yielding the concepts of center of gravity or of positional
heaviness resulted from a reflection on mental operations represented by
language and performed in order to explore the properties of the model
and its application. Without the representation in terms of language, such
concepts would have hardly emerged.

Against this background, we recognize that the proofs encountered in
our historical sources presuppose not only the practical knowledge about
balances with equal and unequal arms, which gave rise to the equilibrium
and the balance-lever model, but also concepts of theoretical knowledge
such as center of gravity and positional heaviness, which resulted as re-
flective abstractions from these models. These proofs involve, however,
not only these abstract concepts but also, just like the proofs of Euclidean
geometry after which they are often modelled, complex constructions corre-
sponding to physical arrangements and the operations performed on them.
While in Euclidean geometry the physical operations reflected in the writ-
ten text are constructions performed with compass and ruler, here they
typically correspond to operations with balances. In this way, the practical
knowledge about balances continued to provide the empirical grounding
that made these proofs convincing.






Chapter 4
Jordanus’ Treatise De ponderibus Edited by Petrus
Apianus

In the following we shall first briefly summarize the structure and the con-
tents of the book annotated by Guidobaldo and then present his marginal
notes in their context, with detailed explanations and quotations of the
passages on which he chose to comment.

The Liber Jordani de ponderibus is based on fourteenth-century manu-
scripts edited by Petrus Apianus in 1533 at Nuremberg.! It comprises a
prologue, seven postulates, and thirteen theorems (see also sections 2.1 and
3.5). After each theorem, the Apianus edition presents a short commentary
as well as a generally much more extended supplementary commentary,
either by the editor himself or compiled from other manuscript sources, as
Moody and Clagett contend.?

4.1 The prologue

The prologue introduces the science of weights as being subject to both
philosophy and geometry. The author then emphasizes that the arm of a
balance describes a circle. The effect of a weight in different positions of the
arm of the balance is derived from the properties of motion along a circle,
conceived in the manner of the Aristotelian Mechanical Problems. An arc
is compared to its chord in order to assess its curvature. A longer arc of the
same circle is thus considered to be more curved than a shorter one, and
an arc of a given length is more curved in a smaller circle than in a larger
one. The author furthermore assumed that the more curved a motion is,
the more contrary it is to a straight line and the more violence it contains.
But the more violence or more impediment the motion of a body acquires,
the more its heaviness is diminished. This consideration constitutes the

tde Nemore (1533).

2The following description is based on Moody and Clagett (1960, 145-149). For a
discussion of the extensive commentary and its manuscript basis, see also Moody and
Clagett (1960, 293-305).
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basis for the statement that a body becomes lighter the more the arm of
a balance descends and ultimately for defining positional heaviness. After
explaining how such considerations of contrariety of motions relate to a
situation in which a heavy body is at rest, the author claimed to have
prepared the postulates that are stated next. They are characterized as
being in no need of proof and as constituting assumptions of the science
of weights.

4.2 The postulates

The first two of the seven postulates (see page 63) are rooted in Aristotelian
natural philosophy, stating that the movement of every body is toward the
center of the world and that the heavier a body is, the faster it descends.
The next three postulates deal with the more or less straight or oblique
character of a body’s descent. The third postulate introduces the notion
of “heavier in descending,” defined by the directness of the motion to the
center. The fourth postulate defines positional heaviness by stating that a
body is positionally heavier if its descent is less oblique. Obliqueness is, in
turn, defined in the fifth postulate. A descent is called more oblique if it
partakes less of the vertical. The sixth postulate indirectly characterizes a
body as having less positional heaviness by the fact that it moves upward
as a consequence of the descent of the other body. The seventh postulate
finally characterizes the position of equality by equidistance to the plane
of the horizon.

4.3 The first theorem on the proportion of descents and ascents
of heavy bodies

The first theorem specifies the second postulate. It states that the veloc-
ities of descent are in direct proportion to the weights of heavy bodies,
while the contrary motions of descents and ascents are in inverse propor-
tion to each other. This theorem lays the ground for a derivation of the law
of the lever by starting from Aristotelian dynamics as it is then pursued
in theorem 8. The direct proportionality between weight and velocity of
descent is a common conclusion from Aristotelian dynamics (see section
3.4.1). The inverse proportionality characteristic of the law of the lever
may then be derived from the contrariety of descent and ascent of the two
arms of a lever. The first short comment makes this implication explicit,
while the second, more detailed and technical comment discusses the con-
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clusion in a scholastic style, refuting arguments of a possible adversary but
also referring to propositions of Euclid and Archimedes.

4.4 The second theorem on the equilibrium position of a balance

The second theorem states that a balance with equal arms will not leave
the horizontal position when two equal weights are attached. It also states
that when the balance is brought into a different position it will return
to the horizontal. The first commentary just refers to the fourth postu-
late for a justification of the latter statement, which is essentially to the
definition of positional heaviness. This is hardly understandable without
knowledge of the full argument in favor of this claim as it is familiar from
other writings. The longer second commentary then provides the missing
explanation showing how the fourth postulate is to be applied in order
to arrive at the desired conclusions. The argument it provides is essen-
tially identical to that of the Elementa, while the accompanying figure is
somewhat different.

4.5 The third theorem on the irrelevance of the lengths of the
pendants

The third theorem argues that the lengths of the supporting chords of
the weights attached to the balance are inconsequential for the equilib-
rium. The first short comment sketches an indirect proof, arguing that
if one body descends, the other side would have to be less heavy. This
contradicts the premise that the weights on the two sides of the balance
are equal. As a justification it refers, somewhat surprisingly, to the second
postulate. The second longer comment essentially follows the reasoning
of the Elementa and is based on the notion of positional heaviness. Re-
markable is a concluding reference to the fact that the different distances
of the suspension chords from the center of the world have been rightly
neglected.

4.6 The fourth theorem on the decrease of positional heaviness

The fourth theorem claims that whenever a weight attached to the beam of
a balance descends it becomes positionally lighter. The first commentary
simply refers to the fourth postulate which states that a body becomes
positionally heavier if its descent is less oblique. The second commentary
then argues in more detail, again following the same logic as the Flementa,
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that when a weight is displaced from the horizontal position it will move
through arcs that capture less of the vertical so that in fact the weight
becomes, by the fourth postulate, less heavy positionally. This theorem is
omitted from the De ratione ponderis.

4.7 The fifth theorem on the descent of the longer arm

The fifth theorem states that when the arms of a balance are unequal, but
the weights attached are equal, the balance will descend on the side of the
longer arm. The first commentary notes that the motion of the longer arm
describes a larger circle and then refers to the third postulate which states
that a body is heavier in descending if its movement toward the center is
more direct. The extensive second commentary elaborates in great detail
the mathematical relation between circle and arc and refers to Euclid, in
particular to the edition of the Elements by Johannes Campanus,® as well
as to Ptolemy and Archimedes. The reference to Ptolemy’s Almagest, with
which Apianus was intimately familiar through his work on cosmography,*
suggests that Apianus, who around this time must have been working also
on his famous sine tables,® may have contributed his own thoughts to
this commentary or even be its author, an issue which, however, remains
controversial.

4.8 The sixth theorem on the bent lever

The sixth theorem is one of the problematic statements about the bent
lever dropped from the De ratione ponderis. It states that when equal
weights are suspended so that one weight is attached from the shorter arm
in horizontal position, while the other weight is attached to the longer
arm which is, however, bent so that its end is at the same distance from
the vertical as is the shorter arm, then the weight on the longer arm
will become positionally lighter. According to classical physics, as well
as according to theorem 8 of the De ratione ponderis and Benedetti’s
rule, the two weights should, however, be in equilibrium. In the Elementa
this erroneous conclusion is reached by arguing that the descent of the
weight on the longer arm is more oblique than the descent of the weight
on the shorter arm, comparing arcs that capture equal amounts of the
vertical. The first comment to the theorem is again rather vague and

3Johannes Campanus, 1220-1296.
4 Apianus (1524).
5 Apianus (1541).
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hardly indicates an approach to demonstrating this conclusion. The more
explicit second comment again follows the logic of the demonstration in
the Elementa.

4.9 The seventh theorem on the freely swinging pendant

The seventh theorem states that when equal weights are suspended from
equal arms, one by a freely moving chord of suspension and the other by
a rigidly fixed rod at a right angle to the arm of the balance, the weight
that is freely swinging will be positionally heavier. The theorem thus
amounts to the surprising claim that the equilibrium of a balance depends
on the mobility of its arms in such a way that the weight on the mobile
arm has supposedly a greater effect than the weight on the arm that is
fixed. What actually happens in this case according to classical physics
is that such a balance in a horizontal position is in stable equilibrium,
while a balance with two freely moving chords of suspension would be in
indifferent equilibrium.

The first commentary is exceptionally long while still not being very
helpful to the non-initiated. It begins as usual with an explication of the
terms involved, followed by an indication of how the proof is to be carried
out. The hint it gives, however, is limited to the enigmatic statement
that the arm that can swing freely describes a greater circle in its descent.
The demonstration found in the Elementa reduces this case to the bent
lever considered in the preceding theorem. The arm of the balance with a
fixed rod is mentally replaced by a bent lever along the hypothenuse of the
triangle formed by the arm and the rod. The weight at the end of this bent
lever has thus the same distance from the vertical line through the point
of suspension as has the weight on the other arm of the balance. All that
now remains is to compare the obliquity of the descents of these weights
as it was considered in the previous theorem. The first comment proceeds
by referring to the confusion that may arise when neglecting the difference
between mobile and fixed arms, in particular when trying to establish the
second theorem. As we have seen, the second theorem in fact claims that
the balance always returns to the horizontal position, or in modern terms,
that its equilibrium is stable. This, however, is certainly not the case when
it has two freely moving chords of suspension. It is therefore remarkable
that the first commentary explicitly states that theorem 7 was invented
in the course of an experiment aimed at verifying theorem 2. It refers to
the possibility that the claim of theorem 2 may seemingly be refuted by
such an experiment if one considers a balance with freely moving chords.
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The second comment then provides the same argument as the proof of the
Elementa.

4.10 The eighth theorem on the law of the lever

The eighth theorem states the law of the lever in terms of positional heav-
iness. The first commentary merely rephrases the claim and refers back
to the first theorem. The proof of the Elementa is based on reducing the
compensation of weights and lengths in a balance with unequal arms to
a compensation of weights and heights to which they are lifted according
to Aristotelian dynamics, using the preparation provided by theorem 1.
The argument is in fact based on the statement inferred from theorem 1
that what suffices to lift a certain weight to a given height will also suffice
to lift another weight to a different height if these weights and distances
are inversely proportional to each other. The second commentary elabo-
rates this idea in great detail, adding references to the relevant theorems
of Euclid.

4.11 The ninth theorem on the equal positional heaviness of
bodies in different positions

The ninth theorem states that two oblong bodies of equal weight and
shape, one suspended in a vertical position, the other at its midpoint
in a horizontal position, have the same positional heaviness. The first
commentary first rephrases the theorem and then vaguely indicates that it
can be proved by remarking that the semicircles described by these weights
are equal. The proof of the Elementa decomposes the weight in horizontal
position into two equal weights hung at equal distances from the midpoint
of the original weight. It then shows that each of these weights balances
half of the weight on the other side of the balance. The second commentary
develops this idea and remarks in conclusion that this theorem constitutes,
according to some, the end of Euclid’s book on the balance.

4.12 The four theorems of the De canonio

The four remaining theorems are taken from the Liber de canonio (see also
section 2.1). They deal with the weight of a material beam and its role
for the equilibrium of a balance. The structure of the text remains the
same. After the theorem a first commentary explains the terms, rephrases
the theorem, and hints at a proof. The second commentary then provides
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technical details including a figure and typically referring to theorems of
Euclid’s Elements.






Chapter 5
Guidobaldo’s Marginal Notes in Jordanus’ Book

Guidobaldo evidently owned a copy of Apianus’ edition of Jordanus.! This
copy survived and is annotated in Guidobaldo’s hand. These marginal
notes are presented here not with the aim to offer an exhaustive philo-
logical analysis, but in order to gain insight into the equilibrium contro-
versy, in particular with regard to the concept of positional heaviness.
The presentation of the notes comprises a short characterization of the
relevant passages in Jordanus’ text, including quotations of the passages
to which Guidobaldo referred — if these passages could be identified, then
the marginalia themselves are presented and interpreted.

5.1 Second theorem: rejecting Jordanus’ stance in the
equilibrium controversy

Guidobaldo left several notes on this theorem and its commentaries, some
of them very minor. The second theorem deals, as mentioned above, with
the equilibrium position of a balance, claiming that a balance always re-
turns to its horizontal position when it is displaced from it. Guidobaldo
in contrast was, as we have also discussed extensively, convinced that the
balance remains in whatever position it has and does not return to the
horizontal.

Guidobaldo’s first note refers to Jordanus’ statement of the theorem:

Cum fuerit aequilibris positio aequalis, aequis ponderibus ap-
pensis, ab aequalitate non discedet, etsi ab aequidistantia sep-
aretur, ad aequalitatis situm revertetur.

If an equilibrated [balance] is in horizontal position [positio
aequalis], with equal weights suspended, it will not leave the
horizontal position [aequalitate]; and if it is removed from the

tde Nemore (1533).
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horizontal position [aequidistantia], it will return to the hori-
zontal position [aequalitatis situm].?

iab

i 2L

Figure 5.1: First marginal note to the second proposition.

In his first short marginal note Guidobaldo simply rejects this claim.
He noted:

haec propositio falsa e[st]

this proposition is false

Guidobaldo’s second note, on the next page, refers to the detailed
argument in the second commentary, in particular to the following state-
ment:

Non enim ulterius descendet B, eo quod descensus eius versus
D magis obliquus est, quam ascensus C ad aequalitatem, B
enim et C iam equaliter distant a situ aequalitatis [...]

In fact B does not descend further because its descent toward D
is more oblique than the ascent of C' to the horizontal position
since B and C have the same distance from the horizontal
position [...J3

The argument compares, as usual, the obliquity of descents in order
to establish which weight is positionally heavier. In the present case it
is argued that the descent of the [lower| weight B is more oblique than
that of [upper] weight C so that weight B is positionally lighter than
weight C, with the effect that the balance returns to its horizontal position.

2de Nemore (1533, B ii recto), page 305 of the present edition. Translation by the
authors, cf. Moody and Clagett (1960, 156-157).
3de Nemore (1533, B ii verso), page 306 of the present edition.
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Guidobaldo has underlined the word “ascensus” in the sentence quoted
above and noted in the margin that it has to be replaced by “descensus”
to make the argument work following the logic of Jordanus who compared
descents on both sides of the balance:

descensus

descent
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Figure 5.2: Second marginal note to the second proposition.

In a third marginal note on the same page, still related to the second
theorem, Guidobaldo remarks:

[halec demonstratio inutilis est [pr]orsus ut in nostro Mechan-
icorum libro patet. [slequens vero recte concludit

this demonstration is completely useless as is clear from our
book on mechanics, but in the following he reasons correctly
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Figure 5.3: Third marginal note to the second proposition.
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Guidobaldo claimed here, not that Jordanus’ proof is wrong, because
geometrically it is correct, but that it is useless. In fact the geometrical
reasoning of the commentator about arcs and what they capture from the
vertical is mathematically correct.
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Figure 5.4: Correction of a typographical error.

On the same page there is a very brief fourth marginal note and a
correction in the lettering of a figure. The letter ¢ replaces the letter [ in
the text which is crossed out. The same is done in the drawing. This just
corrects a sloppy designation of a point in the diagram.
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Figure 5.5: Correction of another typographical error.

A similar error in the same paragraph is also corrected by Guidobaldo.
The word 4n in the text is crossed out and replaced by the letter m.
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This shows that Guidobaldo worked carefully through Apianus’ edi-
tion, even correcting typographical errors, and that he followed, equally
carefully, the intrinsic logic of Jordanus’ arguments.

5.2 Fourth theorem: the neglect of the cosmological context

The next marginal note refers to the fourth theorem which claims that a
weight becomes positionally lighter when it is removed from the horizontal
position:

Quodlibet pondus in quamcumque partem discedat secundum
situm fit levius.

In whichever direction a weights descends, it becomes position-
ally lighter.*

Guidobaldo’s comment may address either this claim or the first statement
of the commentary to this theorem which refers to the fourth postulate,
the definition of positional heaviness by the obliqueness of descent:

Manifestum est hoc per suppositionem quartam.

This is evident by the fourth postulate.®

Guidobaldo noted in the margin, close to both of these statements, in large
script:

Falsa

False

Most probably, this comment refers to Guidobaldo’s claim, discussed
extensively in his book (see section 3.8.4), that, when one takes into ac-
count the cosmological context, it is not the horizontal position but a dif-
ferent one, in dependence on the distance of the balance from the center
of the world, in which a weight reaches its maximal positional heaviness.

4de Nemore (1533, B iii verso), page 308 in the present edition. Translation in Moody
and Clagett (1960, 156-157).
5de Nemore (1533, B iii verso), page 308 in the present edition. Translation in Moody
and Clagett (1960, 156-157).
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Figure 5.6: Marginal note to the fourth proposition.

5.3 Fifth theorem: failure to recognize the authority of Archimedes
in mechanics

The fifth theorem claims, as we have discussed, that a balance with equal
weights but unequal arms will descend on the side of the longer arm. In
the middle of the extensive second commentary justifying this proposi-
tion, which, as we have also discussed, contains many technical references,
Guidobaldo just underlined the word Archimedes:

[...] sed sicut circumferentia ad circumferentiam, ita semidi-
ameter ad semidiametrum per quintam Archimedis de curvis
superficiebus.

[...] but as circumference to circumference such is diameter
to diameter by the fifth proposition of Archimedes’ De curvis
superficiebus.5

Possibly this underlining simply meant that Guidobaldo found it remark-
able that Archimedes is just quoted as an authority in mathematics but
not in mechanics by the author.

6de Nemore (1533, C i recto), page 311 in the present edition. Translation by the
authors, cf. Moody and Clagett (1960, 158).
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Figure 5.7: Underlining a word in the proof of the fifth proposition.

5.4 Seventh theorem: on the erroneous treatment of an
equilibrium problem

The seventh theorem is one of the problematic theorems concerning the
bent lever, the other being theorem 6 on which Guidobaldo left no an-
notation. Theorem 7 concerns the balance with one fixed and one freely
moving suspension, claiming that the freely swinging weight is positionally
heavier.

Guidobaldo’s first note is written in the margin of the beginning of
the commentary to this theorem, but it may also refer to the theorem
as a whole. Indeed, as we have discussed above, the first part of the
commentary is hardly illuminating, while the enunciation of the theorem
offers itself to criticism from the viewpoint of Guidobaldo’s mechanics.
Guidobaldo’s approach crucially involves the concept of center of grav-
ity, as we have discussed above. Now the question raised by the present
theorem, namely what happens to such a balance when it is displaced
from the horizontal position, can be addressed with the help of this con-
cept, leading to the conclusion that the balance is in stable equilibrium.
But Guidobaldo may have also focused on a statement in the commentary
which is obviously problematic:

[...] tunc illud quod est circumvolubile, maiorem circulum con-
stituit in causa [should be casu] quia plus declinat propter cir-
cumvolutionem, et sic pondus ibi gravius est secundum situm
cum eius descensus sit rectior.

Then the arm which can swing freely will describe a greater
circle in its descent, because it has a greater declination on ac-
count of the rotation; and thus the weight there is positionally
heavier, since its path of descent is straighter.”

7de Nemore (1533, C iii verso), page 316 in the present edition. Translation in Moody
and Clagett (1960, 158-159).
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In any case, Guidobaldo wrote:

falsa [ijmmo sequitur oppositum [s]i per principia vera fiat
demonstratio

false; in fact the opposite follows if the demonstration is per-
formed according to true principles
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Figure 5.8: Marginal note to the seventh theorem.

The next marginal note simply corrects a typographical error at the
end of the commentary to theorem 7, replacing ho in the text which is
underlined by the correct word hoc.

appédatur fuper hypotenufam ae,quia [
vinho fituleuiuseft,G b per premilla, p - o
i linea directionis ﬁa;t lj,eo @bdiftatcan
- tey . » a s A rwBATYS 4R
Figure 5.9: Correction of a typographical error near the end of the com-
mentary to Jordanus’ seventh theorem.
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5.5 Eighth theorem: rejecting Jordanus’ proof of the law of the
lever

Theorem 8 constitutes, as we have discussed, a proof of the law of the lever.
Guidobaldo left two marginal notes to this theorem and its discussion in
the commentaries. The first note refers to the statement of the theorem,
expressed in terms of an equality of positional heaviness:

Si fuerint brachia librae proportionalia ponderibus appenso-
rum, ita, ut in breviori gravius appendatur, aeque gravia erunt
secundum situm.

If the arms of the balance are proportional to the weights sus-
pended, in such manner that the heavier weight is suspended
on the shorter arm, then the suspended weights will be of equal
positional heaviness.®

Guidobaldo wrote:

propositio quidem vera. Demonstrationum vero sequentium
nulla ex necessitate concludit

the proposition is true indeed, but he derives nothing of the
following demonstrations by necessity

While the claim — the law of the lever — is evidently correct, Guidobaldo
questioned the method of proof based on Aristotelian principles rather
than on the concept of center of gravity.

Guidobaldo’s second marginal note to this theorem on the same page
refers to the proof given in the second commentary which he evidently
worked through. It refers, in particular, to the following statement (see
figure 5.11):

Dico, quod non faciet motum in aliquam partem regula recta,
ascendat primo B et descendat C, ita ut DAFE sit quasi regula,
et D quasi pondus C, sint DM et EF perpendiculares super
BC palam est igitur [...], quod triangulia ADM et AEF sunt
similes.

I'say that, without the balance moving in any direction, let first
B rise and C descend so that DAE becomes like the balance

8de Nemore (1533, C iv recto), page 317 in the present edition. Translation adapted
from Moody and Clagett (1960, 160-161).
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Figure 5.10: Guidobaldo criticizes Jordanus’ proof.

and D like the weight C, and let DM and EF be perpendicular
lines on BC then it is obvious [...] that the triangles ADM and
AEF are similar.”

Here the words “D quasi pondus C” (“D like the weight C”) are un-
derlined.
In the margin next to it Guidobaldo wrote:

DE quasi pondera [BC]|
DE like the weights [BC]
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Figure 5.11: Guidobaldo clarifies a sentence of Jordanus’ proof.

9de Nemore (1533).
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Furthermore, he added labels to the diagram. Evidently, Guidobaldo
attempted to follow the proof concerning imaginary displacements of weights
that allow the application of Aristotelian dynamical principles. In particu-
lar, the weight D corresponds to the weight originally labelled B but then
designated as C in the text quoted above. The lettering of the text and of
the diagram was apparently so confusing to Guidobaldo that he strove for
greater clarity by correcting labels both in the diagram and in the text.

5.6 Ninth theorem: the problematic attribution to Euclid

The last sentence of the commentary to the ninth theorem ascribes the
first nine theorems not to Jordanus but to Euclid. Guidobaldo evidently
found this remarkable and underlined the statement that here the book of
Euclids ends:

Hic explicit secundum aliquos liber Euclidis de ponderibus.

Here ends, according to some, Euclid’s book on weights.!?

deraretinferiori libi aequali, ut patetex primahuius. Sicum fit drcum-
uolubile,tunc per tertiam huius omnes partes zquales xqualiter pon-
derant,ut affumitur in probatione conclufionis huius. Hic explicit fec
dum aliquos liber Euclidis de ponderibus.

Figure 5.12: The ascription of the book to Euclid.

10de Nemore (1533, D i verso), page 320 in the present edition.






Chapter 6
The Treatise De Mechanicis in Benedetti’s Book

The Diversarum speculationum mathematicarum et physicarum liber by
Benedetti is a collection of six quite different treatises, as has been men-
tioned in the beginning (see section 1.2). Only one of these treatises enti-
tled De mechanicis was in the focus of Guidobaldo del Monte’s marginalia
and will be presented here in some detail, summarizing and complementing
what has been said in section 3.9.

This treatise on mechanics is divided into twenty-five chapters. There
are some more references to mechanics in the letters that are also part of
Benedetti’s book. His discussion of the motion of fall through media and
of hydraulic problems are not part of this treatise. The treatise starts with
a brief preamble in which Benedetti claimed that he treats topics that have
never been dealt with before or have not been sufficiently well explained.

6.1 The oblique position of the beam of a balance

Chapters 1 to 6 contain a systematic account of the foundation on which
Benedetti built his mechanics. He presupposed the theory of Archimedes
but also incorporated the concept of positional heaviness.

Chapter 1 clarifies qualitatively how the variable weight changes de-
pending on the obliqueness of the beam of a balance. While a body at-
tached to the end of the beam has a maximum weight if the beam is in
a horizontal position, it vanishes when the beam is in a vertical position.
Benedetti explained this behavior as a consequence of the different extent
to which the attached weight rests on the center of the balance. If the
position of the beam is close to the vertical, the weight of a body attached
to the end of the beam is close to zero since it rests nearly completely on
the center of the balance.

Chapter 2 clarifies the positional changing of the weight quantita-
tively. Benedetti related the balance with an oblique position of the beam
to a bent lever with one horizontal and one oblique arm, thus providing
the precondition for a generalization of his result. A generalization of this
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kind is indeed required if the lines of inclination of the bodies at the end
of a balance are conceived as being directed to the center of the earth and
hence no longer as being parallel to each other. Benedetti mentioned this
possibility at the end of his chapter, but considered the angle between the
two directions as being too small to be measured and thus need not be
taken into account.

In chapter 3 Benedetti generalized from the downward inclination of a
body attached to the beam of a balance to forces acting upon the body not
vertically but making an acute or obtuse angle with the horizontal beam.
Accordingly, he replaced the bodies at the end of the beam of a balance
with two weights or two moving forces (duo pondera, aut duae virtutes
moventes), as he formulated somewhat ambiguously. His derivation of
their quantities was based on a reinterpretation of the horizontal distances
between the center of the balance and the vertical projections of the bodies
at the end of a beam in an oblique position. He interpreted these distances
as perpendicular distances from the center of the balance to the lines of
inclination, and was thus able to apply the result he achieved for vertically
descending weights also to lines of inclination caused by forces that are
not vertical.

In the following, Benedetti maintained that his arguments in chap-
ters 1 to 3 clarify all the causes operating on balances and levers. To
demonstrate this, he discussed in chapters 4 and 5 the validity of his re-
sults if applied to material balances and levers, taking into account that
they have a beam with finite extension. This, however, does not imply that
he calculated the influence of the weight of the beam itself. His discussion
was rather restricted to a justification of his claim that the geometry of a
rectangular beam does not require a modification of his propositions. In
chapter 5 he treated the case of a lever whose fulcrum is at one of its ends.

Finally in chapter 6 Benedetti added the description of an instrument
used in bakeries for treating the dough. He explained the function of the
instrument by applying his proposition of chapter 3.

The systematic approach of Benedetti in this first part of his treatise
is complemented by chapter 9 in which he justified the division of the scale
of a steelyard into equal intervals.

6.2 Benedetti’s criticism of Tartaglia and Jordanus

In chapters 7 and 8 Benedetti criticized theorems of his former teacher
Tartaglia, in particular those Tartaglia adapted from Jordanus de Nemore.
Both chapters deal exclusively with some propositions of Book VIII of
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Tartaglia’s Quesiti, et inventioni diverse,® which is concerned with the
science of weights and is entitled, accordingly, Sopra la scientia di pesi. In
those cases in which Tartaglia’s propositions are adapted from Jordanus,
Benedetti mentioned explicitly the corresponding proposition in the edition
of Jordanus’ De ratione ponderis, corrected and illustrated by Tartaglia,
and published under the title lordani opusculum de ponderositate Nicolai
Tartaleae studio correctum novisque figuris auctum.?

Chapter 7 starts with some brief critical remarks on Tartaglia’s propo-
sitions 2 to 5. Tartaglia’s proposition 2 essentially paraphrases and modi-
fies the Aristotelian claim that the speed of moving bodies is proportional
to the driving force. Following Jordanus, Tartaglia maintained that the
velocities of descending heavy bodies of the same kind are proportional
to their power (Italian: potentia) while in the case of ascending bodies
their velocities are inversely proportional to their power. For bodies of
the same kind their power is conceived here as proportional to their sizes,
that is, to their weights. Descending bodies are thus simply falling bodies
with velocities proportional to their weights, while in the case of ascending
bodies their weight acts as a resistance. Tartaglia’s proposition 3 gener-
alizes proposition 2 for bodies with equal weights but unequal positional
heaviness. His proposition 4 maintains that in the latter case the power
of bodies attached to a balance is proportional to the distances from the
center.

Benedetti’s critical remarks are somewhat eclectic. He argued that
Tartaglia, in his proposition 2, did not take into account the quantity of
external resistance (quanti momenti sint extrinsecae resistentiae). With
regard to Tartaglia’s proposition 3 Benedetti pointed to its assumptions,
namely that the bodies have to be homogenous and must have the same
shape. He criticized that Tartaglia’s proof does not actually require these
assumptions but would be true also for heterogeneous bodies or for bodies
with differing shapes. Concerning proposition 4 he criticized that Tartaglia
did not prove what he claimed to prove. He should have rather followed
Archimedes’ proof of the law of the lever.

Benedetti’s chapter 7 continues with a detailed discussion of the sec-
ond part of Tartaglia’s proposition 5 and the following two corollaries and
is thus directly concerned with the equilibrium controversy. Tartaglia
maintained in this proposition that a balance that is in equilibrium in a
horizontal position will necessarily return to this horizontal position when
moved into an oblique position. In a first corollary he claimed that the

I Tartaglia (1546).
2de Nemore (1565).
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more the beam of a balance is brought into an oblique position, the more
the bodies attached to it become positionally lighter. In a second corollary
he claimed that while both bodies in this case become positionally lighter,
the lifted body loses less of its positional heaviness than the body moving
down. He concluded that the beam will return to a horizontal position.
Benedetti questioned Tartaglia’s approach by referring to the first three
chapters of his own treatise, arguing in particular that Tartaglia’s second
corollary must be wrong. He discussed once more the beam of a balance
in an oblique position, but now without the assumption that the lines of
inclination of bodies attached to the beam of a balance are parallel. He
rather considered the case that these lines are directed to the center of
the world, showing, as we have discussed above in section 3.9, that not
the lifted body but rather the body that is moved down loses less of its
positional heaviness.

Benedetti continued in chapter 8 with critical comments on Tartaglia’s
propositions 6, 7, 8, and 14. Tartaglia’s proposition 6 contains the proof
of his fallacious claim that the lifted body of an oblique beam of a balance
loses less of its positional heaviness than the body moving down, now
modified by the further claim that the difference is smaller than any finite
quantity. Tartaglia claimed:

[...] che la differenzia ch’¢ fra le gravitd de questi dui corpi
egli & impossibile a poterla dar, over trovar’ fra due quantita
inequali.

[...] that the differences between the heaviness of these two
bodies is impossible to give or find between two unequal quan-
tities.

Like Guidobaldo had done before him, but with different results, Benedetti
criticized Tartaglia for not taking into account that the lines of inclination
are not parallel.

Tartaglia’s proposition 7 contains the simple statement that if the
arms of a balance are unequal and bodies with equal weights are attached
to the ends of the beam the balance will tilt on the side with the longer
arm. Benedetti criticized that Tartaglia again did not take into account
that the lines of inclination are not parallel and that in any case Tartaglia
did not give the correct cause of the effect.

Tartaglia’s proposition 8 formulates, following Jordanus, the law of the
lever in terms of positional heaviness, stating that if the lengths of the parts

3Tartaglia (1546, 91r). Translation in Drake and Drabkin (1969, 130).
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of the beam of a balance with unequal arms are inversely proportional to
the weights of the bodies attached to them, their positional heaviness will
be equal. Benedetti criticized, just as Guidobaldo had done in his marginal
notes to Jordanus, that this proposition is much better demonstrated by
Archimedes. He added that therefore all the proofs of the propositions 9
to 13 are invalid.

Finally, Tartaglia’s propositions 14 and 15 concern Jordanus’ proof
of the law of the inclined plane which, from a modern perspective, is
essentially correct. Benedetti criticized, as we have also discussed in section
3.9, Tartaglia’s argument by imputing to it an interpretation of the inclined
plane as a balance, with the top of the plane being its center. His criticism
based on the propositions of his chapters 1 to 3 thus completely missed
the point of Tartaglia’s argument.

6.3 Benedetti’s criticism of Aristotle

Benedetti’s treatise on mechanics continues mainly with critical notes on
the Aristotelian Mechanical Problems* which constituted a key reference
for mechanical arguments at the time.®> His notes are as diverse as the
Aristotelian Mechanical Problems themselves.

Before he embarked on this criticism, Benedetti dealt, in chapter 9,
with the problem of why a steelyard carries a linear gradation.® He took
into account the weight of the beam and that of the scale by postulating the
equilibrium of the balance when no extra weight is added. Then he added
weights of one pound on both sides, arguing that, by common science
(scientia communis),” the balance stays in equilibrium if they are placed
at equal distances from the fulcrum. He had thus found the mark on
the beam that indicates a magnitude of one pound. He then successively
placed further weights onto the scale, now arguing from the law of the
lever that they must be compensated by distances proportional to their
number. He thus avoided the problem of applying the law of the lever
directly to a material steelyard, just as one does in practice when gauging
such a balance.®

4 Aristotle (1980). See subsection 3.4.1.

5See Rose and Drake (1971) and also the introduction to Nenci (2011a).

6Benedetti (1585, 152), page 339 in the present edition, see also Drake and Drabkin
(1969, 178).

"In the sixteenth century the term scientia communis was used to designate knowledge
common to all mathematical sciences, its core being the Euclidean theory of proportions.
See Sepper (1996, 153-154).

8See the discussion in Damerow et al. (2002).
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In chapters 10 and 11, Benedetti started with critical remarks on
Aristotle’s first problem. Aristotle asked why larger balances are more
accurate than smaller ones.” Actually, this concrete physical question is
not the focus of the extensive answer the author gave to this problem.
He rather provided a long proof of the basic explanatory principle which
plays a major role in the whole treatise (see section 3.4.1). At the end of
the proof Aristotle argued that the same load will move faster on a larger
balance thus making such balances more accurate.'?

The criticism Benedetti passed on Aristotle’s argument has two parts.
In chapter 10 Benedetti began by rejecting Aristotle’s claim that the cir-
cumference of a circle combines concavity with convexity. He then argued
against a specific part of Aristotle’s proof of his principle which involves
the superposition of motions. In this part Aristotle showed that:

Quandoquidem igitur in proportione fertur aliqua id, quod fer-
tur, super rectam ferri necesse.

[...] whenever a body is moved in two directions in a fixed ratio
it necessarily travels in a straight line.!!

He concluded:

Si autem in nulla fertur proportione secundum duas lationes
nullo in tempore, rectam esse lationem est impossibile.

[...] if a body travels with two movements with no fixed ratio
and in no fixed time, it would be impossible for it to travel in
a straight line.!?

For the Aristotelian author this proposition served as a means to de-
scribe circular motion as a result of two movements with no fixed ratio.
Benedetti, however, did not relate his criticism to this context. He argued
only that Aristotle’s inference concerning movements in two directions is
not sufficient since a straight movement can result from two quite different
motions, a criticism which does not really relate to the Aristotelian argu-
ment, other than showing that his entire attempt to derive the behavior
of a balance from a principle of circular motion is misguided.

In the same vein Benedetti’s criticism in chapter 11 then deals directly
with Aristotle’s answer to the question of why larger balances are more

9 Aristotle (1980, 337-347).

10 Aristotle (1980, 347).

1 Aristoteles (1585, 507). Translation in Aristotle (1980, 337).
12 Aristoteles (1585, 508). Translation in Aristotle (1980, 339).
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accurate than smaller ones. He argued that Aristotle’s argument is not well
founded since the greater accuracy has nothing to do with the motion of
the beam of the balance but only with the geometrical constellation.'® To
conclude he added a consideration of material balances, arguing according
to his own principles that a weight on the larger balance will be positionally
more effective.

Benedetti’s chapter 12 concerns problems 2 and 3 of the Aristotelian
Mechanical Problems.'* Problem 2 raises the question that forms the
starting point of the equilibrium controversy:

Cur siquidem sursum fuerit spartum, quando deorsum lato
pondere, quispiam id admouet, rursum ascendit libra: si autem
deorsum constitutum fuerit, non ascendit, sed manet?

If the cord supporting a balance is fixed from above, when
after the beam has inclined the weight is removed, the balance
returns to its original position. If, however, it is supported from
below, then it does not return to its original position. Why is
this?1®

Aristotle implicitly assumed that the beam of the balance has a certain
thickness and weight. It follows as a result of the geometry of the balance
in an oblique position that if the beam is fixed from above, a greater
part of the beam is on the lifted side of the perpendicular line across the
suspension point (see figure 3.37). Consequently the beam will move back
by itself into the horizontal position. The opposite is true for a beam fixed
from below. In this case the greater part of the beam is on the lower side
so that it cannot move back into a horizontal position by itself.

Benedetti criticized that in the first case it is not only the weight of
the beam that causes it to return to the horizontal position but also the
different distances of the weights in an oblique position from the vertical
through the point where the beam is fixed. According to his theory of the
dependency of the weight on the obliqueness of the beam, the weights must
be different on both sides. Benedetti thus generalized Aristotle’s argument
to the case of a balance without a material beam carrying weight itself.

In the second case of a beam supported from below, he argued that
Aristotle is completely mistaken. He rightly maintained that the beam

13Benedetti (1585, 153), page 341 in the present edition; Drake and Drabkin (1969,
180-182).

1 Aristotle (1980, 347-355); Drake and Drabkin (1969, 182-183).

15 Aristoteles (1585, 511). Translation in Aristotle (1980, 347-349).
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will not remain in its oblique position, but that the lower part will further
move down until the beam is below the point where it is fixed.

Problem 3 of the Aristotelian Mechanical Problems' concerning an
explanation of the effect of a lever is, to Benedetti, not worth the effort of
a detailed criticism. He only briefly notes that Aristotle did not give the
true cause which one will find in his own theory presented in chapters 4
and 5.17

In the very short chapter 13, Benedetti criticized problem 6 of the
Aristotelian Mechanical Problems:

Cur quando antenna sublimior fuerit, iisdem velis, et vento
eodem celerius feruntur navigia?

Why is it that the higher the yard-arm, the faster the ship
travels with the same sail and the same wind?'®

The Aristotelian answer provided in the Mechanical Problems is based on
the interpretation of the yard-arm as a lever having its base where the yard-
arm is fixed as the fulcrum. Benedetti maintained that this interpretation
of the yard-arm as a lever:

[...] verum non est. Huiusmodi enim ratione navis tardius
potius, quam velocius ferri deberet, quia quanto altius est velum,
vi venti impulsum, tanto magis proram ipsius navis in aquam
demergit.

[...] does not give the true explanation. For on this kind of
explanation the ship would have to move more slowly rather
than more swiftly. For the higher is the sail that is struck by
the force of the wind, the more is the ship’s prow submerged
in the water.!?

Benedetti added one sentence with his own explanation according to which
the ship with a higher sail moves more swiftly because the wind blows more
strongly in the higher region.

Chapter 14 provides a long discussion of problem 8 of the Aristotelian
Mechanical Problems. The question posed in this problem is why round

16 Aristotle (1980, 353-355).

I7Benedetti (1585, 154), page 342 in the present edition; Drake and Drabkin (1969,
183).

18 Aristoteles (1585, 515). Translation in Aristotle (1980, 361).

19Benedetti (1585, 155), page 343 in the present edition. Translation in Drake and
Drabkin (1969, 183).
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and circular bodies are easiest to move. Three examples are mentioned and
later discussed: the wheels of a carriage, the wheels of a pulley, and the
potter’s wheel. Benedetti claimed that Aristotle’s answer to the question
he posed is not sufficient. Nevertheless Benedetti himself argued essentially
in a similar manner, only somewhat more extensively. Both of them argued
that the circle, contrary to differently shaped bodies, touches a plane only
at one point which can be considered as the fulcrum of a lever. But
Benedetti added a further argument which is not given by Aristotle. He
argued that a circle can be pulled along a plane without difficulty and
resistance:

[...] quia huiusmodi centrum ab inferiori parte ad superiorem,
nunquam mutabit situm respectu distantiae seu interualli, quae
inter ipsum lineamque AD intercedit.

[...] because in such a case the center will never change its
position by moving upward from below, i.e., will never change
its position with respect to the distance or interval which lies
beween it and line AD.2°

At the end of the chapter Benedetti discussed the question of why a
potter’s wheel set into motion by an external force will continue to rotate
for a time, but not forever. In his response he took into account the
friction with the support of the wheel and with the surrounding air. But
he also discussed reasons that are more deeply concerned with the nature of
such motion. He claimed, in particular, that the rotational motion is not a
natural motion of the wheel, evidently making reference to the Aristotelian
distinction between natural and violent motions. He also claimed that a
body moving by itself because an impetus has been impressed upon it by
an external force has a natural tendency to move along a rectilinear path.
This statement comes close to the principle of inertia of classical physics,
although it actually deals with rectilinear motion as a forced motion and
does not involve any assertion about its uniformity. Benedetti seems to
suggest, in any case, that this natural tendency is in conflict with the
forced rotational motion of the wheel, thus slowing it down, and the more
so, the smaller the wheel and the more its parts are constrained to deviate
from the rectilinear path.2!

In chapters 15 and 16 Benedetti dealt with issues of scale as they
are brought up by the Aristotelian Mechanical Problems. In chapter 15,

20Benedetti (1585, 155), page 343 in the present edition. Translation in Drake and
Drabkin (1969, 184).
21For the historical context, see Biittner (2008).
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consisting merely of one short sentence, Benedetti referred to his own
earlier treatment of Aristotle’s question of why larger balances are more
exact (erroneously citing chapter 10 instead of chapter 11 of his treatise)
in order to deal with the ninth problem of the Aristotelian Mechanical
Problems which reads:

Cur ea, quae per maiores circulos tolluntur et trahuntur, facil-
ius et citius moveri contingit [...]?

Why is it that we can move more easily and more quickly things
raised and drawn by means of greater circles???

In chapter 16 he discussed the tenth problem of the Aristotelian Me-
chanical Problems which reads:

Cur facilius quando sine pondere est, movetur libra, quam cum
pondus habet?

Why is a balance moved more easily when it is without a weight
than when it has one???

In his detailed response to this problem — indeed much more detailed
than the one found in the Aristotelian text — Benedetti compared two
like balances with different sets of weights on their scales, one with two
weights of one ounce, the other with two weights of one pound. He then
added a half-ounce weight on one side of each balance and observed that
the balance with the smaller weights moves more rapidly. He explained
this effect by referring to the dynamical assumption that one always has
to consider the ratio of the moving force to the body moved.

In chapter 17 Benedetti addressed the twelfth problem of the Aris-
totelian Mechanical Problems which reads:

Cur longius feruntur missilia funda, quam manu missa [...]?

Why does a missile travel further from the sling than from the
hand??

Benedetti’s response is based on the concept of impetus, conceived as an
intrinsic cause of motion originally acquired by the action of an exter-
nal force that then gradually decreases after separation from the original

22 Aristoteles (1585, 517). Translation in Aristotle (1980, 365).
23 Aristoteles (1585, 517). Translation in Aristotle (1980, 365).
24 Aristoteles (1585, 518). Translation in Aristotle (1980, 367).



6. The Treatise De Mechanicis in Benedetti’s Book 199

mover. He argued that a greater impetus can be impressed by the sling
due to the repeated revolutions which evidently lead to an accumulation
of this intrinsic force. He observed that the impetus would lead, if not
impeded by the sling or the hand, to a straight motion of the projectile
along the tangent to the circle of its forced motion. He also noted — dis-
tancing himself from a claim made by Tartaglia — that the motion due to
the impressed force can mingle with the projectile’s natural motion down-
ward, thus leading to a curved trajectory. It may well be the case that it
was this claim that later induced Galileo and Guidobaldo to perform their
experiment on projectile motion from which they drew the conclusion that
such a mixture of motions indeed takes place.?®

In chapter 18 Benedetti considered problem 13 of the Aristotelian Me-
chanical Problems dealing with the question of why larger handles can be
moved more easily around a spindle than smaller ones.?® In his short re-
sponse Benedetti simply referred to the fourth and fifth chapters of his own
treatise, stressing that everything depends on the lever and was evidently
convinced that the Aristotelian reduction of such problems to properties
of the circle is superfluous if not misguided.

In chapter 19 he handled in the same way problem 14 of the Aris-
totelian Mechanical Problems which reads:

Cur eiusdem magnitudinis lignum facilius genus frangitur, si
quispiam aequi diductis [deductis] manibus extrema compre-
hendens fregerit, quam si iuxta genu?

Why is a piece of wood of equal size more easily broken over
the knee, if one holds it at equal distance far away from the
knee to break it, than if one holds it by the knee and quite
close to it?27

Again Benedetti just referred to the earlier chapters of his treatise.
In chapter 20 Benedetti reconsidered problem 17 of the Aristotelian
Mechanical Problems which reads:

Cur a parvo existente cuneo magna scinduntur pondera, et
corporum moles, validaque sit impressio?

Why are great weights and bodies of considerable size split by
a small wedge, and why does it exert great pressure??

25See the discussion in Renn et al. (2001).

26 Aristotle (1980, 367).

27 Aristoteles (1585, 518). Translation in Aristotle (1980, 369).
28 Aristoteles (1585, 520). Translation in Aristotle (1980, 371).
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The answer is based on interpreting the wedge as two levers opposite
to each other, their fulcra being placed at the entry points of the wedge
into the wood. Benedetti disagreed with the identification of the two
levers allowing the action of the wedge to be interpreted in terms of force,
fulcrum, and resistance. He claimed that the fulcrum is actually placed
just underneath the deepest point of the opening produced by the wedge
entering a block of wood.

In chapter 21 Benedetti claimed to provide the true explanation of
compound pulleys. He reduced a compound pulley to a chain of balances
by appropriately identifying forces and fulcra, each wheel of the pulley
corresponding to one balance.

In chapter 22 Benedetti discussed Aristotle’s wheel, i.e. problem 24
of the Aristotelian Mechanical Problems which reads:

Dubitatur quam ob causam maior circulus aequalem minori
circulo convolvitur lineam, quando circa idem centrum fuerint
positi.

A difficulty arises as to how it is that a greater circle when
it revolves traces out a path of the same length as a smaller
circle, if the two are concentric.2’

While the author of the Mechanical Problems referred to dynamical
reasons in explaining this apparent paradox, Benedetti resorted to a kine-
matic argument, a pointwise reconstruction of the trajectory of the motion
of a point on the circumference, arguing that it results from a superposi-
tion of two motions. In the case in which the motion is controlled by the
larger circle, a point on the circumference of the smaller circle traverses a
path resulting from an addition of two motions. In the case in which the
motion is controlled by the smaller circle, a point on the circumference
of the larger circle traverses a path resulting from a subtraction of two
motions.

Chapter 23 of Benedetti’s treatise does not exist.3® In chapter 24
Benedetti discussed problem 30 of the Aristotelian Mechanical Problems
which reads:

Cur surgentes omnes, femori crus ad acutum constituentes an-
gulum, et thoraci similiter femur, surgunt?

29 Aristoteles (1585, 525). Translation in Aristotle (1980, 387).
30In Drake and Drabkin (1969, 193) chapter 22 is erroneously numbered as chapter 23.
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Why is it that, when men stand up, they rise by making an
acute angle between the lower leg and the thigh, and between
the trunk and the thigh?3!

In his response Benedetti suggested that the reason for this behavior is to
create an equilibrium of the body with regard to the line that serves as
support underfoot.

In chapter 25 Benedetti addressed the last problem, problem 35 of the
Aristotelian Mechanical Problems which reads:

Cur ea quae in vorticosis feruntur aquis, ad medium tandem
aguntur omnia?

Why do objects which are travelling in eddying water all finish
their movement in the middle?32

Benedetti’s answer simply referred to the fact that whirlpools are de-
pressed in their middle without giving an explanation of this phenomenon.
He could thus restrict himself to arguing that the motion of an object to
the center of such a whirlpool is simply its natural downward motion. Re-
markable is the final comment by Benedetti, concluding his criticism of
Aristotle as well as his treatise on mechanics:

[...] a quo aliarum omnium quaestionum, quas ego omisi ra-
tiones sunt bene propositae.

But in the case of all those other problems that I have omitted,
Aristotle’s explanations are correct.33

31 Aristoteles (1585, 532). Translation in Aristotle (1980, 403—405).

32 Aristoteles (1585, 533). Translation in Aristotle (1980, 409).

33Benedetti (1585, 167), page 355 in the present edition. Translation in Drake and
Drabkin (1969, 196).






Chapter 7
Guidobaldo’s Marginal Notes in Benedetti’s Book

Guidobaldo’s marginal notes in Benedetti’s book illustrate a case where
different conceptual frameworks are applied to similar mechanical prob-
lems and thus are testimony to a competition taking place within the
same territory. More generally, these marginal notes reveal the potential
tensions and conflicts inherent in the bodies of knowledge carried over from
antiquity when these are elaborated, integrated with each other, and ap-
plied to the challenging objects of preclassical mechanics (see sections 3.3
and 3.4.3). From an analysis of the marginal notes it becomes clear that
Guidobaldo considered Benedetti’s entire approach as being misguided.
On the one hand, he repeatedly claimed that Benedetti had taken over
propositions from his own book on mechanics, such as the assertion that
a balance with equal arms would, when deflected from the horizontal po-
sition, not return to its original position. On the other hand, he found
that the conceptual foundation of Benedetti’s approach, based on deter-
mining positional heaviness by a perpendicular to the line of inclination,
is untenable, leading him to false or problematic claims. In summary, ac-
cording to Guidobaldo, everything that Benedetti had accomplished was
either plagiarized or simply wrong.

The different conceptual foundations of Guidobaldo’s and Benedetti’s
mechanics also account for the different status of certain problems within
the theoretical frameworks of their treatises. Thus, while the case of a bent
lever and the case of a balance with a weight on one side and a force acting
in an arbitrary direction on the other side are rather central to Benedetti,
such situations receive at best a marginal treatment in the deductive part
of Guidobaldo’s treatise. Benedetti’s framework was evidently more apt
than Guidobaldo’s to deal with cases in which force and lever arm are
not perpendicular to each other, or more generally, with cases in which
the acting force and the path of the motion constrained by a mechanical
device are not parallel as is the case, for instance, for the inclined plane.
While this potential was not fully exploited in Benedetti’s treatise, not
least because of the sketchiness of some of his proofs, it became essential
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to Galileo’s more rigorous and systematic treatment of mechanics modeled
after that of Guidobaldo, as well as to the theory of motion built upon it
(see section 3.10). Guidobaldo’s marginal notes on Benedetti’s treatise
thus not only illustrate the clash of their different perspectives, but also
the developmental potential inherent in this clash. They allow us to wit-
ness the beginnings of a process in which the heterogeneous conceptual
traditions of early modern mechanics were eventually fused to constitute
the framework of classical mechanics in the context of a scientific contro-
versy (see section 1.3).

Guidobaldo’s notes are presented here in the context of those passages
of Benedetti’s text to which they refer. Several parts of the marginalia have
been deleted by Guidobaldo himself. Other parts have later been cut off by
a book binder. Also, we have been unable to read all of his handwriting.

7.1 First chapter: the general charge of plagiarism

Benedetti started the part of Diversarum speculationum |[...] liber that
deals with mechanics after a short introduction with a first chapter entitled:

De differentia situs brachiorum librae.

On the difference in the position of the arms of a balance.?

It has been mentioned above that Benedetti sets out in this first chapter
to explain the idea of positional heaviness by stating:

Omne pondus positum in extremitate alicuius brachii librae
maiorem, aut minorem gravitatem habet, pro diversa ratione
situs ipsius brachii.

Every weight placed at the end of an arm of a balance has a
greater or a lesser heaviness depending on differences in the
position of the arm itself.

The rest of the chapter elaborates on this idea.
In the introduction which precedes this chapter Benedetti claimed that
he presents material that has either never been dealt with previously or has

IThe transcriptions take into account the samples given by Anthony Grafton in the
prospectus of the auction house (Catalogue 38 of Martayan Lan). For an analysis of
the deletions, see the appendix.
2Benedetti (1585, 141-142), pages 329-330 in the present edition. Translation in Drake
and Drabkin (1969, 166-167).
3Benedetti (1585, 141), page 329 in the present edition. Translation in Drake and
Drabkin (1969, 166).
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not been sufficiently explained. It is to this bold claim that Guidobaldo
reacts in his first marginal note, written after the beginning of the first
chapter. The note is placed in the right margin of the page at the height
where the text of the first chapter begins. It refers to the chapter as a
whole, claiming that it had been taken entirely from his own book:

Hoc primum caput to[tum] desumptum est a n[ostro] mechan-
icorum libr[o| tractatu de lib[ra].

This entire first chapter is taken from our book on mechanics,
from the treatise on the balance.
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Figure 7.1: The first marginal note.

As this marginal comment suggests, Guidobaldo was evidently con-
vinced that not only had he derived all the relevant theorems in his own
book but also addressed what he saw as the problematic character of the
concept of positional heaviness in Jordanus, Tartaglia, and Cardano. As
Benedetti’s approach corresponds to one of the options of Cardano (see
section 3.7), he was apparently under the erroneous impression that he
had thus dealt with Benedetti’s approach as well.

7.2 Second chapter: the neglect of the cosmological context

Benedetti’s second chapter is entitled:

De proportione ponderis extremitatis brachii librae in diverso
situ ab horizontali.
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On the ratio of the weight at the extremity of the arm of a
balance in various positions with respect to the horizontal.*
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Figure 7.2: Figure at the beginning of the second chapter.

The chapter considers, as we have discussed, the changing effect of a
weight in different positions of the arm of a balance. Guidobaldo began
his marginal note on the lower left margin of the page opening the chapter
and continued it at the bottom. The note refers to the concluding sentence
on the page:

Unde fit ut hoc modo pondus magis aut minus a centro pendet,
aut eidem nititur: atque haec est causa proxima, et per se, qua
fit ut unum idemque pondus in uno eodemque medio magis aut
minus grave existat.

Hence it results that in this way a weight hangs more or less
from the center or is sustained by it. And this is the proximate
and essential cause why it happens that one and the same
weight in one and the same medium is more or less heavy.®

In his comment, Guidobaldo questioned the basic geometrical set-up
of Benedetti’s argument because it does not take into account that the
perpendicular lines are not parallel but have to meet at the center of the

4Benedetti (1585, 142-143), pages 330-331 in the present edition. Translation in Drake
and Drabkin (1969, 168-169).

5Benedetti (1585, 142), page 330 in the present edition. Translation modified from
Drake and Drabkin (1969, 169).
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Figure 7.3: Marginal note to the second chapter.

world. As we have discussed, in his own book, he had extensively criticized
Tartaglia’s approach in a similar way — not because of an overemphasis on
precision, but for reasons of logical consistency enforced by Tartaglia’s
conceptualization of oblique descents.

non est neque proxima neque per se; nam [pond|us in F brachii
[BF] non est equegrave ut pondus in U brachii BU ; [nec]
pondus in F brachii BE est equegrave ut pondus [in] U brachii
BU. Unde tota haec demonstratio falsa est.

because that [i.e. the greater or smaller extent to which a
weight rests on the center] is neither the next [cause] nor the
[cause] by itself. For the weight at F' of the arm BF is not
equally heavy as the weight U of the arm BU; nor is the weight
at E of the arm BE equally heavy as the weight at U of the
arm BU. Whence this entire demonstration is false.

Guidobaldo thoroughly examined what he considered to be the prob-
lematic foundation of Benedetti’s mechanics also in his research notebook,
the Meditatiunculae, under the heading:®

Contra Cap. 2 Jo. de Benedicti de Mechanicis

Against chapter 2 of Giovanni Benedetti’s [treatise] on Mechan-
ics

6See DelMonte (1587, 145).
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Figure 7.4: In his notebook Guidobaldo reconsidered Benedetti’s analysis
of the bent lever, conceived as a balance with one horizontal
arm BD and an oblique arm in the positions BF or BE. He
stressed the difference between Benedetti’s treatment and a
treatment that takes into account the finite distance of the
bent lever from the center of the world. For this purpose,
Guidobaldo compared the line LUS parallel to the line AQ,
connecting the fulcrum B of the balance with the center of
the world, with the line FM connecting the weights on the
beam with the center of the world. He concluded that it is the
weight at S, at the point where the line LUS meets the circle
the beam describes around the fulcrum, and not, as claimed
by Benedetti, the lower weight at E, that will be equally heavy
as the weight at U.
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He addressed Benedetti’s claims by reconstructing them from the per-
spective of his own conceptual framework based on the concept of cen-
ter of gravity. As indicated in his marginal notes, Guidobaldo rejected
Benedetti’s approach because it supposedly did not take into account the
finite distance of the weights from the center of the world and hence the
fact that the plumb lines are not parallel to each other.

In his diagram, Guidobaldo compared the line L US parallel to the line
AQ through the fulcrum with the line FM connecting the upper weight
F with the center of the world (see figure 7.4). S is the point where the
line LUS meets the circle the beam describes around the fulcrum, which is
above the position of the lower weight F. He next considered a bent lever
made of the oblique arm BS, rigidly connected to the straight arm BD,
assuming that BU is half BD.

If now a weight is placed at S which is double the weight at D, the
bent lever will be in equilibrium, as Guidobaldo showed with reference to
his book, because the center of gravity of the weights at S and at D will
be at the point R, which will be in its lowest place on the vertical line BQ.

He then concluded that it is the weight at S, but not the lower weight
E, that will be equally heavy as the weight at U. He proceeded to demon-
strate this in greater detail by considering the proportions in which the line
connecting the two weights of the bent lever is cut by the perpendicular
BQ@ for the two cases, i.e. the weight being placed at S and weight being
placed at F.

Guidobaldo concluded that the same weight is heavier at S than at F.
He then turned to a closer consideration of the upper weight F. Again he
constructed a bent lever LBD in equilibrium in order to compare it with
the bent lever formed with the upper weight F. And again he showed that
the weight is heavier at L than at F, concluding:

Et quibus etiam constat idem pondus in F, et in U, et in E,
diversi modo gravitare. Gravius est enim in situ £ quam in U
et in F. In U vero gravius, quam in F.

From this it is also clear that the weight at F, at U, and at
E gravitates in a different way. It is namely heavier in the
position F than it is at U and at F. But at U it is heavier than
at F.7

Finally, he summarized in almost the same words as in his marginal
comment quoted above:

"DelMonte (1587, 145).
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Veluti quoque falsum est propter filum pondus in F est aeque-
grave, ut pondus in U brachii BU. Non est igitur haec vera et
proxima causa, et per se harum gravitatum. Ut ipse profitetur.

In the same way it is also false that because of the thread the
weight at F is equally heavy as the weight at U on the arm BU.
This is therefore not the true and next cause, nor the essential
[cause] of these gravities. As he himself admits.®

7.3 Third chapter: the pitfalls of determining positional
heaviness

The third chapter is entitled:

Quod quantitas cuiuslibet ponderis, aut virtus movens respectu
alterius quantitatis cognoscatur beneficio perpendicularium duc-
tarum a centro librae ad lineam inclinationis.

That the magnitude of one given weight or the magnitude of
one motive force in comparison with another can be found by
means of perpendiculars drawn from the center of the balance
to the line of inclination.”

The title summarizes the gist of Benedetti’s procedure for determining
positional heaviness. Guidobaldo left two comments in the right margin
of the page opening the chapter — the first short, the second long and with
deletions.

Guidobaldo’s first comment refers to the figure on the preceding page
of Benedetti’s treatise to which in turn the first sentence of chapter 3 refers
(see figure 7.2):

Ex iis, quae a nobis hucusque sunt dicta, facile intellegi potest,
quod quantitas BU quae fere perpendicularis est a centro B
ad lineam F'U inclinationis, ea est, quae nos ducit in cogni-
tionem quantitatis virtutis ipsius F' in huiusmodi situ, con-
stituens videlicet linea F'U cum brachio FB angulum acutum
BFU.

From what we have already shown it may easily be understood
that the length of BU, which is virtually perpendicular from

8DelMonte (1587, 145).
9Benedetti (1585, 143), page 331 in the present edition. Translation in Drake and
Drabkin (1969, 169-170).
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the center B to the line of inclination F'U, is the quantity that
enables us to measure the force of F itself in a position of this
kind, i.e., a position in which line F'U constitutes with arm FB
the acute angle BFU.'°

The point of Guidobaldo’s first short comment is probably the same
as that of the preceding comment: to stress that Benedetti’s diagram fails
to take into account that the vertical lines have to actually converge at the
center of the world.

TR T AV W

Figure 7.5: Note at the beginning of the third chapter.

Guidobaldo’s first comment reads:

diximus hoc f[iguram] esse hoc mod|o]

We said that this figure is in this way

Guidobaldo’s second comment, beginning in the lower right margin
and continuing at the bottom of this page, refers to the interpretation of
the figure at the bottom of the page and to the argument beginning with
the second sentence of the chapter which reads (see figure 7.6):

Ut hoc tamen melius intelligamus, imaginemur libram BOA
fixam in centro O ad cuius extrema sint appensa duo pondera,

10Benedetti (1585, 143), page 331 in the present edition. Translation in Drake and
Drabkin (1969, 169).
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Figure 7.6: Benedetti’s bent lever with forces acting along the oblique lines
AC.

aut duo virtutes moventes F et C ita tamen quod linea incli-
nationis F idest BF faciat angulum rectum cum OB in puncto
B linea vero inclinationis C idest AC faciat angulum acutum,
aut obtusum cum OA in puncto A. Imaginemur ergo lineam
OT perpendicularem lineae CA inclinationis |...]

To understand this better, let us imagine a balance BOA fixed
at its center O, and suppose that at its extremities two weights
are attached, or two moving forces, £ and C|, in such a way
that the line of inclination of E, that is, BE, makes a right
angle with OB at point B, but the line of inclination of C| that
is, AC, makes an acute angle or an obtuse angle with OA at
point A. Let us imagine, then, a line OT perpendicular to the
line of inclination CA [...]1!

Guidobaldo’s second comment thus refers to Benedetti’s analysis of
the case of a balance with a weight on one side and a force acting in an
oblique direction on the other side:

si intelligamus plondus] in C, ut supponi plotest] ex verbis
ipsius, intelligendum est C[T] quoque consolidatam consoli-
datis T'O [...]. Unde si intelligamus C' pondus et non movens,
falsa est i[ta]que si intelligatur C' movens ut homil...] vera esse
pote[st] quod [deleted: non] moveat non esse pondus s[i...] ipse

11Benedetti (1585, 143), page 331 in the present edition. Translation in Drake and
Drabkin (1969, 169-170).
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Figure 7.7: Note beside drawings of bent levers in the third chapter.

[vero] in sequenti accipiat [hoc atque ponderi?] posse demon-
stratum quare nihil [...] ut patet in 7 cap.

In his duobus cap. fundantur omnes authoris demonstrationes
ita ut sunt praecipua mechanicorum fundamenta quorum cog-
nita falsitate omnia rem[oventur.]

If we understand that a weight is at C, as we can assume from
his own words, then CT must also be understood as being solid

[and connected with] the solid lines TO [...] If we hence under-
stand that C is a weight and not moving, [the proposition] is
false. If it is understood that C moves as [...] of a man, it can

be true, since what moves is not a weight. [But] if he himself
assumes in the following that [this] can be demonstrated [also
for a weight], nothing [...] therefore as is evident in chapter 7.
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On these two chapters all demonstrations of the author are
founded inasmuch as they are the first fundaments of mechan-
ics; once their falsity is recognized, everything is rejected.

This comment illustrates Guidobaldo’s difficulties in coping with a
subject that was apparently unfamiliar to him. Generalizing from the case
of the bent lever treated in chapter 2, Benedetti argued, as we have dis-
cussed in section 3.9, that the magnitude of a weight or a force can be
found by means of perpendiculars drawn from the center of the balance to
the line in which the weight or the force acts, that is, the line of inclination
which does not, however, have to be a perpendicular. Now this general-
ization raised problems for Guidobaldo: must this line of inclination be
understood as the solid arm of a bent lever with a weight attached to it at
the lower end, thus generating a pull downward to the center of the world?
Then Benedetti’s conclusion would be wrong. Or can the line of inclina-
tion also represent a moving force, for instance, the pull of a man acting
on the handles of a wheel? Then Benedetti’s conclusion may actually be
correct.

In his second marginal comment on this page, as well as on the re-
lated page in the Meditatiunculae, which we shall discuss immediately be-
low, we see Guidobaldo struggling with these two possibilities. Apparently
Guidobaldo believed that while Benedetti’s procedure may be applicable
to the case of moving forces, it was certainly false for weights tending to
the center of the world. In his marginal comment Guidobaldo referred
to chapter 7 of Benedetti’s treatise, probably because it served as evi-
dence that Benedetti applied this procedure not only to forces but also to
weights. As we have discussed above, Benedetti had criticized Tartaglia
and Jordanus in this chapter and offered a new analysis of the behavior of
a balance removed from its horizontal position. When taking into account
that the lines of inclination of the two weights on the balance have to con-
verge at the center of the earth, Benedetti had come to the conclusion —
by applying the incriminated procedure — that their positional heaviness
must be different, a conclusion with which Guidobaldo could obviously not
agree.

Then, in his final comment concluding the second marginal note,
Guidobaldo summarized his conviction that the entire foundation of Bene-
detti’s approach, as outlined in the first two chapters of his book, is un-
tenable.

In his research notebook Guidobaldo dealt at even greater length with
the same problem. He began his notes with the following comment:
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Figure 7.8: In his notebook, Guidobaldo attempted to refute Benedetti’s
determination of the positional effect of forces acting in an
arbitrary direction under the erroneous assumption that such
forces can be replaced by weights. Following Benedetti, he
considered a broken bent lever BOAC with fulcrum O. For the
case of an acute angle BAC, he showed that this broken bent
lever cannot be in equilibrium because its center of gravity
S can never fall on the perpendicular line OU through the
fulcrum.

Falsum est igitur ex dictis, quod in principio tertii capitoli in-
quit. Praeterea demonstratio falsa quoque videtur.

From what has been said, what he claims in the beginning of
the third chapter is therefore false. Moreover also the demon-
stration appears to be wrong.'?

Guidobaldo extensively refuted Benedetti’s procedure under the erro-
neous assumption that the latter had claimed that forces can indiscrim-
inately be replaced by weights. In particular, Guidobaldo considered a
broken bent lever BOAC with fulcrum O, weights F and C, straight arm

2DelMonte (1587, 146).
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BO, and broken arm OAC, just as Benedetti had discussed it for the two
cases of an acute and an obtuse angle BAC' (see figures 7.8 and 7.9).

He first recapitulated Benedetti’s procedure, assuming that a vertical
line OT be drawn from the fulcrum to the line AC representing the oblique
end of the bent lever. He stated that when the weight C is instead placed
at the end of the horizontal line OI, whose length is the same as that of the
perpendicular OT, it will, according to Benedetti, be in equilibrium with
the weight FE, if the weight C' is to the weight F as is BO to OT or OL
Guidobaldo then summarized that Benedetti claimed that also the bent
lever formed by the straight arm BO and the oblique arm OTC, where
a force represented by the weight C' acts along the line T'C, will be in
equilibrium, which he doubted. Ironically referring to Benedetti’s use of
the term common science, he wrote:

Fateor me hanc quamdam communem scientiam non intel-
ligere.

I admit that I do not understand this certain common science.!?

Guidobaldo reformulated Benedetti’s claim by stating that the same
weight C' will be in equilibrium with the weight F, whether it is placed
on the straight balance BOI or on the broken bent lever BOTC. He thus
replaced Benedetti’s conception of a force acting along an oblique line
with that of a weight always tending downward and necessarily arrived at
absurd conclusions.

Guidobaldo showed in particular that the same weight will be heavier
on the horizontal at the point I than along the bent lever at T, demon-
strating that the bent lever TOB will not be in equilibrium if the straight
lever BOI is in equilibrium. In order to demonstrate this, he again pro-
ceeded by finding the center of gravity of the weights F and C placed at
T. More precisely, Guidobaldo determined a position for the weight C in
which the bent lever is in equilibrium, a position, however, that is distinct
from T, so that it follows that T cannot be the equilibrium position for
this weight. For this purpose, he prolongued the line BT to D, just under-
neath I, so that it is immediately evident that, if the weight C is placed
at D, the center of gravity of the two weights will be just underneath the
fulcrum.

He then continued to show by the same pattern that also the bent
lever BOC cannot be in equilibrium because its center of gravity S can
never fall on the perpendicular line OU through the fulcrum. And finally
he extended this argument to the broken bent lever BOTC.

3DelMonte (1587, 146).
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Figure 7.9: Following Benedetti, Guidobaldo considered in his notebook
the broken bent lever BOAC also for the case of an obtuse
angle BAC, under the assumption that £ and C are weights.
He again came to the conclusion that their center of gravity
S can never fall on the perpendicular line OU through the
fulcrum and that hence the lever cannot be in equilibrium.

Guidobaldo next addressed the case in which the bent lever is char-
acterized by an obtuse angle BAC, showing that the weight at T has a
smaller heaviness than the weight at I (see figure 7.9).

In his concluding remarks, however, he began to waver. He once again
stated that Benedetti is completely in error when applying his procedure
to weights. But he admitted that it may be when one is dealing with a
force:

Falsa igitur est demonstratio. Fallacia vero est, cum inquit,
continget, ut BOT communi quadam scientia, non moveatur
situ.

Et est omnino falsum si intelligatur C' esse pondus, quod in
centrum mundi sempre tendit. Ut ipse supponere videtur. Et
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ut ipse in seguentibus capitolis accipit hoc tamquam de pon-
deribus demonstratum.

At vero si intelligatur C potentia movens, ut hominis, qui
potest trahere T per rectam lineam T'C, tunc vera esse potest
demonstratio. Ut patet ex tractatum de axe in peritrochio
nostrorum Mechanicorum.

The demonstration is therefore false. But the fallacy is, as he
says, that it is the case that BOT by some common science
does not change its place.

And it is totally false if C' is understood to be a weight which
always tends to the center of the world, as he seems to as-
sume, and as he in the subsequent chapters assumes it to be
demonstrated as if it holds for weights.

But if C is understood to be a moving power, like that of a
man who can draw T along the straight line T'C, then the
demonstration can be true. As is clear from the treatise on the
wheel and axle of our [book] on mechanics.'4

Remarkably, while the Copernican Benedetti speaks of the center of
the region of the elements (centrum regionis elementaris), Guidobaldo
insists on the center of the world (centrum mundi). By way of an after-
thought, Guidobaldo once again criticized Benedetti’s appeal to common
science, remarking that this is not worthy of an expert mathematician:

Notandum tamen, quod conclusiones per communem quandam
scientiam deductae, non sunt periti mathematici cum propriis
uti oporteat.

It nevertheless has to be noted that the conclusions which are
inferred by a certain common science are not worthy of an expe-
rienced mathematician because he should use his own [demon-
strations].1?

And by way of a second after-thought, he constructed an extreme
case in which it is immeditaly clear that the broken bent lever cannot be
in equilibrium if weights are attached to it, rather than forces (see figure
7.10):

M DelMonte (1587, 146).
5 DelMonte (1587, 146).
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Ex hac etiam figura magis patet absurdum, hoc est pondera E
C' aequeponderare non posse.

From this figure it appears even more absurd, that is, that the
16

weights E C' cannot be in equilibrium.

Figure 7.10: In his notebook, Guidobaldo concluded his alleged refutation
of Benedetti’s treatment of the broken bent lever with the
construction of an extreme situation in which the two weights
E and C are found on the same side of the fulcrum O so that
it is obvious that the lever cannot be in equilibrium.

7.4 Fourth chapter: on the problem of the material beam
The fourth chapter is entitled:

Quemadmodum ex supra dictis causis omnes staterarum et vec-
tium causae dependeant.

How all causes operating on steelyards and levers depend on
the aforesaid causes.'”

The chapter deals with the fact that the beam of a balance is not a
mathematical line but a material body. Benedetti made use of his earlier

6DelMonte (1587, 146).
ITBenedetti (1585, 144-145), pages 332-333 in the present edition. Translation modified
from Drake and Drabkin (1969, 171-172).
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treatment of the bent lever to take into account the fact that the weights
attached to such a material beam do not act along a beam that can be
idealized as a horizontal line, but along oblique lines from the fulcrum to
the points of suspension of the weights, which are assumed to be placed at
the upper part of the material beam. More specifically, Benedetti stated
that if two equal weights are attached to the longer and the shorter arm
of the balance, the weight attached to the longer arm will overpower the
one attached to the shorter arm. He claimed that such an analysis of the
material beam has never been dealt with before, a point that Guidobaldo
rejected in his notes.
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Figure 7.11: Left note to the first paragraph of the fourth chapter.

fo

Guidobaldo left three marginal comments on the page opening the
chapter; in addition he referred in a short note in the right margin to a
sentence he underlined. The short comment in the left margin includes a
drawing by Guidobaldo. The longest comment begins in the lower half of
the left margin and is continued at the bottom of the page; it also comprises
a drawing. About half of this comment was deleted by Guidobaldo himself;
at least one line has later been cut off.

Guidobaldo’s first comment reads (see figure 7.14):

[opo]rtet NU esse [hor]izonti equidistantem [ali]ter quidem unde
[vo]let demonstrandum
It is necessary that NU is equidistant from the horizon, differ-

ently from [the way] in which he wanted [it] to be demonstrated.

The hand-drawn diagram in the left margin was evidently added in the
same context.



7. Guidobaldo’s Marginal Notes in Benedetti’s Book 221

24

N

|

S

e

|

f
|
i
|
i

Figure 7.12: Drawing of a material beam at the left side of the first para-
graph of the fourth chapter.

The meaning of Guidobaldo’s first comment is not entirely clear. It
seems to pinpoint the fact that Benedetti designated the upper part of the
beam as being horizontal, while, according to Guidobaldo, this is in con-
trast to what has to be demonstrated. Possibly he referred to Benedetti’s
own later generalization of his argument from balances to levers in the
penultimate sentence of the chapter:

In stateris, recte et proprie appelari potest XIS aut NOU ori-
zontalis, sed in omnium vectium specie, hoc tantum per quan-
dam similtudinem dicatur.

In balances with unequal arms, XIS or NOU can be rightly
and properly called horizontal, but in the case of all levers this
can be said only with a certain approximation.'®

Or Guidobaldo wanted to express that this premise implicitly assumes
the weights are connected by a horizontal line, in contrast to Benedetti’s
own detailed analysis which makes reference to oblique lines according to
which the weights supposedly act. To stress this point he may have added
the diagram in the margin showing a balance with equal arms.

18Benedetti (1585, 145), page 333 in the present edition. Translation adapted from
Drake and Drabkin (1969, 172).
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In any case, Guidobaldo’s first comment, his drawing, and also his
second comment all refer to the set-up of Benedetti’s demonstration in the
introduction of the chapter:

Positis igitur duobus ponderibus aequalibus in extremitatibus
brachiorum, experientia innotescit, quod pondus ad US appen-
sum, violentiam faciet ponderi appenso ad NX sed nos volumus
investigare causam huius effectus, quae a nemine unquam lit-
erarum monumentis, quod sciam, consignata fuit.

Now if two equal weights are placed at the ends of the arms,
it is clear from experience that the weights appended at US
will overpower the weight appended at NX. But we wish to
investigate the cause of this effect, which cause has never, so far
as I know, been assigned by anyone in the annals of literature.'®

The last claim is underlined by Guidobaldo as the point of reference
of his second note, in the right margin of this page.

fum, viol entiantfaciet ponderi appéﬁfo ad.n.x.fed nos volumus inueftigare cansd o &
huius effectus,que a nemine vnquam litesarum monumentis, g fciam, confignara :’L’,»',wi.m
fuit: Tam diximus ftateram,aut vedtem materialem effe &.n.s.cius fuperficiem me- o FE
diam,fupponendo.i.cfle centrum quo nititurdiGa ftatera aut vecis; Cum hocer- ' tae éha

Figure 7.13: Underlined text with marginal note in the fourth chapter.

Underlined text:

quae a nemine unquam literarum monumentis, quod sciam,
consignata fuit.

which was never, so far as I know, documented by anybody in
the annals of literature.?%

Marginal note:

nos in tractatu de vecte propos. XV in libro me[chanicorum)]

We [did] in the treatise on the lever, prop. 15, in the book on
mechanics.

9Benedetti (1585, 144), page 332 in the present edition. Translation in Drake and
Drabkin (1969, 171).
20 Benedetti (1585, 144), page 332 in the present edition. Translation in Drake and
Drabkin (1969, 171).
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Guidobaldo thus rejected Benedetti’s claim to originality and referred
to his own work on mechanics, and in particular to proposition 15 of the
part on the lever:

Problema.

Quia vero dum pondera vecte mouentur, vectis quoque graui-
tatem habet, cuius nulla hactenus mentio facta est: idcirco
primum quomodo inueniatur potentia, quae in dato puncto da-
tum vectem, cuius fulcimentum sit quoque datum, sustineat,
ostendamus.

Problem.

But since in moving weights with a lever, the lever also has
weight, which has not been mentioned up to this point, we
shall demonstrate how to find the power which will sustain the
lever in a given point, the fulcrum being likewise given.2!

As becomes clear from the proof of this proposition, Guidobaldo con-
sidered the centers of gravity of the two parts of the material beam, as
they are divided by the fulcrum of the lever, and treats the entire beam of
the lever as being represented by two weights suspended at the distances
of these centers of gravity from the fulcrum. Not only is his procedure
entirely different from that of Benedetti. Guidobaldo’s and Benedetti’s
conceptual frameworks actually capture different aspects of the material
beam. While Guidobaldo managed to take into account the weight of the
beam, Benedetti only dealt with its geometrical extension and focused on
the direction of the pull of the attached weight, corresponding in modern
terms to the torque of the applied force.

The third comment, also in the left margin of this page, refers to
Benedetti’s construction of the lines according to which weights act within
a material balance. It is accompanied by another diagram of Guidobaldo’s
to which he referred in the last part of this commentary.

[cu]lm pondera pendeant [S]X estque XIS recta linea huius [...]
quaerenda a lineis IN IU, ut in [...]?, quae quidem sint pro...]
immaginariae. Deinde [poste]a facit mentionem [de gra]vitate
vectis, et considerat matem/atice] [...] ex hac causa ut infra duo
vectes

[large passage deleted)]

21DelMonte (1577, 60v), Renn and Damerow (2010, 178). Translation in Drake and
Drabkin (1969, 303).
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Figure 7.14: Long note to Benedetti’s fourth chapter.

AIU absque OB et pondera at XS, pondus in S maiorem habebit
vim, supra pondus in X, vecte AIU, quod idem pondus in S ad
pondus in X toto vecte [...] [line below cut]

Since the weights hang from SX and XIS is a straight line
whose [...] is to be found from the lines IN IU, as in [...], which
are though only [...] imaginary. Finally he later mentions the
heaviness of the lever and considers in a mathematical way [...]
from which cause as the two levers below

[large passage deleted]

ATU if without OB and the weights in XS, the weight at S will
have more power over the weight at X, by the lever AIU, than
the same weight at S to the weight at X with the entire lever

oo

Although much of this commentary remains illegible, two salient points
of Guidobaldo do emerge: He considered the oblique lines along which,
according to Benedetti, the weights attached to a material beam act as
being purely imaginary. And he apparently attempted to construct a con-
tradiction within Benedetti’s framework by considering the weights being
attached to different heights of the material beam. Guidobaldo’s drawing
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shows indeed a beam of approximately twice the height of the original
one, with the original one inscribed. In the last legible line of his note
he considered the weight on the longer right-hand side of the balance be-
ing attached from the original height of the beam, while the weight on
the shorter left-hand side is suspended from the beam with double height.
Guidobaldo concluded with an argument that he evidently later rejected
that, in this constellation, the weight on the longer right-hand side has
more power than if it were suspended from the same height as the weight
on the left-hand side.

7.5 Fifth chapter: on the problem of the material lever

The fifth chapter is entitled:

De quibusdam rebus animadversione dignis.

On certain facts worthy of notice.??

The chapter deals with levers whose fulcrum is at one end of the lever,
while the weight to be lifted by a force acting on the other end is posi-
tioned between these ends and somewhere near to the fulcrum. As we have
discussed before, Benedetti treated the material lever not with regard to
the weight of the beam but only with regard to its geometrical configura-
tion. He hence imagined a rectangular cross-section of such a lever with
a weight being placed on top of the beam. One lower corner serves as
the fulcrum, the other corner is lifted by the hand. The question then is
how the weight exerts a pressure on the corner where the hand is acting.
Benedetti claimed that the ratio between that part of the weight that rests
on the fulcrum and that part of the weight that rests on the corner where
the force is acting is given by the inverse ratio of the horizontal distances
of the weight from these two points (see figure 7.15):

Si vero eadem resistentia posita erit in U clarum quoque erit,
quod minor pars ponderis N annitetur ipsi U quam ipsi O cum
dicta NI a centro U longius quam a centro O distet, et pro-
portio partis ponderis N in O ad proportionem partis ponderis
N in U non erit secundum proportionem angulorum UNI et
ONTI sed secundum proportionem UI ad IO [this proportion
is underlined] quod clare comprehendi potest ab huius effectus
converso |...]

22Benedetti (1585, 145-146), pages 333-334 in the present edition. Translation in Drake
and Drabkin (1969, 172-174).
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And if the same resistance is placed at U, it will also be clear
that a smaller part of weight N will press on U than on O,
since NI is farther distant from fulcrum U than from fulcrum
O. And the ratio of the part of weight N that rests on O to
the part of weight N that rests on U will be equal, not to the
ratio of angle UNI to angle ONI, but to the ratio of UI to 0.
This may be clearly understood from the converse of this effect
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Figure 7.15: Figure and marginal note in the fifth chapter.

In the sequel Benedetti justified his claim by interpreting the situa-
tion of the lever according to the model of a balance suspended from the
point where the weight is positioned, with the two lower corners now rep-
resenting weights. From his procedure of determining effective lever arms
by horizontal projection his proposition then followed.

Guidobaldo left a marginal note at the bottom right of page 145 and
underlined the letters in Benedetti’s text referring to the proportion of
lengths in the diagram to which his comment refers:

tandem post mu(lta] veritate coactus dixit proportionem p[artium]
ponderis esse secundum OI, IU quod nos in 3 coroll. secundae

propositionis de vecte omnia di[ximus].

Finally he said after many [other things], forced by the truth,
that the proportion of the parts of the weight is as OI, IU which
we have said all in the third corollary of the second proposition

about the lever.

Guidobaldo’s marginal comment refers to the text at the bottom of
the page quoted above which in turn refers to the diagram on the same

23Benedetti (1585, 145-146), pages 333-334 in the present edition. Translation in Drake

and Drabkin (1969, 173).
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page. Guidobaldo referred to his own treatment of levers in his book
on mechanics, where he also dealt with a lever sustained at its two ends
carrying a weight in the middle. He explicitly referred to the third corollary
of the second proposition about the lever which reads:

Ex hoc quoque elici potest, si duae fuerint potentiae, una in A,
altera in B, et utraque sustentet pondus E; potentiam in A ad
potentiam in B esse, ut BC ad CA.

From this likewise it may be deduced that, if there are two
powers, one at A and the other at B, and both sustain the
weight E [suspended from point C], the power at A will be to
the power at B as BC is to CA.24

He also justified his claim by exchanging the roles of fulcrum and
force, but he did not take into account any directional effects of these
forces, considering the lever without extension.

7.6 Seventh chapter: on the core question of the equilibrium
controversy

The seventh chapter is entitled:

De quibus erroribus Nicolai Tartaleae circa pondera corporum
et eorum motus, quorum aliqui desumpti fuerunt a Jordano
scriptore quodam antico.

On certain errors of Niccolo Tartaglia on the weights of bodies
and their motions, some taken from a certain ancient writer
Jordanus.?®

In this chapter Benedetti criticized Tartaglia’s account of the variation of
the positional heaviness of a body on a balance changing its position. As we
have discussed extensively above (see section 6.2), he rejected, in particu-
lar, Tartaglia’s claim that a balance would return to its original horizontal
position because the weight that has moved upward becomes positionally
heavier, while the weight that has moved downward becomes positionally
lighter. Benedetti first pointed out that Tartaglia should not have com-
pared the descents of the two weights but the descent of one weight with

24DelMonte (1577, 40v), Renn and Damerow (2010, 138). Translation in Drake and
Drabkin (1969, 299).

25Benedetti (1585, 148-149), pages 336-337 in the present edition. Translation in Drake
and Drabkin (1969, 174-176).
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the ascent of another. In his annotations Guidobaldo did not fail to notice
that, in his own book, he had already drawn attention to this circum-
stance. Then Benedetti reconsidered, as we have also discussed, the entire
situation from a cosmological perspective, concluding that the weight that
has moved upward actually becomes positionally lighter, while the weight
that has moved downward becomes positionally heavier. Benedetti’s ar-
gument is based on his procedure of determining effective lever arms by
drawing perpendiculars to the lines of inclination of the two weights (see
section 3.9). It is remarkable that his first criticism seems to suggest,
in agreement with Guidobaldo’s opinion, an indifferent equilibrium of the
balance (indeed, under terrestrial circumstances it necessarily leads to that
conclusion). In contrast, his second criticism (taking into account the cos-
mological perspective) implies that the balance would actually proceed to
the vertical. Benedetti did not, however, actually make this explicit.

Page 148 has two comments by Guidobaldo, one in the middle of the
page in the left margin, the other further below, also beginning in the left
margin and continuing at the bottom of the page; the latter comment refers
to a line in Benedetti’s text underlined by Guidobaldo. His two marginal
notes address the ambiguity of Benedetti’s text. They end in the definitive
rejection of Benedetti’s method of determining positional heaviness, which
— in the eyes of Guidobaldo — is in conflict with his fundamental insight
into the indifferent nature of the equilibrium of a balance.

: ,/}M)S{'“ ei‘ ’P //

Figure 7.16: Marginal note to Benedetti’s seventh chapter.
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Guidobaldo’s first comment reads:

desumptum est ex iis [quae] dicta sunt a nobis [in] tractatu de
vecte [...] supponit pondera non moveri ut [re] vera est. Serius
concludit oppositum.

This is taken from what has been said by us in the treatise on
the lever. He assumes that the weights do not move which is
true. Later he concludes the opposite.

The comment refers to the passage in which Benedetti pointed out
that the descent of one weight should be compared to the ascent of the
other (see figure 3.11):

Sed in secunda parte quintae propositionis non videt quod vig-
ore situs eo modo, quo ipse disputat, nulla elicitur ponderis
differentia. Quia si corpus B descendere debet per arcum IL
corpus A ascendere debet per arcum US aequalem, et similem
eadem quoque rationem situatum, ut est arcus IL unde ut est
facile corpori B descendere per arcum IL difficile ita erit cor-
pori A ascendere per arcum US. Haec autem quinta propositio
Tartalea est secunda quaestio a lordano proposita.

And in the second part of the fifth proposition, he fails to see
that no difference in weight is produced by virtue of position
in the way in which he argues. For if body B must descend on
arc IL, body A must ascend on arc US, equal and similar to
arc IL and placed in the same way. Therefore, just as it is easy
for body B to descend on arc IL, it will be difficult for body A
to ascend on arc US. And this fifth proposition is the second
question proposed by Jordanus.2%

Guidobaldo’s second note at the bottom of the page refers to the
diagram on the following page 149 (see figure 7.17).

It also refers to a passage in the text on page 148 that has been
underlined by Guidobaldo:

Pondus igitur ipsius A in huismodi situ, pondere ipsius B grav-
ius erit.

26Benedetti (1585, 148), page 336 in the present edition. Translation in Drake and
Drabkin (1969, 174-175).
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Figure 7.17: Drawing of a balance in a cosmological context in the seventh
chapter.

Therefore the weight of A in this position will be heavier than
the weight of B.27

This is the conclusion of Benedetti’s consideration of two weights on a
balance in an oblique position from a cosmological perspective, amounting
to the statement that the weight A that has been lowered has become
positionally heavier than the weight B that has been lifted. Guidobaldo’s
second comment reads:

[suppo]nit pondera AB non moveri. Hac demonstratione pon-
dus A gra[vius] [e]st pondere B quia haec gravi[tates] metiuntur
ex lineis perpendicularibus OT, OF quarum OT maior est, se-
quitur pondus A in hoc situ gravius esse pondere B in hoc
situ. Dico igitur quod subterfugiet [pJondus A deorsum non
moveatur et B sursum? Libra ergo AB non manebit ut sup-
posuit, et ut re vera manet. [Quajre si volens errores Iordani

27Benedetti (1585, 148), page 336 in the present edition. Translation in Drake and
Drabkin (1969, 176).
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et Tartaleae (quorum errorum nec solvit contradictiones) in-
cidit, et si non in peiora, tamen in aequalia [absjurda. Unde
perspicuum est, quod sit inanis, et falsa haec consideratio suis
perpendicularibus facta, quam [...]

He assumes that the weights AB are not moved. By this
demonstration A is heavier than weight B, because these grav-
ities are measured by the perpendicular lines OT, OF, from
which OT is the greater, it thus follows that weight A is in
this position heavier than weight B in this position. I there-
fore say what escapes him: does not weight A move downward
and weight B upward? The balance AB will therefore not re-
main as he assumes and as it truly remains. If he therefore
willingly cuts into the errors of Jordanus and Tartaglia (whose
contradictions he does not resolve), and if he does not make
them worse then nevertheless to an equal extent absurd. From
which it is evident that this consideration of his which he makes
about the perpendiculars is empty and false as [line cut off]
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Figure 7.18: Bottom note of the seventh chapter.

As we have discussed above, Guidobaldo had, in his own book, sim-
ilarly considered the case of a balance in an oblique position from a cos-
mological perspective, also using the concept of positional heaviness.?® He
had arrived at the conclusion, in agreement with his general conviction,
that the two weights on such a balance are equally heavy positionally.
Against this background, Benedetti’s method of determining positional
heaviness, necessarily in contradiction with this conclusion, must have ap-
peared entirely unacceptable to Guidobaldo as he indeed clearly stated in
this marginal note.

28Drake and Drabkin (1969, 282). See section 3.8.8.
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7.7 Eighth chapter: on plagiarizing the criticism of Jordanus
and Tartaglia

The eighth chapter is entitled:

Quod autem idem Tartalea in 6. propositione, et Iordanus
in secunda parte secundae propositionis scribunt, maximum
quoque errorem in se continet.

What Tartaglia writes in proposition 6 and Jordanus in the

second part of proposition 2 also contains a most serious er-
29
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Figure 7.19: Drawing of the convergence of perpendiculars in the eighth
chapter.

29Benedetti (1585, 149-151), pages 337-339 in the present edition. Translation modified
from Drake and Drabkin (1969, 176-178).
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In the beginning of this chapter Benedetti criticized, as we have dis-
cussed, Tartaglia’s way of determining positional heaviness by means of
angles of contact between the curved path of a weight and a perpendic-
ular. He showed that this procedure leads to a contradiction when the
convergence of these perpendiculars at the center of the world is taken
into account, as he indicates in his drawing. Benedetti concluded his anal-
ysis with a general rejection of the method of Tartaglia and Jordanus.

Omnis autem error in quem Tartalea, lordanusque lapsi fuerunt
ab eo, quod lineas inclinationum pro parallelis vicissim sumpserunt,
emanuit.

Now the whole error into which Tartaglia and Jordanus fell
arose from the fact that they took the lines of inclination as
parallel to each other.3°

licer {ui toto. Omnis
autem error in quem
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Figure 7.20: Marginal note in the eighth chapter.

Benedetti’s argument is strikingly similar to those of Guidobaldo
against this method, as we have discussed above. Page 150 has a sin-
gle short comment by Guidobaldo in the middle of the left margin, next to
a text passage in which Benedetti finally rejected the method of Tartaglia
and Jordanus. In his marginal comment Guidobaldo pointed to the fact
that Benedetti’s argument, in his view, has been taken from his own book:

[ex] meo tractatu [de lib]ra

from my treatise on the balance

30Benedetti (1585, 150), page 338 in the present edition. Translation in Drake and
Drabkin (1969, 177).
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7.8 Tenth chapter: on Aristotle and the composition of motions
The tenth chapter is entitled:

Quod linea circularis non habeat concavum cum convexo coni-
unctum, et quod Aristoteles circa proportiones motuum aber-
raverit.

That the circumference of a circle does not have a concavity
joined with a convexity, and that Aristotle was mistaken in the
ratios of motions.3!

The chapter deals with the introductory part of the Aristotelian Me-
chanical Problems in which the curious properties of the circle and the
composition of motions are treated. Benedetti disputed the claim of the
Aristotelian author that the circle seems to unite the convex with the con-
cave, essentially arguing that one should distinguish between the circular
surface included by the circumference and the plane with a circular hole
that is also delimited by that circumference. Guidobaldo left two rather
long comments in the left margin of this page. In his first marginal note
Guidobaldo rejected Benedetti’s distinction because its application would
require, according to him, an intervening space which, however, is not
given. In his discussion of the Aristotelian analysis of the composition of
motions Benedetti questioned the alledged claim of the Aristotelian au-
thor that if a body moves along a given line, it moves according to one
definite proportion rather than according to another one. In particular,
Aristotle maintained that when an object moves along the diagonal it will
always move in the ratio of the sides of the parallelogram.?? Benedetti
showed instead that the same trajectory can be generated by motions fol-
lowing different proportions. In his second marginal comment Guidobaldo
pointed to the fact that Benedetti failed to understand Aristotle’s argu-
ment and that his objection is therefore irrelevant. Guidobaldo stressed in
this comment that what matters to Aristotle is only the fact that, when
a body is moved in a fixed ratio it necessarily travels in a straight line,
independently from the fact that the same straight line may be traversed
also by a motion that is given by a different ratio.

More specifically, Guidobaldo’s first comment refers to the beginning
of the chapter:

31Benedetti (1585, 152), page 340 in the present edition. Translation in Drake and
Drabkin (1969, 179-180).
32 Aristotle (1980, 339).
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Aristoteles in principio quaestionum Mechanicorum ait lineam,
quae terminat circulum videtur convexum habere coniunctum
cum concavo, quod falsum est: quia huismodi linea partes nul-
las secundum latitudinem habet, (ut ipse etiam confirmat) sed
est idem convexum circuli: linea vero quae terminus est super-
ficiae ambientis, et amplectentis circulum est eadem concavi-
tas dictae superficiae eundem circulum ambientis, quae nullam
convexitatem habet et haec duae sunt lineae, quarum una di-
versa est ab alia, neque altera alterius, quod ad convexum, et
ad concavum attinet.

Aristotle at the beginning of Questions of Mechanics says that
the line which bounds the circle seems to unite the convex
with the concave. But this is false. For a line of this kind has
no thickness (as Aristotle himself also asserts), but is identical
with the convex boundary of the circle. On the other hand, the
line that bounds the surrounding surface and encloses the circle
is identical with the concavity of the surface that surrounds the
circle, a surface which has no convexity. And these are two lines
of which one is different from the other, and not part of the
other, so far as pertains to convexity and concavity.??
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Figure 7.21: First marginal note in the tenth chapter.

33Benedetti (1585, 152), page 340 in the present edition. Translation in Drake and
Drabkin (1969, 179).
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Guidobaldo commented:

intellexit Aristotelem loqui [quod lijnea circumferentiae area
dabitur; duae linee se tangunt secundum latitudifnem], et sunt
invicem separatae. [Hoc] fieri non potest. Imo inter [ea]s cadet
superficies quaem|[ad]modum inter duo puncta [s]it linea

He understood that Aristotle claimed that the line of the cir-
cumference will be given by the area. Two lines touch each
other along their latitude and are separate from each other;
this cannot be. Therefore a surface falls in between just as
there is a line between two points

Guidobaldo’s second comment refers to Benedetti’s criticism of Aris-
totle’s proof of the composition of motions and to the figure on page 152
(see figure 7.22).
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Figure 7.22: The composition of motions discussed in the tenth chapter.

Benedetti wrote:

Cui respondeo, punctum A quod movetur in linea AM ab A
versus M usque ad F non moveri ab aliqua proportione deter-
minata magis quam ab alia: unde non solum possumus imag-
inari dictum punctum A moveri ab A usque ad F eiusdem
velocitatis sub alia quadam proportione, sed etiam sub alia,
quae iam datae contraria sit, ut est proportio ipsius AC ad
AB imaginantes moveri A versus C et AC versus BM delatam.
[...] Huiusmodi igitur consideratio ab Aristotele facta, nullius
est momenti.

To Aristotle I reply that the fact that point A moves on line
AM from A towards M as far as F' does not mean that it moves
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according to one definite proportion rather than some other.
Thus we can suppose that point A moves from A to F not only
according to one ratio of the same velocity, but also some other
which is the very opposite of the first ratio — e.g. the ratio of
AC to AB, it being imagined that A moves toward C and AC
toward BM. [...] Hence the discussion on this point by Aristotle
is of no value.?*
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Figure 7.23: Second marginal note in the tenth chapter.

Guidobaldo commented:

[ho]c non intelligit [demonstr]ationis Aristotelis. Nam [paru]it
Aristoteli quando ali[quid] [m]ovetur secundum aliquam pro-
por[tione]m, illud quidem moveri [secundum r]ectam lineam,
quod si sup[ponere eajm lineam secundum alias proportiones
moveri potest, [n]ihil interest [se]d haec nullius sunt [mom]enti

34Benedetti (1585, 152), page 340 in the present edition. Translation in Drake and
Drabkin (1969, 180).
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He does not understand that part of Aristotle’s proof. In fact,
Aristotle held that, if something is moved according to some
proportion, it will surely move according to a straight line;
but, if it is assumed that the line can move according to other
proportions, that makes no difference, but these things are of
no value.

7.9 Twelfth chapter: saving Aristotle in the equilibrium
controversy

The twelfth chapter is entitled:

De vera causa secundae, et tertiae quaestionis mechanicae ab
Aristotele non perspecta.

On the true cause not perceived by Aristotle of the Mechanical
Questions 2 and 3.3°
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Figure 7.24: Drawing of a balance in an oblique position in the twelfth
chapter.

35Benedetti (1585, 154), page 342 in the present edition. Translation modified from
Drake and Drabkin (1969, 182-183).
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The chapter deals with the question of how a balance either supported
from above or from below behaves when it is removed from the horizontal
position (see figure 7.24). For the case in which the balance is supported
from above Benedetti agreed with the Aristotelian conclusion that it will
return to the horizontal position, but justified this behavior with his tech-
nique for determining positional heaviness. For the case in which it is
supported from below he disagreed with Aristotle who seemed to suggest
that the balance will stay in its position. On this point Guidobaldo was of
the same opinion, as the following quotation from his book on mechanics
shows:

Nam cum in secunda parte secundae quaestionis proponit, cur
libra, trutina deorsum constituta, quando deorsum lato pon-
dere quispiam id amouet, non ascendit, sed manet? non asserit
adhuc libram deorsum moueri; sed manere. Quod in vltima
quoque conclusione colligisse videtur.

For in the second part of the second question he asks, “Why,
when the support is below, the balance being carried down-
ward and released, it does not rise again, but remains?’ Here
he affirms not that the balance moves downward, but that it
remains, which he seems to have deduced in the last conclu-

sion.36

In contrast to Benedetti, Guidobaldo was convinced, however, that
Aristotle’s position can be defended, which is also the point of his marginal
comment and in line with his appreciation of the ancient heritage, including
the Aristotelian work on mechanics. In his own book he argued in fact that
the balance does not move further downward because it is prevented from
doing so by the support on which it rests.

Guidobaldo’s comment refers to the following text at the lower part
of the page:

In secunda deinde huius quaestionis parte, in qui scribit libram
in situ, in quo posita est, firmam manere, toto coelo aberrat,
quia necessarium est, ut omnino cadat, eousque quo spartum
sursum remaneat: ablato tamen omni impedimento, quod nulla
eget probatione, cum natura sua clarissime pateat.

Then in the second part of this problem, in which Aristotle
writes that a balance remains fixed in the position in which

36DelMonte (1577, 26v), Renn and Damerow (2010, 110). Translation in Drake and
Drabkin (1969, 290).
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Figure 7.25: Marginal note to Benedetti’s twelfth chapter.

it has been placed, he is completely mistaken. For it must
continue to fall until the support remains above it, with the
assumption, however, that all impediment to this is removed.
This proposition requires no proof, since by its own nature it
is perfectly clear.?7

Guidobaldo’s comment reads:

[Aristotel]es potest defendi ut [in] tractatu de libra [a n]obis
factum fuit

Aristotle can be defended as it was done by us in the treatise
on the balance

7.10 Fourteenth chapter: Aristotle’s wheel and the problem of
infinite limits

The fourteenth chapter is entitled:

Quod rationes ab Aristotele de octava quaestione conficta suf-
ficientes.

That the reasons by Aristotle in Questions of Mechanics 8 are
not adequate.38

37Benedetti (1585, 154), page 342 in the present edition. Translation in Drake and
Drabkin (1969, 183).

38 Benedetti (1585, 155-159), pages 343-347 in the present edition. Translation in Drake
and Drabkin (1969, 184-187).
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Figure 7.26: The motion of a polygonal shape discussed in the fourteenth
chapter of Benedetti’s book.

This chapter also deals with the Aristotelian Mechanical Problems,
here with the question of why bodies of circular shape are easier to roll than
others.?® Benedetti considered various rotational motions, the rotation of
carriage wheels, of pulley wheels, and of potter’s wheels. He compared the
motion of a wheel with that of a polygon and gave reasons why the motion
of the former is easier than that of the latter (see figure 7.26). He argued,
for instance, that, when a polygon is rolled along a plane, its center will go
up and down, its upward motion will require an effort, while the center of
a wheel will always maintain the same distance from the center, that is, as
he formulated, from the goal of heavy bodies. He considered the circular

39See the discussion in Biittner (2008).
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shape as the limiting case of polygonal shapes with ever more angles. One
short comment by Guidobaldo is found in the left margin of this page.
In his comment, Guidobaldo expressed his skepticism about this limiting
process.

His note refers to the following passage of Benedetti’s argument:

Si ergo quanto plures angolos habebit dicta figura, tanto ad
circunvolvendum hoc modo agilior erit. Circularis igitur figura,
quae ex infinitis angulis efficitur, omnium agillima erit.

The more angles the said figure will have, therefore the more
suitable it will be to rotate in this way. Hence the circular
shape, which is constituted from infinite angles, is the most

suitable of all.40
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Figure 7.27: Marginal note to the fourteenth chapter of Benedetti’s book.

Guidobaldo noted:

circularem ex infinitis [ang]ulis constare fateor ignotum esse

I confess that it is unknown [to me] that the circular is com-
posed from infinite angles

7.11 Sixteenth chapter: on Aristotle’s empty balance
The sixteenth chapter is entitled:

Quod Aristotelis rationes de decima quaestione sint reiiciendae.

40Benedetti (1585, 158), page 346 in the present edition.
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That Aristotle’s explanation of Questions of Mechanics 10 must
be rejected.*!

The chapter deals with another topic of the Aristotelian Mechanical
Problems, the greater readiness of an empty balance to move. Benedetti
approached the subject by comparing two balances, one carrying two small
weights, the other two large weights (see figure 7.28). Now according to
him Aristotle wonders about the fact that the balance with the smaller
weights moves more rapidly when on one of its arms another small weight
is placed than when the same small weight is placed on one of the arms
of the balance with the large weights. Benedetti essentially argued that
Aristotle would have no reason to wonder had he appropriately taken into
account his own dynamical principles (see section 3.4.1).

Benedetti explained:

quia semper ineunda est ratio proportionis virtutis mouentis
super mobile; quod ipse non fecit.

For the ratio of the moving force to the body moved must
always be considered; and Aristotle did not do this.*?
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Figure 7.28: Drawing of two balances, one carrying small weights, the
other large weights, as discussed in the sixteenth chapter of
Benedetti’s book.

41Benedetti (1585, 159-160), pages 347-348 in the present edition. Translation in Drake
and Drabkin (1969, 187-188).

42Benedetti (1585, 159), page 347 in the present edition. Translation in Drake and
Drabkin (1969, 187).
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In his short marginal note Guidobaldo seems to express his surprise
at Benedetti’s claim that Aristotle was wondering, apparently incapable
of giving an adequate solution to a problem he had posed himself. The
comment refers to the following passage of Benedetti’s text (see figure
7.28):

Sit exempli gratia libra AIE quae in utraque extremitate un-
ciam unam solam ponderis obtineat, et sit libra NIU aequalis
priori, quae pro singula extremitate unam ponderis libram habeat.
Aristoteles admiratur, quod addendo ipsi £ mediam ponderis
unciam, brachium IFE velocius cadat, quam adiiciendo ipsam
mediam unciam ipsi U brachii IU.

Let there be, for example, a scale AIE which has at the ex-
tremity of each arm merely one ounce of weight; and let there
also be a scale NIU, exactly like the former one, which has
one pound of weight on each end. Aristotle wonders about the
fact that, when he adds a half-ounce weight at E, arm IF falls
more rapidly than when he adds that same half-ounce at U,
the extremity of arm IU.43

. e e . g R
F - ponderis obrinea, & fit libra.n.i.u.aqualis priori
§ ,,’h-u/.,(.‘ar., ponderis libram habeat. Ariftoteles admiracur, «
I [ deris vaciam,brachiom.i.e.velocius cadat,quam
E . BRSBTS S LR oA, 1 ~ RS

i LA NG

Figure 7.29: Marginal note to the sixteenth chapter of Benedetti’s book.

Guidobaldo noted:

quod admiratur Aristoteles

what was Aristotle wondering about

43 Benedetti (1585, 160), page 348 in the present edition. Translation in Drake and
Drabkin (1969, 188).
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7.12 Twentieth chapter: on reducing the wedge to the lever
The twentieth chapter is entitled:

De vera ratione 17 quaestionis.
On the true explanation of question 17.44

This chapter also deals with the Aristotelian Mechanical Problems,
here with the question of how the wedge is to be treated according to
the model of the lever. Benedetti argued that Aristotle failed to properly
reduce the wedge to the lever:

Decimaseptima quaestio ab Aristotele haud beneé percepta fuit,
quia is non accommodat partes vectis suis locis.

Question 17 was not correctly understood by Aristotle, for he
did not assign the parts of the lever to their correct places.*®
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Figure 7.30: A comparison of two levers, one with the fulcrum in the mid-
dle, the other with the fulcrum at one end, as discussed in the
twentieth chapter of Benedetti’s book.

44Benedetti (1585, 162), page 350 in the present edition. Translation in Drake and
Drabkin (1969, 190-191).

45Benedetti (1585, 162), page 350 in the present edition. Translation in Drake and
Drabkin (1969, 190).
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In order to improve on Aristotle Benedetti began his discussion by
comparing two levers, one with the fulcrum in the middle, the weight at
one and the force at the other end, the other lever having the fulcrum
at one end, the weight in the middle and the force at the other end (see
figure 7.30). It is the latter kind of lever that he applied to analyze the
wedge, but it first had be reduced to the ordinary lever with the fulcrum
in the middle. He argued in fact that when the weights, the distances
between weight and fulcrum, and the distances between force and fulcrum
are equal in the two levers, a force sufficient to raise the weight with one
lever will also be sufficient to raise the weight with the other lever. By
way of justification he referred, first of all, to common science (scientia
communis), and then to his principles treated in chapters 4 and 5. In his
marginal note Guidobaldo criticized Benedetti for his all too generous use
of the reference to common science (scientia communis).*

More specifically, his comment refers to the passage:

Et quia omnia supponuntur aequalia, clarum quoque erit, com-
muni scientia, tantam virtutem in N quanta sufficiet ad attol-
lendum A in U quoque suffecturam ad elevandum E oportebit
attollere U.

And because all are assumed equal, it will also be clear, by
common science, that the force at N required to raise A will
also be sufficient at U to raise E.47

Guidobaldo wrote in the upper left margin of this page:

[...] sua communis [scient]ia multa probat [sijne demonstratione

His common science demonstrates much without proof

7.13 Twenty-first chapter: the plagiarized pulley

The twenty-first chapter is entitled:

De vera et intrinseca causa trochlearum.

On the true and intrinsic explanation of compound pulleys.*®

46Gee also the discussion in section 6.3.

47Benedetti (1585, 162), page 350 in the present edition. Translation modified from
Drake and Drabkin (1969, 191).

48 Benedetti (1585, 163-165), pages 351-353 in the present edition. Translation in Drake
and Drabkin (1969, 191-193).
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Figure 7.31: Marginal note to the twentieth chapter of Benedetti’s book.
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Figure 7.32: Reducing the pulley to the lever, as discussed in the twenty-
first chapter of Benedetti’s book.

The chapter deals with the explanation of the pulley, and in particular
with the way it can be reduced to the lever or the balance (see figure
7.32). In the middle of the right margin of page 163, Guidobaldo left
a short comment. Another related comment is found on the subsequent
page. Guidobaldo’s first comment refers to the passage in the middle of
page 163.

Imaginemur separatim stateram GH cuius centrum sit K ita
situm, ut brachium GK sit duplum ad brachium KH suppo-
nendo igitur in puncto G pondus aut virtutem moventem unius
librae, et in H duarum librarum, absque dubio haec duae vir-
tutes in huismodi distantiis a centro aequales invicem erunt, ob
rationes prioribus capitibus iam allatas, et statera orizontalis
manebit.
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Let us consider, separately from the preceding figure, a balance
GH with fulecrum K so situated that arm GK is double the arm
KH. Now if we assume a weight or moving force of one pound
at point G, and of two pounds at H, clearly these two forces
at these distances from the center will be equal to each other
for the reasons already set forth in previous chapters, and the
scale will remain horizontal.*

In his two comments on this chapter Guidobaldo is, in a sense, less
critical of Benedetti than in his other notes. He remarked, however, that
Benedetti should have referred to Aristotle when mentioning the law of
the lever in his first comment instead of referring to his own work.
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Figure 7.33: First marginal note to the twenty-first chapter of Benedetti’s
book.

His first comment reads:

hoc non [con]dit auc[tor] sed Aristoteles

This foundation is not laid by the author but by Aristotle

In the second comment to this chapter — in the lower left margin of
the next page — Guidobaldo criticized Benedetti for the lack of acknowl-
edgement that his own treatment of the pulley receives. He accused him
of wrongly pretending to add something new when dealing with the com-
pound pulley and its reduction to the balance. Benedetti mentally replaced
the compound pulley with a sequence of connected balances, arriving at
the conclusion that for a pulley with four wheels, a force that amounts
to one fourth suffices to lift a given weight. Up to this point Guidobaldo

49Benedetti (1585, 163), page 351 in the present edition. Translation in Drake and
Drabkin (1969, 192).
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agreed with him and admitted that this chapter is rather clear, even if
Benedetti added unnecessary complications. In Guidobaldo’s eyes what is
true comes anyway from his own work on the pulley which, however, is
not mentioned by Benedetti.

More specifically, the comment on the lower part of page 164 refers
to the following passage of Benedetti’s text and to the figure on page 163
(see figure 7.32):

Hucusque scientifice novimus pondus, aut virtutem ipsius S
quae est dimidium ipsi I sustinere vim ipsorum [ et ) nam
quater tantum, quanta ipsamet virtus ipsius S esse conspicitur.

Up to here we have come to know that the weight or the force
of S which is half of that of I sustains the force of I and @
namely four times as much as the force of S is considered to
be.50

Guidobaldo commented:

[...]dum hucusque verum est usque [...Jnem confuse immo sine
[confusi]one totum hoc caput][...] est. Noluit [vero?] earum
quae distincte in tractatu trochlea condimus repe[rire] sed ut
aliquid novi aflfiger|e videatur per ambages [illlas communes
species, et per communes conceptus alijquid] [a]ttingit; tan-
dem vero [aliquan]do aliqua vera profert [e]x nostro tractatu
de [troc]hlea rescripsit. Quaequae hoc tractatum cap., nem-
inem credo [...] demonstrationemque trochlearum [...]Jere posse

[...] up to here everything is true and [not] confused. Even this
entire chapter is without confusion. But he does not want to
recover [anything] from that for which we have concisely pro-
vided the foundation in the treatise on the pulley but rather,
in order to appear to add something new, he attacks something
with the help of ambiguous ideas and common notions; never-
theless occasionally he advances something true [that] he has
rewritten from our treatise on the compound pulley. Whatever
[...] is treated in this chapter, I believe that nobody can [...]
the proof of the compound pulleys

50Benedetti (1585, 164), page 352 in the present edition.
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Figure 7.34: Second marginal note to the twenty-first chapter of
Benedetti’s book.

7.14 Letter to Pizzamano: simplifying the solution of a
geometrical problem

The chapter is a letter entitled:

Qualiter circulus designari possit alios duos circulos propositos
includens. Clariss. Petro Pizzamano.

How a circle can be designed so that it includes two other given
circles. To the Most Brilliant Petrus Pizzamanus.®!

This chapter belongs to the part of Benedetti’s treatise in which he
collected letters to illustrious personalities. The present letter is directed

51Benedetti (1585, 262-264), pages 356358 in the present edition.
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Figure 7.35: Drawing of a geometrical problem in Benedetti’s book on
which Guidobaldo commented.

to Pietro Pizzamano who was, between 1559 and 1580, an official in Berg-
amo, Trevigi, and Mercanzia.’? It deals with a rather trivial geometrical
problem to which Benedetti offered various solutions depending on the po-
sition of the two circles for which an encompassing circle is being searched
(see figure 7.35). In his note at the bottom of the second page dealing
with this problem Guidobaldo suggested one brief solution to the problem
raised by Benedetti.’®> While Benedetti’s solution allows for a variable
diameter of the surrounding circle, Guidobaldo’s construction does not.
Guidobaldo’s solution works by simply dividing in half the line connecting
the centers of the given circles and extending from one diameter to the
other. He then concluded that a circle around this midpoint with this
extension will touch the two given circles.

Guidobaldo’s comment refers to the diagram at the bottom of page
263 and to Benedetti’s text starting in the middle of the page:

Si vero distantia duorum propositorum circulorum tanta fuerit,
quod secundi circuli nequeant se invicem tangere, vel secare,
tunc alia via incedendum erit, quae talis est et generalis. Divi-
datur tota @B per aequalia in puncto Z circa quod signentur
duo puncta ab ipso aequidistantia K et P. Distantia vero AK
facta sit semidiameter esse unius circuli KX circa centrum A.
Distantia autem OP semidiameter alterius circuli PX circa cen-
trum O qui quidem circuli se invicem secent in puncto X a quo

52See the discussion in Bordiga (1985, 634).
53Compare also Guidobaldo’s discussion in his notebook DelMonte (1587, 148).
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cum ductes fuerint XAD et XOF per centra dictorum circulo-
rum, ipse erunt invicem aequales, eo quod cum BK aequalis sit
QP igitur XD et QP erunt invicem aequales, sed F.X aequalis
est QP quare XF aequalis erit XD tunc si X centrum fuerit
unius circuli, cuius semidiameter sit una dictarum, problema
solutum erit.

Talis etiam solutio commoda erit ad inveniendum dictum cir-
culum cuiusvis magnitudinis, dato tamen quod eius diameter,
maior sit BZ cum in nostra potestate sit accipere puncta K et
P proxima vel remota ab ipso Z ad libitum. Unde absque ulla
divisione ipsius (B per medium, satis erit signare puncta K
et P duabus distantiis mediantibus BK et QP invicem aequal-
ibus, et etiam propositis.

But if the distance of the two given circles were such that the
second circles cannot mutually touch or cut each other, then
one has to proceed by another way which is as follows and
which is general. Let the entire line @B be equally divided
at the point Z around which two points K and P are marked
which are equally distant from it. The distance AK shall be
made the radius of one circle KX around the center A. But the
distance OP shall be the radius of another circle PX around the
center O which circles cut each other in the point X from which
two lines XA D and XOF shall be drawn through the centers of
the said circles, then these will be equal to each other, so that
since BK is equal to QP therefore XD and QP are equal to
each other, but FX is equal to QP so that XF is equal to XD,
whence if X were the center of one circle whose diameter shall
be that of one of those mentioned, the problem will be solved.

This solution will also be convenient to find the said circle of
arbitrary magnitude, provided that its diameter is larger than
BZ because it is in our power to assume the points K and P
to be as close or distant from Z as we wish. Whence without
any division of @B in half it will be sufficient to assign points
K and P by two distances BK and QP equal among each other
and also to the given ones.?*

54Benedetti (1585, 263), page 357 in the present edition.
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Guidobaldo commented:

In omnibus casibus, divisa BQ bifariam, quod quidem punctum
fiat centrum, circulus descriptus per B@) transiens semper datos
circulos in punctis B continget

In all cases, if BQ is divided in half, what makes, of course,
that point to be the center, the circle described going through
BQ will always touch the given circles in the points B@
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Figure 7.36: Marginal note at the bottom of the first letter.

7.15 Letter to Mercato: rejecting an attempt to improve on
Archimedes

The chapter is a letter entitled:

Considerationes nonnullae in Archimedem. Doctissimo atque
Reverendo Domino Vincentio Mercato.

Some notes on Archimedes. To the most Learned and Reverend
Lord Vincenzio Mercato.5®

The chapter also belongs to that part of Benedetti’s treatise in which he
collected letters to illustrious personalities. In the present letter Benedetti
dealt with

[...] duas Archimedis propositiones, quae in translatione Tar-
taleae sunt sub numeris .4. et .5. & in impressione Basileae
sub numeris .6. et .7. [...]

[...] two propositions of Archimedes that appear under the
numbers 4 and 5 in Tartaglia’s translation and under the num-
bers 6 and 7 in the Basel edition [...].56

55Benedetti (1585, 380-396), pages 359-375 in the present edition. Translation in Drake
and Drabkin (1969, 235-237).

56 Benedetti (1585, 380), page 359 in the present edition. Translation in Drake and
Drabkin (1969, 235-236).



254 7. Guidobaldo’s Marginal Notes in Benedetti’s Book

He aimed at improving Archimedes’ arguments with which, as he also
wrote,

[...] the mind cannot rest altogether satisfied.?”

In his first argument he found a way of suggesting a derivation of the
law of the lever by a procedure well known from Galileo’s later treatise
on mechanics, i.e. by redistributing weights with the help of a suspension
mechanism that does not change the center of gravity.®® Imagine, to begin
with, a balance suspended from its midpoint carrying two equal weights
on its arms (see figure 7.37). In a first step Benedetti considered all parts
of the weights evenly distributed along the entire length of the beam,
with the center of gravity remaining in the middle. Then he imagined a
construction by which the beam is suspended from a point right above
the center of gravity by means of two lines (which Galileo later visualized
as strings) which are positioned at unequal distances from the center of
gravity. In a second step Benedetti considered the beam to be cut in such
a way that each of the strings carries the broken parts of the balance from
their centers of gravity. From the geometry of the situation and the initial
assumption of the uniform distribution of weight the rest then follows, and
is indeed left to the reader.

The second arguement deals with the steelyard and how its equilib-
rium is disturbed by moving the counterpoise. On this second argument
Benedetti wrote:

Illa vero propositio, quam tibi dixi Archimedem tacuisse in
huiusmodi materia est, quod si duo pondera aequilibrant ab
extremis alicuius staterae, in certis praefixis distantiis a centro.
Tunc dico si eorum uno manente alterum moveatur remotius
ab ipso centro quod illud descendet, et si vicinius ipsi centro
appensum fuerit ascendet.

The proposition about which I told you that Archimedes was
silent deals with the subject of two weights in equilibrium at the
ends of a steelyard at certain predetermined distances from the
fulcrum. I say that, if one of these weights remains stationary
and the other is moved farther from the fulcrum, that second

57Drake and Drabkin (1969, 235).
58 Compare Favaro (1968, vol. 2, 161-163) and Galilei (1960a, 153-154) and the discus-
sion in section 3.10.
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weight will fall; while if that weight is appended nearer the
fulcrum, it will rise.?®

Figure 7.37: Drawing for a proof of the law of the lever in the second letter
of Benedetti’s book with marginal notes of Guidobaldo.

In his marginal comments Guidobaldo expressed little understanding for
Benedetti’s approach. Probably he was skeptical about Benedetti’s preten-
sion to improve on Archimedes. In his first comment Guidobaldo argued
against Benedetti that it is impossible for both the midpoint of the beam
of the balance and the point right above it to be centers of gravity of the
weights under consideration. This was clearly a misunderstanding trig-
gered by Benedetti’s somewhat sloppy use of the word center for the point
of suspension above the proper center of gravity.

More specifically, Guidobaldo’s first comment refers to the passage at
the top of page 381:

imagineris etiam OU quae sit parallela ipsi LK quae divisa
sit in puncto [ supra G. Hinc nulli dubium erit, cum G fuerit
centrum totius ponderis appensi ipsi LK quod [ similiter erit
centrum cum directe locatum sit supra G hoc est in eadem
directionis linea, quod quidem non indiget aliqua demonstra-
tione, cum per se satis pateat.

Imagine also OU, parallel to LK and divided at point I above
G. Thus no one can doubt, since G was the center of the whole
weight suspended from LK, that I similarly will be the center,
since it is situated directly above G, that is in the same line of

59Benedetti (1585, 381), page 360 in the present edition. Translation modified from
Drake and Drabkin (1969, 236).
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direction. And this needs no demonstration, since it is quite
clear by itself.%?

Figure 7.38: First marginal note to the second letter of Benedetti’s book.

Guidobaldo commented:

punctum [ esse [cen|trum gravitatis. Deorsum pendet e[x]
puncto G, quod est proprie ipso[rum] centrum gravita[tis] immo
I non est centrum gravitat|is] ipsorum ponderum sed G.

[he claims] that the point I is the center of gravity [of the
weights on the balance]. It hangs down from the point G which
properly is their center of gravity therefore I is not the center
of gravity of these weights but G.

In his second comment Guidobaldo caught another oversight by Benedetti.
He criticized Benedetti for not correctly expressing the inverse proportion
in the law of the lever, which is indeed the case. The second comment
refers to the passage in the penultimate paragraph of the page (see figure
7.37):

60Benedetti (1585, 381), page 360 in the present edition. Translation in Drake and
Drabkin (1969, 169).
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Sit exempli gratia statera AU cuius centrum sit / et pondera U
A appesa, se invicem habeant ut IU et A se invicem habent.

Suppose, for example, that there is a steelyard AU, with ful-
crum I and weights U and A appended, and suppose that they
are to each other as IU to I4.6"

AUS.U.

fema .jm’L J_M‘

Figure 7.39: Second marginal note to the second letter of Benedetti’s book.

Guidobaldo noted:

deest permutatio
the permutation is lacking
As mentioned above, Benedetti’s idea of how to improve Archimedes’

demonstration of the law of the lever was later taken up and elaborated
by Galileo.

61Benedetti (1585, 381), page 360 in the present edition. Translation modified from
Drake and Drabkin (1969, 236).






Chapter 8
Conclusion

In this book we have presented two hitherto unknown, seemingly “marginal”
sources, in the true sense of the word: Guidobaldo del Monte’s marginal
annotations to two key texts of medieval and Renaissance mechanics by
Jordanus de Nemore and Giovanni Battista Benedetti, respectively. These
annotations shed new light on a long forgotten and seemingly insignificant
controversy about the indifferent equilibrium of a balance. This contro-
versy in fact played a crucial role in the emergence of central concepts of
mechanical knowledge. At the same time, it constituted a transformation
of antiquity in the sense of the construction of an authoritative reference
culture — in this case for mechanical arguments — under premises that
were themselves created by this culture. These included the transmission
of practical and theoretical knowledge about the balance.!

In the course of the controversy, the reference to an authoritative and
encompassing tradition such as Aristotelian natural philosophy — whether
affirmative or negative — provided a model and a reservoir of theoretical
knowledge. It sharpened and multiplied conceptual tensions and embedded
the specific issue of the equilibrium of a balance in a wider network of
knowledge such as the cosmological question of the shape of the earth.
Paradoxically, the controversy also resulted in a challenge to the canonical
status of this framework by creating a plurality of perspectives on the
ancient heritage.

In our historical analysis of this controvery, we have followed an un-
conventional approach. Rather than concentrating on a “thick descrip-
tion,” in the sense of providing a rich context to render a distant historical
situation meaningful for the observing historian, we have attempted to
develop what one may call a “long description,” in the sense of tracing
into the deep past the chain of historical dependencies that lie behind a
specific event. In this way, we have been able to describe the fate of a

1For the concept of transformation of antiquity we are indebted to joint work with
Hartmut Bohme, Georg Topfer and other colleagues in the context of the SFB 644
Project, see Bohme et al. (2011). For a specific treatment of the transformation of
ancient mechanics from this viewpoint, see Damerow and Renn (2010).
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crucial component of mechanical knowledge as the result of a connected
— but not continuous — history in which long-term cumulative effects, the
intermittent transmission of material culture and written documents, con-
tingent events, varying cultural contexts, and perspectival changes left a
lasting imprint on the conceptual organization of this knowledge.

The changing effect of a weight or a force in dependence on the me-
chanical constellation in which this effect is exerted was at the core of our
study. Formulated in this way, it is immediately evident that our theme
touches both on fundamental human experiences with mechanical devices
and on a variety of modern physical concepts such as the vector compo-
nent of a force, the torque, or the mechanical work. Not only did we study
how our historical actors were able to deal with their mechanical problems
without such modern concepts at their disposal, we were also interested
in reconstructing the long-term learning and unlearning experiences con-
nected with the historically changing capability to address this challenge
and in the conditions on which this capability depended.

In order to describe these learning processes, we have referred to some
of the core experiences underlying mechanical knowledge. In particular,
we have identified a small set of core experiences that have shaped early
mechanical knowledge, such as basic human experiences with force and
motion, with the equilibrium of equal-arms balances, and the novel expe-
riences made possible by the invention of the balance with unequal arms
in Greek antiquity. Two fundamental concepts of shared theoretical me-
chanical knowledge played a central role in this study: the concepts of
center of gravity and of positional heaviness. These were shown to result
from alternative reflective abstractions based on the same core experiences
with the equilibrium of a balance.

The analysis made clear, first of all, that the competence in dealing
with the changing effect of a weight was strongly shaped by specific his-
torical contexts, including the existence of overarching conceptual systems
such as that of Aristotelian natural philosophy. But it has also become
evident that an equally important role was played by the existence and
character of the long-term historical transmission processes that bridged
the various contexts and historical periods. In addition, the mode of ap-
propriation of the transmitted knowledge has turned out to be of crucial
importance for its formation.

Thus, the Aristotelian Mechanical Problems gave a written record of
insights emerging from the identification of the lever and the unequal-arms
balance. They appeared in a specific historical context in which mechanical
devices posed a philosophical problem since they seemed to contradict the
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principle that large effects require large forces. The mechanical writings of
Archimedes, which established the concept of center of gravity, were part
of Greek mathematical literature that emphasized virtuosity in solving ab-
stract problems. Heron’s treatise on mechanics, containing a compilation
of elements of prior Greek mechanical knowledge, was probably represen-
tative of Alexandrian technical literature. The works of Thabit, al-Isfizari,
and al-Khazini were written in an Islamic empire in which far-reaching
commercial relations and Greek philosophical and scientific education were
key factors. Accordingly, they focused on the balance as an important
commercial instrument, conceptualizing it within an Aristotelian context.
Jordanus, writing at the beginning of Latin medieval scholasticism, fol-
lowed in their footsteps and, by adding a sophisticated Aristotelian twist
to the understanding of the effect of a weight, formulated the concept of
positional heaviness. Early modern authors such as Tartaglia and Cardano
addressed the challenging objects of their time on the basis of whatever
they could assemble in terms of transmitted sources. Later early mod-
ern writers such as Guidobaldo and Benedetti attempted to reconcile and
systematize this fragmented intellectual heritage, and in particular the
concepts of positional heaviness and center of gravity. Galileo and his
followers began to create a new synthesis based on their work.

While this summary may seem to suggest a cumulative, if not pro-
gressive historical process, this is not what we wish to claim. On the
contrary, with regard to the question of the behavior of an equilibrated
balance removed from its horizontal default position, Archimedes himself,
in the third century BCE may well have been in a position to argue in
favor of its indifferent equilibrium. We cannot know this for certain as
too much of his work has been lost. But what is clear is that this insight
had been formulated and then forgotten several times in the course of the
long history of mechanical knowledge. Al-Khazini in the twelfth century
included it in his work; Leonardo da Vinci probably found it independently
more than three hundred years later. And Guidobaldo del Monte, about
another century later, claimed it as a key insight of his own research in
mechanics. Ironically, this alledged key insight ultimately turned out to
be untenable when confronted with the implications of a spherical earth.
What had been transmitted across different cultures and long historical
distances were evidently not specific insights, but rather some of the means
to gain them. Indeed, for all we know, there was a continuous tradition
of the practical knowledge needed to produce and use balances with equal
and with unequal arms, from Greek antiquity via the Arabic world to the
early modern period, probably even reaching China via the Silk Road.
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Also some elements of theoretical knowledge, such as the law of the lever,
basic features of Aristotelian dynamics, and the Euclidean model of or-
ganizing scientific knowledge have been more or less continuously, even
if sometimes rather tenuously, transmitted in the larger Mediterranean
world. This knowledge substratum was evidently sufficient to provide the
stimulus for tackling over and again similar mechanical problems such as
that of the equilibrium of a balance and to offer solutions to them. These
may have differed considerably and were, in any case, often lost in trans-
mission.

But such losses in transmission constituted a remarkable force of inno-
vation in the development of mechanical knowledge. In the ninth century,
Thabit ibn Qurra attempted to clarify an unidentified Greek work on the
balance, evidently unaware of the Archimedean proof of the law of the
lever. In the course of this attempt, he introduced an approach that justi-
fied the law of the lever on the basis of Aristotelian dynamics. This would
have far-reaching consequences, in particular, for the later formulation of
the concepts of positional heaviness and for the work principle. In the
thirteenth century, Jordanus tried to rebuild a science of weights accord-
ing to the Euclidean model and Aristotelian standards, although he lacked
knowledge of Archimedes and the more sophisticated Arabic treatises on
the balance. In consequence, he introduced the concept of positional heav-
iness, which enabled him to address novel problems such as that of the
inclined plane. Finally, the fragmentary character of mechanical knowl-
edge transmitted to the early modern period forced its protagonists to
concentrate their efforts on probing its consistency and establishing inno-
vative connections among its basic concepts. This gave rise to attempts
such as those of Maurolico and later Galileo to build a science of mechanics
around the concept of momentum.

With regard to our central issue, the equilibrium controversy, the
early modern situation differed significantly from that of earlier periods.
This was not due to special new insights or approaches concerning, for
instance, the experimental method or the increased interest in phenomena
of motion. The fact that so many scholars dealt with this controversy in
one century, probably more so than in all the preceding historical periods,
made a major difference, as did the unprecedented ease of communica-
tion facilitated by the availability of paper and print. As we have seen,
what had been accumulated over previous centuries was not necessarily
the knowledge, which had often been lost, but rather the potential for
knowing. This was embodied in such means for representing knowledge,
but also in a material culture that offered ever more challenging objects on
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which to probe and develop whatever fragments of knowledge had become
available.

Whatever appears to us in hindsight as major breakthroughs, such as
the establishment of the indifferent equilibrium by Guidobaldo, the suc-
cessful treatment of the bent lever by Benedetti, or the connection that
Galileo established between the bent lever and the inclined plane, thus
result as much from the long and fragmented history of mechanical knowl-
edge as from the intense exploitation of this history in the era of preclassi-
cal mechanics. In rapid succession, Guidobaldo revived the Archimedean
treatment of the balance, Benedetti extracted from Jordanus a generally
applicable method for treating the bent lever, and Galileo combined such
advances in his own pivotal work on mechanics. The fact that Galileo did
not properly acknowledge his sources, banning Benedetti’s name from his
work, is as much a characteristic of this time of intense scholarly compe-
tition as the cumulative advance that was nevertheless achieved.

In the early modern period, the network of knowledge spanned by
such insights and their connections became ever more dense. This led to
an unprecedented stabilization of this network, and also to its transforma-
tion into a system of knowledge in which these insights could be derived
from the fundamental principles of classical mechanics, which matured in
the following centuries. This advancement made it much less likely, albeit
not impossible, that insights such as those incorporated in the different
contributions to the equilibrium controversy could again be lost. The fu-
ture long-term stability of this achievement will also depend, however, on
whether and to what extent the other equilibria mentioned in the intro-
duction, concerning the relation between humanity and its environment,
for instance, or the equilibrium within human society usually designated as
“justice” and symbolized by a balance in equilibrium, can be maintained
and supported by the development of science.

Berlin, December 2011.
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Figure 8.1: Emblem showing a steelyard, illustrating that belief, sincerity,
intelligence, and understanding are best gauged at a distance.

From Covarrubias Horozco (1610).



Chapter 9
Timeline

Early third millenium BCE
The balance with equal arms is introduced in Mesopotamia and Egypt
(Damerow et al., 2002, 93)

Late fifth century BCE
First mention of a balance with unequal arms in Greek literature

(Damerow et al., 2002, 95)

Fourth century BCE

The question of the return of a balance to its original position is raised in
the Aristotelian Mechanical Problems

(Aristotle, 1980)

Third century BCE

The concept of center of gravity is introduced in Archimedes’ Equilibrium
of Planes and employed in a proof of the law of the lever

(Archimedes, 1953)

First century
The problem of the bent lever is treated in Heron’s Mechanics
(Heron of Alexandria, 1900)

Early fourth century
Part of Heron’s work is quoted in Pappus’ Collection
(Pappus of Alexandria, 1588)

Before 901

The law of the lever is proven from Aristotelian dynamic principles in
Thabit ibn Qurra’s Book on the Steelyard

(Abattouy, 2001)

1048-1116

Thabit’s work is elaborated in Al-Muzaffar al Isfizari’s Guiding the Learned
Men in the Art of the Steelyard

(Abattouy, 2001)
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1121-1122

Abu al-Fath Khazini argues for the indifferent equilibrium of a balance in
his Book on the Balance of Wisdom

(Abattouy, 2001)

After the late eleventh or early twelfth century

Manuscripts of the Aristotelian Mechanical Problems begin to spread to
the Latin West from Byzantine sources

(see section 3.4.2)

Twelfth century

A version of Thabit’s work, suggesting that the balance returns to its
original position, is translated into Latin, probably by Gerard of Cremona,
under the title Liber Karastonis

(Moody and Clagett, 1960)

Thirteenth century

Jordanus de Nemore argues, with the help of the newly introduced concept
of positional heaviness, that the equilibrated balance returns to its original
position in his contributions to the science of weights

(Moody and Clagett, 1960)

The work of Archimedes, and in particular the concept of center of grav-
ity, becomes known in the Latin Middle Ages through the translations of
Willem of Moerbeke

(Clagett, 1984)

1452-1519

In his manuscript notes Leonardo da Vinci argues, using the concept of
center of gravity, for the indifferent equilibrium of the equilibrated balance
(see section 3.4.2)

1495-1498

The first printed edition of the Aristotelian corpus, including the Mechan-
ical Problems, is published by Aldo Manuzio

(Aristoteles, 1498)

1533

Petro Apianus publishes Jordanus’ Liber de Ponderibus containing the
claim that the balance returns to its original position

(de Nemore, 1533)
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1546

Niccolo Tartaglia publishes his Quesiti, et inventioni diverse exploiting the
work of Jordanus and defending the claim that the balance returns to its
original position

(Tartaglia, 1546)

1548

Francesco Maurolico defines the concept of momentum in his Archimedis
de momentis aequalibus. His work remains unpublished until 1685
(Maurolico, 1685a)

1550
Girolamo Cardano proposes various measures of positional heaviness and
defends the claim that the balance returns to its original position in his

Hieronymi Cardani medici mediolanensis de subtilitate libri XXI
(Cardano, 1550)

1565
Niccolo Tartaglia publishes an edition of Jordanus’ De ratione ponderis
containing an argument pointing toward a new measure of positional heav-

imness
(de Nemore, 1565)

1577

Guidobaldo del Monte argues in his Mechanicorum Liber, using the concept
of center of gravity, that the balance does not return to its original position
and claims this insight into its indifferent equilibrium as his own major
contribution

(DelMonte, 1577)

1581
In the Italian edition of the Mechanicorum Liber Guidobaldo del Monte

refers to experimental evidence in favor of his claim
(DelMonte, 1581) (see page 87ff.)

1585

Giovanni Battista Benedetti introduces, in his Diversarum speculationum
mathematicarum et physicarum liber, a “new measure” for the positional
effect of a weight or a force and argues for an indifferent equilibrium of the
balance under terrestrial circumstances and for the claim that the balance
tilts into the vertical if the spherical shape of the earth is taken into account
(Benedetti, 1585)
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1588
Guidobaldo del Monte insists on a strictly Archimedean approach to the
treatment of the balance in his In duos Archimedis aequeponderantium

libros paraphrasis
(DelMonte, 1588)

After ca. 1592

Galileo Galilei takes over Benedetti’s measure of positional heaviness and
introduces the concept of momento. Together with the concept of center
of gravity, defined in terms of momento, this becomes the basis for his
treatment of mechanical problems such as the inclined plane

(see his treatise Le mechaniche (1909b), written in the 1590s and later
published in French as Les méchaniques (1634))
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Online sources

The ECHO project (European Cultural Heritage Online) of the Max Planck
Institute for the History of Science is continuously extending its collection
of sources. In collaboration with other institutions, these are made freely
accessible as text files in XML format and/or as high quality images via
the website: echo.mpiwg-berlin.mpg.de. The sources mentioned in the
present publication and listed below are currently accessible in this way.
For their cooperation and support, we are particularly grateful to the Bay-
erische Staatsbibliothek in Munich, the Biblioteca Nazionale Centrale in
Florence, the Bibliotheque Nationale de France, the Biblioteca Oliveriani
in Pesaro, the Bibliothek Werner Oechslin in Einsiedeln, the Linda Hall
Library in Kansas City, the Museo Galileo in Florence, the Museo Leonar-
diano and Biblioteca Leonardiana in Vinci, the Niedersichsische Staats-
und Landesbibliothek in Gottingen, and the University of Oklahoma Li-
braries.

10.1 The first editions of Benedetti’s Diversarum speculationum
mathematicarum et physicarum liber and of Guidobaldo
del Monte’s Mechanicorum liber

DelMonte 1577
Benedetti 1585
— supplemented with Guidobaldo’s handwritten marginalia

10.2 Early modern printed treatises on mechanics

Tomeo 1525

de Nemore 1533

— supplemented with Guidobaldo’s handwritten marginalia
Apianus 1541

Archimedes 1543a

Archimedes 1543b
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Tartaglia 1546
Cardano 1550
Benedetti 1553
Commandino 1565
de Nemore 1565
Piccolomini 1565
DelMonte 1581
Aristoteles 1585
Stevin 1586
DelMonte 1588
Stelliola 1597
DelMonte 1615
Baldi 1621
Galilei 1655a
Galilei 1655b
Maurolico 1685a

10.3 Other printed Renaissance sources

Taisnier 1562

Vitruvius 1567

Cardano 1570

Benedetti 1574

Benedetti 1579

DelMonte 1600

Pappus of Alexandria 1660
Maurolico 1685b

10.4 Renaissance manuscript sources

Galileo 1589
Galilei 1602
Galilei 1634
Baldi 1707



Chapter 11
Appendix: Analyses of iron gall inks by means of X-ray
fluorescence analysis

Oliver Hahn and Timo Wolff

11.1 Introduction

A copy of the first edition of Giovanni Battista Benedetti’s Diversarum
speculationum mathematicarum et physicarum liber exhibits some notes in
the margins by Guidobaldo del Monte that were written with iron gall ink.
Some of these comments were covered with deletions also carried out with
iron gall ink. The study presented here was carried out with the aim to
find out if it would be possible to read the original comments underneath
the deletions.

The application of band pass filter infrared reflectography technique or
fast scan X-ray fluorescence mapping requires a distinct difference between
both ink materials. By means of X-ray fluorescence analysis (XRF) we
have tried to find out the elemental composition fingerprint to distinguish
between both inks.

11.2 Iron gall ink

Iron gall ink is the most used drawing and writing material in Western
history.! In general, it is produced from four basic ingredients: galls,
vitriol, gum Arabic as a binding medium and an aqueous medium such
as wine, beer or vinegar. By mixing gallic acid with iron sulphate, a
water-soluble ferrous gallate complex is formed. Due to its solubility, the
ink penetrates the parchment surface, making it difficult to erase. When
exposed to oxygen, a ferric gallate pigment is formed. This complex is not
water-soluble, which contributes to its indelibility as writing ink. Due to
the variety of different recipes? and the natural origin of different materials,

TKrekel (1999).
20ltrogge (2005).



272 11. Appendix: Ink analysis (O. Hahn and T. Wolff)

there is a wide range of different components and impurities in historical
iron gall inks.

Vitriol, the main source of iron in the iron gall inks, was obtained
from different mines and by various techniques.? Therefore, inks contain
many other metals, such as copper, aluminium, zinc and manganese, in
addition to the iron sulphate. These metals do not contribute to color
formation in the ink solution but possibly change the chemical properties
of the inks. The determination of different inorganic components in iron
gall inks provides the basis for the differentiation of these writing materials.

11.3 The archaeometric fingerprint method

The chemical composition including trace components is a characteristic
property of an art object. As mentioned before the qualitative and quan-
titative investigation of minor or trace components leads to composition
fingerprints which allow to differentiate between varying iron gall inks.
This is usually not possible by means of visual examination or with fur-
ther non-destructive techniques.

For a reliable quantitative analysis of the XRF-data, several tech-
nical parameters have to be taken into account. Due to the fact that
light elements such as carbon, oxygen and hydrogen, which are not de-
tected with energy dispersive XRF, are the main components of the ink
as well as of some inorganic additives to paper, an absolute quantification
is not possible. However, the determination of a fingerprint which rep-
resents the amount of a detectable trace element in relation to the main
compound iron enables the characterisation of different iron gall inks. As
mentioned before iron gall inks contain many other metals, such as copper,
aluminium, zinc and manganese, in addition to the main inorganic com-
ponent iron sulphate. The fingerprint method relies on the determination
of characteristic elemental compositions in samples.

In the fingerprint model, the ink-paper system is regarded as a three-
layer-model-system with a top layer of iron gall ink, a diffusion layer with
a linear decreasing amount of ink and a bottom layer consisting of paper.
For this system of layers a fundamental parameter approach* for the pri-
mary fluorescence is made. The primary intensity can be expressed as the
sum of the contributions from the ink and from the paper. The successive
computations take into account all physical phenomena which contribute

3Hickel (1963); Lucarelli and Mando (1996).
4Wolff (2009).
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to the formation of X-ray fluorescence. After all, this leads to the fin-
gerprint value, which depends on three parameters: the transmission of
the entire system, the penetration depth of the ink into the paper and
the ratio of the absorption coefficients. For all minor constituents ¢ such
as copper, aluminium, zinc and manganese a fingerprint value Wi can be
specified. This fingerprint value represents the amount of a minor con-
stituent relative to the main compound iron (e.g., Wcu = concentration
(Cu) / concentration (Fe)).?

Figure 11.1: Mobile XRF spectrometer.

11.4 Experimental set-up

Analyses were carried out with the mobile energy dispersive micro-X-
ray spectrometer ArtTAX® (formerly Rontec-GmbH, Berlin, Germany,
see figure 11.1), which consists of an air-cooled low-power molybdenium
tube, polycapillary X-ray optics (measuring spot size 70 pm diameter),
an electrothermally cooled Xflash detector, and a CCD camera for sample
positioning. Furthermore, additional open helium purging in the exci-
tation and detection paths enables the determination of light elements
(11 < Z < 20) without vacuum. All measurements are made using a 30 W
low-power Mo tube, 45 kV, 600 pA, and with an acquisition time of 25 s
(live time) to minimize the risk of damage. For better statistics, at least

5Malzer et al. (2004).
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ten single measurements were averaged for one data point. Further details
concerning the method are described elsewhere.®
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Figure 11.2: Elemental fingerprints (quantification by means of fundamen-
tal parameter approach) of “original” iron gall ink and “dele-
tion” iron gall ink.

11.5 Results

The original iron gall inks as well as the deletion inks have the same ele-
mental composition. Taking into account the measuring faults (see error
bars in figure 11.2) it is obvious that there is no difference between “orig-
inal ink” and “deletion ink.” Due to this result it will not be possible to
distinguish between both ink materials. As a further consequence it will
not be possible to read the original comments underneath the deletions by
use of non-destructive techniques.

6Bronk et al. (2001); Hahn et al. (2004); Wolff (2009).
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edendo mecit deliberarem, operapreciu uifum eft,
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ta tuzeamplitudinis funt de me, tale nil merito, meris
ta,&itatibi funt ftudiofi o&s addictillimi, utuel tuo
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fufcipias,remig literariam porrd promoueas, Valeat
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p;k,;Bvs IORDANI NEMORARII

[Vm fcientia de ponderibus fit fubalternata tam Ge
f2. ometriae Gg naturali Philofophiz,oportet in hac(d
 entiaquadam gcometricc,qua:d;tm phyfice t:)bu o
i re.Primil ergo oportet{cire,p brachium de(gtnd::;
doin libra,defcribit circulit, cuius dirculi femidia=
meter.eft femper aqualis brachiolibre. Secundo
oporteroftendere,q maior arcus eiufdem dirculi,
B RS e cft magis curuus minori,& o talis minor plus cur=
vatur, g incirculo maiore-Primi probatur,quia minus de corda quz—
eftredta lmca’,correfpondct proportionaliter arcui maiori, g Minow
non emarcui duplo correfpondet cordadupla, fed minus ea. Secun-
dumpatet fic,quia fi fumantur de circulo maiori & minori arcus zquas
le;,corda arcus maioris circulilongior eft, ppterea poflet ex hoc often=
di,ppondus inlibra tanto ficleuius,quanto plusdefcenditin femicirau
Yo. Incipiatigirur mobile defcendere 3fummo femicirculi,& defcendas
S_OI"I_[l.nut,dICO tunc ¢ maior arcus circuli plus contrariaturrectalinez
& minor,& cafus grauis per arcum maiore ,plus contrariatur cafuigra
uis,qui per rectam fieri debet,Gg cafus perarcii minoxé, patet, ergo mas
ior eft uiolentia in motu {ecundii arcum maioré, G; fecundum minoré,
aliter e fieret motus magis grauis.Cumergo plusin afcenfualigd mo
wetur uiolentie, patet,qm maior eft graui rasfecundit huncfium, et quia
fecundii fituationé talium ficfit,dicarur grauitas fecundit firum n futu=
ro proceflrJraem fyllogifandode motu,tands motus fircaufa grauita®
gis & leuitatis, potius contrariit concludimus per caufam huius contrari
etadis, plus contrariam,id eft plus habere uiolentize,cp i graue defcen=
dachocelt 4 natura.fed per lineam curuam hoceff contra naturam.i
ifte defcenfus eft mixtus ex defcenfis nature & uiolento. In alcerfuuero
onderis,cum ibi nihil fie fecundum naturam , licet argumentar ficut
deigne,quinaturaliter afcendit. De igneenim argumentaturin afcenfi,
ficutdegrauiin defcenfu,exquofequitt r,Quanto graue plus fic afcen*
dit,ranto minus habet de leuitate fecundum fitum , & fic plus b
graujatefecundum fium. Dicererfortealiquis,ono oportet propiet
pradicta,graue in partecirculi inferiori fieri gcundum‘[_irum lcluuS,P,“
i Te motum, fed quietem,tunc nihil contrariit naturfz;@“

et untr nON € e C 1 1 .
ritur-Sed contraillud obijaitur ficpoflibile fuit hanc quietem mmonl!
minumincrinfecum motus,ficucalbatonis albedo, cumuigitur #70




A 4 : inicontrariantur eorum.Erteft propor
non :qnmnflzfl:?f‘gg‘gf:::;nmﬁ per locum 3 proportione, rcgu.',
g H} < ontrarictatem in uielcendo,ficutin mouendo In termi
qurantame Fcf‘ e morus incendicur, intenditur & uigettota natura
:':;3:.“;3:’; moru ficquafiin P(?tengia,fccuqdu:p qu}m fiebat contras
L e e oppofitio- Graue igiturin parteinferiori,fiue moueatur i
'l:e quiefcat, lewitis eft fecundum fitum- Atcg codcn‘; cf{s_'llo ifmo necefle
eft pondus grauius efle quodan_'xmodo &uelodius defcendere,cp moue
urindraulo maiori,quiautprius probatur, minus ?blxqqarlu!- , Ggin
circulo minori,& per confequés minus habet uiolentiz ,quidigitur mi-
nusdiftardefcenfusin drculo maxpn§ defcenfunaturali,qui ﬁg er reéta
lineam, G qui eftin drculo minori.Dicatur Jefcenfus redior,id eft plus
tendens ad rectiru > mine tionen
obliquior defcenfuus-Quare uero fuperius dicum eftin quicteelle con-
trarietatem ficut in motu porefteffe dubitatio, quiain eodem fitu ,ubi
eftilla dependentia quietis obliquimis,potcﬁ&re&x’rudinis,Sicut fila
isfufpendatur in recto domus ad focum ponderis,& @ pendeatin li-
Era-Sed dicendum ad hoc,p uarietas uiolentiae facit uarjetatem quietit
fecundum formam,quod manifefiumeft ex moruum ad quietes uaria-
tioneEx eadem enim uiolentia fittotus ad quietem motus,& ipfa quies,
ficurpaterex: r?:c‘lié'i:is,unde idem forte ficlocus quierum naturaliter di-
verfarum. {fkis igitur notis, fequuntur f uppofitiones libri Ponderum
&dicuntur fuppolitiones,quia per iftam fcientiam non debét probari,

I‘:dfupd)onunmr,probari tamenexiam di&is quaedam indigent %roba'

tione ficut poftapparebit.  Suntitac fuppofitiones feprem.Prima
«ft,Omnis ponderofi morumad medium eﬂg.o Secunda,Quaro gra-
viustanto }xeloclus defcendere. ‘Tertia,Grauius eflein defcendendo,
zumanro eiu dedmr motus ad medium eft rectior. Quarea,Secundum i
b ngﬂgﬁ e,quanto in eodem fitu minus obliquus eft defcenfus.
o t:%tt guxorem auté delcenfum minus caperede directo,in eadé
e lexga,Mmus grauealiud alioeffe feaundum firum,quan-
il w;xssc;r teriys confequitur contrariomotu.  Septima,, Situm
fuppofic e zquidiftanam fuperficiei orizontis-  Omnes autem
Ppofiiones funtfatis manifeftae, ficur per praedicta, et
Poliiones profeemus e oo patet per praedicia, etideo pro=
pro "‘“*-Sumitaci e d:t‘lfr propofitiones,quia,ut probentur,
Propo-

dinem,arcp in circulo minori,obrationem op ficz,
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1 PROPOSITIO PRIMA, :
_ Inter queeliberduo grauia eft uelocitas defcenden
doproprie, & ponderum eodem ordine fumpta pro
“portio,delcenfusautem, & cStrarij MOLUs, Proportig
.cadem, fed permutata,

.

Dicitur proprie,ut excludatur omnes uelocitates

praeter naturam acquilice. Prima pars patet,quia mn"g‘:& l::u t:lo:lg
prie precifa caufa fit pondus, patet,quoad multiplicationerm Sonteris
. lequitur uelocitatis multiplicatio. = Secunda pars patet,quiaeadem eft
proportio defcenfus & alcenfus ,fed contrarie fumitur proportio hic
& ibi,propter quod dicitur permutata. Sicut enim fe habetin defcenfir
pondus, itaaliud pondusinafcenfu,quia eiufdem proportionis eft di-
ftantia grauis in defcendendo,in circulo fuperiori, ficutafcenfus ab infe
‘riorieadéigitelt ,ppqrdo,fccj permutara.Oportet.n.quantoilludexces
dit,rantoidifto excedi.Et per confequens,quanto iifud quod eft grauiz

. us,uelocius afcendit,tanto leuius mouetur contrarie - )
Sequitur aliud commentum.Sint duo pondera,a maius,b minus.
Siteriam defcenfus a abe in c,& defcenfusb.4 b.ind. Dicoergo, g eas
dem eft proportio a.ad b.quzeft 4 c.ad b.d.Sinautem femper erit mi=
nor,uel maior.Sit igitur primo minor,& fite.exceflus a. fuper b.& f.exe
 ceffus acfuperb.d. Cum ergo minor fit proportioa.ad b-ga.c.ad b.d.
erita.ade.maior proportio Gga.c. ad f. ut poltea probatur. Sed feft de=
fcenfus e,eo o propter e.excedit defcenfus ipfius 2 defcen(ub. per £Eft
\jgitur maior proportio huius ponderis fcilicetaad e pondus, s defcen=
uis ad defcenfum, cum ramé Falfigraphus ponat contrarium,uidelicet
minorem efle proportionem pona’cris,q,' defcenfirum-VYndelicet pro=
betur contrarium,non ramen in eifdem ponderibus nihilominus ftat
robatio,eo cpeadem eftratio in quibufdam ponderibus ,& in omni*
‘ gus,uidelicet,qg fiin uno cafufucrit maior uel minor proportio ponde
- yum ad pondus, & defcenfus ad defcenfum femper accidit eodcr{p mos
do.Simaior fuerit proportio ponderis a ad pondus b, g defcenfus a ¢
2d defcenfium b d.eritminor proportioaad e ,Ggacad £ut poftea pro*
babitur-Sed f eft defcenfus, ut prius grobatum eftigitur acadit conu‘z:
rium ponenti, eo ¢p concluditur minorem effe proportionem ponr‘
deris ad pondus, & defcenfus ad defcenfum. Sicigitur patet Eﬁn{: cpra‘)
ropofitionis,exqua fequitur {ecunda pars,cuiusfenfus %ﬂ, is fecxlfxal;d
Ecut apondusfehabetad bpondus, fic afcenfus b ponder pos
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deris,quato enim a pondus ex grauitate

erarioad afcenfum apORCEe s 1 o oy eadem grauitate declinat

[uaglus inclinacad delc]::;‘f] l;::;mn} uggrauitate dedinata e g

idafce“f““"E‘"”jf’ifmmmdedmm ad afcenfum,id eft,ranto fm‘nr}"m

fanto minus X< <= fuperius Jgitur cadem eft proportio d{g ce u;
refiftit erahenci 1P umz cftafcentus b,ad afcenfurn a- Sed defcenfus a a

aad defeenfum .3 ndusadb pondus.lgitur,ﬁcut a pondusad b

: eﬁ’[ilcm; lZ{)afcen( uma, patec igitur fecunda pars conclufi-

> ‘*{“"ﬁlﬁe ;om} qpnointendit maior propriam partem,cp

L g::; relictum fit propri natura,maiori uelocitate moues

recurin a‘l’tc:::o medio,uelaliud pertran (iretiftius in eodemtempore fe=

: bad a,Sed maiornd habert deter=

rtionem quam habet ! eter
cupdlln;lpr:g?u orauis relici propriz natu'rae,fed demoru grauis in
gupa el cTiltentia grauis pofitiin alio brachio zequilibris ;hoc

i i cum relt N : >

qu}lhabt,el: er fecundam parcem condlufionis,inqua loguitarmaior aie

:(uct:n%u po‘:lderis cum tamen noafcendat pondus naturaliterin medio,
X

i iter delcenderer,{i pmitteretur naturae propri. Sed afcen
‘dl.:glrllob?:g'l‘lrgl ;quih'bris proprer u‘Jc')lenuam,qua‘mduc!t D‘Jlfldu§ alm’,
sius brachii in defcendendo Cumigitur proportio ,qua nlla;‘or l_m?&,g
nducere de afcenfu huius probaretur per primam conclu fonis, Ifta

robatio nd ualeret,nififumeretur defcenfus inaquilibriinprima par
te conclufionis Ecfi fic fumarur.oportet wnchabererefpectit ad xquas
litatem & inzqualitatem brachiorum. V ndeideo notandum;cpnon

poteft ficintelligi condlufio,q ficurdefcenfus aad defcenfum b.jta tota
grauitasa fim) STiciter,&fecundi fium. ad totam grauitatem b fimplici
tr & fecundi fium, & hocdeber firictiflime intelligi. Nam hocnon eft

uerum,nifi quando eadem eft proportio rotius grauiatis adtotamgra
uitatem b .quee eft 1otius potentize a fuper {uam refiftentia, & ad poten=
tiam bfuper [uamrefiftentiam & fecundum hocuariaretur uelocitas &
delcenfus aliter nd ualeret propofitio autoris-Nam ubi aduerfarius po-
nit,pmaior eft proportio delcenfus aad defcéfum b, a ad b, &autor
nihil aliud concludic,nifi @ non eft uniucrfaliter uerl,qymaioreft pro=
portio defcenfui, G ponderum Erhocnon repugnat dicto ab aduerfas
1i0.imo quandocgliceft,quandogs econtra rio-Erideo ad hoc @ conclu-
tur propolitio uniuerfalis ex particulari data , oportet fic intelligere
conclufionem Quod in xquilibra bacd centrum it a g pondus infi
tucfehabetad idem pondusg in fitu d, fecundi@ proportionem totius
defcenfus.qué porefthaberein fitu cad torit defcenfum,qué poreft habe
reinfitud.  Exquoergond poreft ulterius defcendere,nifi fecundum
quantitatem femidiametri cuius circumferentid deferibit. Sic fequitur
. exilaexpofitione, g pondusin  fitum fe habecad é’dem gpondu E::
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" ergoetc. Siafiriftud argiimentiinon fadiatfi

fhu dfectindum proportionem ca adda,fta,qp

2 pondus;,
. ‘ceret cum maiori pondere,in alio bradgio fufficerer def«.’,h"‘ff,f,'dfgg"
epfehaherecad primum pondus o, fecundum p i 2

TOPOrt;
add a.Erhoc pro fenfu primae partis conclufionis, xanf‘;,;" Fgf‘:ff;
cundae partis condufionis,dico,¢pfi b pondus i ufficeret pondus leyare
ind cfitumad lineam directidis, unit alfud poduscp ¢ faciliter leug
retgindfitu adlined dire&idis , fe haberetad bfecun M proportios
nem daad ca:Vnde fillefenfiss fit werus in uno afu,uiderur o itaerie
in quoliber cafuita plecundi illam :xp_oﬁtioncrq non ualet uariatio
grauitaris;nifi propter uariatisem fieuum Igitur fiin uno cafiruariatue
grauitas ejufdem ponderisfecundi pportionem brachiorum, non ot
maior ratio,quando ita eritin quolibet cafu. Sici turintelligendo o
«clufioné procedit propofitio autoris,aliter non.Ecfic mrelhggnd? con
clufioné,eftad propolitit odauz coclufionis,ad cuiusprobariong alle-
gawrilla c5clufio-Sed uidetur gpifta expofitiond fufficiat profenfu Bz
clufionis:Nam cSclufio ponit,cp ficut pondusad pondus, fic uelocitas
ad ueloditatem, clf ramenin ifta expofitione n6 arguitur de welocita
erg0 perfuaderi poreft ifto modo.- Sit e pondus fneodem fi twcum ba
quefehaberginfitud,ficut ginfitu cfehabetadb,ergo utpriusp cofi=
milem uiolentiam fufficit gind fieu agerein eg fitu,ficutidemg in e(;
dem fitu fufficit agerein b, ergo econtrario fufﬁqtm d fitn elc,ua:lc ca
diredtionem,ficutain c fitu fufficit levareb ad direGjonem,, fed quia
ruc'cl'to detienietb uel e,uel f gad direction,ergo & uelocitas g "é d
fittr fehabebit ad uelocitatem eius in cﬁ_tu,fecuncﬁl propomon;m dta
d ¢aperquintam Archimedis de arruis fuperficiebus,e0 g eadem
5 ‘;opriig diametrorum,uel femidiametron:i el cel‘;cumfcren((l_liaglr;:
! & ndeft curaran e
itas fit proportionalis uel non,dum ramenfequacur,Si gindﬁ:g;ag
}glg?esc q? gin cfufficitleuareb. riam.gima condufiotextus Iéc; o :;
habetaliam liera, fcilicet, inter queeli tgrauia fit ueflqurauz oo s
eris dinefumpta proportio.Echocetiam fufficit pre d
iy i OI;:)b d a’cjl cul?us robationem ifta conclufioallegatur;
congluﬁo_nc 3 a; ; 2 lican'oncl:n condlufionis. Jamigiturreftat pro=
b o o Oouia s o sl afucfa les
bare,p prius przmittebatur, uidelicet, Quod fi pond i
sl poponfns s s mon o o
morem,pondus i fc'_hal?c_bxl:ad b lI!I'm fuum fupra defcenfum
roportione, defcenf{us maioris,ad exce um&r D s e
g‘tinori‘s.Si:c’nim pondus maijusa b &minus C,& 1&‘-‘.( lis minOFiS;
per c-Ttem fit d ef defcenfus maiotis pondeln;xs,d % ri: G e
&fiedef a:ceﬂ'us,d:fad‘ﬁf{cunduw ¢paba 'ﬁc’Sicu(dfadhf,m‘b
2f pero&auam quintiEuchdxs.Tunc arguiur le, o




g i o8 i imamquinti Euclidis.Sicut d h ad
adbg d‘%“g&'a“; zﬁfﬂzm,imh faddh,ergo coniunétim per
s &‘3’ = quinti Eudidis. Sicutb aadajradadhd fed perocias
dzamamo'E LS is.maioreft ipfiusf dadh ,Gaded. {gitur maior

w2 fdaded , fedaelt excellus ponderum,& b

ft proportiod (uum, & e fequaleg-Sufficienter igitur pa
xqualeca ;‘jﬁﬁ;‘{:ﬁ:ﬁfmbam; txtrl'ftqﬁmaqua'm quinti f:g clidis,
w 'm;in‘s,'ma prop%ﬁ[fo Archimedis,& hoc fic Simaior fic proportio
g?ﬁetfqﬁ;a bad be euerfim perillam conclufionem tricefimam , mi-
or erit proportio dfaded Ggabada. Eifdem medijs potcft probari,
§; maior fit proportioponderis ad pondus.Gp defcenfus ad defcenfum,
minor erit proportio ciufdem ponderis adexceflum fuperaliud,
zfcenfus fuperfut exceffum, & fupraalium excellim;, &hocelt, qu
ab initio promifimus demonftrare.
- PKROPOSITIO SECVNDA. -
Cuni fuerit 2quilibris pofitio zqualis,zequis po
deribus appenfis,ab @qualitate non difcedet, €tli ab
zquidiftantia {eparef,ad zequalitatis fitir reuertetur,
Primum patet,quia funt xque grauia. Secundum patet per fuppofiti-
pradicta.  Aliud comentil fequitur. Aequilibris pofitio dicitur zequa-
is,quando 3 centro circumuo
lutiois brachia regulae fuerint
=qualia.Sitigitur regulaabe
centrum a,& appenfa b ¢ cirs
cumdudoigitur circulo perb
&c,in cuius inferioris medie-
tatis pun&o medio fit d niani-
feftum eft,p defcenfus tam b
(g celt per circumferentia uer
us d, & quiaobliquuselt u-
tercy defca us,& zqualiter po-
derofa funt appéfa, utriicg per
alteri & {fru 2equalitatis sequa=
liter mutabitur, quod eft pri-
mum.Ponatur nunc,q fiat de
fcenfus 3 parteb, & afcenfusi
partec,dico,g redibunt ad fi=
B i tum

onem quarta,uocatur autéillud 1ms,mculusdidmr,ﬁcut patet per
1
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tum Jequalitatis - Non ‘enim ulterius defcendet b -
- eiusuerfus d magis obliquuseft, Gz Afcenfus cad a:qu’aiiom?mdeg“"f“’
& ciam @qualiter diftancd ficu equalitatis, & c per defcenfum aemnt
‘pinquabitad fitum zequalitatis continue,& b per {uil defcenfum c"g’;‘?‘
nug receder 4 fitu sequalitatis,igitur quiliberarcus, per qua defcender ‘Q’
plus diffacafitu equalitatis,p alius arcus per quem defcenditc: Sed ar.
cuumzequalit inzequaliter diftantium 4 fitu equalitatis, ille minus ca-
pitdedirecto,qui plus diftac, it ftatim probabitur Ereo per quicungg
arcum defcedic  efus defcenfus rectior eft, G defcenfus bigitur per quar
tam fuppofitionem cin illo fitu grauius eft,Gg b, igitur per fexram fup-
pofitionem cdefcendit,b afcendit. Tamigiturreftatprobare,g arcuit
sequalium, inzequaliter diftantiit & fitu aqualitatis.ille minus capicde di
* recto qui plus diffacabillo fitu.Sicutn.in circulo kqgh, cuius cenuri
a,kglinea directionis,& ghlinea zqualitatis,& fitarcus b cequalis ar=
cuicd, firuncprotrahatur d f& ce & bizquediftantergah, dico, fe
Tinea,minor eft & ¢ ilinea,produca .n linea bd fecante linjam cein pii:
fom ,&acfecanteb din puncton ,eritbnxqualisnd, prowactis em
b & cd cordis 2qualibus, per uicefimamodtau tertij Eudlidis.Be pro-
eradtislineisba & d a,erunt duo trianguli, fcilicer,abc & a cd, quorurm
a?u}us aunius,zqualis fit angulo a alterius,p otaud primi Eudlidis,
Ted B¢ duolaterab a & an.funt equalia duobus lateribusna & ad, triz
angulin ad,ergo per quarram primiEudlidisbn &n d funt aquales,
‘quarii b meft maiorm d Protradtaigitur linea d o zquedifiater linca
kig;quafecetlineamcein punciop;ellent duotriangulidmp& dbo
J L " fimiles per fecundam & quar
3 tam fexti Euclidis ,eo 55
aquediftatbo. Sicurigitur
bad mb,itadoadpo, & dif=
jun&im perdecimamleptim3
quintiBudlidis. Sicutd m ad
mb,itadp adpo,feddm eft
minormb, ficut probati eft,
ergod peft minor p 0, fed per
tricefimamquartam primi Eu
dlidisFeeft xqualis pd,&eiz
glisp o,ergofe eft minor ei.
Tigit e htillud §d capic ¢d
dedirecto,& eilitilldpcb a
pitdedirecto,g plus diftat.eo
dé mo paret, @ a“l':,’“f aP,lj[,'fgha
G fibi qualis g no
far, G fibi=qualis g Propos

-
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prROPOSITIO 11T
Ci fuerint appen=
forum pondera@qtd
lia, nonmottt facierin
2equilibri appendicus

Joruminzqualitas.

Non debet hic fumiina
ualitas appendiculor pon
ﬂere,fed Jongitudine, proba=
cur fic-Si flar morusinuna par
te,crgo parsalia elt miny gra-
uis, per fuppofitiont fecunda,
fed pofitum ft prius gppe,n(o
yirponderaeffecequalia,ergo-
Sequituraliud commentum.
Sitregulaabc, cuius fit cen=
rruma,&appédiculabd ce,
{ongiusautice, & breuius b
d, & pondera zqualia appen
{ad &e.Siteglinea directionis
af g, que procedat qualibet,
ducanturcgd f&ge lineax ==
quediftantes lineze bac, pofi

giscgcentris @ & £, defcriban= -
gur quartz arculorli per d & .

e,quzerunt equales,eo pdf
& gelemidiamerrifunt zqua
Jes.Proprerhoc, pab & ca
funceequales,& df eft xquas
lisba & geeft xqualisacper
tricefimamquartam primi Eu
«lidis.cop bd & ce lineax 2
‘quediftantlinexaf g. Cy igiz
turifte quarta circulor fune
2quales, & periftarum circig
ferentias , erit defcenfus d & e
Poderis uc probabjtur, eque

B ifj  oblique
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ob"quee
funteosy
@{eﬂmdﬁ ﬁ,zo;'" defcenfiss 1, POnderaf;
.l:gr ecunds huius.x:zlu; 2rauiafune ng :i tunzh‘mp[,
ung pel‘dl‘cllmfcrcm'lglfvproban el “'!nurabifrcgﬁw“gu
a

trum ldefcrib“ emid

Ci
A O punéum in | & kaquatlineg ¢
4 S mgiur linearr::;:)‘:;? b 2}’&[‘! -duatlinesrce > 2mh
primiEuclidis, & diametri fj pfuntzquales tricefimane. lincary
PUs.Sicutboad d m,ja o g0 21 ficrefiduis g A9 uartam
Phita phad refidutt diam- 20 *dul diametri, & eiam (o0 dem=
mam quinti eiufdem. | mi?;"ﬁ ohet odtaud fext E‘,'dﬁ:':m&l
namquinti Eudlidiso r%) &rp hol eltadom, Gcud padph, qug:r g
linezem peritlinea o o lunczquales, addia rgitur yeri
ritl; zqualislinezemh e b g g
Quaream primi Buclidis it zequalis o perich d .2 dPer tricelng
beritinm &d eritinh,& peridéa oP,Cﬂ[b_d xqualis mh. G -
fa,erit dinfua quara,& codemm rgumcmu gt bink
ﬁfx}crmr:i n,protraca k ?\? % A
eltquod promifimus.Nora,il}
pen@lculaxqucdiﬁcntlincae) irec;;:r:}gugg? e fperbocy o
curritcum €ain centro terrae fiin inﬁnm_l,gmtr;}akmmcﬂfalfu_m,«?q,ca
prer br cuior E’F,’andfculorﬁ & longam diﬂamiﬁrc;?mr’l‘lm SFeh
1!{: appedicula infenfibiliter in inferioribus diftan illl::;s“:;?egxrf;: ]
. . e - a1 P 0
tibus linex dire&ionis,jam infenfibiliter inzqualiter pondera fecundi

fim quae judicatureflezequalia,eo qyneutrit fenfibiliter defcenderer.

PROPOSITIO QVARTA,

uodlibet pondusin quamciigs partem difcedac
fecundur fitum ficleuius. 7E

! 7 g~ Manifeflumeft hocperfuppofition¢quartam.  Aliud commentis
= & Cum funtponderab cdico,qfi cleueturbufgzad d ibierit minusgra
uedginfite :x%taliratis-Capiatur enim fubdarcusd g,& fubbarcusb

£ [ibi zequales.Capiaturcgfupra gamls bg ®qualisarcuibf. n%uom&d;
oo per probata ,in regulahuius dg portio ;minus capicde b
Lar # m uepondusin b cind per quarts

igitur fecundi¥ fitumericmagisgra s
i ¢ i ¢ graumusmn il
fuppofitione huius.Eodem modoprobandum efficelicg pasis




: jcacis G ink pun&o.Cl'
4 ;g:?_.;i:ur g‘ortionibus 2qua’
fibus cm kl,namc_gkl mis
" puscapitde diredto, Cm ut
paterin fecunda huius4& au
. itbe liter capiant
Na pro”
| madiscordisDS e,
radis femidiametrisga
erunt duo m’angul; gab &
ab,perocdtauam primi ucli=
. dis,quorum angulusa unius
eritzqualis anguloaalrerius,
o bf &bgfunt zquales,
uicefimaoctauam tertr
‘lidis Protrahantur igitur cOx
dagf qua fecetba inh punz it
&o,eruntduo trianguli agh&afh,quorum duo Jatera unius ,ag &
ah,erunczqualia duobus lateribus alterius af & ah,& angulusa uni

s zqualis angulo a alterius,ut probarii eft, igitur per quartam primi

Euclidis bafi gh xqualis eft ei,pg beapitde ire&0;igitur gb &bf s

qualiter capiunt dedirecto, quog fuit probandum.

PROFOSITIO QVINTA,
Si fuerinebrachia zquilibris inzqualia , 2quali=
bus poderibus appenfis,ex partelogioris fiet motus.

b‘B;ia‘gtiu é :fzq}}x)a'lm Jongitudinenon pondere, probatur fic. Ex parte
q;nb dus dﬂ" itur circulus maior, & fic patet per fuppofirion tertia
daligzon fm ‘lh‘ecundum fitum grauius. — Aliud commentum adde
ll'umdrmlarlug? CO“duﬁOms,probapdu eftprimo, g cordaril zqua-
foris drauls Sie ,IH!Q}lallum,ar‘cus minoris circulimaior eftarcuima
POk s q:{:lq; circulus minora b ck,cujus céirum d,& ef gl cirs
b e “ll‘:: centrumh . Ex fic portioab c, fimilis portioni e

st m"bnm\'rl,i:nguli acd & egh.Cumigiturper diffinitionem
e R . gul ‘;E fuperarcumabceft aqualis angulo fu-
i iri ai" xmﬁxslca nngfgf‘ primam tert;_l Buclidis,angulus {u

2y PR uperarcume o, quare per nonam
m‘?a'fc_l:d‘mgulu‘m&*qualis angulod. Cum. i’gc:'mr pepretriccﬁmi

{ecun
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tlg.EScd
mi Eudidis 2y,
eft zqualis a;gulolgs a:
angulus eeft equalisay,
lo g, &fic quiliber jj
orum quatuor, eft cuilj
alteri 22quiualés pro
prer fimilitudiné triansy
Tori et per quartam fexij
Euclidis, erite g cordaad
a ¢ corda,ficute h femidj
ameter ad da diamenri,
Ieé ficur agulush ad qua
tuor angulos rectos, ita

ef portio ad totam dir=.
cumferétiam per ultima,

fextiEuclidis, eo g qua-

tuor re&ifuper h ,occupanttotam illam fuperficiem, ut poteft elici ex

decimateria primiBucli
dis. Igitd angulus, qui
eft zqualis h, [ehaber ad
quatuor recos, ficutefg
angulusad toram ilfam
circumferentiam, per idé
dfehaberad quatuor re=
&os,ficut abcad toram
illam circumferentia per
illud g prius.Igitur ficut
ab carcus adiuam cirs
cumferentiam,itaefgar
cusadfuam circumferen
tiam,igitur permutatin
per decimamfextam
clidis- Sicurabcarcus,
adefgarcum,iaabeat
cumnferentia adb gg cirz
cumfetentiam , fec fcut

.~ maa;d circlifes
il reniam




yentiam,itd femidiameterad e midiamecru per quintam i
i jebus.
dl: ‘g;g;{‘:f :aﬁ;reob ioaclineeadeg lx'ncamfut prius fuit probati,
(Su,nt.iﬁilllr adadeh,& acad eg,&abc ad ¢ fg fecundum proportios=
= umad ficminore h,erita bcminore fg,&acminoreg.
¢ ad fcordam 2qualem cordae ec, Eftigitur efglinea a
dab carcum,fed maioreft proportio e fgar
gline ad eflineam,ut probat Prolemaeus primo.
ctut patet cocluliGe prima Almagefti Alb-
ogrur Mali rioefga ef Ggefg ad abc,quare per octauam
= inti Budlidis arcus € f minoreftarcuiab c,fedillis fubtenduntur cor=
xquales , patet igitur L
god uolumus. Si autem
propofitionem Prolemai
probare uolumus, uideli
cct,qmaiorcﬂ proportio
arcuum, G cordarum ,de-
fcsibam circuli,{uper qué
funcab&bd cordae inz
uales , quarum breuior
gr ab,lengiorbd Jdicaer
20, proportio b d cor-
de,ad 2b cordam minor
eft proporrioni bd arcus
2dbaarcum.Diuido em
angulii abdinduozquas
Jia per lineam bec,erpro=
traholineasaed &ca &c
d quiaigiturangulusabc
eft zqualis angulo cbd,
eriraclinea zqualiscd li-
nez, per wicefimamquin=
am& per uicelimaoda=
uam tertij Buclidis.Ecd eli
neafehaberad ea lineam
ficur dbadba.per foxc
fexti fed d b eft mai <
> eftmaiorba,

¥

igitur d eeft maior e a. Ducatigit efad pundii medium adfquae p:r'

e manes ; :
Gauam primi erit perpendicularis fuper eam.Cum igituraclinealon

%110\' fitreclinea per decimamo&auam primi Euclidis , Eccume angus-

sfit obrufus.eo pexurinfecus eft ad f reGum, & c e longior eft ef,per
: C  eandé

; :
Jgitur ficura b carcusad cfg arcum, iraad ad
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eandédecimo&aus, eo epe Fc fit maior an lusceftrianoyt: . . :
Eimafecundz primiEuclidis, igi circulus djcl:u' sfup :"cﬁ"“':ﬁpt;’c trice
dii quantitatéce fecabitca,& tranfibitultrae QE::' igit portiocin, lc‘_un-
b,& produc efufegad h.Cii ergo maior fic pportioc K(c’fc&oﬁg ad§:
gfectoré,per odtaua quinti Euclidis,et per eandémaior-eft PPOrtio cfe
trianguliad ce g fe@oré; G cea triangulum, igitur 4fortiori maios ot
proportio che fectorisad ¢ egfectorem,Gcegrrianguli adcea trian=
gulum,fed cefrrianguli ad ce atriangulum,gel Ecutﬁx linege ad lincam
¢a per primam fexti Eudlidis.Et proportio feGtorum eftficutproportio
hceanguliad ecgangulum,per ultimam{exti Euclidis, igitur maior
eftproportioangulihcead angulume cg,lineze cfad lineam a e, Ere
£0 conjun&im per uicefimamodtauam quinti Euclidis,quz eft quinca
conclufioadditionis Campani, maioreft proportioanguli hcead an»
gulumecg,Glinexfaadlincame a fed perdecimamquinea quinti Eus
dlidis.eadens eft multiplicantium & multipliciorum proportio, Igitur
duplus angulus het g.,quieltd g cin maiori proporn‘one'f’c habebit ad
angulum ecg, G duplum kinexfa,quecft da fehabetad lincam ca, Igi
tur diffundim per uicefimamprimam quinti Euclidis,qua eft quartac
clufio additionis Campani, maior eft proportioangulid c e ad anguli
eca,Gdelinead ea lineam,fed dead ca,eftficutbd ad ba corda, per
tertiam fexti Eudidis,ut priusargumentatumeft,cogpb d.luldl[ul;] pel:
inaequalitatem,per lineamb ¢,& d barcus,eftad baarcum, ficur cd!
angulusad b ¢ eangulum,per ultimam fextiEuclidis. Igltur m?)lor <
pportio d barcusad b aarcum,Gd b cordar ad ba cordam , & hoc
quoddemonftrare curauimus.  Aliter etiamprobari poteft primum
praemiffum cum affumptione duarum propolitionum ahqllxia_hgi:ln; rr\::
turalium,quari primaeft , Duorifarcuum cordarum a:;luau;!,l -
for ef},cuius medius pun&us plus diftat d medio fuze cor ba:- ap! n&?‘;’
fitio fundatur fuper regu lame,&uxeﬁ,@mqum lineae 2 iy
ad alium ducitur,qua reta eft breuiffima eft,carum & el a’ Giare
arum longior eft,qua magis proceditalinea directe pful-:n-a :d'i F
autem prima propofitio fundetur fuper regulam, conftare P°n'a i
perfeptimam tertrj Euclidis, omniit linearumtc&_zrur;l pl;?li e
!corcfa ad arcum,illa eftlongiffima,que ProtrahxruF | m e
cordaead medium fui arcus.Suppofitis igitur propolitiont it
tur praemiflum primum.Sintduocirculi,abec maior ,cu:uasl e
&ﬁge fg minor,cuius centrumh, & fintacetge éor%a‘t ﬁ;nn;a o
£0,cparcusabcminoreftarcuiefg,duco enim -ﬂ:imi B i elfent
¢étamedia cordarumac & e g ,quae per otauam ‘;‘ 11 Nam £ foret fibi
perpendiculares fuper iftas,critergod m longo;i I St dispd& ch
#qualiscuma m,&e nfunt gquales per quartap - femi¢
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1
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isekaqualis:

fdl“:(kh fic ot;xu us per lexta
primiBuclidis, € @ ¢1 o

srinfecusadn rectum, &
wriceimafecunda prim? ma~
loh,quareergo ﬁ«
o&aud primi ¢ lis
nea;maior eft lineaek , ergo
& maiorlineaad, quod fal=
fum eft,relinquitur igitur,p
md maior eftlinea nh.Refe: ] : ;
ceturigitur ad qualitatemin punctoi & protrahatur linea ai,quae per
quartam Eudlidis erit 2qualisch {emidiametro. Ponatur igitur icentri
ut probo,nand tranfi

& deinde portioal c eranfibitextra portion¢abe,
bitfaper arcum ab ¢;nam cunci b &iaforentaquales,e0 @ forentfemi
diametri.quarum additautri % lincaid, foretlineab d, zqualis duobus
Jineisbi XidSed&bd&a femnidiarnetri funt zquales, igitura d lis
neaforer zqualis duabus lineis 2 i&id,q
oft contra wicelimam primi Eudlidis. Nonigi 5
rurtranfibit arcusal cfuper arcum abc,nec
eranfibitinfra eum , quiafific, munc il&ia
ﬁnx:cgales,foretibmaior ia, & per confe=
quensbd forer maior cifdem ,quod falfum
eft & contra uicelimam primiEudlidis Relin
guitur ergo,cparcusal ceranfibit extra arci |
abggitur lineam! longior erit linca mb
quareper primam propofitiong raeaflum=
pam arcus al¢;maior eritarcua b c.quod fux
‘ég:sgsn‘ilu? - Iftis igiturprae miflis acce-
wi apb?diig‘);tm tcl.g]r]lc)luﬁoms. Sitigitur regulaabc,& fitac lon=
Byt p;rtct.‘i‘-‘ia “l usappenfis ponderibus,quae incb & c, fiet
ebf,& protrahatur lincagng‘f‘um camyEiloapiis degifs
sbh &b k& protale: e&f g capianturuncdrcaa b xquales ar<
Qualescn & cmiag, oor:i‘; cordah| k.Jremcapiantur circa carcusx”
> nm,ficequaliscordieh 1k Erit igitur per
C 1 ptxs
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premifflam probatigem
mnarcus,minor arcuhk
quare & cmminor erith
kfedgcm capit de dire-
&oeftzqualel k,gpbkea
pit de dire&o , igitur per
quartam fuppolitionem -
cgrauius eftfecundum fi-
tum, g b,quare defcendet
3 in centrum eleuarir,
duo pondera fint ap-
penfa, ;

PROPOSITIO SEXTA.

Cum unius ponderis fintappenfa,&acentro mo=
tus inaequaliter diftent, & fi remotum fea_'mdun? (Iiil=»
ftantiam propinquius accefferit ad directionem,alio
non moto fecundum ficum,illo leuius fiet.

Centrum motus dicitur hic pun@us in brachio libra, urcahqui l:]»l;;
chialibrze uertuntur.Siigitur unum pondus ponderatin bl;sa:rk‘:, p o
diftante  centro motusillo alio dependente in alio bracl}xoc,i = ,-':*i;r;: o
Zrauia,fitunc remotius appropinquatad diftandam, ue a’on']p S
moto appenfili ad fitum aequalem, quod priusin rc{nsogt e
Fitsequegraue,nunceft leuius,quia wunca feiplo, priv pRxrol
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MfdrmlusminOr,'c_thuncluit. Ali
2 clongior,(ga b fifeglinea di
ye@ionis a e d,circumdu

< canturg quarta ca arca
centruim a, circumducaé

etiam portiocirculi cgh

&, doneclineak g eque di

fanslinez hbc fitdupli®

linese ba, erunt tunc per

certiam Budlidisba &ke

& g exquales.Dicoergo

b & cfint pofita aequa=

lia,& c ponaturin fitug,

uielcente bgp¢ inifitu &

?it Jeuius fecundum fidx,

& bin f{uo firu. Statuatur

enim circa cérum efemis,

circulus g dk,inquo fiat.

arcus g lcapienshededi,
redo,cuiarcuifitbm ae=
qualis,ductaglinealhn,

eritarcus gh maior arcu,

* gl,quod probabitur.Per
tra&aemlineakho, eriit

h&go arcus fimiles p

iffinitionem arcuum fi=

| miliulm,lp;roptcr Hoc N
angulushk g conftitutus

%upcr araumhk g,8 completur circulus.eft idem cum feipfo conftituto
uperarcaumodk g.fi compleretur circulus. Cum enim angulusfk op-
gq(i\:‘ys cordzh g fitidem angulus qui & opponitur cordao g eric per
a!cu;lmampnmam tertij Euclidis angulus conflitutusfuperarcum gh
arclus (“5 ‘::1\%;1}? confiftente l'ufper arcum go,quarearcusgh&go funt
Cairt brerills um iglfsur ghficarcus maioris circuli G g 0 erit proba
el :quafi(’"c Y ‘,""eg hmaior go,ergo gherit maior G g, fed

ﬁus de[cendeneRr (a?lum- z &jllre&o,e_o @ ex utracy capich e.Igitur po
S i E’g;“ us\,gl}hqmus defcendet & defcendens per g1, & per
@ogdelcendatper ar, elcendens per bm.Cum igitur ¢ ponrfus inpun
dusinpundo g leuiu?;ﬁn rg h,patet perquartam L;Ppoﬂu'oni,q, ¢ pon-
oftendere curabamus. - ccundum fitum, @ b in (uo ficu, & hoc eﬁ gd

: C i Propos

giorelt defcenfus Eit enim

ud commentum. Sicutprius regulabac;
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g

k- © - PROPOSITIO SEPTIHA, - ¥
Acquis ponderibus in 2quilibriar L4
g Bl eedt Sk dind quilibri appenfis g
} lia ﬁntalppenﬁblha, alterum autem c?fmmufhﬁ?’
! &alterufecundiy angulurrecti fixum,quod in um;;

$> uolubile appenditur, grauius erit fecundqm fitum,

Circumuolubilediditur,quando dit abere
s D perpen culum Rﬁh
/ _mationem plus largam, & brachia libra,ut ﬁt,quidol;g drculo pmdﬂ
M fcdm angulii e fixum, dicitur, quando nullamcontingit habere des
i dlinationem pe endiculorum; nifi fecundit brachif, & et in fit equas
litatis inter brachium & perpendiculumangulus re&us, probatur. Sine
appenfazqualia,ut uult pofitio,in pondere_fed non in longitudine,tiic
illud quo«'_l eft circumuolubile,maiorem circulum conftituit in caufa,
quia plus declinat propter circumuolution€, & fic pondus ibi grauius
eftfecund {itum,cit eius defcen(us fitrectior- Illa ppofitio fuit inuenta
de quodam experimentofacto ad probarioné partis fecundze. Cum em
aliquis uoluerit experiri,an ita effet; pofuitin 2quilibra pondera
lia,cuius appendentia erunt filo compofita,qua motum habent 3 bras
chnsalienietiam ppter perpendiculorii flexus incognitis experimenti
fallax,quare experics ue
/.‘ : ritatis irriforem, & acces
procit cafu,p fecundum
xqdiftantia dmediomo-
tus ppter perpendicula,

ex terminis brachiort lis

i nezeficdefcribuni unriigg

intelligit, d prius negas

uit,cp eft.quia ppter muz

b a < tationes brachiorit aljnd

: erunt flexus, &exhocnd
conclufit gccundﬁ rectos

. angulosidécogruere, at
ngu: (e <

g

&
i

L2
S

S o e

s

A S T,

e

e

motus brachio:xl o

. tercontingit. iud @

Hi ¢ . mentii.Sitregulaba é;cmu
ius centril a:gtappa)

lab dcircum uolubile,&

i ? dera quoc
;1 S ce fixum,Fon apqp S

< ST e




~ nifeftum el

AR Jus erauius eft feamdum feum G
. w!xc& d.Dxcolg'"'f’q’d m?ndl{‘: %:;ius quantitatemn defcribarur
€,

rafeat enimhypor :::(:ui;,&ita,cp diameter fagfit perpendicula-

 femicirculusefgdra@ S o0 anoulus cotinue mancbit rectus.Ma

pisfuper rt(%u lm:l’»g gﬁ?ﬁgmdg,dd Z’ibit_arcume g,quare xque graue

fecu d‘ﬂ‘t?m'lﬁcut foret, flappédatur fuper hypotenufam ae, quia
- cftiecun fé o cranficus, {edeainho fituleuiuseft, G b per proemifla, p
. wncelleti ;’L rantum Hiftar 4 linea directionis ficut b,eo b diftattan
j P Ilji‘zuc,r(iuquiex ce&ag funtlinex xquediftantes,& de xque graue in
:[u E:u ficutforetin b termino regulas,ut patetper probationé lt;mc‘:l,e hu-
ius,x‘g.;'ml‘ e minus graueeft fecundum fitum & d,§d fuit probandum.

PROPOSITIO OCTAVA,

Si fucrint brachia libra proportionalia ponderis

busappenforum,ita,ut in breuiori grauius appenda
tur,2que grauia erunt fecundum ficum,

Sipondus grauius tantumyaletin termino breuiori,quantum bras
chium librae longius in fuolaco,& fimiliter pondus minus in breuiori,,
runcdico, ficualebunt fecundum fitum,quando non effent fic fecundix
naturam, neceflario erunt pondera fecundym fitum zequalia,quia pons
dus & brachiit hicualet per oppoficum rotum reliquit,quia propter new
trum pondus declinat, ficut patet in propofitione hujus prima.  Aliud
commenti¥.Situt prius regula ba c,cuius centrum a,& finc appenfa b
& firgproportiobadc;tancg caad b aDico,qpnon faciet motum it
l’é’qu:[?“mm regularecta,afcendar ‘pn'mo b &defcendatc,itauc dae
o e regula,&d quafi pondusc, fintd m & efperpédiculares fuper

Scpalam eftigitur per uig mnonam & decimamquintam pris
miEudidis,q trian- i
Fﬂl{admachﬁmt 2
imiles. Quare per r
:lf:‘f&;!;l uclidis i
2adae, ity
adefSed I;CZI[ dg :cll
aejacpondusad d
Wm"‘ili& Igitur ficur * ™
er,1ac pon=
dusadd Pondu‘;?&‘t
1giur gaxqualis ac

&wé:ﬁzé@v(},’#"”"
l i,
0 e t’;y‘y;fm

4
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/wr-o/\m,ééf x
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Wﬁﬁ!wbw&mm S s
eri c.Cum igiturga&a e fung 2qua s, conftacp ’“,&W g
dis,pgh &‘grh:mqualcs,fed &c&h Eonderaprf;,?"m'{‘“@“’! ’
cutdmadhg. jrah pondus ad b pondus. Ar. atur igitur fic . ib ﬁ'i
afcenderent uxqualitatislad lineam djreéﬁzms dalineafiere; i
H;}me:_e-,quam- acquirererde directo,e0 ¢ d 2 eft ferni rOreuli |
cmy;urmmfergnmmhddcribi:.lrem,haforz'tzquakd,quodh-a'za g
uireretdedirecto,eo qpha eftfemidiameter circuli deferj ‘pcrilﬁ igit
fih &bforencpondera qualia,fimiliter b foretgrauiusgaumdﬁ» wm
&hfecundum proportionem daadh aper primamhuius fed per quar
tam fexti Euclidis,ficurda ad h a,itadm adg m.Cumisitur h&‘_]bh
rentaqualia,bforet graujus fecundum ficurm &h f:cunﬁlum fitum pro

W SR L

portionem d amadh g.Cumigjtur ineadem proportioneefth graui
us, g b,utprius fuitargumentatum, palim et h &b in fiubus =qualita
tis’.zgua‘l iter ponderare.Nam quantob foret grauius fecundum firu
h,

S

forentequalia fimpliciter, tanto heft grauius fimpliciter, Ereo
quantumb promouetur propter ficum,tantith promouetur, eo gpgras
uius eft (impliciter.Gg b,ergo comparando fingula {ingulis, canii¥ pon=
deratb in fuo pun&o equalitatis,quantum ponderat hinfuo pondere
inpuncio lineze xqualitatis,igitur quodlibet quod fufficit levare bafi=
tu equalitatis ad puncum in quo nunceft,tu ncrdem'fgﬁiceretleual:{ch
inquo nuncefth leicur per falfigraphit c pondus {ufficic lcuall;c ba n‘g
ad d idem c fufficeret leuarehad f unctumin quo iam eft,fed l}’oc o o

ens eftfalfum,& contra fecundam huius,eo g c pondus &hponeb 3t
?x:lreﬂ'c xqualia . Aliter poteft argumentari {ecundum commu;mf 4
Toquentes. Sicuth pondusad b pondus,ita permutatim rafcet{él; 3.
L ok S bl ol o
i i uius,Ergo quod fufticitleuare 1
=iy . u&’fgflheu areh f?cu?xdumquanmarc;n %,eocp d m 8& sh ﬁuﬁxu;
it habent ad motus contrarios altcrnaum( @g{eﬂﬁzﬂr : ; e e
; eft argumentatum,ergo ponduscnor:l ud g
! dem modo eft argumentandum,quodadni PROMALI b feg it
leuare.Siigitur falfigraphus uult,p bfu P:!fcﬁ[ 'ﬂ:dcfce’ndercufcs b
acetin fecundafiguratione, ponatur pfufficia g e
{J are culcgade Sitigitur hpondis xqualce %?: irjcur per prius ars
cSecuﬁc de ceteris,ut patetin priori ﬁg{uraqm:e- cﬁ‘:;u l?fo“b i .
. } gutahrantum pondcratqf;x;télerg ebn’ (fe?_glif%ta‘];q R g 5 :,? (Quo
i e Rk ddendeelgad sl 18 2
okt o ut prius per tertiam. o an ﬁlu fuo,nﬂ

S;Tiﬂicgg;sggtﬁas]atgl’ca, giturquantum b poreft eleyar S
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B e
4 u ofrur nes ) 5 n
g";:'l": ?ul“t gc,:; o0 juncinfua cum probationigx}sffa::a%?bﬁg [;;1(;
Wﬁdoncs’qux;:;;f:rln,qua allegaturifta conclufio ad probationem
eft,propeera € S fufiohabet intelliﬁi,ﬁcut fueratexpreflums aliter
dllus,® ila ‘ir,l-“probm'o illius conclufionis,necetam ualet probatio
enim ’?0".3:Oem(¢1|igcndo primam conclufionem , ficut exponebatur
"fu?l"m’&'}ﬁme peromnia poteft ifta clufio fic probari- Sitin regula
ib‘d"fa'ss centruma,fuff dancur ponderainaqu alia c majus b mi=
'bac’sti‘:'l proportio badfecundum proportionem ca brachij ad ba
n:l;sc-}ﬁu?;'n. Siriitur d pondus 2qualeb ponderi,& fit dalineazqualis
“aclineaeEr zrg?xatur fic,b pondus plus ponderat g d pondus fecund@
proportionem baad daperprimam hux}ls,ﬁcc pondus plus ponderat
Gd pondus fecundum eandem proportionem,eo bd pondera funt
qualia,&da&acbrachia xqualia,Jgitur per nonam quinti Eudlidis
b & ciniuis fitibus qualiter ponderat,quod &ft propofitum,

PROPOSITIO NONA. :
Siduo oblongaunius grofliciei per totum fimilia
& pondere & quantitate zqualia, appendantur ; ita,
utalterum erigatur,& alterum orthogonaliter depen
‘deat jta etiam ut termini dependentis, & medsj alte=
rius,cadem ic3 centro diftantia fecundum hunc it
_zquegrauiafient, : ;

Wrnum pondusfecet brachium tranfuerfum, & aliud pondys de=
pendeat defcenfu 'uerfo,& (it terminus illius inzequalidiftantia & centro
ﬁnar:t}xs §{l€m medioalterius quia ficutilliusextremum pluscentro di=
7 é;tg \‘10 xu% medium.Probatur fic,Grauitas naturalis eft xqualisutro
] xq&go:un}%c uiolentum, fimiliter,quia fernicirculifunt eequales,
Sat et aula'ecundum fitumfunt appenfa.  Aliud commentit.
A (,:mu(si centrum a,& erigatur pondus oblongumbd, cu-
ok ey cun, clum ficum uereut 2quedificrorizo nti,dependeatcy
o POnf lil_s oblongum ce.fintgaf&ac zquales, Dicogp

L probppm' 2 funt xque graujafecundum fitum. Ad cuius eus=
0 primo,pfiex parteb fieret motus,ut fiad fuﬁ:;ez;dzmcfl
MR Irisin
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ind&bduom 4

trariitegip,

<
g ponderét inc,quantum ponderatinf,propter h huiu:fw gi .
1 inf,propter hoc
sequalia.Item I{ehabetadh fcmndum%ro‘;:ortion;x?xu:a afiaab o ﬁ"!
mam huius,utprius,ergok1fehaberad g h,ficur duplumacfe hpqabap;s
angam ex ad &ab,propterhoc,quodfd &b afimul fumpea, fune
=qualiaaceopdf & bfuntaqualia,igiturk ] &ghin iftis fitibus 2=
quegrauiafunt,quod promifi probare. Eteadem ratione quzlibet duz
partes b d ponderis quales,& zqualiteraba fex utragg parte diftan=
ges,equaliter ponderant cum duabus partibus fibi qualibus in ¢ ter-
mino. Sed omnes partes eequales ce ponderis 2equaliter ponderant per
rertiam huius.Er quot funt partes in c e,tot funt partesillis 2quales ind
b.igitur ce & eb infuis fitibus xqualiter ponderabunt, & hoceft quod
oftendere & finaliter probare uolebamus.Sed nota,g oportetce pon-
dus effe circumuolubilein termino,& non fixum,quiaaliter n6omnes
partes {ui quales,aqualiter ponderarent,im¢ pars fuperior plus pon-
deraretinferiori {ibi sequali,ut patetex primahuius. Sicum fit circum-
uolubile,cunc per tertiam hujus omnes partes 2quales qualiter pon-

derant,ut affumitur in probatione condlufionis huius. Hicexplicit fecr

dum aliquos liber Euclidis de ponderibus.

PROPOSITIO DECIMA.

Si canonium fuerit fymmetrl magnitudine,& fub
ftantiz eiufdem,diuidaturtg in duas partesinequa=
les,& fufpendatur in termino minoris portionis pon
dus,quod faciat canonium paralellum epipedo ori=
zontis,proportio ponderis llius,ad fuperabundan=

tiam ponderis maioris portionis canonijad minzxt"gf,

raxqulaghnds




fficat proportio totius canonij ad dUPIum Iongx'tu
e ;

dinis minoris portionis .

c jum eftidem quod brachiit libree,quiaeftregula, Symmetrix
anoni

le.d-brachit it equalebrachio, zona etmagnitudine eiuf

ondere,& paralelli¥ .i.zequediftans, epipedo.ifu-
e fic. Sit 2quilibra equelonga,& omnia zqualia , &
P fickc, arte xque groffum,ﬁ tutruncg & 2que graue. Sitergo lor}gl-
in omfr’]’iﬂ {cuiufc fex palmarti, & tollantur pofthocquatuor palmi de
mdoll\"\anifeﬂum jtacs,quoniam brachium longius, eft grauiustriplici
it ficut eviam longius grauius dicitur naturaliter, quia breuius
graiate, Jou fic, derofitate cuiufp appendatur
fantum duos palmos,, ficutfit, pro pon e Cfl ‘ J: %
pondusfexad terminum breuioris partis. Arguiur fic, lllud pondus
facit canonium pararellumepipedo qnzonn;,hgut patet, quia cum li=
nea reda perpendicularis ereca fuerit 4 fuperiori plano orizontis, afi @
nonium confiituitangulos rectos,manifeltumeft propofitione prima
per Eudlidem,canonium fzpe paralellum empipedo,fialtera pars effet
grauior altera,alia eam fequeretur, ficutaliud canonium motu contras
rio,patet fuppolitione fexta,ergo zque grauesfunt Cs)al:tes alternarumfe
cundum firum qd fi fic eft, tunc additio addat ponderi,tunc minor erit

canont inclinatio,Sicutifta probat geometrice;ita poﬂzum: omnes pba-

ri pmilfe per pportiong illarii lineartr, & angulorit fuori coftructorir.
Aliud comentum. Sitcanoniiti.regulab a c eiufdem grofficiei undicg,
&eiufdem compefitidis,et ita qualiber dua: partes eiufdé ,2equales fint
2quegraues fimpliciter fumaturegad wqualis a b eft igitur d ¢, cuius
mediit fice excellus ab cbrachij,fupra brachitia b fufpendet, igit podus
in brermino,itagpfaciatbac regula equediftareorizonti, tiic dico,cp s
pondusfehabetad d c pondus, ficucb c lineaad b d lineam. Cum enim
amotis g &¢dcponderibus,b d foret 2quediftans orizont, fed per ulde
mam conclufiGem
premiffam dc fific b o D e
catur,tantl pSde- | T T

rarquantl pondera

ret, i {ufpendercrur

I e puncto med;o,

Ygitur per cSuerfam

o&auz pmiffarum

gpondus eftad d ¢

pondus fedim proa

Portiontea brachij

L=
1
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b bradiem fed Gasteaadab fuabcadh

adea,& crhoc;idbdcﬁdu‘plumadad& cdupliiad ‘wﬁda :

cutgad de,itabcad bd,quod fuit robandi. Etuerum quin i
mﬂﬁs non probatur conuerfa 0&2\5’: conduﬁonllg:, ideo fic ,p?.-'.f‘, et
regulaba c,cuiuslongius brachiit ficac,appendant pondera b & -
o xquediftentorizonti,dico ¢ c pondus ficfehaberad b pondu o
abadac.Sin afit,fit prima maior proportioc adb,ciahadac,mmz' ¥
fecetur aliquidde c,itacp refidutificd,quod fehabetadba , ficutbaad
ac,igitur per o&taua premiflamd &b ualiter ponderabun in illis &
tibus,igit d tantii ponderat ficut c,quodﬁ fuumtotii,confequens eftim
poflibile.Item fi minor fit proportiocad b,y baad ca,addatur dad¢
itacpd cficad b ficur baad ca,igit per o&taud premiflariy dcab zqu;
grauia funtfecundi ficum.fed c & b funt que grauia in iftis fitibus it
ctantii ponderat,quantf c d.confequenseft falfum ergoetc.Igitur fic&
b fint zque grauia fecundi ficum,proportio cad beftficur baad ca.qd
fuit pbandir ficigitur patet conuerfaoctauz condufionis proemiffaris.

PROPOSITIO VNDECIMA. i

Sifuerit proportio ponderis in termino minoris

portionis fufpenfiad fuperabundantia ponderis maz

ioris portionis ad minor€,ficut proportio totius lon

gitudinis canonfjad duplalongitudin€minoris por
tionis,erit canonit paralellu empipedo orizontis,

Commenti prius probatit eﬂ,x_xq’uediﬂanu’ﬁ canonij fuperfideos

vizontis,oportet eflepondus fam didi,ex quibus fequitur conuerfafci=
Yicet p talis zequediftantia femper fit tali pondere,quia find fic zquedi=
fiantia fequitur,cp quoe quétur,pon derend xquuntur.Priusem often
debatur,brachio longiori pondusin fitu coxxquari, uel correfpondere,
ioitur per fuppofitioné{extam,necy brachilt pondus,necs pondus bras
ium fequitur motu contrario- Aliud commenttt chunqxr,hazceﬁco
uerfa prioris,ideo maneat prior difpofitio,& fiarmotus primo ex parte
g, auferatur igitur aliquid 2 g cuius refidui fit f,.quod facit canenitt efle
ae?ufdiﬂansorizonti,igitur per praemiffaf fe habetad d¢,ficurcbad b
d fed in eadem proportione fehabetg ad b igitur f,quodeft parsg, e
2quale g,quod falfum eft,nonigi reeg-O1
cfiet motus,addatur f ad g,ita g totum faciant canoniig uedi

Zonti,erittunc per przmiﬁ'am f gaddcficucch adb d,fede adésg gg




porios addceiturf g & gfunt squalia,confequens falfum, igitur ex

ynaparce flatmotus: b
»XROPOSITIO DVODECIMA. _

Exijs manifeftum eft,quonidfi fueritc Carlol}lud(';m

metrll magnitudljne ,&zona ciufde notix 15gitudine

& pondere,& dinidat in c’luzils partes inzquales day

as, tuncpoflibile eft l\lleS inuenire p'omdus' y qpod,

cum fufpenfum fuerita termino minoris portionis fa
ciet canonium paralellum empipedo orizontis.

1lla prol;m'o fatis patetex pradidisSit canonift baceiufdé groflicis
¢i,&eiufdem copofitionis,fitgutruncy brachii norum,ut fitbalongi=
cudinis duorum palmorit,&ac longitudinisocto palmorit,&fit pon=
dustoriuscanont] {cilicetdecem librae,dico quod notum erit aliud pon
dus,quod fufpen(um inb termino, faciet canonitt zquediftans orizon
ti. Protraham em lineam d e orthogonale fuperbc, & xqualem linea
de& prouahamlineabehypotcnufam-prodummb eultrain continu
um& dire&i,donec concurrantin pun&o gcum lineacg,quafirzeque
diftans lineae d e erunt igicur per uicefimamnona primi Buclidis trianz
eulibde &b cg fimiles,quare per quarta fexti Euclidis , ficutgcadde,
per confequensad d cfibi 2quale,irachad d b,igitur per praemiffum
cgfufpéfum in erminob,faciet canoniti effe =equidiftans orizonti. Qua
Hiter atit cognofcemus cg,conftat ex uicefimaprima feptimi Euclidis,
;r n?tﬁ e::bl funt quatuor proportionalia,quorit tantii unum eftigno
Ticer g, N ? &
multiplice 2 L
muscddd ‘
eft fupera- '
bundantia
cafuper b
apercbca
nonitr , &
mulripli -
ceslex pal=
mosp de-
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cem,& refulcant fexcacirit: qu: id
noris brachij,quod eff quatuor almae, & numerny o kP
dm alman‘x',iﬁitur canonil't,qu%d eft <;uirld¢maﬁo:§ﬁ
grollicieicum b ¢,& confimili copolitionis,fufpenfum jn
niuminbc xquediftans orizonti. Arguarur tunc ultra,quod
palmi adqumd'eqqx palmos, ita uiginti libraad ¢ri intali
iginta libras,uel ﬁ? deueniemus ad%ibras
decem palmariiada blibram,quatuor palmarufn. Mule lices jgi
dyqdegna,quqclgﬂ lecund@t, per decem,djd eft terdﬁ,&nful&m cagmmn: :
uiginti,quae diuramus per quatuor,quod eft quartii, & numerus quo.
tiens efteriginta Ergo ut prius,pondus c g,quod et fufpenfirm inb fa
<€t canoniit aquediftans orizonti,cotinet triginta libra, aliter poteft em
produda lineaef zquidiftante linex dc ficg def cquadratumh per uice
fimamtertia primiEudidis.Arguatur tunc,d & £ anguli.funcangulire
i, &angulus geft zqualisangulod eb peruicelimamnona primiBy
didis,ergodeb &efg m’an&uh‘ {unc fimiles,ero per quartam fextiFy .
clidis ficatbd ad a'defuel ad c d fibi zquale itad cad ?G.Mull:iplia igi
turd cfuperabundantia per feipfum Scilicetduodecim lﬂ)ms, per du
cim, & refultabit centum quadragintaquatuorﬁux diuidasper o&oli
bras fcilicecperb d,& numerus quotiens eruntdecem &o&olibrae §d
eft pondusfg addantur igitur decem & o&oad duodecim, quod eft po

‘duscd & relulrabunceriginta,quodeft pondusc S, €0 pcf &cdfune

Ppartes zquales.

~ PROPOSITIO TREDECIMA.

Si fuerit canonium datum longitudine, {piffitudi
ne,& grauitate,& diuidatur in duas partes inzqua=
les, fucritq {ufpenfum 3 termino minoris portionis
pondus datum uquod faciet canonium paralellum

pi AN Bn, TR : 2 2 5
empipedo oriZontis,longitudo uniufcuiufcs portio
data erit, -

Probarur fic,longitudine totius canonij nota, & ponderenoto,'?gg:
pedem circiniin centro medi) motus. & conftitue circulum gﬂlx;‘mi’m
rem portionem,qua fecabit per difffaitionem circuli quiﬂ ?::1 : nto e
chio longiori,parti auré reliqu sequacur portio ablaa 4 te it




hac excfdifé"' brachiumb_rachio,ur}dﬁ fequitur
.Sitenim canonium paralellum ori=
quaitum- 1£2§:§5&ﬁ€$l‘:il:m fita c,fitggrotum canonium dacum
20’1“’:5""5 le b, & fufpendacur in terminoad terminumb pondus
liacxqus el o ericdata, & per confequens longitudoca etiam
jum bf aqualis grofficici, & eiufdem

noniobe,itagbcfit primum canonium unum,

& fich Faqualis ponderis cum €0 pondere, Verum, quia ad hocg bf
fic dirigamr,0portet Jongitudo fuafuerit nota,ideo ad illam fic deue
nies.Sicurd cpondus notum ad e pondus nqrum,& per confequensad
b fnowum,itae blongitudonora ad bf longitudinem , & produdtum

Pmddpondus,quia ex

compofitionis

diuide per d cpondus,& numerus quotiens oftendittibilongitudinem -

£ Cumicitur praemillabf fehaberaddc,ficutbcadb d,igitur pers
ll:mtatim &rdeg‘mamfexram quinti Buclidi ficucf cadbearacbad d
b,igitur coniunctim per decimamodauam quinti Euclidis, ficucf cad
beiracbad db, igitur be eft medium proportionaleinter f c&bd-
Multiplicaigitur [ongitudinem b ¢ per feipfam, & productum diuide
per longitudinemfc,qua nota eft,e0 ptam f b b cfuntnote ,& nu=
merus quotiens per uicefimamprimam feptimi Euclidis ,eft longitudo
bd,cuius medietas, longitudo b a,quee fubtrahitura longitudine be,&
remanetlongitudoac,nunc ergoeft urrungg brachium notum , quod
eratprobandum. plicit.
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- CR1eSERVNT multi multa , qmde'm/émﬁzmé) demeeha-
nicis ; at cumnatiiavfisgsaligyid [empervel nouum 3 Vel
Latens in apertum emittere Joleart, nec i‘ngﬁnb:' aut grati fit
animispoSterss inuidere , i quid ef contigerit compernifse prius
tencbris inuolutim : cum tam multaipfe ex alorum diligentia
it confequutna P anculi quadi fistiora;vt veorsnon ingrata bis
gl in bifce mcrl;qn.g;q; rverﬁnmr,mgfgu‘am ante hac tentata,

ant [atss exall? explicatain medium proferre volus : quo vel iunand. defiderinm s vel

[altem non ociofi foli aigumentum aliquod exhiberem:atque vel hocvio modo me
inter bumnanos vixifjeteStatum rc[i»guerem .

De differentia fitus brachiornm libra.
C AP, g

M~z pondus pofitum in extremitate alicuius brachij libre maiorem, aut mi-
O norem grauitatem habet , pro diuerfa ratione fitus ipfius brachij. fit ex¢mpli
gratia.B. centrum , aut , quod diuidit brachia alicuius libr; &. A.B. Q. vé&rtica-
Iis linea, aut, verectius dicam , axis orizontis, &. B. C. vnum brachium di&a li-
bre, &in. C. fit pondus,&. C. 0. linea inclinationis, feuicineris. C. verfus cen-
trum mundi , cum qua. B. C. angulum rectum conftituar in punéto. C. Exiftente
igitur in huiufinodi fitu brachio. B. C. dico pondus. C. grauius futurum , quam
inalio quolibet fitu. quia firpra centrum.B. omnino non quiefcet , quemadmodum
in quouis alio fitu faceret. Ad quod intelligendum, it diétum brachium, in fieu.B.
F.cum eodem pondere in punéto. F. & linea itineris feu inclinationis diéti ponderis
fit. Fau.M.per quam lincam di¢tum pondus progredi non poteft,nifibrachium.B.F.
breuius redderetur . Vnde clarum erit

quod pondus. F. aliquantulum fupra cen A
trum. B. mediante brachio. B. F. nititur. F(—
Eft quidem verum,quod pondus. C.nec . 3

ipfum eriam per lineam.C.O.proficifce-
tur , quia iter extremitatis brachij eft cir-
cularis,&.C. O. invno quoda puncto eft ; \
contingens. Sichocirer.A.C.Q.Opor- € B D
tet nunc prafupponere pondus extremi- A
tatis brachij deberctanto magis cétro.B. \
inniti,quanto magislinca {uzinclinatio- \
C

nis ( ponamus.F.u.M. ) propinqua erit di
&o centro. B. quod fequenti eap. proba-
bo , vc exempli gratia,fit.F.fuper.u.pun- !
¢um medij ex zquo inter. C. et. B. qua- O M
propter. u. B. zqualis erit.u. C. vnde fe-
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142 10. BAPT. BENED.

queturdifum pondus grafiius fitcurum pro patte.F.C.quam pro ea,qux eft. A.F. &
-minus fiipra cencrum. B: pgo dicta parte. E. C. quam pro parte. A. F.quicturum; &
dicum brachium quanto magis orizontale erit  ficu. B.F.tantd minus{upra dictum
_gentrum. B.quiefcer,&hacratione graitisquoque erit, & quanto magis vicinum
erit ilpﬁ.A.i dicto.F.tantd magis fuper.centrum, B.quoque quiefcet,ynde tdro quo-
queleuius exiftet . Tdem dito de omni fitu brachij per girum inferiorem.C. Q. vbi
potidus pendebit i centro. B.dictum centrum attrahendo, quemadmodum fuperius
illud impellebat . Haee verd omhinia cap. fequenti melius percipientur . '

De piopbﬁ‘ivm ponderis extremitatis brachij librs
N lin dimer[o firn ab orizsontali.

E ) R} CwAWPLT T,

Rororrio ponderisin. C.adidem pondusin F.eritquemadmodum totius

P brachij.B.C.ad partem. Biu.pofitam inter centrum & lineam. F.u.M.inclinatio-
tis ,quam pondus ab extremitate. F.liberum verfus mundi cenrril conficeret.Quod
vt facilivs inrelligamus imaginemur dlterd brachium libr.B. D.-& in extremo. D.
locatum aliquod pondus minus pondere. C. vt. B. u. pars.B.C.m nor eft. B. D.cla-
- xé cognofcetur ex.6.1ib.primi de ponderibus Archimedis, quod ii in puncto.u.col-
7 Jocatum erit pondus ipfius.C.libranihil penitus a fitu orizontali dimoucbitur . Sed

.. . perinde eft quod pondus.F.zqualc.C.ficin excremo. Fuin firu brachij.B.F.qud ve fic

in pun&o..in fitu ipfivs.B.u.orizontali . Ad cuius rei cuidentiam imaginemur fild.
F.u.perpendiculare,& in cuius extremo.u.pendere pondus,quod eratin.F.vnde cla

4 - rumerit quod eundem effeGum gignet, acfi fuiffetin.F.quod, vtiam diximus re-

'

N
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manens affixum puncto.u.brachij. B.u.tantd minus graue cft fitu ipfius.C. quanto.u.
, B.minus eftipfo.B.C.Idem affero fi brachium effet in fitu. e. B. quod facileé cogno-
{cere poterimus, {i imaginemur filum appenfum ipfi. u.brachij. B. C. & v[que ad. e
-perpendicularé,in quo cxtremoappensi effet pondus zquale pondcri. C. & libera
_ah.c.brachij.B.c.vnde libra orizontalis manebit. Sedfibrachium.B. e. confolida-
tum fuiffct in tali fitu cum orizontalt.B. D.
& appéfo pédere.C.in. e. libero a filo,nec A
aicederet, neq; defcenderet. quia tanrum E—]
eft quod ipfum fir appenfum filo, pendet
ab.u.quantum quod ab ipfo liberum appé
nfum fuiffet.e.brachij.B. ¢.& hoc procede
retab eo quod partim pendercta centro.
B. & fibrachiii effctinfitu. B.Q.totumpd @
dus centro.B.remaneretappenf{im,quem- o
admodi inficu.B. A. tota di&o centro an- \
niteretur . vnde ficve hoc modo pondas
magis aat minus fit graue , quo magis \
autminus 2 centro pendet,aut cidem niri- ¢
tur: 2tq; haec et caufa proxima, & perfe,
qua fir ve vnum idemg; pondus in viio eo- 0O M 2
demd; medio magis aut minus graue cxi-

wt Jons 1x Z‘/a!%" ; ftat.
s
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qua nos ducit in cognitionem quantitatis vireutis ipfius. F.in huinfmodi firu, conftt

—— e
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ftat . Et quamuis appellem latus.B.C.orizontale , fupponens illudangulum rectum
cum. C.O. facere,vnde angulus.C.B.Q_fit vt minor fitreéto , ob quantitatem vnius
anguli ¢qualis ei,quem duz.C.0.ct.B.Q.in centro regionis eleméraris conftituiir,
hoe tamen nihil refert,cum dictus angulus infenfibilis fit maguitudinis. Ab iftisau-
tem rationibus clicere poffumus , quod fi punctus.u.erit ex zquo medius inter cen-
tram. B.& extremum.C. pondus. F.aut.M.pendebit,aut nitctur pro medicrate di¢to
centro. B.& fi didtum.u.erit propius.B.quam punéto.C.pendebitab ipfo,aur nitetur
ipliamplius qud ex medietate, & {i magis verfus . C. minus qua ex medietate nitet.

Quod gquantitas cuinflibet ponderis,aut uirtus monensre-
[pectn alterins quantitatis cognofcatur beneficio
perpendicularinm duitarum acentro
libra adlineam inclinationis

CAP IIL

X ijs,que & nobis hucufque funt dicta, facilé intelligi pétcﬂ, @ quantitas. Bou,
quee fere perpendicularis efta centro. B.ad lineam. F.u. inclinationis, eaeft,

cuens videlicet linea. F.u.cum brachio. F.B.angulum acutum.B. F.u.Vehoc tamen,
meliusintelligamus, imaginemur libram.b.0.a.fixam in centro.o.ad. cuius etrema
fint appenfa duo pondera,aut duz virtuces mouentes.e.et.c.itatamen g linea incli-
nationis.c.ideft.b.e.faciar angulum reétum cum.o.b.in punco.b. lincaverdinclina |
tionis.c.ideft.a.c.faciar angulum acutum, aut obtufum cum.0.a.in punéto.a.Imagi- ¢
nemur ergo lineam.o.t.perpendicularem linea.c.a.inclinationis, vnde. 0. t. minor
erit.0.a.cx.18. primi Euclidis. fecetur deinde imaginatione 0.a. in puncto. i. fta it
o.i.zqualis.fit.o.t.& puncto.i.appenfum fit pondus @quale ipfi.c.cuwsinclinationis
linca parallela fit lincz inclinationis ponderis.c.fupponendotamen pondusaut vir
cutem.c.ca ratione maiorem eflc ea,quzz eft.e.qua.b.o.maior eft.o. t. abfque dubio
ex.6.lib.primi Archi.de pondcribus.b.o.i.non mouebirurfitu,fed filoco.o.i.imagi
m2bimur.o.t.confolidatam cum.o.b.& per lincam.t.c.attractamyvirtute. c. fimiliter =
quoque continget ut b.o.t; communi quadam fcientia,non moueatur fitn. Eftergo o oy
quod propofuimus verum quantitatem alicuius ponderisrefpe@uad eam , quzeft o g 7{"
alterius debere deprahendi 2 perpendicularibus, que 3 centro librzad lincas inclg 58 A7
‘nationis exiliunt. Hinc autem innorefcic facillimé, quantam vigoris,& vis pondus, i Lot
aut virtus.c.ad angulum rectum cum.o.a.minimetrahens, amitetat. Hincquoque co ’”’? o el e
rollarium quoddam fequetur, quo d quantd propinquiuserit centrum.o.libre cen- 43. et 22

tro regionis elementaris,tanto quo que minus erit graue. % '

b o/l 06 %0 \'h OA

X

Ii L T
9 O *
e
\ C. A P.

J _— 5 . ¢ s
G b s, i s e, b




332

; 143 10 BAPT./BENED.

© Quemadmodum ex fupradiétis canfis omnes Faterarim €5
A vietium canfadependeant .

CAP. IIII
)

<
. VTs brachijlongiorisalicuius ftater,aut vectis,maior breuioris,ab ijs,qu in fi
i “perioribus capitibus diximus, ideftg nitatur pendeatué magis aut minusa =
centro pondus in extremirate brachij maioris pofitim,oboritur. Quamobremillud
2 nobis:primo. eft:cognofcendum , ffateras ;aut vectes, puras mathematicas li-
neas non eflc, fed naturales,hincque exiftere corpora cum mareria coniuncta
igitur imaginemur.n.s.cam fuperficiem effe, qu fecundum longitudinen
f - terz {cindit.& fupponamus ipfius centrum effe primum in.1.& maius brac
* i.u: minusautem. i. n. & lineam verticalein. i. 0. qua tanta fir, quanca eft
do,aut craffities ipfius ftaterae a fuperiori latere ad inferius,ad faciliorem int
tiam,{upponendo.n.s.parallelogrimam. Pofitis igitur duobus ponderibus 2
iu end  businéxtremitatibus brachiorum,experientia innotefcit,g pondus

-

\ Z \Et' )",@.',e: {um, viol entianrfatiet ponderiappenfo ad.n.x.fed nos volumus inuef(t et
. . i . - . ~ > I o
I Rl huius cffc&us,c}uxancmme vnquam liteyarum monumentis , g {ciam, ¢ P et

fuit: Tam diximus Rareram,aut vectem materialem effe &.n.s.cius fuperficiem me- s
diam,fupponendo.i.cffecentrum quo nititur dicta ftateraaur vedtis; Cum hocer- i v séha
goita {eshabeat,fint.us.ct.nixlinezinclinationum ponderum , & imaginenur, g
#  diéapondera pendeant punétis.u.et.n.vereuera pendent, etiam fi appenfa effent
fub.s:ét. x. quia punGtum.u.& punctum.n.ita coniuncta funt cum.s. et.x.ut qui vai
trahit alterum quoque trahat. Imaginemur quoque duas lineas. i. u: i.n. et.i.c.qug
ie.faciatangulum.o.ice.2qualem angulo.o.i.n.Hinc clare nobis patebit; (i quis ipii :
e.pondusipfius.u. (¢ 2quale eft ponderim.) appenderet,id eandem plane vim habe
ret,quam pondus ipfius.n.habet,& ftateram neque furfum, neque deorfum moue-
ret,quia ambo pondera ad centrum.i.mediantibus lineis.e.i.et.n.i. ex¢quo annice-
rentur ,fed dicto ponderepofitainaulinea.u. i. per quam pondus centro anniticur , §
. magis orizontalis quam.e:i.fic,& linca.ws.inclinationis longius diftansa centro.i.
quam linca.c.t.vnde huinfmodi pondus magis quoque liberum a centro.i.refulear.
o &, magisquie ponderofim, quam cum eratin.e.ratione eorum, qua primo & fecundo 3
o4, m’k capitibus diximus,& ob hanc caufam {uperat pondus poficum in.n. Sed fi centrum
e . erinin.o. imaginabimur duas lineas.o.s.et.0.x.& fupponemus quod pondera po-
*fita fint in.s. er. xivnde exiftente magis orizontali linea.0.s.quam erit.o.x.& linea
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grauius, quia tanto minus pendebit a centro. 0.& ratiocinando, vt fuperius dixi-
mus,inueniemus cundem effectum verumeffe. In frateris,redte & propricappella
ri poteft.x.i.s.aut.n.o.u.orizontalis,{cd in omni vectium {pecie,hoctatum per quan
dam fimilitudinem dicetur.Idem contemplarilicet fupponendo centrum in medio
inter.o. et.i.quod vnufquifque ex fe abfque alterius auxilio facile praftare poterit.

De quibufdam rebus animaduerfione dignis .
CAP V.

On omittenda mihi vidétur quedam , quaad tradtationé ve&tium admodum
funt neceffaria. Quod aurem querimus, in eo confiftit, quod aliqui veétes
adhibeantur ad opus, quorum centrum, quod Graci hypomochlid appellant voum
cft ex extremis ipfius vedtis, & pondus , quod furfum eleuari deber, inter ipfa-
met extrema iacet, propinquum tamen hypomochlio, ve exempli gratia, fi vectis
cffet infrafcripta figura.o.s.u.x.cuius hypomochlion effet in punéto.o. & pondus in
puncto.n.clarum erit, ¢ cum eleuari debeat.n.oportebit quoque opera manus ele-
vari.u. Nunc confiderandum eft quomodo pondus.n.annitatur ad.u. Hanc ob cau
{am imaginabimur rectas linezs.n.omn.izn.e:n.t.et.n.u.quarum.n.i.verfus mundi cen
trum fit pofita,ct.n.t.faciarangulum.i n.t.zqualem angulo.i.n.o.Nunc pomendo ali
quam virtutem in.i.zqualiinclinatione ad fuperius conftante, ve.n. ad inferius (re-
mota tamen grauitate materia veétis)huinfmodi virtus,totum pondus ipfius.n.com
muni quadam fcientiz notione fuftinebit. & fi podusipfius.n.efletin.x. ¢ direéto fu-
per.o.totum pondus fuper hypomochlio fe haberet, & tantavirtus ipfius hypomo-
chlij fufficeretad refiftendum pro {uftinendo,quanta cft grauitas ipfius ponderis,
fed ipfum iterum ponamus in.n.ibi clarum erit, quod i alia virtus a parte inferiori
ad fuperiorem vectis non epponitur,excepto tamen hypomochlio,oportebic virtu
te cuiufdam partis ponderis.n. (abfque confideratione tamen,vt iam dixi , ponderis
matcriz vectis) vt veisa parte.s.u.deprimatur,& dixi vnius cuiufdam partis pon-
deris.n.quia alia eiufdé ponderis pars annititur ipfi hypomochlio. 0. medidte linea
o.n.quaangulosrectos cum.o.x.non facic. Siautem a puncto.t.opponet fefe huiuf-
modi refiftentia,ve vectis non deprimatur,clarum eric communi {cientia, ¢ virtus
ponderis.n.dinifa exit per medium 2qualiter, cuius vna medietas fuper. o.quicfcet,
&alia fuper.t.mediantibus duabuslineis.n.o.ct.n.t. Imaginemur nunc refiftentiam
t.ablatam effe,pofitamg; in.c.clarum quoque erit, g maior pars ponderis. 1. ipfi.e.
annitetur beneficio linex.n.e.quamipfi. o.cum linea.n.i. inclinationis ipfi.c. fit pro
pinquior quam.o.quia omnis refiftentia aur in. i.auFin. e.aut ip. t. aut in.u. cﬁ}oco
ccn:ri,qucmadmodum eft.on&alter Aaltcngs operaiuuatur. Si vero eadcx_n rehﬁer_l
tia pofita erit in.u.clarum quoque erit, minor pars pond:;ns.n.anmtetur 1Pﬁ.u.qu‘a.
ipfi.o.cum diéta.n.ia cenwro.u.longius quam centro.o.diftet, & proportio partis
pondcris.n.in.o.ad propot-
tionem partis ponderis.nin - A <
w.non erit feciidum propor * I\
tionem nngu]orum.u JNACE
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huius effe@us conuer(o, ideft,vt quemadmodum nunc fupponuntur.o.et.u.effe duo
centra quibus fuftinef pondus.£. ipfius.n. imaginemur. n. effe quoddam centrum a
quo pendeant duo pondera. o. et. u.ficinuicem proportionata,ut funt.u.i.et.i. o.
certe horum ponderum caufa ftatera. o.s.quam vectem appellabamus a nulla paite
inclinabitur. Redeuntesnuncad propofitum, dicemus ¢ annitente pondere ipfius.
n.minus ad.u.quamad.o.ideft ad.t.minori vi opus erit in. u. quim in.t. ad attollen-
dum pondus ipfius.n. & fic per confequens quanto longius erit punétum.u. ab.t.tan
o minori quoque vi egebit , & confequenter quando vis,aut refiftentia in.u.ita pro
portionata erit illi,que eft ipfius.o.vt eft.o.i.ad.i.u.vectis non mouebitur . Sed quan
do erit proportio maior,refiftentix ipfius.u.ad eam, qua eftipfius . o.ca,quee eft. o.
i.ad. i.u tunc vetisa par- :

teipfius.u.s. elevabitur , i~ >
vero proportio minor effet
quam.o.i. ad. i. u. tunc ve-
¢tisab cadem parte depri-
metur. 4

S

Deratione cuinfdam unis adauéta.
CAUP VI

’ Vibufdam inlocis veuntur quidd quodd inftruméto piftorio ad fubigédi pa-
{tam,vnius tantum hominis ui adhibita, qua quidem machina cum mihi di-
gna contemplatione effe videatur , cius aliquam rationem proponcre volui,pro cu-
ius defcriptione imaginemur planum, in quo fedet ille,qui voluit paftam , & in quo
ipfa pafta eft repofita. T. S. D.& triangulum.T. A. S.immobile perpendiculare-
{ue fuperficiei dicti plani;angulo autem. A.coniunctum lignum. A.E.vt femidiame
trum mobilem,& @qualem perpendiculari ipfius trianguli,unde. A. loco centri erit
et. D. O.fit femidiameter, qui paftam contundit,& ab eius extremo.O.( quod. O,
quando. D. O.orizontalis eft,in bafi dicti trianguli reperitur ) veniat lignum. O. V.
quod cum.A.V.firzquale perpendiculari imaginatz ab angulo. A.bafi.T.S. deno-
datii tfi utvulgo dicif feu flexile in.O.& in.V.vt elleuare atq; deprimere femidiame
trum. D.O.poffit,et. V.O.firequalis. A.V.et.V.medium fitinter. A.et.E.vnde. A. V.
cum.O.V.zquales erunt. A.E.funt deinde duo ligna perpédicularia ab. A.ad bafim
fixa, & immobilia inter fe adeo diftantia, vt inter ipfa pertrifear.O.V.et.D.O.fupra
& infra , ne deuict femidiametrum.D.O.Inextremitate deinde ipfius. E-fit lignum
quoddam tenue, vt digitus polex,ad angulos reétos cum. A.E.quod abaliquo,qui
anteditam machinam ftet , manibus teneatur, qui quidem homo idipfum lignum,
ideft femidiametrum. A.E.a fuperficie trianguli dicti;ad {e trahendo, & deinde ver
fus ecundem triangulumimpellendo, vim quandam maximam mediante {emidia
metro. D.O.{uper paftam excitat. -
Pro cuiusrei contemplatione volo vt fecundam hanc fubfcriptam figuram. b.a.
u.x.imaginemur, inqua.u.exprimat. A.prima figura,.a.denotet.0.8.0.V. &. x,

* E.imaginemur etiam.u.a.bafem trianguli.a.u.0.cui.o.t.perpendicularis dittz bafi.

u.a.addatur. Hucufg; igitur.u.o.2qualis erit.0.x.& ipfi.o.a.imaginemur etiam. a. o.

vique ad.b.ita productam vt.0.b.zqualis fit.0.a.ponamus etiam pondusin.a.impcl-

lere
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fere verfus.u.vnde linea eius inclinationis fit femper.a.u.fupponamus etiam. 2. 0. b,
efle librd,aut ftateram , aut vectem, &. o. eius centrum, vnde vis,aut virtus ipfius.a.
proportionalis erit ipfi. o.t. refpectu virtutis , aut vis imaginat in. b. inclinationis
perpendicularis ipfi.b.a.qua quidem virtus , aut vis in.b. proportionalis erit ipfi. b.
o.cx tertio capite huius tractatus ; Si ergo fuiffet pofita in. b. virtus quzdarmad an-
gulum rectum , trahens lineam.b.o.tam proportionatam virtuti perpendiculari ip-
fis.a.quam eft.o.t.proportionata ipfi.o.b.ftatera.b.o.a.non moueretur, fed quzuis
portio maior in.b.fuperaret.a.cum autem fuerit.0.x.zqualis ipfi.0.b.idé planc cue-
A

niet, communi quadam fcientia,ponen-
do virtutem.b.in.x.Quantitas ergo virtu
tis in.x. que fuperare debet refiftentiam
in.a.quaipfi.u.contraponitur, debetha-

bere aliquantulum maioris proportionis

ad refiftentiam, quain. a.angulum re-

Gum cfficerct cum. a.0. ¢a, quz eft. 0.t A l
£

2d.0.x. WL I

=Q
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‘.'De quibufdam erroribus Nicolai Tartales circapondera
rorpomm €9 eornm motis , quornm aligui d: /14 mpti

Sfuerunt a fordano [criprore thdmﬂ antiquo.
v ot 2 STER 0 i ¢
'("( Vm magis amici veritatis efle debeamus quilm cuiufquam hominis,quemad-

2, modum Artto:feribit,detegam hoc loco quofdam crrores Nicolai Tartaleg
de ponderibus corporum,& velocitatibus motusum localium. Et primuim decipitur
is in. 8. lib.fuarum diuerfarum inuentionum in fecunda propofitione,cum non ani-
maduerterit quanti momenti fint extrinfece refiftentiz.

Subicctum quoque tertia propofitionis eft mal¢ demonftratum, quia idem pla-
ne ex eius demontftratione iam dicta corporibus haterecogeneis , aut figura dmuu)
contingeret,quod ad velocitatesattinet.

Inquarta propofitione,quod ad difputddi p*owomt n{ concludit melius.auté id
ab co fequit, quod Archimedes in.6.propofitione lib. primi de p3deribus phauit.

R g Sed in{ecunda parte quinte propofitionis non uidet ¢ uigore fitus co modo,quo
g 4, ipfedifputac, nulla elicicur ponderis differentia. quia {i corpus. B.defcendere deber
il oL ‘:'@.x - perarcum.il.corpus.A.afcendere debet per arcum.u.s. q_.llun,& {imilem.eadem
,««/:::f, 1:‘7-)'"‘ quoquerationcftuatum vteftarcus.i. L vade veeft facile corpori. B. defcendere
o iwe  perarcum.ildifficileita ericcorpori.A.afcendere perarcum us. Hecautem qnin

j 2 ’.lm;l ¥ 4»“-; ta propofitio Tartalew eft fecuunda quaftio a lordano propofita.
pris :: % Quod autem ad primum corollarium dlctv:pxop')huo'm attinet,verumille qui
g 4 ' dem fcribit,eius tamen effectus canfa &a [ordano prius,& ab ipfo poftea cirata,na-

tura {2 vera non eft.quia vera caufa per {e ab eo oritur,g a centro libre dependeat
vt primo cap.huius tractatus oftendi. Secundum vero corollarium falfum effe, ijs ra
tionibus quas nunc fubiungam, patebit. Imaginemur. u. pro centro regionis ele-
mentaris,& libram.b.o.a.0bliquam refpectu ad.u. & brachiis equalibus conﬂarcm,
& ponderain.a.et in.b.etiam 2qualia.lince autem inclinationum fint. a. u. et. bau.
imaginemur etiam lincam.o.u.& a centro.o.libre duas.c.t.ct.o. €. pu‘pundicuhr(s
inclinationum lineis; vade pondusm1r< a.in huiufmodi ficu tam erit plopo.uona
tum ponderi.b.quam proportionara eritlinea.o.t.linez.0.e.ex co g tertio cap. hu-
iustractatus probaui, fed linea.o.t.maior eft linea.o.e. quod fic probo.Imaginemur
triangulum.u.a.b. circunferiprum effea circalo.u.a.n.b.cuius.c. fit centrum , g erit
extralineam.u.o.cum fupponatur.a.o0.b.obliquam efferefpectuad. u. o . Imagine-
mur deinde a centro.c.lineam.c.o.s.viquead circunferentiam, qua perpendicula-
ris erit 1pfi. 2. b.extertia lib. 3. Eucli.fi poftea imaginemur duaslineas.c.a.ct.c.b. ha
bebimus ex.8.1ib.primi,angulum.a.c.0.zqualem angulo.b.c.0.Vnde ex. 2 5. lib. 3.
arcus.a.s.zqualis erit arcui.b.s.fcd fi xmaamablmur. u. 0. ad circunferentiam vique
productam, clarum crit g arcum.s.b. fecaretin punéto. n. vnde arcus. n.b.minor erit
arcu.n.a.& fic etiam angulus.n.u.b.minor eritangulo.n.u.a.ex ultima lib. 6. Imagi-
nemur nunc alium quendam circulum,cuius,o.u. G diameter, cuius circunferentia
per duo punéta.c.ct.t. pretergradiaf,cum in 1pix> lint angulirec, quod quilibet ex
{eratiocinando colligere poteft,fi. 30.lib. 3.m mentem reuocauerit. Sed cum angua
lus.o.u.t.fit maior ;mrvulo,o 11.€.arCus.0.t.maior crit arcu.o.e. ex vitima.6.vnde cor
da.o.t.maior erit corda ipfius.o.e.ex conuer(0.27.1ib. 3. -quod cft plOpOll[Um Pon-_
k. & "S""“;Z dusigituripfius.a.in huiufimodificu,pondere ipfivs uius erit.Quod ¢ directo ijs

3 y":‘r‘ s 1cpuonarqlvx Tartaleain 2.parte quinrz propofitionis ediferit , & per Lor.hqucns
o [“j et/
I 2.corollanj falfitatem o[tcndxt,vt eam quoquc, qua in 6. propofitionelatet.quiaca

4 ,(’,e g p#wvrr‘
4 Ammdr :?i« stk W frse’ (w«’b‘ oA Sae ;-(u 22 g"’ o upierteg et
t ) /, - 2t e 2 retin masrt
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proportio pdderis.a.ad pon
ius.b.cadem (it cum
ca cft.o.tad.o. e.fub co
gnitioné noftiam cadere po
teft, primum cognoftendo
angulos obliquitatis librg,
ideftangulos.b.o.u.ct. a. 0.
u.quiaoportet femper fup-
ponere fitum aliquem no-
tum. Si nobis deinde co-
gnita crit proportio ipfius.
o.u.ad.o.b.et. ad. 0. a. affe-
quemur cognitionemangu
li.b.ct.o.2.u. & per confe-
quensipfius.o.a.t. ciusreli-
dui, vade poftea beneficio
ang‘:l.)m:.x.c.ct.r.rcftorum
& laterum.o.b.et.0.a.cogni
torum in cognitionem.o. t.
cr.o.c. facile deueniemus.

(2 Vod autem idem Tartalea in.6.propofitione, & Tordanus in fecunda ‘parte;

CAP VILI:

fecund propofitionis fcribunt,maximum quoque erroreminfe contingt.

Dicunt enim anguli
h.a. f. diffcrentemab
angulo.d.b. f.aliara-
tione non efle quam
per angulum conta-
&tus duord circulord,
vtinfuafigura fcribit
Tarralea; id quod fal-
{ifimum eft. Quiob
caufam in fubferipta
figura ficlibra. B. A.
& cius centrum.C et.
. centril regionisele
mencaris,et. A.u.et.B.
w.linex inclinationii.
Imaginemur deinde
lincam.B.K. parallcld
ipf.A. u. qua gyrum.
B.F. A.inpuncto.K.
communi {cientix pre
cepto [cindet,& habe
bimus angulum.K. B.
Z.zqualem angulo.
H. A.F.ideft.u. A. F.
( quia.H. u.et.D. unit
{unr) cum ex.29. libr.
primi Euclidis angu-
lus.
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lus.u.A. C. 2qualis fie
angulo.K. B. T. &an-
gulus. C. A. F. zqua-
lisangulo.T.B.Z.niic
comparatio eft inter
angulum.D.B.F.& an
gulum.K.B.Z. miftili-
neos,qui quidem duo
anguli, comunem ha-
bent angulum miftili ,\
neum.K.B.F.quapro- "\
prer fiangulus.K.B.Z.
miftilineus maior eft
angulo.D.B. F. mifti-
linco per angulum.
K.B.Z.contingentiz,
circulorum ergo angu
lus miftilineus com-
munis . K.B.F. xqualis
erit miftilineo , angu-
fo. D.B. F. patsvide-
licet {ui toto . Omnis
autem error in quem
Tartalea, Tordanusq;
lapfi fuerunc abeo, g
lineas inclinationum
pro pacallelis viciffim VD

fumpferunt , emana- w

uit.

S«}ptima propofitio Tartalex, qu cft gnta quaftio Tordani mihi videf excipien-
darifi,cum pondusipfius. A.ponderi ipfius.B.exiftens #quale, graujus fic pondere
ciufdem.B. ratione minoris apertur anguli contingentiz in.A.quam in. B. in quo
idem error commirtitur, quiin praecedenti committebatur, cum fcilicet ipfe putet
lincas. A.E.ct.B.D. figuraz ab co confictz {ibi inuicem effe parallclas , quee etiam fi
aquidiftantes effent(vnde angulus. E.A.G.minor effet angulo.D.B.F.)non eamta
men ob canfam huiufmodiangulorum differentia caufa effet differentiz grauitati

__ipforum.A.et.B.ob ea qui cap.4.huits tractatus pofui.

Odtava autem propofitio,qua eft.6.queftio Tordani longe melius demonftratur
ab Archi.in.6.lib.primi de ponderibus, cam neca Tordano,neca Tartalza probata
fuerit,cumijdem non probauerint precedentes, quas in dicta.8. Tartal¢a citat, qui
neque etiam probat nonam. 1o. 11. 12. et.13.cumad precedentes probandas mini
me acceflerit.

Quartadecima verd,quaeeft. ro.queftio Tordani,duas ob caufaseft falfa, quarum
vna eft,a( fupponendo.A.D.E.G.B.effe vnum brachivm libre,et. A.punétam cétri

" einfdem,et.D.pondus gquale ponderi. E.& lincas inclinationum. D.K.et.E. M.) an

gali. K.D.E.et.M.E.G.{ibi inuicé n funtgquales;caille angulusfic inerinfecus,hic
vero exurinfecus & oppofitus dicto intrinfeco vni® eridguliterminatia. D.E. .D.K.
ct.E.
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et. E. M. lineis productis vique ad centrumregionis elementaris;vnde ditusangu-

lus. M.E.G.maior cftalio,ex.16 lib.primi Eucli;Qua ratione fir,ythanc ob canfam

E.grauiusfitipfo.D.cum minus dependeat 3 centro. A.vt primo cap.huius tractatus

iam dixi. Alia quoque eftratioqua dictum . E. grauiusfit ipfo. D. qu¢ quidem eft

maior diftantia a centro.A. libre , per fimiles rationes capit. 4. huius tradtatus ci-
tatas.

Decimaquinta quogs nil penitus valet, queeft.x 1 .queftio Tordani,cuius Autho-

vis opufculum opera Traiani Bibliopol¢ Venetijs ¢ tenebris inlucem emerfit.

Quodfummaratione flareraper aqualiainterualla

Sint dinifs .

CAP IX. 2

M Agna cumratione diuiddtur ftatera per interualla ¢qualia , in libras ,aut in 4

vncias , aut quoquo alio modo. Nam fit ftatera exempli gratia .a. b
& puntum, ¢ eamfuftinet fit. c.& vas llud,¢ continetid, quod ponderari debet
f.Imaginemur nunc quod pondus brachij.c.b.abuna parte,& pondus brachij.c.a.cid
co, g eft diéti vafis.f.ab altera parte,fint caufg,quibus ftatera.a.b. c. ftet orizonta=
lis.cui fic orizontali manenti imaginemur ad punctum. 2. adiunétum efle pondus,
veluti vnius librg. & ad punétum.d.tam diftanti A.cuteft.a.abipfo.c. aliud quoque
pondus vnius librz additii effe;vnde coi quada (cientia ftatera,non mouebitur fitu.
qa exiftentibus duobus hifce ponderibus aequalibus,altcro in.d. & alteroin.a.remo

ta cum effent.d.b.ct.f.abfque dubio.a.d.non mutaret fitum,fed. d.b.er, . infitu, in -

quo reperiuntur,a centro paribus viribus predita funt. Addendo igitur.d.b. ipfi. d-
et.fipfi.a:fumma earum , zqualibus quoque viribus conftabunt . ex commuini fen=
tentia , qua habet {i ¢qualibus addas¢qualia, tota quoque fient ¢qualia. Siverd
ponderi ipfius . a. aliud adderetur eidem gquale, haberemus in. a.duplum pon=
dusei g eft ipfius.d.fed volentes vt folum cum pondere ipfius. d.ftatera ftet orizon
valis, fi dictum pondus ipfius.d.longe diftabit  centro.c.per duplum ipfius.c.a.ideft
ipfius.c.d. id g volumusafleque-
mur, beneficio fupradictarumra b

A e g a ¢ &
tionum,adiuti opera fexte lib.pri b
mi de poderibus Archimedis. Et

fi quis aliud quog; pondus adiun

geretipfi.a.zqualeilli priori, ad

efficiédum,vt ftatera femper ori

zontalis maneret,oporteret, vt podus ipﬁus.d.ab.c.longé diftaret, ita vt huiufmodi
diftantia tripla effct prima, & fic per quofdam quafi gradus interualla reddererttur
#qualia. Quod
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Quodlineacircularis non habeat concaunm cum con-
wexo coniunitum,€5 quod Ariflo.circaproportio
nes.motunm aberranerit.

€ AP X.

’

| el #’4{'{? A Riftotelesin principio quzftionum Mechanicarum aitlineam,qua: terminat
1 MM _circulum videtur conuexum habere coniun¢tum cum concauo,quod fallum
Lt g L €lEEqQuia huxu(’mod{ linea partesnullas ﬁquxl_dum laur‘udmcm haber, (veipfe etiam
ot o Juin confirmat ) fed eftidem conuexum circuli: linea vero que terminus eft fuperficiei
ot i 2 ambientis , & amplectentis circulum eft eadem concauitas diGx fuperficici eun-
et i"; ?‘ s 1R dem circulum ambientis, qua nullam conuexitatem habet. & he duz funtlinexe 5

§

o~

e e 5 quarum vna diuerfa cft ab alia,neque altera alterius, quod ad conuexum,& ad con-
i f "‘%’ Lz, cauum attinet.
[ i i Sed illud, quod Ariftoteles feribit de duplici refpectumotus vaius puncti fecun

# Lirers: dum vnam datam proportionem, non fufficit, ille enim fic ait.

1 Sit proportio fecundum quam lacum fertur, quam haber.A.B.ad.A. C. et.A.qui

dem ferarur verfus.B:A.B.vero fubterferatur verfus.M.C.lacum autem fit. A,quidé

ad.D.vbiautem eft. A. B.verfus. E. Quoniam igitur lationis erat proportio, quam.

A.B.habetad. A. C.necefle eft &. A.D.ad.A.E.hanc habere rationem. Simile igi

i’ ,.fnwdéf" tur cft propostione paruum quadr ilaterum maiori. Quamobrem etc.

b o £l yary o Chi relpondeo,punctum. A.quod mouetur inlinea. A.M.ab. A.verfus.M.v{que

| f*“"’f’ " yuande iz ad.F.non moueriab aliqua proportione determinata magis quam ab alia: vode nd

Mﬂeﬁi&m{#@folum poflumus imaginari dictum punétum. A.moueri ab.A.vlquead. F, eiufdem
Y o reoneny Velocitatis fub alia quadam proportione,fed etiam fub alia,qué iam data conrraria

e 4 L/f 7 4 o sy fitVEett proportio ipfius. A.C.ad. A.B.imagindtes moueri. A.verfus.C.ct. A. C.ver

e 4 - fus.B.M.delatam. Dico ctiam idem. A.moueriy{que ad. F. fecandum propoitio-

A ‘4. nem ipfius.A.O.ad. A.N.Quamobrem imaginemur a punéto.F.lincam. F. H: cum

u(-{ " linca.F.A.cfficerc u:}ngu- y

b7/ 2 -, lumaqualem angulo.O.

; 7{;/:‘21»4 e P.A.&?ﬁ pun&o.%\.linei B 0 1

= A.H.ciilinea.A.F. face-

g reanguld zqualéanguld ; / 057

O.A.P.unde angulus.H.
2qualis erit angulo. oO. ¥ ;j‘///

ex. 32.libr. primi Eucl. S
& trianguld. A.H.F.¢qui / l

angulum erit triangulo.

A.0.P.Quam ob causd P

eadé proportio erit ipfi® M ;

AHad FH.queéipfius =~ >
. A.0.2d. O.P. punctum =

igitur. A.vique ad.F.mouetur fecundum proportionem etiam ipfiss. A.O.ad.O. P. )

Huiufmodi igitur confideratio,ab Ariftotele facta,nullius eft momeni,

Quod
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Quod Arigto.inprimamechanicarum quaStionum eivs quod
inquirit;ueram mufam non attulerit.

C yAL POLAXY T,

Veerens Ariftoteles vnde fiat,vt ez libra, qua brachia habent alijs longiora,

fint exactiores caetetis, ait ioc euenire ratione maioris velocitatis extremo

rum earundem.Quod verum non eft;quia hic effectus nil aliud éft,quam clarius pro
ponere ob omnium oculos obliquitatem brachiorum  linea orizonzali, & oftende-
re etiam faciliusa dicto orizontali fitu exire brachia iam dita. Que quidem perfe
neque 2 velocitate,, neque A tarditate motus , fed A ratione vedtis, & 2 ma-
iori interuallo inter fecundum fitum extremorum a primo proficifcuntur. Ve exem-
pli gratia, imaginemur magnam libram. A.B.orizontalem, cuius centrum fic . E. et
pondus.B.maius fit pondere ipfius. A.vnde conceditur,quod ob hanc rationem di-
¢ta libra (icum mutabir, qui fecundus fitus fit in.H. F-Imaginemur etiam parud qua-
dam libram.a.e.b.orizontalem,qua pondera habeat.a.ct.b.zqualia duobus ponde
ribusalcerius libra & {ecundus fitus it in.h.f. ita tamen vranguli circa. e. zquales
fint ijs, qui funt circa.E.ideft.b.e.f.fit gqualis. B. E. F. Nunc dico fitum H. F. exa-
@ior¢ futurum & clariorem fitu. h.e.f.ratione interualli.B. F. maioris, intcruallos
b.f.quod.B.F. in cadem proportione maior eft ipfo.b.£. in qua. B. E.maius cft.b.c.
quodautem interuallum. B.F.breuiori,aut longiori temporis fpacio quam.b.f it fa
¢tum, nil plane refert. Ratione vectis deinde, dico g fi {upponemus duas libras pa-
res zqualesd; in omnialio refpectu,prater quam in brachiorum longitudine, pon-
dus.B.maiorem vim habebitad deprimendum brachium.E.B.quam pondus.b.quia
libree materiales , cum fuftineanturab . E . e.& non a punéto mathematico, fed
alinea,aut fuperficie naturali in ateria exiftente. vnde aliqua ‘refiftentia ipfi mo-
tui brachiorum oritur,& hancob caufam,fupponendo hanc refiftentiam 2qualem
tam in.E.quamin. e.clarum eritob ea,qua in cap.4.huius tractatus oftendi. B. cum
minus dependeat ab. E.aut minus quoque eidem. E. annitatur , ponderofum magis

» futurum,quam.b.& hac de caufa mouebitad partem inferiorem,maiori cum agilita

te,brachium.E.B.multo magis etiam illud ipfum deprimet,ideft maiorem etiaman
gulum.B.E.F.quam erit angulus. b.e.f.facict. Tk

HA
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De neracaufa fecunds, €5 tertia quastionis mechanice
ab Ariflorele nonperfpeéta.

CAP XII.

Riftotelesinfecunda quaftionum mechanicarum quarens illius rationem fic
{cribit.
Cur fiquidem firfum fuerit {partum quando deorfum lato pondere quifpiam id
admouet rurfusafcendic libra:{i aurem deorfum conftitutum fuerit non afcendir,
{d maner? an quia furfum quidem fparto exiftente pluslibr2 extra perpendiculum
fir({partum enim eft perpendiculum)quare necefle eft deorfum ferriid , quod plus 3
eft,quare & cxrera.

Sed vera caufa,vndefiat , vt fi fpartum fuerit furfom , & brachivm vnum
ipfius libre deprimendo, & idem liberum deinde permittendo , ad ficum ori-
zontalem redeat,non folum eft maior quantitas ponderis brachiorum qua iam pra
tergreffa et vira verticalem lineam,fed eriam eftlongitudo brachij clcuari‘qu&,~ vl
tra verticalem lineamreperitur,vnde eius extremi pondus redditur grauius in pro-
portione,quam inhoc exemplo proponam, fir. A. B. librain fitu orizontali, cuius
{partum fir. E.fuper ipfam. & deprimentes brachiumipfius. A.v{que ad. F. cius fitus
ficin.F.H.vnde medium pi&um.G.pratergreffum eritlincam verticalem. V.Z.ver
fus.B.qua.V. Z. fecabit brachium.F.G.in puncto.D.vnde.D. H. longius erit ipfo.
F. D. Nancnobis fuppenendum eft id, s
quod veriffimum exiftit, didtam fcilicet li H
bram in fite.F.H.cti i {uftineatur 2 pun-

&o. E.idem tamen futarumac fi fuftenta-

retur in punéto. D. vndefequitur, quod )
pondus appenfum ex ipfa. H. ita grauius
i reddatur , ipfo.F. in eadem propor-

tione,quaz maioreit. D. H. ipfo. D . F.ob EN ]

| rationes quas in primis huius tractatus ca- e JG Ay

o pitibus pofui,vt etiam fiD.H.quodmate ’ =
riale efle fupponitur, nullam plané graui- A TP -
tatem haberer,{olustamé exceflus vis pon =7 D *
deris in.H.pofiti, longeé maior pondere in
F.collocato pro maiorilongitudingipfius D
D.H. fufficiar. ad przftandum velibra ad F ‘
fitum orizontalemredeat.

d Infecunda deinde huius queftionis par -7

bic i 1) ek te,in qua feribit libram in fitu,in quo pofi

- B 17 ﬁ ﬁ& ta eft,firmam manere,toto c¢lo aberrat,quia neceffarifi eft,vt omnin cadat,edufy;

L. . i quo fpartum furfumremaneat : ablato tamen omni impedimento ,quod nulla eget

probatione,cum natura fua clariffime pateat.
€aufa,deinde,vera tertiz quaftionis non eft ea, quam Ariftoteles ponit, fed hu-
iufmadi effectus ab eo,quod capitibus. 4. et. 5. huius tractatus propofuii originem

habet.
Quod
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QudodeAriflotelisratioin 6. quaflione pofita non fi admittend.a.
CAPIXTIIIL

V Olens Ariftoteles rationem proponere,vnde fiat,vt nauis velocius moueatur

cum antennam altiorem quam cum deprafliorem habet, id ad veciis ratio-
nemrefert,quod verum nd eft. Huiufmodi enim ratione nauis tardius potius, quam
velocius ferri deberet, quia quantd altius eft velum,vi venti impulfum, tit6 magis
proram ipfius nauis inaquam demergit . Sed huinfmodi effcétus a maiori potius
quantitate venti quamrecipit,quam ab alia aliqua caufa oritur,quia ventus liberius
vehementiusds in altiore parte,quam in depraflione vagatur & perflar.

,b\ngd rationes ab Ar ifiotele de oitana quastione conficta
* [ufficient es non fint -

CAP XIIII.

Ationesetiamab Ariftotele propofitz pro indaganda oGtauz quaftionis ve-
ritate,, in qua querit vnde fiat, vt corporarotundz figurz , ad voluendi fint
faciliora reliquis,quarum reuolutionum corporum tres fpecies aﬂ'ignar, quardl vinz
eft, vt rotarum currud;aleera vt rotarum puteorum,aut trochlearum,quibus hauri-
tur aqua;& tertia, vt paruorum vaforum a figulis fabricatorum, fufficictes nd funt.
Incipiens autem a prima dico dubium non effe,quin tangente corpore aliquoro
tundo aliquod planum mediante folo quodam puncto contingat, quemadmodum
probat Theodofius in.3.lib.primi & Vitellio in.71.lib.primi, & ducédo per centrit
{phare lineam v{que ad punctum contactus,ipfa erit perpendicularis plano contin-
genti fpheram diclam,vi p robat idé Theodofius in.4.lib.primi Alhazéin.25.quar-
ti,& Vitellio in.7.primi. Verum etiam cft omnem inclinationem ponderofam huinf{
modi corporis homoggnei toram hanclincam zqualiter omni ex parte circundare;
cuius quidem rei exemplumincarta deferivere poflumus mediante figura circulari
hic fubferipta.a.n.c.u.contigua linea redtz.b.din punto.a.vnde.e.0.a.perpendicu
laris erit ipfi.b.d.ex. 17.ib. 3. Eucli.& tantii ponderis habebimusa parte.a.v.c.quan
tum ab ipfa.a.n.c. Nuncigicur fiimaginabumur duétum efle centrum verfus.u. per
lineam.o.u. parallclam ipfi.a. d. clarum nobis 1

erit,g ab{qs vila difficuleate aue refiftentia idé e
ducemus,quia huiufmodi centrum ab inferiori -
arte ad fuperiorem,nunquam murabit {icum 4

refpectu diftd i feu incerualli,qug inter ipfum
linr_:um'luc.a.d. intercedit,g quidem centrum
in {e colligit totum pondus figurg.a.n.2.u.&be i
neficio linea.c.o.a.illud ipfum puncto. a. inli- it W
nea.b.2.d.committit, produdtum.a. nil refert,
vt magis,aut minas verfus ipfum. d.aut verfus
b.dirigafsita vt cli non oporteatve huius figure
p-sdus,vnavice,magis clevetur, quamaliayfed ¢ d
femper cqualicer fuper lincam.b.a.d.quiefcat.  —

Vi 2 Sitq;

—T
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Sitq; femper divifum a linea.a.o.e.per medium , fequitur communi quodam con-
ceptu, nullam nobis difficultatem oborituram, di¢tum centrum ad quam volucri-
mus partem ducendo , quemadmodum a qualiberalia figura,que perfecie rorunda
non effet,emergeret; Ve exépli gracia,fi i maginabimur pentagonum. K.i. h.f.L.quie
fcere fup eandé lined.a.b. K.ita ut primi rotd latus. i.K.in linea.b.K.cxrédat, ducé-
do poftea centrum.o. (ponamus.) verfus.l.dubium non eft,quin oporteat, ve dictim
centrum.o.d lineab.d.cleuetur,ab eademq; magis diftet, voluens e per arcd vium
circuli,q p fuo femidiametro habeat.o.K.que maior eft ipfa.o.a.ex.18. li. primi Eu
cli. vade fia punéto.K.imaginabimur lineam. K. c. refpicientem centrum regionis
elementaris,dubium non eft,quin fi velimus transferre cécrum hoca priorifiru v{g;
ad di¢tam lineam,oporteataddere pondus parti ipfius.L.quaa linea.K. c.fuit fecta,
auraliquid de ipfo pondere partis centri detrahere. quod quibufizis modis fiat, ar-
duum certé eft ad efficiendum;neque hoc etiamaccidit figure perf: Lo rotunde ,
cum cérrum g pertecte inmedio ipfius ponderis eft,reperiatur femperinlinea per-
pendiculari ipfi plano, in quo animaduertendum eft,  etiam {i iplum planum ap-
pellem;pro plano tamen perfeéto intelligi nolo,fed pro fuperficie perfecie {pheri-
ca circa centruma corporibus granibus cxpetitum; nam ratione magnz amplitudi-
nis huiufinodi fuperficici,nullam differentiam notatu dignam a perteto aliquo pla
no exigui interualli ad curuitatem einfdem fuperficiei imaginari porerimus. Sed ue
redeamus ad fermonem de reuolutione figura rotunde fufceptum , clardiigicur erit
quamlibet minimam vim(vt ita dicam)qug trahat,aut impellat eencrum.o.verfus.u.
huiufmodi figuram reuoluturam,cuius media pars ad trahendum, aut impcllendum
punctum.e.fufficiere; Imaginemur autem g li
nea.n.o. u. effetlibra queddinfigura perfecte

rotunda.a.n.e.u.pofita,& vis, qug trahere cen ™=y
trum deberet, diuifa effet per nfedium, cuius o
medietas appenfa effet extremitati. u. diame-
tri.n.o.u.clari erit, g abfque vlla difhculeate

d

reuolucret figuram fuper lineam.b.a.d.verfus.
d. quia huius vis,aut pondus nullii contra pon

dus haberet vltra centrum.o.uerfus. n. g cen-

trum. o.perpetuo quiefcit {up. a.in linea. e. o.
a.per medium diuidente femper totum pon-
dus figurg fuppofitg. Tanto facilius ergo tota L d

dictavis ap

plicata cen <
tro,ipsii ver
{us.u.trahés
per lineam
paralleldip
fi.a. d.dicta
figuram re-
uoluerer.Et

fi linea qua

ditum. cen K r
trum trahi- Y ¢ \

tur ab ipfo \

b.a,
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b.a.d.non 2quediftaret,fed furfum traheret fuper.u.aut fubter , aliquid de fira vi vir
tuted; amicteret,& tanto plus, quanto inclinata magss effee verfus.a.o.c. & tandem
cum effet viira cum.a.o.c.aut ad faperius,aut ad inferius quantalibet ui, etiam i in-
finita,figuram extra firam prime linez.a.0.e.non moueret,fed {i furfum traheret fe
iungeret eam linea.b.a.d.non ob id tamen efficeret,ut centrum.o. exiret extra pri
mam lineam.a.o.e.

Secunda verd [pecies,tribus reuolutionum modis,abfque axis mutatione confta
re potefhideft modo,quo reuoluuntur trochlez mediante fune, & quo reuoluuntur
aliqua rota,in quibus aliquod animal incedit; & quo reuolunntur ille,qua in homi
nis mana circunuoluuntur medio alicuius manubrij inflexi. Hj omnes modi cum
circulari figura magis qud cum alia quauis,faciliores euadunt. Et primo fi priorem
modum confiderabimus,vt mediante fune quelibet figura, que circularis non fit ,
voluamr,ﬁlppomm us exemplo deberere uolui pentagonum xquiangalum.a.c.i.o.
u.circa centrum.c.mediante fune.q.u.a.e.i.p.neceflario occurrent(in hac figura an-
gulorum,laterumd; difparium) pluresinequalitates,que reuolurionem ciufdem fi-
gurzirregularem efficient; quarum vna erit,quod dua partes funis,ideft.u.q. et.i.p.
non erunt in vna eademdj; inrer fe diftantia femper,quod facile intelleétu erit,fi ima
ginabimur ductas effe lineas.a.i: u. i: et. i. ¢ . t . {i funis duo pondera habebitalterum
altero maius,fuis extremis appenfa,vnde debeat figura virtute ponderis maioris cir
cunuolui: di&» du partes. u.q.ct.i.p.cinfdem funis,médi cencrum,dum firma ma
nebungrefpicient;fed permittentes pondera liberasmaius,efficiens vt circunuolua-
tur figura; efficier, vt aliquando vnum ex lateribus,eiufdem figure mundi quog; cen
trumrefpiciet, vtin
figura.A.ficg; etiam '3
linea.i. c.t.(pro exé«
plojeritmenfuradi- 4
ftantiz fanium incer
ipfas, & deinde circii
woluendo eriam di- ¢ L

ftabuntinter fe per li \\‘/
ned.i.a.aut I . vein /\
figura.B. Tnotuit exé \

u \
plo,& ficetiam ali- \ \
quando erunt magis
diftires, quam linea A
t.i. & minus quam.i. 9 P
a:nunquam tamen minus quam.t.i.neque magis qua
ia.autiu que funt 2quales; Qua quidem varietas,
inhanc,& in illam partemimpellet partes penden- VN \
tes funis , vnde zqualiter nontrahent. Idem dico, fi \
extrema.q.et.p.cffent quoque femper invna cadéds
diftantia; neque a corpore pdderofo effentattracta,
quia alie partes ipfius.u.q.et.i.p.ex {upradictis ratio-
nibus vnam eademdj; diftantiam n6 femper feruarée.
vnde fieret vt cum diuerfis angulis tam.i. p. qua.ug. |
traherét femidiametros.c.i:c.e:c.a:c.u.et.c.o.quiand |
femper traherent ope feu virtute anguli zqualisipfi. |
c.p-Hac autem ingqualitas communis eft omnibus |
figu- |
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figuris rectilincis tam paris, quim difparis numeri. Sedaliam quandam maiorem
ingqualitatem habent ha figure numeri difparis,qua eft,quod quido linca. t.i.tam
{1.q.quam ipfi. i.p.

ppédicularis fueric, e
ideft quido.t.i. cum

dictis partibus funis 4

angulos rectos con-
.\%
W

ftituerit, tiic ratione
\

-

15gitudinis ipfius.c. ¢
i. maioris quam . t.
c.(quia cum fit.c.i.¢-
qualisipfi.c.a.et.c.a.

maioripfa. c.t:c.ic \\.

etiam maior fitipfa. * =g

c.t.)pondus aut vis A q .
ipfius.p.fuperabit ed q P r

quz cft ipfivs. q. fed

quando.t. erit in oppofita parte;et.i.in e, que eft
ipfius.t:q. e3dem ob caufam fuperabit.p.&fic mo
tum faciet irregularem,& n6 vniformem; &obid
etiam perarduum, prater ictus,quosinfligunt an-
guli in partem pendentem afcendécem funis,qua-
do vnum ex lateribus vnitur cum fune.

Aliam ingqualiratem habent figure pares, qua
etiam in imparibus cernicur,etfi aliquantulum di-
uerfasquzab o oritur, quod funes fit modo ma-
gis,modo minus propingug centro;qua inequalis
diftantia,maioresm minoremd; vim fuper dictum
centeim ob rationes infecunda parte cap. decimi B
huivs tractatus propofitas, gigait. Nulla auzem q ?
exijs inzqualitatibus circulari figura contingit. Illud vero , quod de pentagonis fi-
guris dixi,omnibusaliis figuris difparibus accommodari poteft.

Secundus modus eft earum rotaruim,in quibus aliquod animal incedit,qua i cir-
cularesnon cffent,ranco difficilius voluercitur,guanto pauciores angulos haberent.
quod cum pet fe pateat,non demonftrabo. Siergo quanto plures angulos habebit
di&a figura,tanto ad circunuoluendum hoc modo agilior erit. Circularis igitur fi-
gura,qua ex infinitis angulis efficitur,omninm agillima erit.

Terrius modus eft earum rotarum, qua manubrium habent, qua etiam quantd
pauciores anguios habebunt,tanto quog; difficiliores reddentur, tam ratione inimi
citiz:quam exercet cum vacuo natura,quam viol€tig,quam anguli ari faciunt,eum
expellendo,vripfi occupent locum, quem ipfeatrimplebat. Quod nullo modo po
teft eucnire circulari figure.

Nunc nobis ad dicendum reftat de fpeciereuolutionis rotarum, qua parallele
funt orizonti,quibus accidit poffe volui primo tertiod; modo fecundg Ipecici,& ob
id fi circulares non erunt,eadem fubibunt incommoda,de quibus in fecundailla fpe
cie loquutifumus. fed circularesrota huius tertie fpecieiad revoluendum erunt re-
liquis €6 faciliores,g vno foli polo nituntur; Quod alijs nequaquam conceditur.
Super
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Super hac tertia {pecie formari poteft problema , vnde fiat , vt quicfcens huiuf-
modi rora parallela orizonti fuper vaum punéum,& quanto fieri poreft exiftens¢-
qualis,fi cam circunuoluamus maiore qua poterimus ui, & eddem poftea dimitten-
tes non perpetuo circunuoluatur . »

Hoc quidem,quatuor fic ob caufas.quarum prima eft,quia huiufmodi motus,eius
rotz non fit naturalis. fecunda eft, quia ctiamfi rota fuper puncium mathematicum
quiefceret,oporteret ramen ve fuperius alterfi haberet polum, qui ipfam orizontalé
teneret , qui quidem munimentoaliquo corporeo indigeret; vnde fricafio qugdam
confequeretur, ex qua refiftentia prodiret.

Tertia cft, quia ar contiguus cam perpetud aftringit, hocd; modo cius motui

refiftic. e

Quarta eft,quia quglibet pars corpored,que 2 fe mouctur,impetu eidema quali=
bet extrinfeea virrute mouente impreffo,habet naruralem inclinationem adrectum
iter, non autem curuum,vade i 2 dicta rota particula aliqua fug circunferentiz difi
geretur,abfque dubio per aliquod temporis fpatium pars feparara reco itinere fer
retur per aerem , vt exemplo a fundis, quibus iaciuntur lapides,fumpto,cognofce
re pofSumus, in quibus, impetus motus impreffus naturali quadam propentione
rectam iter peragit, cum euibratus lapis,per lineam rectam contiguam giro , quent
primo faciebat,in puncto,in quo dimiffus fuit,ceGum iter inftituat, vt rationi con-
fentaneum eft. v 3

Eadem, quoque ratione fit, vt quanto maior eft aliqua rota,tanté maiorem quo
que impetum,& impreffionem motus cius circunferentiz partesrecipiant, vndefg
pe euenitve dum cam fiftere volumus,id céi labore & cum difficultate agamus ; quia

. quantd maior eft diameter vaius circuli,tantd minus curya eft eiufdem circunferen

tia,& tantd propius accedit angulum cinfdem circunferentiz ad quantititem duo-
rum angulorum rectorum rectilineorum,ideft circunferentia ad re@itudinem linea
rem. Vnde earundem partium dicte circunferentiz motusad inclinationem ibi &
natura tributam, que eft incedendi per lincam rectam,magis accedit.

Quod eAriflotelis ratio nona quaflionis

adrittendanonyfit.
C'A P XV

V Era ratio nona queftionis 3 fecunda parte decinsi cap.huius tractatus, & non
Y aliunde;accerfiri debets J

Quod dritotelis rationes de decimaquafliones
[int resjcienda.

CAP XVIL

Riftotelis rationes,vnde fiat, vt facilius moueantur libr vacuze, quam’plen
ad propofiram difputationemnon pertinent; quia femper incunda eft ratio

proportionis virtutis mouentis fuper mobile;quod ipfe non fecit. i
- Sie
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Sitexempligratia libra. a. . e. quzin vtraque extremitate vnciam vaam folum
ponderis obrineag, & fit libra.n.i.u.equalis priori,qua pro fingula extremitate vod
ponderis libram habear. Ariftoteles admiratur, quod addendo ipfi.c.mediam pon
deris ynciam,brachiom.i.e.velocius cadat, quam adijciédo ipsd media vnaid ipli. u.
brachij.i.u. Quod 2 duabus caufis proficifcitur, quarum prior eft;magna diffcrentia
proportionis vnius libre ad medietatem vnius vnciz,ad proportionem vnius viciz
adipfam medietatem, quia fi pondus adieGum excremo.u.dimidiz effet libra S8
cum eadem tardirate brachium moueret,optimo iure in admirationem poffet Ari-
ftotclesduci. Sed hoc fieri non poffet,quia ipfim deprimeret cum cadem quafi ve
locitate,qua media vncia brachium.i.e. Dixi autem quafi, quia nonnihil diferftni-
nis intercederet,quod proficifcitur & fecunda ratione . Ethac, refiftentia oft , que

soritura {parto, quiaquantd maius pontus continet libra,tanto magis pramit { par
tum inloco,in quo fuftinetur;vnde maior refiftentia in circunuolutione eiufd: {par
thinloco,in quo quieftit,exoritur,quia ipfum eft corpus materiale. Siquis autem
veller,vebrachinm.i.u.cadem agilicate, qua.i.c. defcenderet,oporteret, vt propor-
tio dimidiz libre adiectz pondert ipfius.u.

quod cft vnius libre, vim fiaam habéret , a - e
quz excederetrefiftentiam fui fparei ( me- . 5)
dio brachiorum maiorumijs qui func. a.i. ¢

€.)ita proportionatam , vt proportionata m . U

eft vis dimidiz vaciz ipfi.e.iuncta,refiften G*L/

tiz {ui fparti. Huiufmodi rationes cumro -
tis grauioribus leuioribusqs;,& ijs,que a cor
‘poribus quibuflibet grauibus impelluntur,accommodatze fuerint, titubantem intel
ledtum confirmabunt.

¢ Deueracanfa. 2.quastionis mechanica.

CAP. XVII.

7 Era ratio, cur multo longius corpus aliquod graue impellatur funda , quam
manu,inde oritur, quod circunuoluendo fundam > maior impraffio impetus
motusfitin corpore graui, quam fieret manu, quod corpus liberatum deinde cum
fuerita funda, natura duce, iter fufi 3 puncto,a quo profilijt,, per lincam contiguam
giro,quem poftremo ﬁcicbar,f'ufcipir. Dubitandumd; non eft, quin di¢ta funda
maior impetus motus dicto corpori imprimi poffit,cii ex multis circumactibus, ma-
ior femper impetus dicto corpori accedat . Manus autem ciufdem corporis motus
dum illud ipfum circunuoluitar ¢ pace Ariftotelis dixerim) centrum non cft >neque
funis eft femidiameter. Immo manus quam maximé fieri poteft in orbem cietur;
qui quidem motus in orbem, vt circumagatur etiam ipfum corpus, cogit, quod qui-
dem corpus, naturali quadam inclinatione, exiguo quodam impetu iam incgpto,
velletrecta iter peragere,vein fubferipta figura patet, in qua.e.fignificat manum.a.
corpus.a.b.lincam re¢tam tangentem girum.a.a.a.a.quando corpus liberum rema-
nets Vierum.quidem eft,impreftumillum impetum,continud paulatim decrefcere
vnde flatinvinclinatio grauiatis einfdem corporis fubingreditur , qua fefe mifcens
cum _i}myre;fﬁonc factapervim;non permiitit,vt'linca.a.b.-longo tempore rédta per
i maneat,
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maneat, fed citd fiat cirva, cum diétom corpus.a. dusbus virtutibus moueatur,qua-
yum vna eft,violcntia imprafla, & alia natura,contra opinionem Tartalea, quine-
gat corpus aliquod mocibus violen
to & naturali fimul & femel moueri o

offe.Neg; eft filétio pratereddus 7
ﬁac in re gdi notatu dign’effectus,
qui ciufinodi elt, ¢ quanto magis .
crefcit impetus in corpore.a.caufa
tus ab augumento velocitaris giri
ipfius.e.tato magis opprtet,vt (en~
tiat (e trahi manus a dicto corpore al
a.mediante fune,quia quanto ma-
jor impetus motus ipfi.a.eft impref
{us, tanto magis dictum corpus. a.
adre&tum iter peragendum incli-
natur,vnde verectaincedat, tanto
maiore quoque vitrahit.

b
. a . .
De decimatertia quastiones.

CAP XVIIL

D Ecimatertia quzftio ad vectem omninoeft referend2. Imaginari debemus
axem cylindrici iugi,hypomochlion effe. Quod reftat,illud ipfum totum de
pendet 2.4.quintod; cap.huius tractatus. Vna tamen differentia inter hanc machi-
nam,vectemd; reperitur, qua eft,g iugum aliquam refiftentiam pro coniunctione
calcata in loco, in quo voluitur,magis quam hypomochlion veci cfficiat.

De decimaquarta quaflione.

CAP XIX.

Ationes etiam decimzquartz quaftionis dependent ab ijs,quz funt vedtis,vt
R exempli gratia fit lignum.a.b.c.d. frangendum in medio, annitendo genibus
in punétum.o. clariffime tunc videbimus,g tenentes marus longe amedio , inlocis
a. et. ¢ . facilius minorig; cum labore illum frangemus,quam fi eafdem vicinas me-
dio eiufdem ligni in locis.e.et.i.poneremus.Cuius rei rationes ezdé funt cii ijs,quz
rimis huius tractatus capitibus propofitz fuerunt.Imaginemur lineasredtas duétas
a pun@o.0.ad loca.a.e.i.et.c.hinc manifefté perfpiciemus corum,qua iam diximus
ratione, ¢ loca.c.cet.i.mediantibus duabus lineis.c.o.et.i.0.magis annitentur.o. cen
tro,quam loco.a.et.c.duard linearil.a.o.et.c.0.beneficio;vnde vim quog; maiorem
habebiit Q e >

e 1 (]
n.a.et.C. <
quam in
c.cti.
o |
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De ueraratione. 17. queflionis.
CAP XX.

D Ecimafeptima quftio ab Ariftotele haud beng percepta fuit , quiais nonac-
commodat partes vectis {uis locis. Quamobrem imaginemur duos vectes.

a.0.n.cet.0.c.u.quorum centra , qu hypomochlia appellantur fint. 0. & pondera,

quaz funtattollenda fint.a.et.e.inter fe zqualia,& diftanti¢ fint.a.0.et.e.o.{ibi inuicé

zquales,fed.o.n.zqualis fit ipfi.0.u:clarum erit,g ad cleuandum.a.oportebit depri

. mere.n.&ad eleuandum.e.oportebitatrollere.u.Et quia omnia fupponuntur zqua
sun Smansg  lizyclarum quoque erit,commu«

= WA.. é’/“ ni I‘cienti‘} 5 ;Emam virtutem in

S s n.quanta fufficiet ad attollendi - /
- a.in.u.quog; fuffecturam ad ele- C o o

uandum.e. quia i qualibusan 1
gulisijs,quibus duz virtutes. a. P 5 ]
€
=)

et.n.annituntur.o.centro, ita. e.
et.u.¢ contrario fizo centro.o.an
nituntur. & omnes rationes pro
vecte.a.0.n.quarto quintod; huius tracta-
tus capitibus citatz, vedti.o.e, u. vt fatis
perd; dixi in dicto capit.5.conuenire pof~
{unr.

Nunc it aliqua pars ligni cindenda fe-
cundum venulas fuas.d.c.f.g. & fit cuneus

a.b.c.qui vi mallei. P. vique ad.t.x.pene- @ T

trarit. Hinc clarum erit , quod apertura ;

im.r.ligni, poftquam infigitur cuncus fe ~ , _ oo J
d i T

cundum venas,longior erit parte.x.b.t.cu
nei, quz ingrefla eft. Oportet nunc ima-
ginari duos vectes fimiles fupradicta. u. e.
o.in hunc modum, vt pun&a.i.r: lignifint
loco.u.extremi ipfi® vedis, et.t.x.loco vir
utisapplicata ipfi. u. & refiftentia circa b
pun&um.m.loco ponderis.e.veétis.o.e. u.
dicti ; & pars. K. quafi immediata poft.m.
verfus extremitatem.fe.ligni,fit loco hy-
pomochlij.o. Hinc fiet vt quanto longio
res erunt linez.i.m.K.et.r. m.K.tant6 quo
que facilius virtutes.t.x.impellent.iux,

A 3
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De nera€s intrinfeca canfa trochlearum.
C AP XXI. o rsisoup it i

Rointelligenda vera,& intrinfeca ratione, vade fiat ur multitudo rotularum 10

|~ trochleis caufa fit,ut exigua vis furfum moueat,aut attollat podera magna. fma
ginemur duas hic fubfcriptas trochlas explicatas tranfuerfaliter in hunc modum
ideft fic parud tignii.a.b.fixum & parallelit orizonti. cuifintrotula appenfeabinfe
tiori partead fuperiorem huicd; ¢regione oppofit”firaliud tignit.c.d.quod moueri
pofficab imo ad fumum,fuper quod totidem fint rotul aut radij, ciiannexa poftea
fuerit funis punéto . b. fixo,, cam faciendo pertranfire perrotulas tam a parte fupe-
riore,quam ab inferiore; & appenfum deinde cum erit paruoilli gjgno. c. d. mobili
pondus.E.ducendo poftmodum extremum.f.fiinis tranfeuntis per rotulas,idem pla
né fiet quod a trochlgis fimul unitis fieri folet . Cuius quidem cffectus ratio fub no-
ftram cognitionem cadet facilius in huiufmodi figura. Imaginemur {eparatim fta-
teram.g.h.cuius cétrum fit.K.ita fitum,ut brachium.g-k.fic duplum ad:brachium. K.
h.fupponendo igitur in punéto.g.pondus,aut virtutem mouentem unius librée, & in
h.duarum librarum,abfg; dubio ha duz uirtutes in huiufmodi diftantijs a centro
¢quales inuic eriit,ob rationes prioribus capitibus iam allatas,8 ftatera orizontalis
mancbit. Vnde clarum erit,g queeuis etiam exigua virtusadiuntaipfi. g: moucbie
frateram extra orizontalem fitum. Nuncfi punéto.i.ex 2quo medio iter.g. et. K
applicara erit virtus ipfius.h.nonamplius confiderato brachio.K.h.inclinante uirtu-
te ipfius.i.eandem partem verfuss, in quam inclinabat,quando erat inh,fed virtusip
fius.g.inclinet contrario modo, diuerfod: ab eo,quo inclinabat prius;clarum quog;
erit,communi conceptu,& ob ea,qua cap.s.huius trattatus fint dicta. g. b, femper
in eodem fitu abfque motu manfuram,hancd; ftateram appellabimus mobilem, &
primam. Imaginemur nunca punéto.e.fixo defcendere funem.c.K. qua fulciat pun
&um.K.extremum diametri.g.K.quam intelligo pro diametro vnius ex rotulisinfe
rioribus trochlez; & fit.n.l.m.diameter vnius ex rotulis fuperioribus alterius parui
tigni defixi 2 parte inclinationis ipfius.g.& parallela diametro. g. K, cuius diametri
centrum fixum fie..& {it coniun@um.g.punctum, a fune cum punéto.m.qua ti per=
pendicularis fit primo diametro.g.i-K.quim fecundo.nvmiideft ita veanguli.n.m.g.
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et.m.g.k.fintre&i. Imaginerur quogs vittutem ipfius.g.applicatam efle extremo.
n.cum inclinatione tamen contraria,ideft ad inferiorem partem,qua quidem virtus
communi quodam conceptu eandem poffidebit vim fuftentandi immobilem diame
trum.g.i.k. quam habebat, qfi eratin.g.cum inclinatione ad fuperiorem partem,
& ficeriam diameter.n.lim.non magis ab una,quimab alia parte declinabit, quia
cum quzdam virtusin.n.reperiatur 2qualis medietati vireutis ipfivs.i. qua virtus ip
fius.i.uim habet deprimendi ipfum.g.ideft.m.pro dimidia fui ipfius parte, fequirur.
n.m.debere immobilem permanere. Nunc fialia diameter rotulz mobilis critde-
fumpra,que fit. p.q.0.cuius centrum fit.q.infitu parallelo ipfi.n.l. m.& fic collocara,
vt coniungendo.o.cum.t.anguli.m.n.o.ct.n.o.p.fint recti: fiimaginati fuerimus trif
latum effe pondusipfi®.n.in.o.cii eadé inclinatione ad depraffiorem partem,illudip .
fum,ac i effet in.i. communi conceptu,fine alicuius diametri mucatione preftabic.
Etfi centrum.q.fixum effet,& extremo.p.appofitum fuiffet pondus ipfius.o.cum in
clinatione ad fuperiorem partem;idem etiam plané preftaret, etiam finullum ullins
diametri fitum,communifcientia,mutaret; cum extremum. m. deorfum fic ductum 3
a.g.nirtute dimidiz partis ipfius.i.8&abalia huic fimili. m: quoque deorfum fic tra-
Gumab. 0 quod quidem.o.deorfiim eft alteratum,ob inclinationem ad fuperius
auirtute pofita in.p.fupponendo centrum.q.fixum. Sedfi loco centri fixisimagina
bimurin.q.pondusaliquodaquale ipfi, i. quod duplum critinuireute ad cam, qua
eftipfius.p.&ipfius quo?uc. g: fequetur etid eademimmobilitas horum trium dia-
metrorum.: Quia cum {it huiufmodi pondusfeu virtus in.q. cum inclinatione con~
traria virtuti in.p.qua zquipollet dimidice parti ipfius.q.8¢ fic ei qu cft ipfius.o. fi~
militer quia,o.traétumeft fupraab.n.virtute ipfius.g.quod.m.deorfum trudit; idcir
€oquanta eritvis quam habebit vircus in.q.ferendi deorfum diametrum:p. o. tanta
quogue virtutes ipforum:p.et.o.xquales,& @qualiterdiftantes &.q.ipfum ad fupe-
riorem partem inclinabunt. Quamobremnecafcenderynec defcendet,neclocum
mutabit. Supponamusmunc quartum diametrum rotulas.t.r. que it fecunda rora
Tarum fixarum, paralleta ipfi.p.o.& in eo fitn,quo coniungendo exvrema.r.p.anguli
operiet.pursdintre@i,& imaginemur virtitem ipfius.puréperiri in.s.cum inclinatio: {
ne tamen contraria,ideft deorfum verfus,exhis id€ quoque plané fequetur, ideft ¢
nulla harfi quatuor diametrorum mouebitar. quia eundenyeffe&d ci inclinatione: .
deorfum verfus efficerce dicta virtus in'siquem in. p.cum inclinatione firfim verfus. I

o g iam dictum eft virtutem ipfius.g.dimidium virturis ipfius.i.trahere.m. qua medid by
ot bty 4G “4 te.n.atrahit.o.codemrobore,et.s.cadem vi trahic.p.medio ipfius.r. Hucufque cié-

[ Gwse, iyosn~ tifice nonimus pondus,auc virtutem ipfius.s.quz eft dimidium ipf°. i. fuftinere vim
ne gotsd 5= jpforum.i.et. q. nam quater tantum, quanta ipfamet virtus plius.s.effe confpicitur. ‘
o m{««f"" ",;{f t fi adiunétg nobis effent duw aliz diametri cum ijfdem plan¢ conditionibus ijfdé
2 _rationibus vtentes,cognofceremus quod cadem medietas ipfius.i.fexies tantum pé
| orice ﬂ“,‘j“"‘" X, deris,quanra ipfa exifteret,eftinerer. Vnde manifeftd euadit, ¢ eidem medietati
hsintel s ipfivs.i.ins.nonnihil virtutisaddendo, dicte diametri,illico mouerérur fitu. Et quia
Epose 4 #F%rorule in quolibet punto,aliquam diametrum habent, neceffario fequitur ¢ infe-

ceuwer Sg5, ““f; vioresad fuperioresaccedere debeant. Atramen fi forte extremum immobile ip-
coues coeches ¢ fiusfunis non pendet a punto.c.trochlea fuperioris,fed alligatum fueric ad medid
g ifbemrer sisinferioris trochlezut ad punctum.i.ope unius trochleg fuperioris immobilis ve in
o s gun wiene frov, gura. Auvidere licet,clare patebit g d tribus virtutibus zqualibus pondus in.i.pofic

5o wallut 7 g&inebjtur’:hoc eft a.g.ab.i.& ab.k, quarii vnaqueque tertia pars eritipfius.i.in con
Von rstrifset. # ontrariam part&;hoc eft tertia pars refiftentiz.propterea g ex 2quo inter fe diftat.

ST o B rede gele

164




[

DE MECHAN. ! 1863

g. i.et. K: Qua propteraugebitur virtus per numerosimpares, hoc modo s Nant. g.
eflet tertia pars refiftentig, quemadmodum prius mediaerat. ‘Idem inferodem.n.
o.p.r.et:s.Sed cum oporteat pondus,q-tantum effe vt fuffieidr refiftentiz in. 0. et.p.
ipfum fuftinere, idcirco ipfum pondus.q.fubfefquialter evit pdderi in.i.pofitiiQua-
propter.s.quinta pars erit ponderum.i.et.q.Deindefi adhuc. duo diametriviusin-

ferior,alter verd fuperioradditi fuerint cum pondere 2quali.q. ad medium diawe-

wri inferioris,tunc pondus,s.eritfeptima parstrium ponderm.i.q.&ctertij additi,ex

{F b‘ s ? t " gm. P/
i
¥,

fupradicis rationibus. Et quia virtus fa(ti
nenstotale pondustrochlea inferioriap-
penfum in tot diuiditur partes zquales ,
quor funt diametri orbiculorum trochlee
inferioris,quando extremum immobile fir
nis alligatum fuerit trochleg fuperiori, vt
puta in punco.e.cum vero alligatum fue-
rit trochlez inferiori,virtus primi diame-
tri.g.LK.trochlez inferioris fe mper{efqui
altera erit vnicnique aliorum diametrorii;
ideo virtus refiftenti¢ alterius extremi mo
bilis funis,puta.s.fubmultiplex erit totalis
ponderis,eo modo quo diximus, cuius vir
tus,feu gravitas diuiditur {eu diftrubuitur
diametrisinferioristrochle® vt dictum eft.

Q

Depropriacanfa. s 4.quaflionis.
CAP. XXII.

Era caufa effe@us,qui vigefimaquarta quéftione exprimitur,adhuc a nemine

(quod fciam)animaduerfa fuit,licet non fit admodum ardua vel obfcuta.Ima

ginemur ergo duos circulos.c. £ et. b. g. concentricos, taq; fimul coniunctos,vefi ip

{orum vnus Feratur in orbem,alius quoque circumagatur,eo modo,quo curruum ro

tz voluuntur. Etimaginemur primo fuper lincam.f.i.reuolui maiorem,8 quando

idem circulus erit inJ.di¢tam lineam.f.i.tangere circunferentiam eiufdem éi}n pun-
0.Cr
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&o.c.ynde linea.g.m.mediante.K.continget circunferentiam circuli minoris in pun
&to.b:et.K.g.ex.34.primi Eucli.zqualis eritipfi.f..quia ex.17.tertii, anguli.f. et. g.
funtzquales,vnde ex.28.primi.f Let.g.K.funt parallele.& fic erunt.k.l.cum. f.g. ex
eadem fupradicta.Ratio autem,qua arcus.g.b.tranfierit lineam.g. K. maiorem ipfa,
eft, quia dum mouetur,quodlibet puncum ipfius.g.b.virtute reuolutionis ipfius.f.c.
omne punétum ciufdem arcus.g.b.vlterius verfus.K.quam i moueretur virtute re-
wolutionisipfius.g.b.fuper lineam.g.m.defertur. vt exempli gratia , quando virtute

reuolutionis maioris circuli, centrum.a.reperitur in fitu linez. L K. punétum. g.corife |

cerit iter.g.1.& punétum.b.iter.b.K.etiam reliqua omnia puncta inter.g. b. magna
itinera egerint, cuma magno circulofint ante delata. Imaginemur quoque hos cir
culos effe delatos virtute renolutionis circuli minoris,& parté.g.t.re&te.g.m.dimen-
fam fuiffe ab arcu.g.b. Quido ergo.b.eritin.t.faétum erititer.b.t.ab ipfo.b.et.g.fa-
cietiter.gan.que itinera alijsmulto breuiora funt, quia breuioribus craribus reuolu-
ta funtdicta puncta;& ficdico dereliquisomnibus punctis inter.g.et.b. & inhoc ca
fu pun&tum.f.eritin.q.& pun&um.c.erit in.e.Quamobrem omnia punéta cétingen-
tiz inter.f.et.c.non folum non erunt delataanted, fed potius 2 primo fitu retrorfum
eruntrepulfa. Vnde non eft,quod in tantam admirationem ducamur fi dum reuol
uitur circulus maior,arcus.g.b.circuli minoris,totam lineam. g. K. tranfire videtur,
& dum revoluitur minor,apparet arcum.f.c:maius iter quamab.f.ad. e. non facere
cummaiore fefe in orbem ferente,quodlibet punctam arcus.g.b. ad vnam eandéq;
artem duos motus obtineat.vt exempli gratia punétum.b.non folum mouetur ver
us.m.quod circa,centrum.a:feratur;cum ipfum ctiam centrum moucatur verf{us.m.
fed quia preter hoc deferantur quoque i circulo maiori verfus.m. vique ad lineam.
k.L.Dum verd minor circulusin girum ducitur,habet quodlibet punctum arcus. f.c.
duos motus contrarios,quorum alter verfus.i. virtute reuolutionis circuli minoris,
&alter exeo, g dictus circulus maior circa centrum.a. voluatur, vade omne punétd
contactus circuli maioris cum reta.fi.tecrorfum pellitur verfis.x. :

-
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De uera caufa.3 o.quastionis .
C A P. XXIIII.

Era ratio , cur homo dum fedet ( non tamen Turcarum more ) fi velic
{cfe in pedes erigere,calcancosretrahit, vt efficiat angulum acutum,cum fe-
moribus coxisa parte inferiori,& ventrem inclinat, ad conftituendum etiam angu
lum acutum in fuperiori parte,ea eft; vt totius corporis pondus’, ex ¢quo, ideftab
oppoitis partibus circundet lineamrectam, qua tranfit perlocum, in quo conquie
fcunt pedes verfus mundi centrum.ideftur edatur ¢quilibrium ponderis ipfius cor-
poris circum lineamillam, que fub pedibusinferuit pro fparto. Vnde aperiendo,
deinde di¢tos duos angulos circa dictam line3,abfque vila difficultate erigitur cor-
pus,& abfque periculo inalterutram partem cadendi.

De ratione.3 5.€5 ultima quastionis.
. CAP. XXV

Era ratio, quare, qu¢ reperiuntur in vorticibus aquarum , femper’ verfus
medium ipfarum vertiginum vniuntur , inde promanat , quod media
vertiginum femper depreffiora funt . vnde quod diéta corpora ad medium acce-
dant,nihil aliud eft,quamipfa corpora fuo pondere grauitateque defcendere,figu
ra enim vorticibus cft quafi conica, & concaua cum angulo deorfum,& gyro bafis
furfum. Atque hac vera eft huius effeétus caufa, & non ea quam Atriftoteles ponit,
& quo aliarum omnium quzftionum, quas ego opnifi rationes fiunt bené propofite.

DISPY-
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Qualiter circulus defignari pofiit alios duos circulos
propofitos includens.

CLARISS. PETRO PIZZAMANO.

Vperioribusdiebus per tuas literasa me queefinifti, vt modum tibi {cribere vel-
lem,quo circulus dcfignari poffit circunfcribens alios duos propofitos circulos.
Qua inre vt tibi fatisfaciam quod maxime cupio itaremaccipe.

Propofiti circulifint, aut inter {e contigui, aut interfecantes vel feparari.Efto pri-
mi contiguos efle,qui fint.d.b.ct.£.q-quord.d.b.maior fit et.f.q. minor , eorii vero
centra fint.a er.o.punctii autem cotingentig fit.i.Nac prrahat.b.a.0.q.per cérra eo
rumab vna circunferentia ad aliam , que quidem linca tranfibit per punctum. i. ex
11.tertij Eucli.deinde a diametro maiori abfcindatur. i. e. ad ®qualitatem minoris
{emidiametri,quo facto fumatur diftantia inter. e.ct.b.circino mediante factog; cen
tr0.0.{cindatur,alio circini/pede;circunferentia maioris circuli in punéto. u. 2 quo ii
mente concipiemus duas lineas.u.a.d.et.u.o.f.tranfeuntes per eorum centra.a. et. o.
vfque ad circunferentias in punctis.d.et.f. ipfg erdtinuicem ¢quales,eo quod.c.i.sii-
pta fuit zqualis.o.f.et.a.u.zqualis.c.b. quare. u. £zqualis erit.b.i.fed u.d.crid 2qua
lis.bii.ergo.u.d.zqualis erit. u.£.& circulus, cuius u.d. vel.u.f.erit femidiame ter,con-
tiguus crit ipfis propofitis circulis cx conuerfo. 1 1.iam dicte . Idem dico pro circu=
lis fe inuicem fecantibus . Sed
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Sed fi circuli propofiti feiunti fucrint,fumatur.b.i.diameter maioris, qui fiat fe-
midiameter vnius circuli circa centrum. 0.& hic circulus vocetur. h. x. coniunga-
tur deinde femidiameter.o. i. minoriscirculi cum femidiametro.a.i. circuli majo-
ris,& ex huiufmodi compofita linea, fiat vnus femidiameter.a.x.circuli.x.n.concen
trici cum maiori,& 2 puncto.x.interfectionis horumcirculorum ( pofito quod fein-
uicem interfecent) ducantur per eorum centra.x.a.etx.0.vique ad ipforum circun-
ferencias in punctis.d.ct.f.dug i
linca, vnde habebimus. x. d.
2qualem.x. f. co quodramin
x.d.quam in. x. £, reperiuntur
diametri,& femidiametriam-
borum circulorum,fa&o deni
que centro.x. vaius circali,cu
ius temidiameter ¢qualis fit
vni carum.x. d. vel. x. £ folu-
tum erir problema, dicta ra-
tione.

Si verd diftantia duorum :
propofitorum circulorum ranta fiterit, quod fecundi circuli nequeant f¢' imiicem
tangere, vel fecare,tuncalia via incedenduim erit, que talis eft & generalis. Diuida-
tur tora.q.b.per 2qualia in puncto.z.circa quod fignétur duo puncta ab ipfo equidi
ftuntia.K.et.p.diftantia vero.a.K.fa&a fit femidiameter efle vnius circuli. K.x. circa
centrum. a. diftantia autem. 0 . p. femidiameter alterius circuli. p. x. circacen-
trum. 0. qui quidem circuli fe inuicem fecent in punco. x. quo cum duéte fue-
rin. x.a.d.et.x.0.f.per centra dictorum circulorum,ipfe erunt inuicé ¢quales, co'qd
cunnb.K.zqualisfit.q.p.igitur.x.d.et.q.p.erunt invicem ¢quales, fed.fx.zqualiscft
q-p-quare.x.f.equalss erit.x.d.tunc i.x.cenerum fuerit vnius circuli; cuius femidia~
mer fic vna dictarum, problema folutum erit. T

Talis eriam {oiurio commo-
daentad inueniendum dictum
circulum cuivfuis magnitudinis,
dacotamen p ¢ius diameter, ma
ior fit.b.z. cum in noftra potefta
tefivaccipere punéta.K.e.p.pro
xima vel remora ab ipfo.z.ad li-
bicum. Vndeabfque vila dinifio
ne iptius. g. b. per mediam, facs
erit hignarc puncta.K. et. p. dua-
bus diftantijs medianubus. b . K. ~
et. q. p- muicem zqualibus, &
canm t I ,‘,:\)uus.

e Gios i, hesion Sirian, g o il ook cemnl, ononles
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364 10. BAPT. BENED.

Fiéurdm fuperficialem ellipft fimslem , ex datis axibus cir-
: cino mediante delineari poffe.

AD EVNDEM

Tguram fuperficialem cllipfi fimilem,ex datis axibus,circino mediante delinea
F re cum volueris,ita facito.

Sit.e.c. femiaxis maior.a.e.verd minor , ad angulum rectum inuicem coniuncti,
tunc.a.e.producatur vique ad.o, Itags.a.0.maior fit quam diftantia inter.o.ct.c.qug
quidem.a.o.poffet ctiam dari, defcribatur poftea circalus.a.d.b.circa centrum.o. 2
quo puncto protrahatur femidiameter. 0. b. quz cum.a. o. angulum reétum confti-
tat,que.o.b.crit zquidiftans.e.c.ex.28.primi,ducatur poftea.b.c.d.ct.o.t.d. vnde
angulus.t.c.d.¢qualis ericangulo.o.b. d.ex.2g.ciufdem.ex quinta autem anguli. b
et.d. funt inuicem 2quales, quare etiam
& anguli.d.et. c. inuicem ¢qu aleserunt,

& ex.6.ciufdem.t.c.¢qualis erit.t.d. duca d
tur poftea.d.x.h.perpendicularis linez.c. p
c.ita diftans fub ipfa.c.e. Vtarcus circula-

riscirca.t. delineatus ex femidiamewo. t. A
d.aptusfit eam fecare, {umpto poftea.r, m

tam diftante ab.e. vt. t, reperitur ab ipfo
e.ct.z.ab.e.vt.0.ab eodem, ducendo po- \
ftea duos alios arcus magnitudinis priord

circa centra.t. ct. z. habebimus propofi-

tum,

- Sed cum quis voluerit prius arcus mi-

norum circulorum delineare circa maio«

rem axem,fiant cuinfuis magnitudinis,ve

infecunda figura videre eft,pofito tamen quod eorum diameter , minor fit minore
axe ipfius figure; quorum circulorum vnus fit.c.d.circa.t.cius centrum,deinde inaxe
minori fumatur.a.x.equalss.c.t.& protrahatur.t.x.qu¢ per ¢qualia diuidatur in pun-
&o.n.2quo poftea ducatur. n.o.ad angulosreéos
cum.t-x.v{que ad interfeGtionem cum.a.e. in pun-
&o.o.minori axi producta cum oportuerit, quod
quidem punétum.o.centrum eritarcus.d. a. maio-
tis,c0 quod.o.t.equalis effet.o0.x.ex. 4. primi Eu-
cli. vnde.o.d. zqualis effet.0.a.& circuli etiam in-
uicem contingentes in puncto.d. ex. 11. tertij tam
in prima , quam in fecunda figura , fumpto deniq;
puncto.s.tamremoto ab. €. quam. 0. reperitir ab
eodem,ipfum, centrum eritalterius arcus oppofi-

-

tuere angulum.x.t.0.zqualé angulo.t.x.0.vnde ex
6.primi haberemus.otzequalem.o.x. :
De

-
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negotio cordarum & arcuum poffumus geometrick demon(trare quod valde de-
fideras. 4 I :
.- Quapropter fit circulus.b.a.c.q.in quo fit trianguld 2quilaterum.b.c.n.& quadra
tum. b.a. q.u, Cuivs periferiam probabo longiorem effe periferia trianguli. Sic enim
diameter circuli.b.q.qui etiam erit diameter quadrati , vt d te {Cire potes. Sit ctiam
punctii.b.commune tam anguli quadratiquam trianguli. vnde fequitur quod dictus
diameter fecabit latus.n.e.trianguliad rectos & per @qualia in.t. Nam cum arcus.b.
e.zqualis fit arcui.b.niex.27.textij; remanet vt arcus.q.e.equalis ficarcui. q.0.vode
;angulus.q.b.e.2qualis erit angulo.g:b.n.ex, 2 6. eiufdem. quase €x. 4. primianguli
ad.t.erunt reéiet.n.t.zqualis exitipli.t.e. vediximus, it
Deinde.b.e.et.qgiadeinuicem fecit in punéto. o.vt ex fe claram patet, ducatur po
ftea.q.c.vnde habebimus angulum,b.e.q.reGums x.30.tertij; quare ex. 13.primi.qe
o. lgflgior eritipfa.q.eiet.q.e.longior eritipfa.c.t. quare.q.o. longior eritipfae.
Vi probemus poftea.b.a.o.longiorem effe ipfa. b.e. producatur.b.a, itaquod. 2.
t._zqualis ficipfi.a.0.ducaturd; 0.p et.a.c:cum autem ex iam dicta. 30. tertij angulus
2.0.re&’ fit,erit angulus.o.a.p.fimilizer reét® ex. 13, primivade ex.5-€t.32. ciufdé
angulus.a.p.o.erit dimidium reti;& fimiliter,ex ijidem;angul us.b.q.a.cft dimidivin
xecti quare angulus.a.p.o.a’,qualié erit angulo.a.q.b.(ed angulus.a.e.b.zqualis eftan
gulo.a.q.b.ex.20.tertij, ergo angulus:b.p,0.2qualis erit angulo.b,e.a.a ngulus verp
a.b.e.communis eft ambobus triangnlis.a.b.c.ct.0.b.p.quarcex. 32. primi anguli.
b.a.e.et.b.o.p. reliquiex duobusrectiszqua 3
Iesinuicem crunt . -Quare ex quarta fexti, |
et.18. quinti propostio.b.0.ad.b.p.erit, ve
b.a.ad.b.e.fcd x.18, primi.b. o.maior eft - .
ipfa.b.a.quare ex.14:quinti.b.p.maior erit
ipfa.b.e.fed.b.p.zquatur ipfis.b.a.cum.a.0
ex hyporcfi,ergo. b. a. cum.a.o.maior erit
ipfa.b.e.fed.q.0.maior eratipfa.t.c.vtfupe
rius vidimus, quare.b.a.cum.a.o.et.0.q.ma
ior eftipfa.b.e.cum.e.t. hoc eft dimidium
periferi ipfius quadrati, mai® erit dimidio
periferig ipli® cridguli propofiti,quare ex1 4
dicta tota periferia dicti trianguli, fimiliter
probarem de omnibus alijs figuris regulari
bus codem circulo infCriptis.

~ CONSIDERATIONES NONNVLLZE IN
Archimedem.

Dodt fiimo atque RewerendoDomino Vincentio
i\ “eMercato. E

Ry Voo tibialias dixi veruin eft;intellectum fcilicet non omning quicfcere cic
callas duas Archimedis propofitiones, qua in translatione Tartalex fune
i S P :
= fub numeris. 4.ct. 5 . &inimpreflione Bafilex fub numeris. 6. et. 7. vhi
JetiigiL - e tractac
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tradat de centris libr;feu ftaterz : A (piceigitur in.4. fupradicta, quod cumappen-
{z fuerint omnesillz partes ponderum, partibus longitudinisipfius.l. K.in qua vola
vta pundis.e.et.d.imagincris duas lineas.e.0.et.dsuinuicem 2quales , & fere per=
pendicularesipfi.l. K. hog eft refpicientes mundi centrum ; imagineris etigm. 0. u.
qua fic parallela ipfi.l.k.quz divifa ficip puncto:d. fupra.g. Hinc nulli dubium eric,
cum.g.fuerit cencrum totius ponderis appenfi ipfiil. K.quod.i. fimiliter eric centrum
cum direce locatum fic fupra.g.hoceftin eadem dircctionis linea, quod quidem
nonindiget aliqua demonttratione , cum, pet fe fatis pateat. Vnde ex communi
conceptu.o.evit centrum ponderis appenfiipfi.Lb. et.u, erit centrum ponderis ap-
penfi.ipfi h.K. Scimusigit. i, effe cérum duorum, hoc eftipfus.].h. & ipfius.h.k.con
tinuatorum per totam. L. k. Nunc ergo fi confideremus..k.diuifam efle, hoc eft di-
fiunctam in punéto,h.inueniemus nihilominus.i.centrum efle diGtorum ponderum,
& quod tantum cft,ipfam efle continud , quantum dinifam indi&o punéto.h. neque
ex hoc, punétum.i.eritmagis vel minus centrum duorum ponderum.L.h.et.h. k.que
rumvnum pendet totum ab.o.aliud verd totumab: u. & hocmodoin longitudine.
o.u.diuifa vt didtum efty habebimus propofitum.

Reliquam propofitionemtibirelinquo. . ../ ; )

Tla ver6 propofitio, quam tibi dixi Archimedem tacuiffe in huiufmodi materia
eft, quod fi duo pondera zquilibrant ab extremisalicuius faterz, in certis prafixis
diftantijs 2 centro . Tunc dico fi eorum vno manente alterum moucatur remotius
ab ipfocentroquodillud defcender, & fi viciniusipfi centro appenfum fucritafcen=
det. Hacenim propofitio quotidie omnibus inlocisvidetur, ipfam vero puto Ar
chimedem pratermififfe ob facilitatem, cum ab antedicta feré dependeat. )

Sit exempli gratia. ftatera.a,u.cuius centruinfit.i.& pondera.u. 2. appe nfa, feina
nicem habeant vt.i.u.et.i-a.fc innicem habent. Nuncdico quod i pondus ipfius.u.
pofitum fuerit vicinius centro vt puta in.0. inmoto exiftente pondere, 2.quod bra-
chium.i.o.u.afcendet, & & conuer{o, {i remotius pofitum fuerit, defcender.

Ponat ergo vt dicti eft in.o.vicinius cétro, quapropter brachium. i. 0. breui” erit
brachio.i.n.vnde minor proportio erit ipfius.i.0-ad.i.a.quim.i.n.ad eundem.a.i. &
confequenter quam ponderis ipfius.a. (quod fit.n.¢.)ad pondusipfius.u.Quare fi cx
pondere.n.c.dempta fuerit.c.pars eius, ita quodreliqua pars.n.(e habeatad pondus
o.vt fe habet.1.0.ad.i.a. tunc ftatera non mouchbitur ; addita vero parte. e.€xcom=
muni conceptu,a.defcendet vnde.o.afcenderet conuerfum vero ex fimilibus ratio-
nibus per te concludes. ; : p

Inco
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Ineo quod 2 me petis , mittendo te ad Eutotium,tibi non fatisfacerem, cum Eus
totius citet fextum librum Pergei, quem nunquam vidiavus, fupponacg; ea,qua ned
ipfe necalius vnquam quod fcimus probauit .

Defideras enim demonftrationem illius quod Archimedes dicit inter primam
& fecundam propofitionem fecundi libri, vbitratar de ccntris granium, proptes
fea quod illud fupponit pro manifefto. : :

Sit enim figura hic fubfcripta, feré fimilis parabola pofirz ifi. 2! propoficione di
i libri, vt inimpreflione Bafileenifi habetur,fint; divifi dtiza.b.et.b.c.per zqud
lia 2 punctis.x.et.o.protractisg;.fx.et.w.i.ad.b.d.qu inuicem eéiam erune parallele
ex.30.primi Evcli.vide ipfi etiam;diametri erunt ipfarumy portionum: vt ex eo col
ligete eft,quod ifi.4.primi lib. Pergei probatur. Imaginando poftea ad puna.b.
f.er. i.tres contingentes, manifeftum erit puncturn.b.illud effe ‘quod terminas altis T
tudinem huiufinodi portionis,et. f.et.i. terminantia altitudines partialium , e2/§: ‘
cundi ipfius Pergei; eo quod diéke cotitingentes paralelle ertine ipfis bafibus; vide
trianguliinfcripti,eafdem habebunt altititdines,quas portiones ipfee, quod etit’ ex
mente Archimedis. Etficdeinceps poteris multiplicare angulos figura re&ilirica i
in parabola, quz defignata erit vt defidetar Archimedes, qui quidem dicic, qiod
protra&tz cum fuerint alie deiniceps poft.£i. ipfe inuicem ¢quidiftantes eriir, dinife-
que perzqualiaab.d.b. quod quiuis veri fit, tit ab Eutotio non fatis deméftracid 1
eft,cum fupponat.a.f. b.equalem effe ipfi:b.i.c.probare volens cius diametros 2qud
les effe abfque aliqua citata rariane , qua quidemratio effet conucrfim. 4. propofi-
tionislibri de conoidalibus. 'Sed oporteret fios etid videre.s.Librami ipfins Pergeiy
& proptereatibi non fatisfacerem .

Efto igitur' it inuenta fit linea. K. cuits produGumin.u.i.zquale fit quadraito ip
fivs.u.c.inuenta etiam fic lineah. cuivs produ@um cum.f. x.xquale fir quadratoip’
fius.a.x.vnde ex conuerfo. 49. primi ipfius Pergei, propottio ipfius.K.ad.b.c.evie ut !
ipfius.b.ciadib.d.& ipfius.h.ad:a.b.vt ipfius:a.b.ad.b.d. Eritigitar ex.15.fexti Eucl: i
quadratum. b.c. #quale producto ipfius.K.in.b.d.& quadratamt.a.b. zquale produ-

Qo ipfius:hiin.b.d.& ex prirma fexti,ira efivipfius. K.2d.h.ve producti quod firex.K:

in.b.d.ad productumipfius.h. in.b.d.hoc eft vt quadrati ipfias.b: ¢.ad quadratum'ip !
fius.b.a. ex: 16.et.11 .quinti, hoceft vt quadrati ipfius.i.c.ad quadracum i pfius.a.x.

hoc eft ur produum ipfivs.k.in.u.i.ad produum ipfivshiin.x.f, Nunich ipfius.k. .
ad.eft v producti ipfius.K.in.n.i.ad produéurh ipfius.huin. ; X.Crgoex. 24. fexti,
8 communi conceptu, proportio ipfius.k.ad.h.compofita erit ex e2 quar ipfras. u. v
ad.f.x.&exea quz ipfius.k.ad.h. Cum ergo dempta fucrit proportio ipfius. k.ad.h.
(vt fimplex )a proportione ipfius.k.ad.h. (vt compofita) reliquum nihil erit. Qua-
re.t. x.zqualis erit ipfi.u.i. |

Sed quod.f.m.zqualisfit ipfi.n.i. Videto in Entotio , quia hoc fatis fui natura
facile cft.

Sedaccipealium modum breuiorem ad probandum.f.x.effe @qualem ipfi.u.i.
Finge lincam.e. b.g. contingentem in puncto . b. prolungatisque diametris £,
x.ct.u.i.vique ad contingentem ipfam, habebis.f.e.zqualem ipfi.t.x et.g.i.ipli. u. i,
Ex.35.primi Pergei,producta poftea.x.u.habebis ex. 2. fexti Eucli.x. u. parallclam
ipfi-a.c.fed.e.g.parallela cft ipfimet.a.c.ex quinta fecundii pfivs Pergei,quare ex. 30
primi Euclid.c. g. parallela erit ipfi.u.x.& ex.34.ciufdem ®qualis erit.c.x.ipfi. u. g,
vnde.f:x. etiam 2qualis erit.u.i. ex communi conceptu.
Sed ne quid defideres probabo.f.m.zqualem cfle ipfi.m.i. Tam i gitur {cis quod
cum

»
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eum fit.£.x.2qualisipfiu.i vetibi probaui, 8 inicem parallelz ideo. . i. paralicla
eritipfi.x.u. ex.33. primi Euclidis.Vnde ex. 30. eiufdem,parallela erit eriam ipfi.as
c.fed cum.x.u. divifa fitab. d.b. per zqualia,eo quod dinidit.a.c.eodem modo, qug:
ipfi parallela eft ex. >.fexti.Reliquatibi confideranda relinquo . cur vero ambe. f.
x.ct.uii. parallel fint ipfi.b.d.fequitur quod cumex.34.primi vhaquaqs.fm.ct. m.
# &qualis fit medietati ipfius.x.u. eruntinuicetn @quales.

b
b k) y L : -
J - i 1 K
x /S u‘ 2l
& dl ¢

Minime dubitabam tibi non fatisfacere Eutociumin. 3 . propofitione fecundi
1ib.de centris Grauium Archimedis ,cum citet.6. librum d - elementis conicis,ad-
de quod fialiud inipfo.6. libro ab eo citato non effet magis ad propofitum, quim
¢a quzabipfo citata funt,, nihilominusadhuc irrefolutus maneres. -

Confidera igitur eandem ipfam figuram praecedentem ; pro alia verd parabola fi
mili dicte, accipe fecundam figuram ipfius tertia dic propofitionis. Deinde ima
ginabis duo latera.o.x.ct.o.p.diuifa effe per zqualiain punitis.g. et. K. protractisg;
diametris.g.y.et.K.u.qua, vt in precedenti probaui , {unit inuicem @quales, fcire
debes quod fimiles parabolz inuicem aliz non poffunt efle, nifi ez qua diametros
proportionales fisis bafibus habeant,, fimiliterds pofitz, hoceft, ut proportio ipfius
b.d.ad.a.c. fit eadem qua ipfius.o.r.ad.x.p.& quod anguli ad.r.fint zqualesangulis
circa.d. Notentur ergo primum punéta communia ipfius.o.g.cum.y.t.& ipfius.b.x
cum.f.m.chara&eribus.e.ct.n. Nunc igitur {cimus.m. zqualem effe.m.i.cotamd;.fo
i.parallelam effe ipfi.a.c. Idem dico de.y.t.u.criangulig;.x.fn.et.g.y.o. effe fimiles
triangulis.n.m.b.et.w.t.0.quod ita probatur, nam ex.1y .primi Euclid. anguli ad.n.
funt inuicem equales, ex. 29.verd eiufdem anguli.fix. n.et.n.b.m. fimiliter zquales

ita eriam.n.f.x.et.n.m.b. ; i b .

Tdem dico infecunda figura, vnde ex.4.fexti Eucli.proportio.n.f.ad.m.n.erit e2
dem qug.fixad.b.m.& ipfius.n.fad.x.fvtan.mad.m.b.ex. 16.quinti. Quare ex.11.

ciufdem

1
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ciufdem eritvt.a.d.ad.d.b. Idem etiam dico infecunda parabola,, fed ipfiiis..0.2d
o.r.eftvrab.ad. b. d. ex. 6.fexti Eucli. vnde ex.1 1,quinti.n.£ad.£x. erit vi. .y,
ad.y.g. Sedin precedenti iam tibi dixi.a.b.mediam proportionalem efl inter. h.
et.b.d. Sit nunc.z. pro {ecunda parabola, ita ut.h.eft pro prima,vnde.o.x.crit media
roportionalis inter.z.ct.0.r.& ex.11.quinti ita erit.h.ad.a.b.vt.z.ad.x.0.& ex. 22,
K.ad.a.x.ur. z.ad.x.g.& quia x,16. fexti. a.x.media proportionalis eft inter.h.ct.fi
x. cum {upponatur productum.hlin.f.x.2quale effe quadrato. a. x.Idem dico . x. g
mediam ¢fle proportionalem inter.z.cr.g.y.quare ex.1 r.iam di&a,ita erit.a.x. ad.r.
x.vt.y.g.ad.x.0.& ex eadem,ita eric ipfius.f.n.ad.a.b.ut.y. o.2d.x.0.8 fic.£n.ad.d.a.
vt.y-.e.ad.x.r. fed.fm.ad fn.eft v.y.t. ad.y.e.cx.18. quinti vnde.fim.ad.a.d.cric ve
y-t.ad.x.r. Idem dico de eorum duplis. i
Ex ij{dem rationibus dico ita effe.b.d.ad.b.m.vt.0 r.ad.o.t.& ex.1 7-quinti.d.m. 4
ad.b.m.vt.rtadi.o . Reliquatibi confideranda relingquo. 3

4

Inreliquis vero propofitionibus illius lib. nullo pacto poteris dubitare:Verum ne
in. 4. aliquid tibi noui exurgat,, te {cire volo corollarium. zo. inlibr. de quadratu
ra parabole docere poffibile eflc inferi ptionemredtiline,ca tamen conditione qd
dicit Archimedes.

In quinta poftea animaduertendum eft,quod prima pars,probattantummodo de
centro trianguliset. 2. pars probat de centro pentagoni,ateipfo deinde potes pro-
barede centro nohanguli:& fic de cateris: eo quod cum probatum fuerit de centro
figurzin mediolocatz fi conflituta poftea fuerint fimiles figurz in portionibus la- L]
teralibus habebitur propofitum in infinitum.

Idem intelligendum cft in. 3. propofitione quamuis exemplum vlterius non ex- +
tendatur quam ad pentagonos.

Sextavero ppofitio tibi facilis erit,qu nihilominus pot deméftrari hoc mé fili
cet. Sint.q.quatitates.a.b.c.d. ipfius Archimedis {upponédo.a.pro figurare&ilinea
infcripta in parabola,et.b.pro refiduo ipfius parabolg et.c.pro triangulo.2.b.c.inme

dio ipfius parabolg et.d.protriangulo. r. Nunc cum. 2. maior fit.c.prout totum ma- 1
ius cft [ua parte, ideo ex.8.quinti maior proportio habebit.a.ad.b. quam. ¢. ad. b.
Cum autem.b.minor fir.d.ex fuppofito,idco ex eadem dicta,maior proportio habe
bit.a.ad.b.quam.c.ad.d.cum vero cencrum cuiufisis figur plene neceflario fit intra
ipfam figuram, idcirco centrum refidui ipfius parabolg intra ipfam reperierur. quo d
ita clarii p fe eft,quéadmodi quoduis aliud axioma,& quia di¢ti ceneril ex.8.primi
de centris, neceflario eft in linea.b.h.inter.b.et.h. Sit igitur.g.vnde ex cadem.8.ita
erit.g:h.ad.h.e.ve.a.ad.b.ergo.g.h.ad.h.e.maior propottio erit qua.c. ad. d. hoceft
quam.b.h.ad.f.ex.12.quinti. Sed cii.h.b.maior fitipfa.h.g.prout omne rotum ma-
ius eftfua parte, ideo maior proportio habebit.h.b.ad.h.c.quam.h.g. ad.h. e. vnde
maulto maioré qui.h.b.ad.f.ex c6i c6ceptu,quare. h.e.erit minor ipfa.f.ex. 10.quid.
Septima vero et. 8.propofitio nullius tibi erit difficultatis.
Quame
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Quamuis Eutotius feribat fuper duas vitimas lib:fecundi de centris grauid, nihil
miror ipfum tibi non fatisfacere. Accipe igitur quod ego nunc tibi mitto.

Archimedes eoinloco primii fupponit in penultima dicti libri quatuor lineas
proportionales.a.b: c.b: d.b: er. e.b: fupponit etiam quod proportio qua eftipfius.
e. b.ad.e.a.cadé fi qua ipfius.£. gad tres quintasipfiusia.d.& quod proportio com
pofiti dupli ipfius.a.b.cum quadruplo ipfius.b.c.cumfexcuplo ipfius.b.d. cum triplo
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ipfius.b.e.ad compofitum quintupliipfius. a.b.cum decuplo ipfius.c.b.cum decuplo
ipfius.b.d.cum quintuplo ipfius. b.e.eadem fic quipfivs.g.h.ad.a.d. & vult proba-
re.fh.¢fle duas quintas ipfius.a.b.

Cum-autem dicit proportionem ipfius.a.c.ad.c.d-& ipfius.c.d.ad.d.e.effe vt ipfius
a.b.ad.b.c.& cetera, verum dicirex:1 9.quinti Eucli.co quodcum ex hypothefi fic
iplins,a.b-rotalisad,c.b.toralem v ipfius.c.b. partialis [umptze vt parsabfeifa ab.a,
b.pronunc)ad.d.b. partialem (abfcifam ab.c.b.)erit ex. 19.dicta ipfius.a.c.(refidui
ex-a.b.)ad. c. d. (refiduum ex.c.b. )yt ipfius.a.b.ad. c. b. & ita probabitur de pro-
portione ipfivs.c.d.ad.d.c.eadem ratione .

Cum verd ex.18.quinti fitipfivs.a.b.cum.c.b.ad.c.b.vt ipfius.a.d.ad.d.e.crgo ex
22. eiufdemyita crit ipfius.a.b.cum.c.b.ad.d.b.vtr.a.d.ad.d.e.& ex ij{demrationibus
cadem proportio eritipfivs.c.b.cum.d b.ad.b.e.vt.a.d.ad.d.e.quod inquit Archi.
Verum ctiam erit ( ex,13.quinti ) cum dicit eandem proportionem efle ipfius. a. d.
ad. d.c.que dupli primi anteccdentis com fimplo fecund antecedentis ad duplum
primi confequentis cum fimplo fecundi confequentis, hoc eft dupli ipfius.a. b.c. cid
fimplo.c.b.d.ad duplum ipfius.d.b.cum fimplo.c.b.hoc eft dupli.a.b. cumriplo ip-
fivs.b.c.cum fimplo.d.b.ad duplum ipfius.d.b.cuin fimplo.e.b. Nunc duplum.a.b.
cumtriplo.b.c.cum fimplo.b.d. fignatam fit charaétere. D. foum verd conlequens,
hoc eft duplum.d.b.cii fimplo.e.b.fignificetur a charatere.B.hinc proportio ipfius
a.d.ad.d.c.eritve.D, ad.B.

Inquit nunc Archimedes, fi quis fomeret aliquod maius antecedcns zquale fci-
licet duplo ipfius.a.b.cum quadruplo ipfius.b.c.cum quadruplo ipfins.b.d. cum du-
ploipfiys.b.e. compararetd; iliud cum c6fequente. B.claru m ¢ffer ex.8.quinti quod
taleantecedens majorem proportionem habererad.B.quamad. D.hoc ¢ft maiorem
quam ipfius.a.d.ad.d.c.ex.12.quinti.

Nunc fi fi mpta fueritaliqua linea, puta.d.o.cui.a. d.di@ habeat proportionem
maiorem, larum erit ex fecunda parte decimg quinti quod.d.o.minor cric iplad.c.
Corrige igitur impreffionem Bafileglocando charadterem.o.inter.d.et. €. co quod

ibi pofitun non fuit.

Volo nunc quod dictum maius antecedens zquale {cilicet duplo ipfius.a. b. cum 1
quadruplo 1pfius.b.c.cum quadruplo ipfius.b.d.cum duplo ipfius. b. c. fienificerur &
chara&ere.A.Hinc habebimus proportionem ipfius.a.d.ad.d.o.ur. A.ad.B.

Ex.18.quinti poftca habebimus. A.B.ad.B. vt.a.0. ad. d. 0. & proportionalitate
T cuerfa in.1g.di&ita erit. A.B.ad.A.vt.2.0.2d.2.d: Sed hoc vltimum antecedens in ]

fe continer id quod Archimedes fribit,hoc clt d iplum ipfius.a.b. quadropli ipfins

b. c. fexcuplum ipfius. b.d.& triplum ipfius.b.c. Confequens vero,A. continet du

plum ipfius.a.b.quadruplum ipfius.b.c.quadruplum ipfius.b.d.& dnplum ipfius.b.e, |

Ex fuppofito deinde ipfius Archimedis & ¢x conuerfa proportionalitarein., 1g.
dita, verum eftid quod dicit Archimedes, videlicet quod eadem proportio eft

ipfius.a.d.ad.g.h. quod quintupli ipfius.a.b.cum quinteplo ipfius. b.c.cum decuplo 1

ipfius.b.c.cum decuplo ipfivs.b.d.(quod quidemantecedens Ggnificeterper. V. )

ad duplum ipfivs.a b.cum quadruplo ipfius.b.c.cum fexcuplo iptius.b.d. cum wiplo

ipfiss.b.e.hoc cftad. A B

Enitigitur, V.ad. A.B.veipfius, 2. d. ad. g h. fed fuperius vbi fignatnm ef. T.iam
probatum fuit ita cfic. A.B ad-Awveipfius.a.0.ad.a.d. Ergo ex.2 3.quinti Archime

des verum {cribic , hoc eft quod ita eric ipfivs. V. ad. A. vt ipfius.a.0.ad.g.h.

»  Clarum perfe ctiam cft, id quod Archuied.dicichoe eft quod.V.ad. A. eft vt
1 quinque

qultat 330
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quinque ad duo, cum quodliberingredientium in compofito. V.ad quodlibetin-
gredientium in compotito . A. fit vt quinquead duo. Quare ¢x.13. quinti verum
dicit. Vnde.a.0.ad.g.h.erit vequing; ad duo ex. 1 1. eiufdé vt inquit Archimedes.
Corrige imprefiionem vbi {criptum eft, rurfus quoniam.o.a.quia oportet dicere
Rurfus quoniam.o.d.
Archimedes igitur verum dici, quod ipfius..d.ad.d.a.cft vt ipfius.B. ad. A.ex
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conucrfa proportionalitatein. xg. quinti,cum.a.d.ad. d. o. iam probatum fuit (vbi
B.)itaefleur.A.ad.B.
Sed in principio huius fpeculationis probatum jam fuit ita effe ipfius. d.a.ad.d.e.
vtipfius.D.ad. B.vbi notatum eft. M. quare ex.2 3.quinti, Archimedes verum dicit,
" quod.d.o.ad.d.c.eritvt.D.ad.A.
Sed cum.d.o.ad.d.c.fehabeat ut.D.ad. A.erit ex conuerfa proportionalitate jam
A dicta.d.e.ad.d.o.vt.A.ad.D.per euerfam vero erit. d.c.ad.a.o.vt. A. ad fuum refi-
duum.quod refiduum componiturex fimplo.b.c.cum triplo.b.cum duplo.b.o.quod
i te ipfo videre poteris detrahendo numeros ipfarum quantitatum quain. D .
Teperiuntur , ex numeris earundem,quzz in. A. quod quidem refiduum fignificerur
acharactere.E. Vnde ex conuerfa proportionalitate verum dicit Archime. hoc eft
quoditafe habebit.o.e.ad.d.e.vt.E.ad. A.

Cumautem fit.a.b.ad.c.b.ve.c.b.ad.d.b.& ita.d.b.ad.c.b. cx fi ppofito, ideo ex
17. quinti verum dicit Archim.hoc eft quod ita erit ipfius.d.e.ad.e.b.vt.a.c.ad.c.b.
& vt.c.dad.d.b.& ex.1 3. ciufdem eadem proportioerit tripli ipfius.c.d. ad triplum
ipfius.d.b, qua dupli ipfius.d.e.ad duplum ipfius.e.b.vt inquit Archi.

Ex qua.1 3. compofitum ex.a.c.cumtriplo ipfius.c.d.cum duplo ipfius. d. e. ean-
dem proportionem habebit ad compofiti ipfius.c.b.cum triplo ipfi®.d.b.cum duplo
ipfius.e.b.quam ipfius.d.c.ad.e. b. Sed horum compofitorum primum fignificerur ]
per.H.fecundum vero fignificatum fuit per. E. vnde.H, ad.E.fe habebitvt.d. e. ad
e.b.fed.E.ad. A.iam dictum cft effe vt.o.c.ad.d.c.vbi fignatumeft. . quare ex. 23 .
quinti eadem proportio erit ipfius.o.e.ad.c.b.qua.H.ad. A. vtipfe inquit.

X Ex.j8.poftea ciufdem ita erit.0.b.ad.e.b.vt.H.A.ad.A.

Notandum etiam eft quod fi colle@z fuerint omnes partes compofiti. H. A. hoc
eft duplum.a.b.cum duplo.b e.cum quadruplo.b.c.cum quadruplo.b.d.cum fimplo
a.c.cum triplo.c.d.cum duplo.d.e.habebitur triplum.a.b.triplum.b.d.& fexcuplum !
b.c.vtipfedixit. Quodautem hocverum fir > cum diftinéte fuerint omncs parees
vt in fubfcriptis his lincis videre cft, videbis quod fi ex.H.detracta fuerit fimplex.a,
c.qua quidem poftea iunéta vni ex partibus quadrupli.b.c.ipfivs. A.refultabic nobis 1
vnaintegra. a.b. Vnde habebimus triplum ipfius. a.b.& in. A. remancbittriplum 1p
fius.c.b. Deinde fi ex.H.auferatur triplum ipfius.c.d.& ipfum addatur tribus paru-
bus quadrupli.b.d. ipfius. A. habebimus tres vices.b.c qua fi iungantur tribus, qua
yemancbant in. A. vt dixi, habebimus fexcuplum ipfius.b.c. & in. A.remancbic fim .
p lum.b.d. cum duplo ipfius. b. e.- Vnde ficx. H. demprum fuerit duplum ipfivs. d.
€. quod quidem jungatur cum duplo ipfius. b.¢.habebimus duplum ipfivs.b.d.quod
coniunétum cum fimplo.b.d.quod in. A. reliétum fuerat , habebimus triplum ipfius

d-b. Verum igitur eft quod inquit Archimedes, hoc eft,quod. H. A. eft triplum ip-
fius.a. b.fexcuplum ipfius.b.c.& triplum i plius.b.d.

Verum etiam dicit ex eo(ve fiapra probatum cft )quod:a.c: c.d: et.d.e. fehabebit 1
in continua proportionalitate, quare ex conuerfa proportionalitate erunt fibi inui-
€em continuz proportionalcs.

Nungautem cum,a.c: c.d.ct. d.e.fint continuze proportionalesin ea proportione
in qua fanta.b: c.b: d.b: et.e.b.vein principio diximus, erit ex.22.quinti.a.c. ad. d.
e-vt.a.b.ad,d.b.& fic etiam.c.b.ad.e.b. Vndeex. 24.eivfdem.a.d.ad.d.c.ericve. a.
b.cum.b.e.ad.d.b.& yt. c.b.cum.b.d.ad.e.b.& cx. 13.dictive.a,b. cum.b.e.bis
fumpto, & cum.b.d,ad.e.b.Quare ex conuerfa proportionalitate, vt fe haber. e. d.
ad.d.a.ita (e habebir.e.b.cii.d,b.ad d b.cii.b.c.duplicato & cai. b.a. vt inquit Archi
medes, Nunc antecedens vocetur.M.hoc ¢ft. b.c. cum.d.b.confequens verd, hoc
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eft.d.b.cum duplo.b.c.cum fimplo.b.a.vocetur. N.
Animaducrtendum tamen eft quod impreflio mendofa eft ubi dicit.
vnaqueque.c.b: b.d. & cztera,
proptereaquod dicendum eft ita
“viaquedgs.e.b:b.d.
Nuncex.18.quinti, quemadmodum fe habet.a.e.ad.d.a.ita fe habebit.M.N.ad.N.
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Vbiautem {criptum eft "
ad verunque fimul'b.d: d-a.cum dupla.b.c.

dicendum eft ira,

ad veranque fimul.b.d.b.a.cum dupla.b.c.

Inquit deinde Archi.quod ficut fe haber.e.a.ad.d.a.ita {e habebit duplum.M.N.
ad'duplum.N: Quod quidem verum eft ex.1 3.quini, huiufmodi vero antecedens
& confequens, Archi.manifeftat ex fuis partibus, fumendo duplum.e.b.cum duplo
b.d.pro duplo.M. & duplum.b.d.cum duplo.a.b.cum quadruplo.b.c.pro duplo.N.
qug fimul iuncta 2quantur duplo, e.b.cum duplo.a. b. cum quadruplo.b.d.cum qua-
druplo.b.c.ex quo 2quabuntur. A. vocentur igitur hac omnia.A. potius quam du-
plum ipfius.M.N. ; :

Verum etiam {cribit,vbi dicit,quod proportio.e.a.ad tres quintas ipfius.a. d. erit
vt. A.adtres quintas dupli. N.ex.22. quinti. Sed cum exfuppofioita {e habeat.f.
g.adtres quintasipfius.a.d.quemadmodum.b.c.ad.c.a. erit ex. 16 . quinti verum ¢
dicit Archimed. hoceft, itafe habere. b. e.ad.fg.vt-e.a.ad tres quintas ipfing.a.d.

Etper. 11. eiufdem verum etiam erit quod ficut fe habet.e.b.ad.f.g. ita fe habe-
bit.A.ad tres quintas dupli. N. quod quidem duplum. N.fignificetur pec . Q.

Sed fuperiusiam demonftratum fuir (vbi.X.) quod.o.b.ad.b.e.itafe habebatve
H.A.ad. A.& niic demum probatum fuit ta effe. A.ad tres quintasipfius.Q.ve.e.b.
y ad.fg.Quare ex.2 2.quinti ita erit. H, A.ad tres quineas ipfius. Q.vt.0. b. ad. £. g . v

ideminguit.” © )

Sed. H.A.ad.Q. ( vt exfuis partibus videre cft) ita fe habet vt tres ad duo ex.13+
quinti, vt inquit Archimedes. \ ;

Ipfeetiam dicit proportionem. H.A.ad tres quintas ipfins. Q. efle vt quinque
adduo. Pro cuiusrei cuidentia imaginemur tam.H. A.quam.Q_ dinifa per quings

partes zquales, vnde ex.16.quinti habebimus quamlibet quintam parté ipfins. Q.

zqualé effe duabus tertijs vniufcuinfque quintz partis.H. A. vodetres quintz ipfius

Q. erunt, ex communi conceptu,, fex tertiz vnius quintz ipfius. H. A. hoceft duz

quint.ipfius:H. A. Quare.o.b.ita & habebirad.f.g. vt quinque ad duo ex commu

ni cdceptu,cum.o. b.ad.f.g-probatum fuerit fe habere ve.H. A. ad tres quintas ipfius
Q. (vbi.Y.) fed iam probatum fuit ( vbi.e. ) quod. 0.a.ad.h.g. eratetiam vt
quinquead duo, hoc eft quod.£.h.erit duz quintg ipfius.a. b. Quod cft propofituin.

»
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Invltima verd propofitione fecundi lib. de ponderibus Archi. hoc modo intelli
gendyseft,ve ﬂ_gics.rq{l;» SN ¢ T
Sit paraboles.a.cuius afis fit.a.c.fits.d.e. reta parallela dic bafi.a.c. diametergs
b.f. .
Inquit deinde quod linca continggﬁ'sir_x.b. parallela efitipfi.2.c.et.e.d. quod proba
bimushocmodo. = T 7

Cum.b.f. diameter fit et.a.c.bafis, clarum erit ex definitione quod.b.fdividet. 2. c.
per 2qualiain.g. Vnde ex.7.vel eriamex.46. primi Pergei. d,e.dinifa erit per xqua
lia 2 diametroib.£. Quare verum dicitex quinea fecundripfius- Pergei hoc eft quod
dica contingensin punéto.b parallcla eritambobus.a.c.et.e.d.

Inquit poftea quod diuifa cum faerit pars diantetri qug intér.d.e.et.a.c.pofitacft
(hoc eft.g.fy perquinque partes @quales, quard partium media fir.h.k.diuift ecfam 1
imaginarione fit in punco.i. ita quod proportio ipfius.h.i.ad.i.K. cadem fic que in-
ter duofolidatquorum vnom(illud fcilicer 2 quorelatio incipit, hoccft antccedens)

R pro fua bafi tenear quadrarum ipfius.a.£.cuius etiam folidi altitudo compofira fit ex -
duplo ipfius. d. g.cum fimplo. a, . Aliud vero folidum habeat pro fua bafi quadra- 1
tum iplivs.dig.esus Vero aliitudo compofita fir exduplo ipfius.a.f.cum {implod.g.

Inquitnunc Archi.quod cumita factum fuerit,oftender punctum. 1. centrum efle
portionisabfciffg a tota fe@tione,quodfiuftd mominat fignatii characteribus.a.d.e.c. |

Sitigitur nunc.m.n.inquit, 2qualis 'dinmctro.b.Eet.n.o.:eqnalis.b.g.ﬁtq;,x.n.me
dia proportionalisinter.n.m.et.n.o.et,t.n.in continua proportionalitate poft.o.n.
hoc eft quod'ea proportio qua cftipfios.o.nad.mr.eadem fic ipfius.x.n.ad.n.oHinc ]
habebimus. 4. lineasin continua proportionalitate {ibi inuicem coniunctas.m. n: X. 4
n:o.n.et.t.n. : . )

A Vultetiam quodalinea.i.b.incipiens ab.izverfus.g.alia linea ab{ciffa fit , cut li-
nea,ita proportionata fi.£h.vt.t.m.eft ad.t.n.quae quidem linea fignata fic.i.r. )

Dicit poftea quod diamerer.b. £, erit fortafle axis velaliqua reliquarum diame- :
trorum , quod quidemin. 46. primi Pergei videre eft, cum omnes diametri fincin-
uicem paralleliipfi axi.

Cumpoftea dicics quod.a.fiet. d.g. funt intente ductzque, ibi vult idem infer- 1
re,quod Pergeus vocat ordinate, vtex. 11.er.49 .primi ipfius Pergei videre li-
cet, vnde ex.2o.ciufdem proportio.b.fiad.b.g.crit v quadrati. a. f.ad quadratum J
ipfius.d.g.vtipfe dicit. ;

8

Sed ita erit quadrati.m.n.ad quadratii.x.n.ex. 18.fexti Eucli.Quare ex.11.quin-
ti quadrasum igfius.m.n.ad quadracunrip(ius.n.x. candem habebic proportionem,
quam quadratum ipfivs. a.f.ad quadratum ipfius.d.g. Vndeex. 18. & excommuni
{ciétia,eadem proportio erit ipfius.m.n.ad.n.x.qug ipfius.a.f-ad.d.g.yt inqui Arch. |

Quaptopter proportio cubi ipfius.m.n.ad cubum ipfius.n.x-erit vi-cubi ipfius, 2.
f.ad cubum ipfius.d.g.vt etiam dicit ex communi {cientia,nec non ex. 36.vndecimi.

Inquit poftea quod proportio totius fectionis.a.b.c.ad portionem.d.b. . cadem
eft qua cubiipfius:a:t.ad cubum ipfius.d.g.quod verunteft,ve alias tibi monfraui in
diuifione parabolx fecundum aliquam propofitam proportionem.

Quando autem dicit quod proportio cubi ipfius.m.n.ad cubum ipfius.n.x.cadem
eft quz ipfius.m.n.ad.n.t. verum dicit ex. 36. vndecimi. Vndeex. 1. quintiita fe
habebit toralis fcétio.a.b.c.ad portionem.d.b.c.vt.m.n.ad.n.t.8 ex.17. ciufdemita
eritipfivs.m.t.ad.t.n.ve frufti.a.d.e.c.ad fectionem.d.b. e. quemadmodum ipfe di-
cit. Sed quiafuperius,vbi.A.ipfa.fh.(quz cft tres quintz ipfius.f.g-)ad.i.r.irarcla-

ta fuic

-
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ta fuie vt,m,t.ad,t.n. idcirco ex. 1 1. quinti ita erigipfius frufti.a ¢, adfeGionem.d.b.
e. vetres quineg ipfius.f.g.ad.i.r.

Inquit deinde quod proportio corporisiam fupradicti , quod pro fua bafi habeat
quadratpm ipfius.a.falticudinem vero compofitamex duplo ipl;j:xs.d.g.cum fimplo
a.f.ad cubum ipfius.a.f.cadem erit qua dupliipfius.d.g.cum fimplo.a.f.ad.a.£Quod
quidem verum ¢t ex. 3 3. vadecimi & ex prima fexti, 5

Sed fuperius( ybi, «.) iam probauimus eandem proportio nem effe inter.m.n.&
n.x. qua inter.a.f.et.d.g.ideo ex conuerfa propostionalitate ita erit ipfius.x.n,ad.n.
m. yeipfivs. d. g. ad, 3, f.fed dupli.x,n.ad fimplum.x.n.cft vt dupli.d.g.ad.d.g.Qua
reex.2 2. quinti dupli,x.n.ad.m.n,erir vt dypli.d,g,ad.a.£.& ex.18.cinfdem ira eric
dupli.x.n.cum fimplo.m.n.ad.m.n.vt dupli, d.g, cum fimplo.a.fad.a.f: Quare folidi
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4 iam di@iad cubumipfius.a.fex. 11. quinti erit vt duplix.n.cfifimplo.m.n.ad.m.n.
Superius autem vbi. 2. demonftratum fuit ita cffe ipfius.m.n.ad.n.t.vt cubi.m.n.
adcubum. x.n. &inter. «.et. & probatum fuitita effe cubi.a.f.ad cubum. d. g. vt
cubi.m.n.ad cubum. x. n. Vade ex. 11. quinti.m.n.ad.n.t.erit vecubi.a. f. ad cubum
dg.
%)icit poftea quod eadem proportio erit inter cubum. d. g. & corpus illud quod
pro bafi habear quadratum ipfius.d.g. altitudinem vero vt diétum cft, qua cft inter
d.g. & compofitum ex duplo.a.f.cum fimplo. d. g. quod compofitum eft altitudo di
&a,& verii dicit ex ratione fuperius allegata pro reliquo corpore & cubo ipfius.a.f.
Quare etiam quemadmodum. t.n. fe habet ad duplum ipfius.o. n.cum fimplo.t.n.
exijfdemrationibus fupradictis, vbiloquuti fumus de.x.n.cum.m.n.

Difponantur niic omnia tali ordine , ita vt. u. primum fit corpus quod pro fua ba
fi habeat quadratum ipfius.a.f.&c.

Et.y. fit cubus ipfius.a. f.et.s. fit cubus ipfius.d.g.et. z.fit corpus quod bafim ha-
bet quadratum Ipfius.d.g.altitudinem vero ve fupradium eft,et. p. fit compofitum
dupli.n.x.cum fimplo.m.n.et. 1. fit compofitum dupli ipfius.n. o. cum fimplo. . n.
Sed.u.locara fit & regione.p.ct.y.& regione.m. n.et.s. regione.n.t.et.z. ¢ regione.l.
& habebimus proportionem ipfius.u.ad.y. vt.y.ad.m.n.& ipfius.y.ad.s. vt.m. n. ad.
n.t. quod fuperius iam demonttratum fuit, vbi,d. et.s.ad.z. ita fe habebic vt.n.t.ad.
L. vt vltimo probatum fuit. Quareex.z2. quintiitafehabebit.u.ad. z. vt. p.ad. 1.
quemadmodum dicit Archi.

Et quia vt {e habet.u.ad.z.ita fadta fuit.h.i.ad.i. K.vbi.R.ideo ex.1 1. quintive fe
habet. h.i.ad. i.K. ita {e habebit.p.ad. L. ve ipfe dicit : Et ex.18. quinti ita erit. h. K.
ad.K.i. vt.p.l.ad.l. & ex communi conceptu.g.f.fe habebit ad. h. K. vt quintuplum
ipfius.p. Lad.p.l: & ex.22.ciufdemita fe habebit.f. g.ad.i.k.vt quintuplum ipfius.p.
L.ad.L. quintuplum autem ipfius.p. 1 .compofitum eft ex quintuplo ipfius. n. m. cum
decuplo ipfius:n.x.cum quintuplo ipfius.n.t. cum decuplo ipfius. n. 0. vt & te facile
computare potes.

'V erum etiam erit ex communi fcientia quod.g.f. ad. fk.eft ut quintuplum ipfius
p-l.ad duplum ipfius.p.l.co quod fuperius fuppofitum fuit.h.K.efle quinta mediam,
vnde. k. £. relinquebatur pro duabus quintis inferioribus, duplum autem.p. L. com-
pofitum cft ex duplo ipfius.m.n.cum duplo ipfius.n.t.cam quadruploipfius. n. x. &.
cum quadruplo ipfius. x.0.

Ex conuerfz proportionalitate deinde ita fe habet,i.K.ad.i.k.ad.f.g.vt.l.ad quin-
tuplum ipfius.p.l.ct.k.f. ad.f.g. vt duplum ipfius.p.l.ad quintuplum ipfius.p. 1. Vnde
ex.34.quinti.i.f.fe habebitad.f.g.vt dupli ipfius. p.L. cum fimplo. 1. ad quincuplum
ipfius. p.l. Deinde ex conuerfaproportionalitate quintuplum ipfius.p.L. e habebit
ad dL:Plum ipfias.p.l.cum fimplo.L.vt.f.g.ad. £. i. Sed compofitum dupli ipfivs. p. I
cum fimplo. L.zquale eft duplo ipfius.m.n.cum quadruplo ipfius.x.n. cum {excuplo
ipfius.o.n.cum triplo ipfius.n.t.vt per te computare potes.

Superius enim fumpta fuit.i.r.ad quam ita fc haberet. f. h. hoc eft tres quintz ip-
fius.f.g.vt.m.t.ad.t.n.Quare ex conuerfa proportionalitate ita fe habebit.i.r.ad tres
quintas ipfius.f.g.vt.t.n.ad.t.m. Et quia.o.n.fumpta fuit 2qualisipfi.b.g.ct.m. n.ipfi
b. f.ideo.m.o.ex communi {cientia zqualis erit ipfi.g.f. Vnde proportio.r.i.adtres
quintas ipfius. m.o.erit ve.n.t.ad.t.m.vtinquit Archi.

Sed vbi. . iam probauimus ita fe habere.i.f.ad.f.g. vt duplum ipfi®.p, L.cum fim-
plo.L{e habet ad quintuplum ipfius.p.Lhoc eft.i.f.ad.m.o.vt duplum ipfius.p.l.cum
timplo.l.ad quinguplum ipfius.p.L.

Habemus
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- Habemus ifgitur nuncomnésillas conditiones quas Archimedes in pracedenti
propofitione {upponit. Vnde ex rationibus ibi allegatis fequitur.fr.cffe duas quin-
tas ipfius.m.n. hoc eftipfius.f. b. Quapropter punSum.r.centrum erit ponderisto-
tius fectionis parabolz ex.8. fecundi lib.de ponderibus eiufdem Archimedis.
Inquitnunc Archimedes,quod exiftente. q. centro ponderis ipfius parabole. d;
b.e. partialis, centrum frufti erit in linea re&ta. q.r. f. ita remotum a centro. r. quod
Eroportio‘q.r.ad partem illam ipfius.r.f.qua reperitur inter centrum. r. & centrum
uius frufti zqualis eft proportioni totius parabolzad partialem. Quod quidem ve
rum cft ex.8.primi libri eiufdem. i
Inquit etiam pun&um..i.illud effe;eo quod cum probatum fit.f. r. duas quintas ef=
feipfius.f.b.idco.bur.tres quintas crit ipfius.b.£. ve ipfe dicit.
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Sed.q.bi fimiliterres quinte eft ipfiusidib.ex.8.prardica. Quare.q.r.tres quiritz
erit ipfiis.f.g. ex. 19. quinti. F i 1
Dicamusigitar Hoc modo cum. fib.totur ad totum.b. r.ita fe habeat vt abfcifs
fum.b.g.ad abfciffum.q.biex.7.et.8. dicti primilibri civfdem ideo refiduum.£g.ex
£b.adrefiduumig.ex.bietie vt torum.£b.ad.cotum.r.bies. 19.quinti Eucli,
Sediatfiibs &, probauifmisita (ehabere fruftum.a.d.e.c.ad parabolam.d.b e v
g:t.ad.e.n.ed it ad anicaalfumpea fuit(vbi.A.).iv.ad quam ficfe haberee. £
hihoc eft tres quine@ipfius £ g.hoc eftq.r.quare ex.1 1. quidtl -prop ortio frufti. 2.
d.e.c.ad parabolam partialem erit vt.q.r.ad..i. Exiftente igitur.r. centro totius p#
rébolie et cénro partialisiergo diceriteum erie frufti propoficis L i

Sed fi nullofolido in(medeme,volmimuscemmmi.ﬁuﬁ.a.c'citiusinucnl;'c}v 3
inueniemus primo centrum.r.totius figurz ex.8.fecundi ciufdem conftituendo.b.r.
tres quintas totius axis.b.f.8 centrum,q.parabolz.d.b.c.partialis fimiliter.

Nunc igitur manifeftum ‘eft nobis,eandem proportionem fore ipfius.q.re
ad. 1. i. que frufti. a. . ad portionem. d. b. ¢. ex. 8. didta. Vnde ex coniunéta pro-
portionalitatc ita fe habebit.q:i.ad.i.r.vt.a.b.c.ad.d.b.c. fed vt.a.b.c.ad.d.b.e.itafe
habet. m.n.ad.n.t.co quod vnaquaque harum duarum proportionum fefquialtera
eft proportioni.f.b.adi. g-coquod.f.b.ad.b.g. ita fchabet.vt. m. n. ad. o. n. quare 4
m.n.ad.t.nitafe habebit vt.gi.ad.r.i.vnde difiun@im.m.t.ad.t.n. ita fe habebit ve
q.t.ad.r.i. Tungatur igitur.r.1.qua quidem.r.i.ita fe habeat ad.r.q.vet.noad. t. m.ve

“habeaturcentrumfiafti.” )
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DEFENSIO NOSTRA CONTRA ANTONIVM
Bergam, & Alexandrum Piccolhomineum..

ufiri Domino Horatio Muto.

& a0 Nrer eaqueolim contra Antonium Bergam ,fermone Ttalico feripfi;

| hoc vnum erat, quod ipfe Berganon viderat quendam riotatu dignumt

f| errorem ipfius Pi ccolhominei, vbiipfe Alexander arguit .qucndaryl ax;—i :
thorem in tractatu de magnitudine terr &aquz pag:37- linea. 26.ita di <

,» Cens,&eritmaioraqua. i




