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Figure 1.1: Illustration of an equal-armed balance, both in equilibrium and in a deflected position. From Piccolomini (1565).

1.1 On this book

Since ancient times, scales have symbolized justice and equilibrium. Balance and equilibrium in this wider sense are fundamental to the human condition, but what about the real, physical balance and its equilibrium? This book is not concerned with the balance between humanity and its natural environment, or with an equilibrium of power or of the human mind, but rather a seemingly innocent question concerning the real balance: the question of whether a balance in equilibrium, after having been deflected from its normal horizontal position, remains in its deflected position, returns to its original position, or tilts to the vertical. This question is of no immediate practical relevance – although it may affect the reliability of a balance – and is certainly not of fundamental significance to the human condition. Nevertheless, it captured the attention of philosophers, scholars, engineers, and scientists for almost two millennia, from Greek antiquity to the sixteenth century when this question became central among scholars and the subject of what we call here the equilibrium controversy. However, a conclusive answer was not found until the firm establishment of classical physics, and even then there were still aspects that provoked controversial discussions.

But why should anyone be interested in such a seemingly trivial and irrelevant issue? One can hardly avoid the impression that scientific investigations – and historical scholarship in particular – dedicated to such issues are inconsequential and detached from human endeavors. Today, of course, science is surely not removed from the human condition, but is actually critical for human survival. But this science is concerned with the grand challenges of humanity such as deciphering and interpreting the human genome, solving the energy problem, or overcoming the climate crisis. On closer inspection, however, all such pursuits are rooted in scientific knowledge that originated in intellectual concerns as remote from immediate practical applicability as the equilibrium controversy. There would be no scientific understanding of energy without the pivotal role once played by the balance and its equilibrium in understanding this concept.

The question of whether or not an equilibrated balance, deflected from its standard position, would return to the horizontal position, appears to be a typical textbook problem. In real life, most balances do return to their original position, so clearly we must be talking about an idealized balance that can be visualized, for instance, by an immaterial beam, suspended at its center, with two equal weights attached to its ends. Or we may imagine the more complex case in which the beam is extended, has itself weight, and is suspended above or below its center. All such cases can be solved with the techniques of classical mechanics, for instance, by introducing the concept of center of gravity, by conceiving of one arm of a deflected balance as an angular or bent lever, and by using the concept of torque in order to establish the effects that the forces exerted by the weights have in different positions along the balance.

Why then was it so difficult to resolve this question? Can a few simple experiments not settle the issue? The answer to such elementary questions about the progress of physics can only be found if we take into account the role that the historical development of fundamental concepts such as force, weight, center of gravity, and torque have played for the understanding of seemingly simple physical problems, such as those that formed part of the equilibrium controversy. The nature of the historical evolution of mechanical knowledge, as the subject of an historical epistemology, can only be understood if one realizes that this evolution is not a linear process, but rather involves extensive restructurations of knowledge accompanied by concept development in the sciences that deal with this knowledge.

The fundamental concepts of mechanics have a very long history. They have roots in antiquity and were – or so it seemed – definitively clarified in the classical physics of the eighteenth and nineteenth centuries. But then it turned out that in the course of the relativity and quantum revolutions of the early twentieth century, even such apparently basic concepts were subject to further profound modifications. Against the background of these conceptual revisions, even a simple problem such as that of the bent lever, for instance, could in fact once again become a challenging issue, although it had apparently been firmly established in the course of the equilibrium controversy of the sixteenth century. A genuine understanding of the bent lever in relativity could not simply be accomplished with the help of the classical concepts of force and torque, but actually necessitated a reconceptualization of the relation between energy and momentum from a relativistic perspective.[1]

Nevertheless, concepts with roots in antiquity such as force, weight, center of gravity, and torque continue to serve as important points of reference, even for modern physics. How did these concepts emerge? Did they perhaps result from the establishment of a definitive scientific method, which is often associated with the Scientific Revolution, an era in which the equilibrium controversy culminated and classical mechanics emerged? But why then did these concepts undergo further changes in the subsequent revolutions of physics? The present book aims to contribute to the understanding of the fundamental role of concept development for science by focusing on one particular example, by providing some relevant historical contexts, and by highlighting the specific role that scientific controversies and challenging objects played in this development.

Classical mechanics is often considered to be the most pure, abstract, and rational of the physical sciences.[2] It is hence natural to assume that its historical development must also have been essentially a history of linear progress, or at least of the steady accumulation of knowledge. This may have suffered interruptions and aberrations, but it nevertheless tended to reach clear conceptual foundations based on the consideration of idealized objects such as the balance described above. One aspect that will become particularly evident in this book is the role historical contingencies played for conceptual development at the heart of mechanics. There is, first of all, the contingency of those aspects of the material culture that become the object of scientific enquiry. These could include the balance, the pendulum, an elixir, or even the shadow of a gnomon. Then there is the contingency of the social and cultural conditions under which knowledge is recorded, transmitted, and appropriated, including the losses and transmutations occurring in such processes. Here we will show that such losses and transmutations not only acted as disturbances in an otherwise linear progress toward clarity, but that they also determined, to a large extent, the very nature of concept development in mechanics. Naturally, there is also the contingency inherent in the very processes of knowledge generation as knowledge itself is characterized by a complex cognitive architecture that gives rise to unpredictable twists in its development, as is familiar from other aspects of cultural evolution. And finally, there is the contingency that itself becomes the object of scientific reflection, for instance, in the form of the question of which material processes can be studied with scientific rigor and which must be excluded from the realm of mechanics because they are not subject to precise mathematical laws.

No doubt, science is a deeply human affair, historical down to its very core concepts. Perhaps there is no need for further study to illustrate that nothing that is human is alien to science. But is not the question of how the specific features that distinguish science from other social activities still a challenging intellectual problem? In particular, how can science ensure the long-term proliferation of knowledge while undergoing, at the same time, profound conceptual transformations as we have indicated? What role is played by the material culture underlying science as a social activity, and what significance does the long-term transmission of theoretical traditions have, and how is concept formation affected by different social and cultural contexts? In order to answer such questions, we propose that it makes sense to imitate science itself, that is, to start not necessarily from what are perhaps the most interesting, complex, and advanced forms of the phenomenon to be studied, but rather to take a simple but characteristic model case, such as the concept development taking place in the context of the equilibrium controversy.

Finally, a personal note: When Peter Damerow and I began to work on this book some three years ago, questions such as these were pertinent, but did not present the primary goal of our enterprise. Our principal aim was rather to make available to a wider public an important new source on the history of mechanics, a source that illuminates a critical phase of the equilibrium controversy: the handwritten marginal commentaries by one important early modern author on the book of another contemporary author. Our intention was to reserve theoretical issues of historical epistemology such as the questions listed above for a comprehensive study of the evolution of mechanical knowledge. It was only in the course of our efforts to understand the pre-history and contexts of the sources that the equilibrium controversy presented itself as a perfect illustration of some of the theoretical insights into the nature of the evolution of the knowledge under consideration.

This book began as an edition of new historical sources, but was transformed over time into a case study of the long-term history of mechanical knowledge. Yet, in accordance with the scope of the series, the sources remain at center stage, while the theoretical passages take more the form of commentaries and excursions than of systematic studies. Wherever feasible and useful, we have included quotations both in the original language and in English translation. We furthermore extensively used, as in the other volumes of this series, the digital library of the ECHO initiative, which makes many of the relevant historical materials freely accessible on the Web. We also included hitherto unpublished results of earlier work, pursued in the context of the research project Mental Models in the History of Mechanics at the Max Planck Institute for the History of Science.

As in other joint projects, Peter and I worked closely on every sentence until the book was almost finished. Even when Peter's struggle with his illness became ever more hopeless, he continued to work with the greatest intensity on this project. He carefully economized his last resources to be able to make final revisions and improvements. I have never known anyone so dedicated, so serene and cooperative, and so ingenious, even in the face of death. His mind and heart were stronger than any bodily weakness. He literally worked on this joint project until his very last moment and it hurts to think how much he would have liked to see it completed. It is therefore with the greatest respect for my friend and co-author that I have tried to implement the final amendments as far as possible and rush in making this, his last work, available in the open-access series that Peter initiated.

This would not have been possible without the continuing support of several colleagues. I am therefore particularly grateful to Lindy Divarci who looked after this project from the beginning, to Beatrice Gabriel who kept encouraging us and carefully copy-edited the final version, to Urs Schoepflin who helped to track down many of the sources, to Sabine Bertram for her help with the ink analysis, as well as to the development team, including Jörg Kantel and Kai Surendorf, for realizing the online version. Some of the transcriptions and translations have been corroborated by Eleonora Renn, Volkmar Schüller, and Stefan Trzeciok. We are particularly grateful to Antonio Becchi, Carlo Maccagni, and Pietro Daniel Omodeo for their extensive help with checking transcriptions and translations and for acting as critical and helpful submitters and reviewers, to Gideon Freudenthal for important suggestions on some of the theoretical passages, to Alexander S. Blum for his help in presenting the physics, and to Jochen Büttner, Peter McLaughlin, Matthias Schemmel, and Matteo Valleriani for many discussions in the framework of our joint research on the history of mechanics. Discussions with Horst Bredekamp always provided a strong motivation to see the project to its end. We would also like to thank Martin Frank, Enrico Gamba, and Pier Daniele Napolitani for many productive discussions of this material and for their collaboration in the context of the project Archimede nel Rinascimento: Laboratorio Urbino 1500. Parts of this work were written during a stay of one of us (J. Renn) at the Einstein Papers Project at the California Institute of Technology in Pasadena. We especially acknowledge the constant support of Rivka Feldhay and Paolo Galluzzi as members of the Scientific Advisory Board of the Max Planck Institute for the History of Science, and also the support received by the German Israeli Foundation (GIF) in the framework of the Project From Knowledge and Faith to Science and Religion: The Jesuit Way to Modernity. And finally we gladly acknowledge the stimulating context that the Collaborative Research Center Transformations of Antiquity under the direction of Hartmut Böhme and the project TOPOI – The Formation and Transformation of Space and Knowledge in Ancient Civilizations have provided for this work.



Jürgen Renn, December 2011

1.2 A first glimpse at a new document

In 2006 the library of the Max Planck Institute for the History of Science acquired a copy of the first edition of Giovanni Battista Benedetti's[3] Diversarum speculationum mathematicarum et physicarum liber.[4] The book was purchased from an American bookseller who had acquired it at auction somewhere in Europe.[5]

Benedetti's book comprises six treatises: on arithmetical theorems,[6] on perspective,[7] on mechanics,[8] on certain opinions of Aristotle[9] (in particular concerning his theory of motion),[10] on the fifth book of Euclid's[11] Elements,[12] and on physical and mathematical problems dealt with in letter form.[13] The mathematical part concerns arithmetical principles, proving them geometrically; it also includes a discussion of perspective. The mechanical part contains a critique of sections of the Aristotelian Mechanical Problems[14] and also investigates issues of hydrostatics.

While Benedetti's book is itself an important source for understanding the struggles of early modern engineer-scientists with the ancient heritage of mechanical knowledge due to Aristotle, Archimedes[15] and others, this specific copy is of special value since it contains handwritten marginal notes by the leading expert on mechanics of the generation before Galileo,[16] Guidobaldo del Monte,[17] himself the author of the most influential Renaissance text on mechanics, the Mechanicorum liber.[18]

Part 3 of this book presents facsimile images of those chapters of Benedetti's work that contain the handwritten marginal notes by Guidobaldo del Monte. Similar marginal notes by Guidobaldo have been identified by Martin Frank in a copy of the first printed edition of a work by Jordanus de Nemore,[19] the Liber de ponderibus[20] edited by Petrus Apianus;[21] these notes are reproduced in Part 2. With two exceptions the notes in Benedetti's book were written in the margins of the chapter on mechanics, covering 26 of the 428 pages of the whole book. The two remaining notes are added to two letters contained in a later part of the book. The second of these letters again deals with mechanics. This shows clearly that Guidobaldo was interested mainly in Benedetti's theory of mechanics. The contents of the notes indicate a strong criticism of Benedetti's theory, which is evidently related to objections raised by Guidobaldo also against Jordanus' work.

This criticism in Guidobaldo's notes concerns the central question of the equilibrium controversy: Does an equilibrated balance, if deflected into an oblique position of its beam, spontaneously return to the horizontal or does it remain in the deflected position? It will be shown, however, that this controversy only scratched the surface of a deeper-going conceptual crisis, indicated by the introduction – based on medieval sources – of a new, but ambiguous concept, the concept of positional heaviness. This crisis of the conceptual foundations of mechanics helped establish fundamental insights on which Galileo eventually built his theory of mechanics, as well as his theory of motion. More precisely, they concern the various controversial attempts to replace the ancient concepts of force and heaviness in the context of the causal interpretation of motion by modified concepts which were used to address the more complex technical experiences of the early modern period. We will show that the controversial opinions of Guidobaldo and Benedetti – as reflected in Guidobaldo's marginal notes on Benedetti's systematic treatment of the concepts of force and heaviness – concern core issues dealing with the problem of reorganizing the conceptual framework of ancient mechanics. In particular, Galileo's theory of motion along inclined planes, as well as many other of his characteristic themes, such as the motion of a pendulum, projectile motion, the motion of fall, and even his Copernicanism, were, as we shall argue, directly or indirectly related to this equilibrium controversy. In fact, Galileo's new science of motion would probably not have developed as it did without the insights he gained from Benedetti, or rather, from the conflictual encounter between Benedetti's and Guidobaldo's perspectives on mechanics.

The conceptual and historical background of the controversy will be extensively presented and analyzed in Part 1 of this volume. It will be shown that the equilibrium controversy was part of a long-term development which can only be understood against the background of the multi-layered architecture of human knowledge. In the case of mechanical knowledge, this architecture comprises first basic intuitive insights gained from everyday experience of the behavior of material bodies. Second, this knowledge architecture comprises the knowledge of practitioners who use, elaborate, and improve mechanical devices, thus extending the general intuitive mechanical knowledge by developing specific professional skills. Third, it comprises scholarly expertise represented by written manuals, innovative constructions, and scientific theories. Moreover, a profound analysis of the long-term development, from antiquity to the early modern period, of the basic concepts of mechanics involved in this controversy requires the exploration of the mechanisms of the synchronic and diachronic transmission of knowledge with regard to the different layers of its architecture. In the case of mechanics, an exploration of this kind reveals substantial differences between these layers regarding the conditions and the outcome of the knowledge transfer. While the basic intuitive mechanical knowledge depends on general environmental challenges and is thus widely available, practical knowledge requires transmission using historically created and reproduced mechanical instruments and devices. In turn, theoretical knowledge requires the transmission of external representations and the reflective reconstruction of their meaning by stable scholarly communities, which are thus often fragile due to contingent social conditions.

The analysis of the equilibrium controversy offers an opportunity to study the interaction of various components of mechanical knowledge, such as the Archimedean theory of the center of gravity and Aristotelian dynamics, and to investigate the consequences of the incomplete transmission of this knowledge through various transmission paths, from antiquity to the Arabic and Latin Middle Ages, and finally to the early modern period.[22]

1.3 Scientific controversies and challenging objects

Scientific controversies are ubiquitous; the field that is sometimes called rational mechanics is no exception. A famous example is the so-called vis viva controversy which arose toward the end of the seventeenth century and was concerned with the question of which agent produces certain mechanical effects and which physical magnitude is conserved in mechanical interactions. This debate eventually helped to arrive at the insight that there are conservation laws for both energy and momentum. But what exactly is a scientific controversy?[23] At first glance, it may seem that a scientific controversy does not distinguish itself substantially from any other controversy, for instance, in politics or in religion. On closer inspection, however, the very existence of scientific controversies may seem a puzzling but perhaps irrelevant fact. If science essentially concerns the pursuit of truth, based on solid facts and guided by logical principles, then scientific controversies should arise only in unfortunate circumstances or when errors and misunderstandings occur. Ultimately, one if not all of the positions defended in the controversy would then be simply erroneous. In other words, scientific controversies may seem to reflect only the human aspect of science and its function as a social activity, undertaken by beings that do not always follow rational procedures. In this understanding, controversies in science are simply an accident of rationality, or even an indication that the alleged rationality of science does not exist at all and that science can be better understood without even making reference to it.

In view of the fact that controversies in science are so common and so closely related to its conceptual development, it seems, however, more plausible to assume that they are not simply a social or psychological phenomenon, but rather constitute an essential epistemic element of science and a medium of its historically developing rationality. A scientific controversy is understood here, using a definition proposed by Gideon Freudenthal, as a persistent antagonistic disagreement concerning a substantial scientific issue that cannot be resolved by the standard means available to science in the given period. In such a situation, the participants of the controversy attempt to defend their positions by showing that their understanding agrees with widely accepted explanations, that it allows them to explain certain challenging problems that may be objects of the controversy and to extend their interpretation to novel situations, hence broadening the empirical range of their approach. On the other hand, they attempt to show that their adversaries fail on some or all of these accounts. In reality, we may also encounter controversies that are not marked by an ongoing exchange between two antagonistic positions, but rather by a chain of criticisms among different protagonists or by a complex interaction involving different partners, issues and arguments. Nevertheless, the essential features emphasized in the following apply to these cases as well.

Scientific controversies are often triggered by challenging objects.[24] These are artifacts or other parts of the material culture that confront existing theoretical frameworks with explanatory tasks that cannot be accomplished with the available conceptual means, thus triggering their further development and ultimately their transformation. They typically embody other forms of knowledge, for instance, the practical knowledge of artisans to invent, produce, or make use of such objects. The development of the theoretical knowledge of mechanics in the early modern period can to a large extent be accounted for by the increasing attention scholars and engineer-scientists of the period paid to new objects of study which they investigated by means of the extant conceptual frameworks. These objects and phenomena had their origin predominantly in the rapidly developing technology of the day such as the pendulum and the flywheel used in machine technology or the projectile trajectory relevant to artillery. The practical experience gathered in the application of these objects in a technological context became one of the points of departure for related theoretical considerations. Before the onset of the experimental method, these objects were a key source of empirical knowledge which accounts for one aspect of their fundamental role in the conceptual reorganization of mechanical knowledge in the sixteenth and seventeenth centuries. Thus, Galileo's new science of motion, for instance, can be conceived as resulting from a struggle with the challenges represented by the pendulum and the motion of a projectile, both addressed on the basis of attempts to understand another challenging object, the inclined plane.

Challenging objects served as shared knowledge resources.[25] In combination with the theoretical frameworks employed in their investigation, these objects largely determined the possible theoretical questions and answers. Focusing on such objects thus allows for an understanding of congruent theoretical developments – so characteristic for the period – which can hardly be accounted for by oral and textual transmission alone. Another stimulus for the development of the theoretical knowledge of mechanics is the fact that the theoretical accounts given for these challenging objects often sought to mirror and account for the complex relations of these objects in their technological context to other mechanical objects and phenomena of interest, and in particular to the so-called simple machines. In many cases this led to the integration of previously disparate mechanical knowledge. This evidently represents an important mechanism for the unification of mechanical knowledge. A key example that will be discussed below is Galileo's identification of the inclined plane with a bent lever and his attempt to explain the former in terms of the latter.

Scientific controversies are possible because they refer to the shared knowledge of its participants and they presuppose a common structuring of this knowledge by shared conceptual systems. They arise because the discussants adopt different interpretations of the same framework and draw different conclusions from it. For example, it may turn out that the same phenomenon can be conceived in two alternative manners. This may happen even within a single conceptual system, but is all the more likely as the relevant shared knowledge typically involves diverse conceptual systems or alternative options for choosing foundational concepts that may then serve as starting points for conceptualizing the given phenomenon. In any case, in the course of the exploration of the shared knowledge, partial differences of meaning may arise. The fact that these differences are only partial allows a meaningful exchange over the course of the controversy, while the very existence of these differences makes the controversy itself unavoidable.

Typically, scientific controversies are not resolved by victory, but rather by a further development and subsequent transformation into a new conceptual framework in which the original question often changes or even loses its meaning. Thus, the original issue of the vis viva controversy concerned two alternative proposals for the causal agent of certain effects, as well as the question of what physical magnitude is conserved. Eventually this alternative gave way to the understanding that there are actually two distinct magnitudes, momentum and energy, which are effective and conserved in physical interactions. But even when no party prevails, one of the opposing positions may have a greater impact on the emergence of a novel conceptual system. In any case, both antagonistic positions can be recognized, in hindsight, as alternative interpretations of the same underlying conceptual basis. This is precisely the hallmark of a more developed conceptual framework, that it allows a reconstruction of the previous positions, while it cannot be expressed itself in terms of the previous framework.

From this epistemological perspective, a number of typical features may be recognized that characterize a scientific controversy, such as the multiplication of examples in one's favor, attempts to reconstruct the adversary's position from one's own perspective, but also the unavoidable occurrence of misunderstandings, and a shift toward a more reflective stance, following the lineage of the premises of the argument defended. All of these moves effectively constitute a further exploration of the limits of the conceptual framework available to the historical actors. This conceptual framework is in fact never given from the outset in its entirety, that is, in all of its potential conclusions and applications, but actually only unfolds with the unfolding of the real scientific practice in which it is embedded. Conceptual development in this sense is hence the development of the shared knowledge of the community of practitioners, and their controversies are one essential form in which this development takes place. Its effectiveness may therefore depend on the specific historical conditions, be they material, social, or intellectual, favoring or impeding the possibility of controversies. As a result, some controversies may be resolved, in the sense outlined above, in a very short time, while others, such as the one treated here, may extend over centuries.

1.4 The physical background of the equilibrium controversy

The first balances were constructed in the grand early civilizations of antiquity, in Babylonia, in Egypt, and in China. They are attested since about the third millennium BCE. The introduction of balances was associated with the establishment of a quantified concept of weight. The balance also attained a symbolic significance from very early on, but its functioning did not become the subject of any written accounts before Greek antiquity. In fourth-century Greece, balances with unequal arms were invented, an invention which opened up the possibility of equilibrating different weights on one side of a balance with a single weight in different positions on the other side. This invention eventually gave rise to the formulation of the law of the lever as we find it in the works of Aristotle, Archimedes, Heron, and others. In modern terms, the law of the lever can be expressed as the equality of the product of weight and lever arm at each side of a balance in equilibrium. The invention of the balance with unequal arms also gave rise to the insight that the effect of a weight may depend on its position, the central subject of this book.

Numerous studies have been dedicated to the balance in practically all times and cultures, in particular, in the Arabic and Latin Middle Ages, as well as in the early modern period. The understanding of the balance became, more than that of any other instrument, the paradigm of mechanical knowledge, the core of a science of weights. For more than two millennia the balance served as a generator or touch stone for physical concepts, from the law of the lever to the principle of the conservation of energy. How could this happen? Here we deal not with the fascinating history of the balance as a key model of physical science, but focus rather on a specific aspect of this history which is related to the positional effect of a weight placed on a balance.

A balance with equal arms and equal weights is in equilibrium. We normally imagine such a balance in its default position, its arms aligned along the horizontal, perhaps with the two equal weights placed in two scale pans, appended to the beam of the balance at equal distances from its suspension point. But what happens when the balance is deflected from this horizontal position? The following study will show that historically the default expectation was – and is probably the case even today – that it returns to this position, which indeed happens for most balances in practical use. If we are taught by a modern physicist that this question can be answered, due to classical physics, within a theory of mechanics that is based on a network of causes involving concepts such as center of gravity, torque, bent lever, the position of the fulcrum, and friction, we are, of course, willing to concede that the equilibrated balance may not be as simple a physical device as it initially appeared. We may also learn that an ideal balance does not actually return to the horizontal position, but that it will rather stay in whatever position it is brought, thus illustrating the concept of an indifferent equilibrium.

Apparently, more sophisticated knowledge is required to answer even the seemingly simple question of whether a deflected balance will return to its original position. But from where did this sophisticated knowledge come? Modern physical theories such as theoretical mechanics no longer carry with them easily recognizable traces of the origin of their concepts. Physicists tend to assume that the correct answer to a problem such as that of the deflected balance must have ultimately emerged from careful experiments, the results of which were integrated into a proper theoretical framework. Without such a framework, even the most sophisticated experimental explorations will in fact yield nothing but an accumulation of data on single cases without a basis for generalization.

But how could such a theoretical framework emerge when observations concerning even the most elementary case of a deflected balance remained inconclusive, as they apparently did for more than two millennia? The question of whether or not an equilibrated balance would return to its horizontal default position or remain indifferent in whatever position it is brought was not in fact settled before the early modern period when it became the explicit subject of a controversy between Guidobaldo del Monte and other protagonists of preclassical mechanics,[26] in particular Benedetti.

There is, of course, the possibility that the knowledge necessary to decide this equilibrium controversy developed from sources other than the study of balances, as it certainly did to some extent. Without confronting other challenging objects such as the so-called simple machines, the lever, the wheel and axle, the pulley, the inclined plane, the wedge, and the screw, theoretical mechanics would not have evolved as it did. From its beginning in Greek antiquity, the aim of mechanics was to explain the communality of a set of mechanical devices and, in particular, of how they made it possible to achieve a large effect with a small force. Nevertheless, in much of the history of mechanics up to the early modern period, it was the balance that kept its paradigmatic role in forming and exploring basic concepts such as equilibrium and the positional effect of a weight. A study of the history of the equilibrium controversy, culminating in the confrontation between Guidobaldo and Benedetti, therefore also offers the opportunity to analyze this pivotal role of the balance more closely.

An ideal balance with equal arms and equal weights, that is, a balance with a weightless beam suspended from its center of mass in a homogeneous gravitational field, will indeed be in an indifferent equilibrium. When it is brought into any position compatible with its mechanical constraints, it will stay there. The weights at the end of the beam of the balance exert forces on the beam. Together with the arms at each side of the beam these forces form a torque, also called moment or moment of force, causing a tendency to rotate the balance. In the case of the ideal balance described above the torques are equal, which explains the equilibrium of the balance from a modern point of view.
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Figure 1.2: The torque of a weight attached to one side of a balance is given by the product of the arm and the effective component of the force acting perpendicularly to it, or, which is equivalent, by the product of the force and its effective lever arm, which is the component of the real lever arm perpendicular to the force.

The torque is given, more specifically, by the product of the arm and the effective component of the force acting perpendicularly to it. Alternatively, the torque can be expressed as the product of the force and its effective lever arm, which is the component of the real lever arm perpendicular to the force (see figure 1.2).[27] While the equivalence of both definitions is immediately clear if the algebraic notation of modern physics is used, it needs a more sophisticated argument to prove it purely geometrically using the mathematics of the time of preclassical mechanics.

If the balance is in a horizontal position, the torque at one side is simply the product of the weight and the balance arm at that side. If the balance is in an oblique position, the torque can be found by projecting the arm of the balance on the horizontal and multiplying the length of this projection, that is, the effective lever arm, with the weight. In modern understanding, the torque is actually a vector product, a concept not established before the nineteenth century. The requirement that the torques are equal for a balance in equilibrium can be conceived of as a generalization of the law of the lever. This generalization is applicable not only to balances with unequal arms, but also to balances with arms that are not aligned or, in other words, to the so-called bent lever. If one arm of a balance is aligned with the horizontal, while the other arms is bent at an angle, it is again the projection of the bent arm on the horizontal that acts as the effective lever arm. This way of determining the effective lever arm by a projection on the horizontal was emphasized – as we will see below – by Benedetti and opposed by Guidobaldo.

The concept of torque is not the only modern concept to explain the equilibrium of a balance or the behavior of a bent lever. They can also be analyzed with the help of the concept of mechanical work. This concept is more generally applicable to physical systems than the concept of torque and, in a sense, even more intricate as a glance at its definition in classical physics makes clear. In general, the work performed by a force on a body along a trajectory is given by the line integral of the scalar tangential component of the force along the trajectory. Generally, the force is changing along the path, as it does in the case of a balance arm moving from the horizontal into an oblique position. The line integral of the changing force is given by the infinite sum of infinitely small displacements on the trajectory multiplied with the forces acting in these infinitesimal displacements. The changing force may have arbitrary directions, but according to the definition of mechanical work only the component of the force acting along the path of the displacement or, which is the same, the component of the path traversed along the direction of the force has to be taken into account. In modern terminology, this is the time integral of the scalar product of the force vector and the velocity vector along the trajectory, in contrast to the vector product of the lever arm and the force relevant to the consideration of the torque. Thus, the concept of work is even more demanding than the concept of torque because it involves the infinitesimal calculus so that the historical actors considered here, living before its introduction in the age of Newton[28] and Leibniz,[29] had no chance to fully master this concept.
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Figure 1.3: In the specific case of a balance in a homogeneous field of gravitation the mechanical work of a weight attached to one of its arms is given by the product of the constant gravitational force and the vertical component of its displacement.

Only in the most simple cases can mechanical work be thought of as the product of a force and the distance over which it acts. In particular, the work performed by the force of gravity does not depend on the path taken by a body. The vertical component of the force of gravity can be considered as practically constant and the varying horizontal component requires no force and thus has no influence on the mechanical work of the motion along the trajectory. Therefore, the work can be determined in this specific case by just considering the vertical distance traversed, for instance, by a weight on a balance beam (see figure 1.3). The equilibrium of a mechanical constellation can then be characterized by the demand that the total work performed by a displacement of the entire constellation in agreement with the mechanical constraints is zero. Now the work performed by one weight is simply given by the product of the vertical component of its displacement by the force of weight. In the case of a balance with unequal arms, the vertical components of the displacements of the two weights are proportional to the lengths of the arms of the balance. Hence the total work performed by a displacement, for instance, by bringing the balance from the horizontal into some oblique position, is zero if the products of weight and length of the arm are equal on both sides. Then the work performed by lifting the weight on one side of the balance will be equal to the work gained by lowering the weight on the other side of the balance. In this way, the inverse proportionality of weights and arms follows, as stated by the law of the lever.

This way of determining mechanical equilibrium can be also illustrated by the case of an inclined plane: Let a weight be placed on the inclined plane and connected via a weightless rope through a wheel at the top to another weight hanging down on the other side, moveable along the vertical such that when the weight along the plane is moved upwards, the other weight is moving perpendicularly downward. In equilibrium, the total work performed by the system must be zero. For the weight moving along the vertical, the work performed is simply the product of the weight and the total displacement which happens to be along the vertical. For the weight moving along the inclined plane, the work performed is the product of the weight with the vertical component of the displacement along the plane. Given the connection through the rope, the total displacement along the plane must be the same as the total displacement of the weight moving along the vertical. In the case of equilibrium, the product of the weight along the vertical with the total displacement must be the same as the product of the vertical component of the displacement along the plane with the weight on the plane. But this vertical component is to the total displacement as is the height of the plane to its length. It hence follows that the product of the weight in the vertical and the length of the plane must be the same as the product of the weight on the plane and the height of the plane, or in other words, the weight along the vertical is to the weight on the plane as is the length of the plane to its height. This is the famous law of the inclined plane, as it was first stated by Jordanus. Remarkably, his proof also works with the consideration of vertical displacements which is why it has often been associated with the principle of work (see figure 3.13).

Such associations are in fact merely the product of anachronistic projections. They suppose an essentially teleological development of the history of scientific concepts in which earlier concepts are merely embryonic forms of the mature ones. A closer look at the equilibrium controversy makes it evident that such a perspective is of little help in understanding the nature of the historical process. None of the protagonists of this controversy strove for the introduction of novel physical concepts such as torque or work. They were actually merely concerned with a better understanding of the concept of weight and of the way a weight acts under given mechanical circumstances. They also did not attempt to differentiate between those physical aspects captured by the modern concepts of torque and work. While the modern concept of work indeed covers all mechanical devices, the concept of torque only applies to cases in which a lever arm is involved. Also, while the torque refers to the way a force acts at a particular point in space and time, the concept of work, being represented by an integral, refers to the action of a force along a certain path.

The participants in the controversy attempted instead to find a universal way in which the effectiveness of a weight varying with the mechanical circumstances could be described so as to be applicable to all mechanical devices. The concept of positional heaviness, introduced by Jordanus in the thirteenth century, represents such an attempt. One key aspect of the controversy was, as we shall extensively discuss in the following, the question of whether positional heaviness is to be measured by the projection of the lever arm on the horizontal (as the torque) or by the vertical component of a displacement of the weight on the lever arm (as the work). From a modern perspective this alternative makes little sense as it refers, as we have seen, to two distinct physical concepts that cannot always be applied to the same situations. How hopeless the attempt was to capture both aspects by a single, modified concept of weight becomes clear if one considers that the modern concept of torque refers to a point, while the concept of work refers to a displacement. Nevertheless, the equilibrium controversy contributed significantly to preparing the ground for the emergence of the later conceptual distinctions of classical physics, in particular, with the ambiguities and paradoxes that surfaced as it unfolded.

One of these paradoxes was the perplexing difficulty in establishing a stable answer to the simple question of whether an ideal balance deflected from its horizontal default position would return to it or not. By referring, as we did above, to an ideal balance we have actually introduced tacit premises, in particular, that the lines of force are parallel and that the gravitational force remains the same even when the balance is displaced from its default position. In short, we have neglected the cosmological context of the balance, the fact that the weights carried by its beam tend to fall not along parallel lines, but along lines meeting at the center of the earth and that the force of gravitational attraction may vary with distance. Clearly, the effects introduced when these circumstances are taken into account must be vanishingly small and practically irrelevant. They can, however, not be as easily dismissed as for instance the role of friction as they directly pertain to the understanding of the very concept of weight at the center of the analysis of the balance. Moreover, the cosmological context of a physical problem like that of the equilibrium of the balance was particularly important to the debates of the early modern period where such problems were inevitably related to larger issues of the physical world view. In fact, Aristotelian natural philosophy was the dominant conception of nature at the universities and, beginning with the Council of Trent, had been embraced as the official world view of the Church. It is therefore not surprising that, in this period, the cosmological dimension played a critical role for the equilibrium controversy.
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Figure 1.4: A diagram from Benedetti's book representing a balance AB supported at O in a cosmological context where U is the center of the earth. The weights in A and B have a tendency to fall toward U. The lines OT and OE drawn from the point of suspension are perpendicular to the lines AU and BU connecting the weights with the center of the earth.

It is not difficult to reconsider the question of the behavior of an equilibrated balance in a context in which the lines of force connect the weights to the center of the earth and in which the forces themselves may vary with the distance from that center (see figure 1.4). How does such a cosmological balance behave from the perspective of later classical physics? The torque of one of the weights placed at the end of the beam is given by the projection of the respective balance arm onto a line that now plays the role that the horizontal had played in the ordinary balance. This line is obtained by drawing, from the point of suspension, a perpendicular onto the line connecting the weight with the center of the earth. Similarly, the torque of the weight on the other side of the balance can again be determined by constructing a perpendicular onto the line connecting this weight with the center of the earth. It now turns out that the ratio between the two lines measuring the torques at the two sides of the balance is the inverse of the ratio of the two lines connecting the weights to the center of the earth, if it is assumed that the gravitational force does not change with distance. As a consequence, the torque on the side of the balance which has descended is larger than the torque on the side which has been raised so that the cosmological balance would neither stay indifferent nor return to the default position, but rather align itself along the vertical. This was also the conclusion that Benedetti reached and to which Guidobaldo violently objected. If it is furthermore assumed that the gravitational force does vary with distance, becoming weaker as the distance increases (as in reality), the effect that the balance turns into the vertical is even strengthened. Under the given circumstances, the only way to obtain an indifferent equilibrium is to assume that the gravitational attraction behaves the other way around, becoming stronger as the distance increases, as if it were a rubber band by which bodies are confined to their center of attraction.

Guidobaldo, the most influential writer on mechanics of the sixteenth century, was proud to have reconciled the Archimedean theory of equilibrium, based on the concept of center of gravity, with the Aristotelian understanding of weight as tending to the center of the world. This reconciliation was embodied by what was evidently, in his view, the greatest discovery he had made: the insight that both an ideal balance and also what we have called a cosmological balance remain in indifferent equilibrium. His adversary Benedetti claimed that, while such an indifferent equilibrium holds under terrestrial circumstances, it is impossible for a cosmological balance. He thus challenged Guidobaldo's grand synthesis. While Benedetti's conclusion is in accordance with later classical physics, the controversy could hardly be settled definitively with the arguments available at the time. It was the equilibrium controversy more than its resolution that spurred the further development of physics.[30]

1.5 Editorial remarks

Latin and Italian texts are transcribed using orthographic normalization, that is, punctuation, accents, and capital letters have been revised according to standard Latin and Italian. As a rule, abbreviations and symbols have been expanded or resolved. Arabic names are romanized. Translations are adapted from standard references, when available, and modified whenever necessary. All further translations, unless otherwise indicated, are by the authors.[31]

Some of Guidobaldo's marginal notes to Benedetti's text were deleted and are now unreadable. Some notes have been cut off by a bookbinder. Such passages have been amended as far as possible.

The considerable number of deleted passages raised the question of whether it would be possible to read the text underneath the deletions by applying special analytical methods and also whether the deletions have been performed by the same author who wrote the notes. In order to answer these questions the composition of the ink has been examined by means of an X-ray fluorescence analysis (XRF), performed at the Federal Institute for Materials Research and Testing in Berlin.[32] The result of the preliminary analysis is that the deletions were made in the same ink and hence most probably by Guidobaldo himself and that the text underneath cannot be rendered legible by a non-destructive analysis.

The copy of DelMonte (1577), reproduced in the first volume of the present series, (Renn and Damerow, 2010), is itself a testimony to the equilibrium controversy. Passages relevant to the controversy have been underlined using an iron gall ink from the period but distinct from that used by Guidobaldo himself in his marginal notes to Benedetti's work. The composition of the ink has also been analyzed by means of an X-ray fluorescence analysis, performed at the Federal Institute for Materials Research and Testing in Berlin (see figure 1.5).


[image: Figure 1.5: X-ray fluorescence analysis of the ink used in underlinings found in a copy of Guidobaldo's mechanics. The underlinings were written with an iron gall ink from the period. They concentrate on the foundational aspects of Guidobaldo's approach, his comments on Aristotle, and the critique of his adversaries.]


Figure 1.5: X-ray fluorescence analysis of the ink used in underlinings found in a copy of Guidobaldo's mechanics. The underlinings were written with an iron gall ink from the period. They concentrate on the foundational aspects of Guidobaldo's approach, his comments on Aristotle, and the critique of his adversaries.
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				2 The Authors and their Critic

2.1 The author Jordanus de Nemore

Jordanus de Nemore, or Jordanus Nemorarius as he is called in some manuscripts, was the author of several treatises completed before 1260. Nothing specific is known about his personal life. The historical period and the range of his scholarly activities are only circumscribed by the inclusion of his works in the Biblionomia, a catalog of the library of Richard de Fournival, the chancellor of the Amiens Cathedral,[1] compiled between 1246 and 1260.[2]


Codex 43 of this catalog lists several works attributed to Jordanus:

	Philotegni or De triangulis,



	De ratione ponderum,



	De ponderum proportione, and



	De quadratura circuli.





Codex 45 lists:

	Practica or Algorismus,



	Practica de minutiis, and



	Experimenta super algebra.





Codex 47 refers to:

	Arithmetica.





Codex 48 lists:

	De numeris datis,



	Quedam experimenta super progressione numerorum, and



	Liber de proportionibus.





Codex 59 refers to:

	Suppletiones plane spere.






Many more later manuscripts are attributed to Jordanus, but this may have been due to the close association of his name with the subjects he established in the Latin tradition, in particular also the science of weights. It is therefore often difficult to assess which works he actually authored, which works he adopted himself from an earlier tradition and just commented upon, which works were partly authored by him but then extended by later commentaries, and which works were simply ascribed to him because of his role as an authority in a particular field.

Jordanus thus emerges as one of the most important mathematicians of the Middle Ages. His extant mathematical writings deal with geometry, algebra, and arithmetics. His work clearly draws both on ancient and on Arabic sources, as is the case for his contributions to mechanics. He thus represents for the mathematical sciences, in a sense, a parallel figure to his contemporary Albertus Magnus,[3] who established Aristotelianism as a frame of reference for theological and philosophical discourse, benefitting from the Arabic-Latin translation movement of the preceding century.[4] More specifically, Jordanus flourished in a period in which Latin Europe was about to establish its own institutional and intellectual structures for absorbing the rich knowledge inherited from the Arabic world. By bringing subjects such as the science of weights, known to him through the Arabic tradition, into a more rigorous, Euclidean form, he elevated them to the scientific standards of the emerging scholastics, a transformation that did not take place without leaving traces on the contents with which it was concerned.[5] Here we claim, in particular, that the concept of positional heaviness which Jordanus introduced in order to distinguish between a weight and its positional effect was exactly such a trace of the framework of emerging scholastics (see page 60).

The starting point of Jordanus' work on mechanics was probably the Liber karastonis, ascribed to Thābit Ibn Qurra[6] in a translation that may go back to Gerard of Cremona,[7] as well as the Liber de canonio,[8] probably a Latin translation of a text going back to a Greek source. Both texts deal with the balancing of the steelyard and take into account the fact that a balance has a material beam which itself possesses weight. The Liber karastonis provides a proof of the law of the lever from an Aristotelian foundation and the Liber de canonio focuses on the material beam. Taken together, they constituted the challenge of constructing a sophisticated theory of the balance on an Aristotelian foundation in a Euclidean form, in other words, just the kind of challenge that Jordanus also addressed in his other works.

Three major groups of manuscripts on the science of weights attributed to Jordanus can be distinguished.[9] The Elementa super demonstrationem ponderum contain seven postulates and nine propositions together with extensive proofs. They also contain a reference to one of Jordanus' mathematical works. The Elementa are often found in medieval manuscripts together with the Liber de canonio. They may thus be considered as providing a theoretical foundation, anchored in an Aristotelian framework, for the treatment of the material beam in the Liber de canonio.

The Liber de ponderibus begins with precisely the same postulates and propositions, albeit their wording is partly different.[10] Furthermore the postulates are preceded by a prologue, explicitly introducing the term gravitas secundum situm, i.e. positional heaviness; at the end four additional propositions are appended, which stem from the Liber de canonio. This treatise, however, does not contain the extended proofs of the Elementa but instead, in the various forms in which it is extant, two types of explanatory commentaries to the propositions, one short in a scholastic style, one longer involving mathematical arguments as well.

Finally, the Liber de ratione ponderis is a much longer treatise divided into four parts containing ten, twelve, six and seventeen propositions respectively. The text begins with seven postulates that are similar to those of the other two treatises. The first postulate adds reference to the “virtus,” i.e. “force” of tending downward and resisting motion. The last postulate explains the horizontal equilibrium position of the beam in terms of angles with the vertical. Also, most of the propositions of the first part are similar to those of the other treatises, with a reference to upward motion omitted in the first proposition, a reference to unequal weights added in the second proposition, with proposition 3 of the De ratione ponderis taking the place of proposition 4 of the Elementa and vice versa, proposition 5 remaining identical, with proposition 6 of the De ratione ponderis taking the place of proposition 8 of the Elementa, and with proposition 7 of the De ratione ponderis taking the place of proposition 9 of the Elementa. Propositions 6 and 7 of the Elementa, dealing with the bent lever in a way that is problematic from a modern perspective, however, are replaced by the “correct” proposition 8 of the De ratione ponderis. Propositions 9 and 10 of the De ratione ponderis deal with the descent of a weight along a rectilinear path and with the inclined plane. Part 2 of the De ratione ponderis treats the material beam, Part 3 further cases of the bent lever, while Part 4 adresses various subjects of motion.

As mentioned above, Jordanus' work became known in the sixteenth century through printed editions of his Liber de ponderibus by Petrus Apianus[11] and of the De ratione ponderis by Tartaglia.[12] The latter comprises the two kinds of commentaries mentioned above, the longer one obviously based on knowledge of other manuscripts by Jordanus as well.

The present volume deals mainly with Apianus' edition of the Liber de ponderibus, that is, the edition annotated by the marginalia of Guidobaldo. In manuscripts of the Liber de ponderibus, but not in the Apianus edition, the text concludes with the formula:



Explicit tractatus de ponderibus magistri Jordanis.





Here ends the treatise on weights of Master Jordanus.[13]



The authorship of Jordanus de Nemore is nevertheless controversial, even for the postulates and the theorems. Some manuscripts ascribe the postulates and the first nine theorems not to Jordanus but to Euclid. Indeed, the final sentence of the second comment to the ninth theorem of the Apianus edition reads:



Hic explicit secundum aliquos liber Euclidis de ponderibus.





Here ends, according to some, Euclid's book on weights.[14]



Since in medieval manuscript traditions, propositions, proofs, and ascriptions of authorship led a life of their own, rather independently from each other, there is little one can conclude with certainty from these circumstances.[15]

The postulates and the first nine theorems in fact form a rather closely knit deductive system centered on the notion of positional heaviness that could have hardly arisen without some explicit technical proofs in the first place.[16] For this reason, we will treat the core theory of the various treatises, the Elementa, the Liber de ponderibus, and the De ratione ponderis as the work of Jordanus. We have to leave open, in particular, whether the prologue of the Liber de ponderibus with its apparent or real echoes of the Aristotelian Mechanical Problems, or the substantial improvements found in the De ratione ponderis are the accomplishment of Jordanus himself or of a later commentator. For most of our arguments it is sufficient to associate them with the paradigm he created.

2.2 The author Giovanni Battista Benedetti

Giovanni Battista Benedetti was born in Venice on August 14, 1530 and died on January 20, 1590 in Turin.[17] He belonged to a patrician family and was educated in philosophy, music, and mathematics by his father, who, according to Gaurico, was a Spaniard interested in philosophy and the natural sciences.[18] At the age of 23 Benedetti published his first scientific treatise, the Resolutio omnium Euclidis problematum,[19] offering the solution to geometrical problems using a compass with a fixed opening. The work reacted to a challenge that emerged from a controversy between Niccolò Tartaglia[20] and Ludovico Ferrari[21] in the years 1546–1548. The letter of dedication, addressed to Gabriel de Guzman, a Spanish priest, contains some autobiographical remarks by Benedetti. According to these remarks he did not receive any formal education, nor did he have a master. However, he acknowledged that Tartaglia had introduced him to the first four books of Euclid's Elements, probably between 1546 and 1548.[22] Tartaglia may also have familiarized the young Benedetti with the problems of mechanics as he had treated them in his own book, Quesiti, et inventioni diverse of 1546.[23] Benedetti later also became acquainted with the edition of a work by Jordanus that Tartaglia had prepared and that contained an analysis of the bent lever by the principle that Benedetti was using in his own work to determine the positional heaviness of a body.[24]

According to an epigraph preserved in Turin, Benedetti had a daughter who died in childbirth in 1554 at the age of 26. In the same year he published another work, the Demonstratio proportionum motuum localium.[25] Here he developed a theory of the motion of fall, first proposed in the dedicatory letter of the Resolutio of 1553.[26] According to this theory, bodies of the same material fall through a given medium with the same speed and not with speeds in proportion to their weights, as Aristotle had claimed. Benedetti thus tried to overcome the fallacies of the Aristotelian theory of fall by employing the Archimedean concept of buoyancy, assuming that the motion of fall depends on the specific rather than the absolute weight. The use of Archimedean notions to correct Aristotle's physics was probably stimulated by Tartaglia's Italian translation of the first book of Archimedes' treatise on bodies in water in 1543.[27] Benedetti's challenge to Aristotle apparently raised considerable discussion. In his Demonstratio he discussed Aristotle's views at length and responded to his critics. In the second edition of the Demonstratio, also published in Venice in 1554,[28] Benedetti argued that the resistance incurred by a falling body in a medium depends not on its volume, but on its surface area. This is also the view that Benedetti presented in Diversarum speculationum mathematicarum et physicarum liber, published in Turin in 1585 and issued again under slightly different titles in Venice in 1586 and in 1599.[29] He explained the acceleration of the motion of fall in terms of an increasing impetus of the falling body. Such examples show how he dealt with new challenging problems, which were difficult and sometimes impossible to treat using the mainstream theories of his time, by bringing forth and promoting new ideas.
In spite of Benedetti's efforts to secure priority for his ideas by repeated publication, they were plagiarized by Jean Taisnier[30] in 1562 and spread without recognition of his authorship.[31]

In 1558 Benedetti joined the court of Ottavio Farnese, the Duke of Parma,[32] as “lettore di filosofia e matematica.”[33] There, he performed astronomical observations and built sundials whose construction he later described in his own book on the subject in 1574.[34] In two letters to Cipriano da Rore, choirmaster at the Court of Parma, Benedetti explained the musical consonance and dissonance of two tones by the ratio of oscillations of waves of air generated by the strings of musical instruments. He claimed that the frequency of two strings of equal tension must have an inverse ratio to the lengths of the strings, and thus proposed to mathematically describe the degree of consonance or dissonance of two tones. These letters were only published much later in Benedetti's comprehensive Diversarum speculationum mathematicarum et physicarum liber. In January 1567 Benedetti left Parma with a letter of recommendation from the Duke.

In the same year Benedetti was invited by the Duke of Savoy, Emanuele Filiberto,[35] to the Court in Turin.[36] The Duke, after the invasion and devastation of his territory by French and Spanish troops, was engaged in a renewal of the civic and military infrastructure that included political and economic reforms, but also an increased support for education and the sciences.[37] Benedetti became involved in this renewal as an advisor to the Duke, as a court mathematician, and as an engineer-scientist. In Turin he constructed mathematical instruments such as sundials, calculated horoscopes, built a fountain, and executed other public tasks.[38] Concurrently, he possibly taught at the new University of Turin and educated the son of the Duke, the later Carlo Emanuele I, in mathematics. In recognition of his services to the court he was made a nobleman in 1570.

In his book De gnomonum umbrarumque solarium usu liber of 1574[39] he dealt at length with the construction of sundials with faces of varying inclinations and also with cylindrical and conical surfaces. His treatise De temporum emendatione opinion of 1578 aimed at correcting and reforming the calendar. In 1578 the Duke initiated a public disputation at the University of Turin, at which Benedetti argued with Antonio Berga on whether there was more water or more land covering the surface of the earth. The views which Benedetti brought forth against Berga in this debate were published in Turin in 1579 under the title Consideratione di Gio. Battista Benedetti, filosofo del sereniss. S. Duca di Savoia, d'intorno al discorso della grandezza della terra e dell'acqua del eccellent. sig. Antonio Berga.[40] In 1580, after the death of Emanuele Filiberto, Benedetti was confirmed in his position by Carlo Emanuele I. There is evidence that, by 1585, he was married. In 1581 he wrote a lengthy letter in which he reacted to a treatise questioning the reliability of astrology and ephemerides, later published in Diversarum speculationum mathematicarum et physicarum liber.[41] Benedetti was, as this book shows, an admirer of Copernicus and developed cosmological views of his own, which were remarkably close to the views of his correspondent Francesco Patrizi (the fluidity of space and the infinity of the universe outside the sphere of the fixed stars) and to Giordano Bruno (Copernicanism and plurality of worlds) who visited Turin and Chambéry around 1578.[42]

In astrological accounts, Benedetti predicted his own death for the year 1592, as one reads in the conclusion of the Diversarum speculationum mathematicarum et physicarum liber. As he lay on his deathbed in January 1590, he tried to account for his premature death with a calculational error of four minutes that he must have made in his horoscope.

2.3 The critic Guidobaldo del Monte

Guidobaldo del Monte was born on January 11, 1545 in Pesaro, in the territories of the Duke of Urbino and died on January 6, 1607 in nearby Montebaroccio (today Mombaroccio).[43] He studied mathematics at the University of Padua in 1564. After serving in the army for some time and participating in the campaign of the Holy Roman Emperor Maximilian II[44] against the Turks, he joined the circle of Federico Commandino[45] in Urbino. Commandino was a key figure of a scientific humanism that aimed at restoring the ancient mathematical sciences by editing and translating works of Euclid, Archimedes, Pappus,[46] and others. In later life Guidobaldo pursued his studies, writing several books and constructing and producing scientific instruments at the family castle in Montebaroccio.

In his own work Guidobaldo built on the restoration of ancient science inaugurated by Commandino and, in 1577, published the comprehensive and influential Mechanicorum liber.[47]
The book focuses on Heron's[48] five simple machines – the lever, the pulley, the axle in a wheel, the wedge, and the screw – complemented by the balance as a sixth one. Following Heron and Pappus, Guidobaldo claimed that every mechanism can be reduced to one of these machines and that their properties can in turn be derived from those of the balance and the lever. He saw himself as pursuing an approach that could be traced directly to Archimedes. In fact, the latter's concept of center of gravity plays a key role in his treatise. But Guidobaldo also followed the Aristotelian tradition by attaching great importance to the concept of the center of the world, deriving mechanical properties from the mutual relation of the three centers: the point of suspension or support of a body (its fulcrum), its center of gravity, and the center of the world. In 1581 Guidobaldo's book was published in Italian,[49] translated and introduced by Filippo Pigafetta.[50] In 1588 Guidobaldo published a commentary on Archimedes' book on the equilibrium of planes,[51] followed in 1600 by a major treatise on perspective.[52]

The Urbino school of engineer-scientists to which Guidobaldo belonged was characterized by a strict focus on classical antiquity as the only legitimate model for science as well as by an esprit de corps that found its most prominent expression in Bernardino Baldi's[53] posthumously published Cronica de' Matematici.[54] Baldi was Guidobaldo's friend and a fellow-disciple of Commandino. His In mechanica Aristotelis problemata exercitationes, also published posthumously,[55] built on Guidobaldo's mechanics and constituted another attempt to demonstrate the harmony between Archimedean and Aristotelian approaches to mechanics and thus of the integrity of the ancient tradition. The members of the Urbino school were unanimous in their rejection of what they considered medieval contaminations of the ancient tradition by writers such as Jordanus and his early modern followers Tartaglia and Cardano.[56] Accordingly, the judgement on authors such as Benedetti who was considered a proponent of this tradition was harsh. This is evident from Guidobaldo's marginal comments presented in this volume, but also from the short biography of Benedetti in Baldi's Cronica de' matematici:



Gio: Battista Benedetti Venetiano attese alle Matematiche, nelle quali
servì i Duchi di Savoja. Scrisse un libro di Gnomonica, il quale toccò
molte cose appartenenti alle dimostrationi della detta disciplina, se non
che viene ripreso da più esquisiti di non haver'osservato quel metodo, e
quella purità nell'insegnare, che ricercano le Matematiche, ed è stato
osservato da gl'ottimi Greci, e da gl'Imitatori loro. Scrisse anco alcune
altre cose leggiere, e di non molto momento.





The Venetian G.B. Benedetti occupied himself with mathematics, a field in which he served the Dukes of Savoy. He wrote a book on gnomonics which deals with many themes belonging to the proofs of this discipline. It is, however, reproached by more distinguished scholars for not having followed that method and that purity in teaching which mathematics requires and which has been observed by the great Greeks and those who followed them. He furthermore wrote some other light things of little import.[57]



In 1589 Guidobaldo became Visitor General of the fortresses and cities of the Grand Duke of Tuscany. A year earlier he had come in contact with the young Galileo. They frequently exchanged letters about mechanical subjects and probably met for the first time when Guidobaldo visited Tuscany in the late Spring of 1589,[58] and again in 1592 in Montebaroccio. Guidobaldo became Galileo's mentor and patron, securing him university positions first in Pisa (1589) and later in Padua (1592). One link between them was Galileo's Pisan friend and colleague Jacopo Mazzoni in whose work Guidobaldo was interested.[59] Galileo's initial scientific interests, concerning problems of static equilibrium analyzed in the style of Archimedes, were well matched with those of Guidobaldo. Later Galileo also emulated Guidobaldo's activities as an engineer-scientist, setting up a workshop for producing scientific instruments and writing treatises on fortification and mechanics.[60] However, in the course of time, significant differences emerged in their approach to the developing mathematical science of nature in which Galileo took a position closer to that of Benedetti. In contrast to Guidobaldo, Galileo was convinced, in particular, that also phenomena of motion such as projectile motion, the oscillations of a pendulum, or motion along an inclined plane were amenable to an exact mathematical treatment. Like Benedetti, but not Guidobaldo, he furthermore developed a keen interest in the Copernican world system. In 1592, the year of Galileo's move to Padua, Guidobaldo was visited at Montebaroccio by Galileo with whom he performed the experiments on projectile motion that led to the discovery of the law of fall.[61] On that occasion, and probably even earlier, they must have discussed foundational issues of mechanics as well, including the relation between Guidobaldo's and Benedetti's approach, possibly using the very copy of Benedetti's book, parts of which are reproduced here. Galileo's early intellectual career thus unfolded in the midst of the tension between Guidobaldo and the classicist Urbino school, on the one hand, and Benedetti's more open–minded attitude to tradition, on the other.
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				3 The Context

3.1 The long-term transmission of mechanical knowledge

The context of this discussion of the equilibrium controversy, based on Guidobaldo's marginalia, is the long-term development of mechanical knowledge, in particular from the origin of theoretical mechanics in antiquity to the dawn of classical mechanics in the late Renaissance, when the controversy first became a central issue of contemporary discussions. It may be helpful therefore to begin with a brief survey of the history of mechanics, a history that extends over more than two millennia. This long period can be divided into six more or less coherent periods:

	The first period may simply be called the prehistory of mechanics; it comprises the long period in which human cultures accumulated practical mechanical knowledge without documenting this knowledge in written form and without developing theories about it. Although the origin of other sciences such as mathematics and astronomy can be traced back to ancient urban civilizations such as those of Babylonia and Egypt, this, surprisingly, is not the case for mechanics. Although there are numerous sources testifying to the large construction projects of these civilizations, there is in fact not one single document referring to the mechanical knowledge that must have been involved in these endeavors.





	The next period properly merits the label origin of mechanics. It saw, in particular, the formulation and proof of the law of the lever. More generally, it is characterized by the appearance of the first written treatises dedicated to physics and mechanics in ancient Greece, associated in particular with names such as Aristotle, Euclid, Archimedes, and Heron.[1] These works had an enormous impact on the subsequent development of mechanical knowledge. Aristotelian physics focused on the role of forces on moving bodies, and Aristotelian and Archimedean mechanics, based on the law of the lever, provided two fairly independent points of reference for the development of theoretical mechanics. They finally merged into one common conceptual basis for a new coherent theory of mechanics only with the advent of classical physics in the late seventeenth and eighteenth centuries.





	The third period is, at the beginning, characterized by the transformation of mechanics into a science of balances and weights and the enrichment of Aristotelian physics by a theory of impetus and a mathematical extension of the Aristotelian doctrine of generation and corruption to a theory of changing qualities. This period covers the Arabic and Latin Middle Ages, which saw the production of a substantial literature on mechanics focused on a relatively small range of subjects, in particular, the behavior of the balance and the justification of the law of the lever, and the changing qualities of mechanical bodies such as heaviness and velocity.





	The fourth period is that of preclassical mechanics, ranging from the sketches of Renaissance engineers such as Leonardo da Vinci[2] to the mature works of Galileo Galilei. In contrast to the preceding period, it deals with an increasingly large number of subjects, including the inclined plane, the pendulum, the stability of matter, and the spring, in attempts to integrate the science of weights with the effect of forces on moving bodies, which necessarily transformed the inherited theoretical building blocks.





	The fifth period is that of the rise of a mechanistic world view. The successful integration of earlier traditions into the fundament of classical physics appeared without alternatives. From the first comprehensive vision of a mechanical cosmos, such as that of Descartes, via the establishment of classical and later analytical mechanics, this process led to the attempts of nineteenth-century scientists to build physics on an entirely mechanical foundation, which was conceived as an ontological basis of the natural sciences.





	The sixth period comprises the decline of the mechanistic world view and the disintegration of mechanics at the turn of the nineteenth to the twentieth century, resulting in the emergence of modern physics and its conceptual revolutions represented by the relativity and quantum theories.






This schematic overview of the long-term development of mechanics raises a number of puzzling questions. For example: How did theoretical mechanics originate in ancient Greece and why did this not happen earlier? What kind of knowledge made the formulation of the law of the lever possible, and what knowledge was required for its proof? What accounts for the remarkable differences between the medieval science of weights and preclassical mechanics? What kind of empirical knowledge made the emergence of classical mechanics possible and what accounts for its remarkable stability over the more than 200 years of classical physics? What explains the steady development, consolidation, and stabilization of Aristotelian physics over more than 2000 years? How can one explain the disintegration of mechanical concepts around the turn from the nineteenth into the twentieth century and the creation of revolutionary theories such as general relativity and quantum theory, which proved to be an adequate foundation for today's physical and cosmological knowledge, although that knowledge was not available when they emerged? How did the law of the lever survive all these changes? And finally the question that will come under closer scrutiny in the present volume, how did the concept of positional heaviness emerge and, under varying labels, become an integral part of preclassical and, after a substantial transformation, of classical mechanics?

3.2 The ancient roots of mechanics

The development of mechanical knowledge sketched here was a non-linear and multi-layered historical process. In particular, the following analysis of the specific process of the transmission of mechanical knowledge from antiquity to the Arabic and Latin Middle Ages and finally to the Renaissance makes it clear that the development of mechanics was anything but a successive accumulation and theoretical integration of a growing body of mechanical knowledge. Theoretical mechanics had a twofold root in the ancient Greek reflection on practical experiences. On the one hand, there was the intuitive experience that in order to move a body a certain effort is required depending on its weight. This experience became the basis of the concept of force as the cause of terrestrial and celestial motion in Aristotelian dynamics. On the other hand, the reflection on the potential of mechanical devices to reduce the force required to move a body became the basis of the Archimedean theory of equilibrium and its generalization in the concept of the center of gravity.

In ancient Greece the development of these basic concepts of mechanics was an issue of highly personalized communication between the members of a relatively small group of experts, for which the correspondence of Archimedes is typical.[3] There was a strong relation between authors, their theoretical biases, and their specific subjects. Following the model of Euclid's compilation of the mathematical knowledge of his time, Archimedes tried to present his insights in the form of deductive treatises.[4] Thus, the concept of center of gravity became the core concept of deductive mechanics. Aristotle, in contrast, presented his account of natural phenomena in a network of categorizations linked by syllogisms. Originally, there was no intimate relation between Aristotelian dynamical explanations of motion and gravity, on the one hand, and the deductive mathematical method, on the other. Similarly, Aristotelian explanations of mechanical devices merely followed the tradition of the literature presenting issues in form of problems and their solutions, without exposing an immanent necessity constituted by its subject. Finally, the shift from a personalized to a more institutionalized representation of knowledge in late antiquity contributed much to the historical transfer of the ancient heritage, but resulted in a compilation rather than an integration of the various elements of mechanics developed in the ancient Greek tradition.

3.3 Preclassical mechanics

Preclassical mechanics of the sixteenth and early seventeenth centuries was characterized by an elaboration of the knowledge resources available in light of challenging objects such as labor-saving machinery, ballistics, the stability of architecture, or ship-building provided by contemporary technology. Preclassical mechanics was a historical stage in its own right in the development of mechanics. It was pursued by a class of engineer-scientists who addressed these technical challenges by drawing on heterogeneous bodies of knowledge, which comprised the growing set of recovered ancient scientific and technical texts. The heterogeneity as well as the fragmentary nature of the shared knowledge of early modern science, especially with regard to the heritage of ancient science and its subsequent transformation, is well illustrated by the conflictual integration of Aristotelian and Archimedean knowledge resources on mechanics as it can be traced in the works of Tartaglia, Cardano, Guidobaldo, Benedetti, Galileo, and many others, and in particular also in the conflicting approaches of Guidobaldo and Benedetti documented in this volume.

No simplistic division of the protagonists of preclassical mechanics into followers of Aristotelian dynamics and Archimedean statics, into northern and central Italian schools, into Aristotelians and anti-Aristotelians, will be able to do justice to the complex interlocking of the diverse components of the shared ancient heritage.[5] For instance, the works of Archimedes on statics and hydrostatics provided not only a model for a deductive theory of physics emulating the structure of Euclid's Elements, but also assets to modify specific explanations within an Aristotelian conceptual framework, in particular, the Aristotelian explanation of free fall in media with the help of the Archimedean concept of extrusion. Conversely, Aristotelian natural philosophy provided a physical underpinning to the Archimedean theory of equilibrium of planes, fostering its extension to a more comprehensive treatment of mechanics. Although discussions about mechanics in the early modern period were often shaped by questions of the superiority or compatibility of the diverse bodies of knowledge inherited from antiquity, in the end everyone drew from the same sources so that Aristotelian and Archimedean elements are found alongside each other, albeit in different constellations, in the works of authors as diverse as Tartaglia, Cardano, Guidobaldo, Benedetti, and Galileo.

The integration of these elements took place under the new conditions of the early modern period for the development of mechanical knowledge that were given not only by the emergence of challenging objects, but also by an intellectual context that involved many more actors intervening simultaneously than had ever been the case since antiquity. Accordingly, the inherent potential of the traditional bodies of knowledge was much more intensely exploited than ever before – in directions shaped, but not uniquely determined, by the concrete material at hand, that is, by the challenging objects that represented focal points of attention.

As a consequence, a multiplicity of different pathways developed, sometimes leading to the same insights into a given problem, sometimes to diverging opinions on it. At the same time, intrinsic tensions within a given traditional body now emerged more clearly, due to the fact that it was no longer, as was typically the case in antiquity, one single author or a string of authors separated by generations who were involved in its elaboration. Instead, one and the same problem was now often addressed from distinctive perspectives, thus becoming a borderline problem of different knowledge traditions and catalyzing their conflictual integration.[6]

The traditional image of this period, which still often lurks behind even the most sophisticated historical reconstructions, whereby single authors studied single problems with greater or lesser success as judged in hindsight, thus preparing the eventual combination of the pieces of a puzzle into one coherent whole, is fundamentally mistaken. In fact, strictly speaking, all solutions proposed in preclassical mechanics are untenable from the viewpoint of classical mechanics since they were articulated in conceptual frameworks incompatible with those of later science, making use of alien concepts such as positional heaviness, natural and violent tendencies, or impetus.

Thus, the emergence of classical mechanics from preclassical mechanics cannot have been an essentially cumulative process of selecting from ancient sources isolated pieces of knowledge that were deemed valuable, separating the wheat from the chaff, and then gradually adding new insights. Rather, the emergence of classical mechanics from its ancient roots must have amounted to the structural transformation of a system of knowledge, which involved a reorganization of conceptual systems on the basis of results achieved within traditional frameworks. Such a transformation would not have been possible without the interaction of the authors and a confrontation of their proposed solutions to mechanical problems, and can neither be described in terms of a linear accumulation of knowledge nor in terms of a competition between distinct schools or traditions.

When was a problem actually solved? With hindsight, we may claim, for instance, that Aristotle was the first to analyze the equilibrium of the balance, that Archimedes proved the law of the lever, that Jordanus solved the problem of the inclined plane, and that Galileo discovered the law of fall. With hindsight, it may indeed seem that these insights could have been achieved as isolated contributions, independent of the establishment of a larger, stable conceptual framework. From the perspective of preclassical mechanics, however, it is remarkable how far these solutions actually were from being evident or uncontroversial among the contemporaries. Some of these became the topic of heated debates, such as the question of the equilibrium of the balance. In particular, as will be seen in the following, the question of whether or not a balance with equal arms would, when deflected from the horizontal position, return to its original state, was controversially discussed by authors such as Tartaglia, Cardano, Guidobaldo, and Benedetti. The issue arose because partly different conceptual frameworks seemed to suggest different answers, since the exact relation between concepts such as center of gravity and positional heaviness had not yet been definitively established.

Solutions that appear to come close to the correct solution in classical mechanics, such as Jordanus' analysis of the inclined plane, were rather isolated and in part disregarded by contemporary authors. But an isolated solution, a solution that is not taken up, discussed, contradicted, reformulated, supported by new arguments, or used in novel contexts, fails to be a convincing solution. A broadly shared acceptance of the solution to a particular problem typically presupposes controversy and only results from embedding the solution within an extended network of arguments, eventually connecting it with everything else within a system of knowledge. A progressive accumulation of established results remained, however, illusionary as long as the argumentative networks developed in preclassical mechanics were neither comprehensive in the sense of being adequate to deal with the entire scope of shared mechanical knowledge nor coherent in the sense of yielding an unambiguous solution, at least to those problems within their range of extension. The eventual emergence of more or less stable solutions to such basic mechanical problems only emerged in the course of the transformation of preclassical into classical mechanics, and represented an outcome rather than a precondition of this development.

From a traditional perspective, it may come as a surprise that not only new discoveries of dynamics such as the law of fall and the parabolic shape of the projectile trajectory, but even elementary insights from statics such as the indifferent equilibrium of a balance suspended from its center of gravity, the equilibrium of a body on an inclined plane, or the principle of the bent lever were still not definitively established toward the end of the sixteenth century, although it seems that these results could easily have been inferred from known ancient and medieval sources. But from the perspective sketched above, the seemingly fruitless contemporary debates about such problems take on a new significance. Rather than representing encounters between blind men sometimes hitting the mark and sometimes not, they were a medium of the dialogical transformation of a system of knowledge.[7]

But how did this dialogical transformation of knowledge actually take place and how in the end did more or less stable solutions to basic mechanical problems result? Although we have claimed that this stabilization did not happen in a piecemeal fashion, but rather in the context of a more holistic process of conceptual reorganization, it is also clear that the transformation of preclassical into classical mechanics did not happen in one fell swoop. Rather, within the developing network of mechanical arguments, some more or less stable nodes gradually emerged which did not correspond to the original roots from which the network was growing, such as the principles of Aristotelian physics and of Archimedean mechanics. These nodes resulted instead from an elaboration of the consequences of the traditional framework triggered by the confrontation with challenging objects. Some of these consequences constituted indeed the starting points for the reorganization of the accumulated knowledge, eventually yielding the new principles of classical mechanics, such as the principle of inertia, the principle of work, or the understanding of the directional character of force and of the relation between force and torque. Thus, the principle of inertia, for instance, could be obtained by reflecting on Galileo's results concerning projectile motion which had still been achieved within a preclassical conceptual framework.[8] In turn, these results were related to a stabilization of the knowledge on mechanical devices such as the inclined plane, the bent lever, and the deflected balance, also resulting from a tedious process of the elaboration and integration of different knowledge resources. This process was typically accompanied by controversies over the conceptual foundations of mechanics, for instance about the role of such concepts as that of positional heaviness, center of gravity, or momento as it can be traced in the works of Guidobaldo, Benedetti, and Galileo, and as they are illustrated in an exemplary way by Guidobaldo's annotation of Benedetti's book.

3.4 The ancient and medieval origins of the equilibrium controversy

Whether and under what circumstances an equilibrated balance deflected into an oblique position returns into the horizontal is a question that goes back to the second problem of the Aristotelian Mechanical Problems. This, however, deals with balances having a beam of finite thickness so that it makes a difference whether they are supported from above or from below. But the seemingly simple case of the beam being supported at its center of gravity is not discussed. The concept of a center of gravity in fact was unknown to the Aristotelian author. As far as we know, this concept, which immediately suggests one stance in the later controversy, was not introduced before Archimedes.[9] As will become clear below, it was Guidobaldo who revived and applied this concept in the context of the controversy about the deflected balance.

An understanding of the positional dependence of the effect of a weight under the constraints of its attachement to the beam of a balance was, as far as we know, expressed in geometrical terms for the first time in the Aristotelian Mechanical Problems.[10] The issue was clarified by Archimedes who formulated the law of the lever, supplying a convincing deductive proof.[11]

The question of why the deflected balance nevertheless caused a vivid controversy in the early modern period is obviously related to the question of which parts of the ancient mechanical knowledge were transmitted when, where, and how to early modern scholars.[12] As will be shown below, the ignorance of the concept of the center of gravity in fact led to the introduction of the concept of positional heaviness.

3.4.1 The Aristotelian context

Throughout the entire period under consideration, from antiquity via the Arabic and Latin Middle Ages to the early modern period, core ideas of Aristotelian dynamics were evidently known to scholars dealing with mechanical problems.

According to Aristotle the velocity of a body in natural descent is proportional to its weight while that of a body in violent motion is proportional to the moving force. In his Physics he wrote:



[…] as to differences that depend on the moving bodies themselves, we see that of two bodies of similar formation the one that has the stronger trend () downward by weight () […] will be carried more quickly than the other through a given space in proportion to the greater strength of this trend.[13]



A passage from On the Heavens dealing with the effect of a moving force sheds light on what he means by the term more quickly:



[…] if there is a moving body which is neither light nor heavy (), its motion must be enforced, and it must perform this enforced motion to infinity. That which moves it is a force (), and the smaller, lighter body will be moved farther by the same force. […] For as the greater body is to the less, so will be the speed of the lesser body to that of the greater.[14]



This passage contains in essence the core idea of the Aristotelian dynamics of violent, that is, enforced motion. The same force exerts a greater effect on a lesser than on a greater body. The effects are measured by the speeds in the sense of distances traversed in the same time which are inversely proportional to the sizes of the bodies.


[image: Figure 3.1: Drawing by Tomeo in his 1525 translation <i>Aristotelis quaestiones mechanicae</i> illustrating that the arc <i>BS</i> of the larger circle is less bent than the arc <i>ML</i> of the smaller circle. According to Aristotle, the interference of the violent constraint on the natural downward motion must thus be greater on the smaller than on the greater circle.]


Figure 3.1: Drawing by Tomeo in his 1525 translation Aristotelis quaestiones mechanicae illustrating that the arc BS of the larger circle is less bent than the arc ML of the smaller circle. According to Aristotle, the interference of the violent constraint on the natural downward motion must thus be greater on the smaller than on the greater circle.

The proportionality between force and effect, however, seems to contradict experiences gained from levers and balances. Applied to such tools, the same force has different effects depending on the position where it acts on a beam. The Aristotelian Mechanical Problems can be interpreted as an attempt to avoid this contradiction. The resolution of this contradiction in the Mechanical Problems relies on a basic explanatory principle interpreting the balance in terms of motions of weights along circles of different radii.[15] This principle states that the part of the radius of a circle that is farther from the center moves more quickly than the part that is closer to the center being moved by the same force. The greater effect of a weight moving on the greater circle described by a larger beam is explained by the lesser interference of that violent constraint with the natural motion downward when compared to the motion along a smaller radius. In the Latin translation by Tomeo, the relevant passage reads:



Si autem duobus ab eadem potentia latis hoc quidem plus repellatur, illud vero minus, rationi consentaneum est tardius moveri id quod plus repellitur eo quod repellitur minus: quod videtur accidere maiori et minori illarum quae ex centro circulos describunt: quoniam enim proprius est manenti, eius quae minor est extremum, quam id quod est maioris, veluti retractum in contrarium ad medium tardius fertur minoris extremum. Omni quidem igitur circulum describenti istuc accidit: ferturque eam quae secundum naturam est lationem secundum circunferentiam: illam vero quae praeter naturam, in transversum et secundum centrum: maiorem autem semper eam quae praeter naturam est ipsa minor fertur: quia enim centro est vicinior quod retrahit vincitur magis.





Now if of two objects moving under the influence of the same force one suffers more interference, and the other less; it is reasonable to suppose that the one suffering the greater interference should move more slowly than that suffering less, which seems to take place in the case of the greater and the less of those radii which describe circles from the centre. For because the extremity of the less is nearer the fixed point than the extremity of the greater, being attracted towards the centre in the opposite direction, the extremity of the lesser radius moves more slowly. This happens with any radius which describes a circle; it moves along a curve naturally in the direction of the tangent, but is attracted to the centre contrary to nature. The lesser radius always moves in its unnatural direction; for because it is nearer the centre which attracts it, it is the more influenced.[16]



The author thus introduced the idea of explaining the dependence of the effect of a weight on its position by considering factors such as the natural and violent components of the motion and the lesser or greater deviation of the motion from its natural course.

The Aristotelian analysis left much room for interpretation. In any case, the Aristotelian Mechanical Problems could have become the starting point for formulating a concept of positional heaviness and were indeed brought into connection with it by early modern writers on this subject such as Tartaglia.[17] Positions taken in the early modern period on this issue such as those of Guidobaldo and his adversaries can be considered as elaborating one or the other alternative implicit in the Aristotelian analysis.[18] However, it is rather unlikely that this was how the concept of positional heaviness actually came into being in the thirteenth century, since at that time the text of the Aristotelian Mechanical Problems had probably not yet circulated in the Latin West.[19] However, once it became available it was printed, translated, and commented upon by numerous early modern scholars and became a standard point of reference for mechanical arguments in the sixteenth century.[20]

3.4.2 The transmission of ancient mechanics

The concept of positional heaviness was, as discussed in section 2.1, explicitly introduced by the medieval scholar Jordanus de Nemore. Its historical roots can only be determined, however, by a closer look at the milestones of ancient mechanics represented in the works of Aristotle, Archimedes, and Heron, and at the vexing history of the transmission and transformation of this heritage by scholars in the Arabic world.[21]

From the viewpoint of the transmission of ancient knowledge, the first milestone of the development of the science of mechanics is the work of Aristotle. As mentioned above, the backbone of the long-term transmission of mechanical knowledge was Aristotelian dynamics, known in the Arabic world, in the medieval Latin period, and in early modern times. It was used throughout as a point of reference for arguments on balances and other mechanical devices.

The Aristotelian Mechanical Problems had a somewhat less continuous history as they were probably unknown when the science of weights first emerged in the Latin Middle Ages.[22] The treatise has been transmitted as part of the Aristotelian corpus, but its attribution to Aristotle has been called into question although there is a consensus that it dates back to the third century BCE and has emerged from the immediate context of his work.[23] With the exception of an earlier Arabic epitome,[24] all extant Greek manuscripts and later printings are based on one archetype Byzantine codex, the codex Z.Gr.214 of the Biblioteca Marciana.[25] Altogether twenty-nine Greek manuscripts survived.[26] The three oldest manuscripts, that is, all extant manuscripts written before the fifteenth century, were written in Byzantium and only later transferred to Italy, whereas the majority of later manuscripts were certainly written in the West. The fifteenth century is marked by an extreme increase in copying activities.[27] Thus twenty-one of the later manuscripts were written in the fifteenth century, four in the sixteenth, and one in the seventeenth century.[28] The situation is further confused by the widely overlooked fact that the treatise was also covered by Pachymeres' Philosophia which contains paraphrases and commentaries on most of Aristotle's works. Pachymeres[29] was a Greek scholar who spent most of his life in Constantinople. The extant manuscripts of Philosophia show a similar distribution as the “normal” manuscripts with a peak in the sixteenth century.[30]

Thus, the Aristotelian Mechanical Problems only became widely available to the scholars of the Latin tradition at the beginning of the early modern period through Greek manuscripts and their Latin translations, all of which derived from a single Byzantine source from the late eleventh or early twelfth century.[31] In the Arabic context, however, the core text of the Aristotelian Mechanical Problems was known, but not the deductive justification of its basic explanatory principle[32] which in the early modern period served as an important background for arguments concerning positional heaviness. The Mechanical Problems contain with this principle a precursor formulation of the law of the lever, knowledge of which was hence transmitted with the text. They also constitute, as mentioned above, a bridge between Aristotelian dynamics and the characteristics of mechanical devices to save force, a bridge that is sustained mainly by the proof of the basic explanatory principle.

The second milestone is the work of Archimedes on mechanical problems, without doubt a culmination of ancient mechanical knowledge. However, this was only partially transmitted. In particular, his writings on mechanics, apart from a fragment of On floating bodies, became known to the Arab world only indirectly, e.g., through the works of Heron and Pappus. In the Latin world they only became known through the translations from the Greek by Willem of Moerbeke[33] after 1269.[34] However, the law of the lever and the tradition of deductive proofs associated with his work were known in all the periods in question. But his key concept of a center of gravity seems to have been unknown in the Latin Middle Ages until the translations of Moerbeke and those produced later.
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Figure 3.2: The law of the bent lever is an implicit consequence of a theorem in Heron's Mechanics. Two ropes are fixed at points β and γ to the border of a pulley. If unequal weights are attached to the ropes, the rope of the smaller weight will be rolled up while the greater weight will move downwards to a certain point ζ until the weights are in equilibrium. Thus the pulley with the ropes acts as if it were a bent lever ζαγ.


The third milestone is the work of Heron of Alexandria. Heron of Alexandria evidently knew all of the Greek sources representing mechanical ideas but used them eclectically in his reduction of mechanical devices to a classification of simple machines. In particular, Heron's Mechanics refers to parts of Archimedes' works on mechanics, some of which have been lost. Heron introduced the concept of center of gravity and applied it several times. Moreover, he used the concept implicitly when he dealt with the equilibrium of arbitrarily shaped beams of balances.[35] Furthermore, in an added proposition concerning a beam in form of a pulley, he introduced a from a modern viewpoint correct solution which covered the bent lever as a special case (see figure 3.2).[36]

Heron's Mechanics as a whole was, as far as we know, only transmitted to the Arabic world, while excerpts relating mainly to the simple machines were also transmitted in Greek to the West by Pappus' selection, in particular by the Latin translation of Pappus of Alexandria (1588).

Further achievements of ancient mechanics regarding the balance are known to us only through fragments, probably either transmitted directly from the Greek or indirectly to the Arabic and subsequently to the Latin world. One example is a proof of the law of the lever in a Book of the Balance ascribed to Euclid. This proof is preserved only in Arabic and its ascription to Euclid is somewhat doubtful.[37] The most remarkable aspect of Euclid's proof, if compared to that of Archimedes, is the fact that it proceeds without involving the concept of center of gravity, using instead a concept characterizing the positional effect of a weight on a balance, designated as the force of heaviness. Another achievement of ancient mechanics with unclear origins is the treatment of the material beam of the balance in the Liber de canonio.[38]

A fourth milestone in the transmission of the ancient heritage of mechanics was its reception and transformation by scholars in the Arabic world. As mentioned earlier, the Arabic world had access to Aristotelian dynamics as well as to the Aristotelian Mechanical Problems, but without the proof of the main principle. In addition, the full text of Heron's Mechanics as well as the selection made by Pappus were available.[39] Furthermore, the law of the lever was known, including a proof in a text ascribed to Euclid,[40] and on this basis the material beam was correctly treated.[41]

Arabic treatises, probably composed on the basis of Greek material by authors such as Thābit and al-Isfizari,[42] focused on the proof of the law of the lever on the basis of Aristotelian dynamics, including a treatment of the material beam, and knowledge about the bent lever.[43] In particular, a scholium to the treatise of Thābit contains the idea, crucial for an understanding of the bent lever, that the effect of a weight suspended not directly from the beam of a balance but from the end of a rod that is rigidly connected to the beam at an oblique angle, will be as if it were suspended at the foot of the perpendicular drawn from the weight to the beam.[44] On the other hand, Thābit, contrary to later Arabic authors, did not make use of the concept of the center of gravity, a circumstance which may have motivated his attempt to justify the equilibrium of the balance instead on the basis of Aristotelian dynamics.

In his Book on the Balance of Wisdom, completed 1121–1122, al-Khāzini[45] treated the question of what happens if the balance beam is supported from above or from below, which was raised in the Aristotelian Mechanical Problems. He explicitly considered the case in which the balance is supported at the center of gravity of the beam and claimed correctly that it remains at rest in whatever position it is left.[46]

In the course of the translation movement of the twelfth century, only a fraction of the Arabic material was transmitted to the Latin world. In particular, a treatise by Thābit entitled Liber karastonis was transmitted in a Latin version, probably translated by Gerard of Cremona[47] from a lost Arabic version. However, this treatise did not contain a treatment of the bent lever and states in contrast to al-Khāzini's Book on the Balance of Wisdom that the deflected balance returns to the horizontal:



Dico ergo quod linea sit veniens super equidistantiam orizontis, ita quod si nos inclinemus punctum A ad punctum T et elevetur punctum B ad punctum D, sufficiet pondus a donec redeat linea AB ad locum suum ex equidistantia orizontis.





Then I say the line is in horizontal equilibrium, so that if we incline point A to point T and elevate point B to point D, the weight a is sufficient for line AB to return to its place of horizontal equilibrium.[48]



When Jordanus took up the subject of the science of weights at some point in the thirteenth century, the main sources he probably had at his disposal were, apart from Aristotelian dynamics, in particular the Liber karastonis and the Liber de canonio. Most likely he did not yet have access to Archimedes' achievements, nor to any part of Heron's work. In a sense, Jordanus was thus in a position similar to Thābit in the ninth century, confronted with the challenge to provide a deductive treatment of the science of weights on the basis of Aristotelian dynamics, without having the concept of center of gravity or other Archimedean achievements at his disposal. The further elaboration of the framework he built was evidently guided by taking into account new challenging objects beyond the balance such as the inclined plane.

A more extensive access to the ancient heritage did not become possible before the fifteenth century. Among the first to refer to the Archimedean concept of center of gravity was Leonardo da Vinci who used it in his work on mechanical devices. In particular, he applied the concept to the problem of the bent lever (see figure 3.3):


[image: Figure 3.3: Leonardo argued correctly that a bent lever will be in equilibrium if the weights of the two parts of the beam are equal and their centers of gravity have the same distance from the vertical through their common center of gravity.]


Figure 3.3: Leonardo argued correctly that a bent lever will be in equilibrium if the weights of the two parts of the beam are equal and their centers of gravity have the same distance from the vertical through their common center of gravity.



S'e centri de' pesi saranno equidistanti al loro centro comune, essi pesi staranno equali in equilibra. S'e perpendiculari de' centri de' pesi saranno equidistanti al perpendicolare del lor centro commune, essi pesi staranno equali in equilibra, se essi pesi sieno equali. Per tal ragione il centro del mondo è sempre mobile per la mutazione della inondazione dell'Oceano.





When the centers of the weights are equally distant from their common center, these weights will be equal in equilibrium. When the perpendiculars of the centers of the weights are equidistant from the perpendicular of their common center, these weights will be equal in equilibrium, if these weights are equal. For this reason, the center of the world is always mobile because of the change of the tides of the ocean.[49]




[image: Figure 3.4: Leonardo correctly assumed that an equilibrated balance deflected into an oblique position will not return into the horizontal. He explained the common experience that the balance nevertheless seems to return into the horizontal as resulting from the difficulty in constructing a balance whose fulcrum matches precisely the center of gravity.]


Figure 3.4: Leonardo correctly assumed that an equilibrated balance deflected into an oblique position will not return into the horizontal. He explained the common experience that the balance nevertheless seems to return into the horizontal as resulting from the difficulty in constructing a balance whose fulcrum matches precisely the center of gravity.

Leonardo also treated the behavior of an equilibrated balance deflected into an oblique position (see figure 3.4). He argued that the observable fact that such a balance tends to return to the horizontal is a consequence of the imprecision of the fulcrum:



La gravità è tutta per tutta la lunghezza del suo sostentaculo e tutta in ogni parte di quello. Per che causa accade in isperienzia che quando l'aste istando per obbliqua linia e restando colle sue parti equalmente distante a la linia centrale, essa non resta obliqa, anzi si fa equidiacente e componente colla detta linia centrale con 4 angoli retti? Risponda nascere dalla imperfezzione del polo.





The heaviness is whole for the whole length of its carrier and whole in each part of it. Why does it happen in experience that, when the beam is along an oblique line and with its parts equally distant from the central line, it does not remain oblique, but rather makes itself horizontal and forming with the said central line 4 right angles? Answer that this comes from the imperfection of the fulcrum.[50]



As is well known, the impact of such insights found in Leonardo's manuscripts on the subsequent scientific development is difficult to assess. From our point of view, there can be no question of singular discoveries that may have been lost or found in a scientific relay race as long as such insights are not integrated into a wider network of knowledge.[51]

Another striking instance in which significant contributions to a further development of mechanics based on Archimedean principles can be attributed to an author in hindsight, while in fact the contemporary impact remained rather limited, is the extraordinary work of Francesco Maurolico.[52] By early 1548 Maurolico completed a major work composed of four books, entitled De momentis aequalibus.[53] In this work he systematically defined the concept of momentum as the positional effect of weights responsible for their equilibrium. His work was first published, however, more than a century later when knowledge of Archimedes' work had become widely available.[54]

3.4.3 The unreconciled ancient heritage

The preceding overview shows that the transmission of the ancient knowledge about mechanics was neither cumulative nor a linear process. From the Hellenistic world there were essentially two pathways of transmission to the Latin scholarly tradition. The first was the transmission to the Arabic world and from there through the boundary areas of Arabic and Latin cultures in Spain and Sicily to the rest of Europe. The second was the transmission to the Eastern Roman Empire centered around the city of Constantinople and from there first to Italy and later to other Westeuropean regions.

The result was a patchwork of partly incompatible conceptual networks of mechanical knowledge, embedded in quite distinct cultural and social settings. Consequently, the intermittent and scattered transmission of the concept of center of gravity led in particular to the emergence of an alternative conceptualization of the way in which equilibrium results from the functioning of weights depending on different mechanical constellations, and this focused on the concept of positional heaviness.

Using the concept of center of gravity the equilibrium can be conceptualized in terms of the relation of the center of gravity and the point of suspension. Such a conceptualization leads directly to the concept of torque in classical mechanics if the equilibrium is expressed as an equality of physical magnitudes. However, as shown above, the concept of center of gravity, introduced by Archimedes and taken up by Heron and Pappus, was known in principle in the Arabic scholarly community but evidently had only a limited and rather late impact on Arabic mechanical knowledge. In any case, it did not become part of the Arabic treatises on mechanics which were translated in the twelfth century into Latin. It became known to the Latin scholarly world only in the later thirteenth century through the translation of works of Aristotle by William of Moerbeke who had access to now lost Greek manuscripts probably transmitted from Byzantium.

Thus, the early medieval Latin scholars were familiar with Aristotelian dynamics through works such as Aristotle's Physics or De caelo, but with the tradition of ancient mechanics only through the selective translation of Arabic sources. In this situation the attempt to solve the problem of explaining the causes for the equilibrium of balances resulted in the idea that the actual weight of a body changes according to the mechanical context. This idea, however, is ambiguous in itself. If it is the weight that really changes, what then is the magnitude that has been determined since millennia using the balance as a weighing device? But if the real weight does remain the same, what kind of weight is it that changes according to the context? How can one explain that two bodies holding a balance in equilibrium may nevertheless have different weights?

This ambiguity is reflected in the conceptual fuzziness of the terms used to express the effect of a weight under different mechanical conditions. The most advanced attempt to eliminate this ambiguity was offered by Jordanus. In accordance with the growing role of Aristotelian methodology for structuring knowledge, his solution made use of Aristotelian logic in order to avoid the apparent fallacies related to the mechanical problems associated with weights in different positions on a balance. Aristotle had introduced the term fallacia a dicto simpliciter ad dictum secundum quid to denote the fallacy of ignoring a qualification such as the position of a weight, supposing that what is true under certain circumstances,[55] e.g. the equilibrium of equal weights on a balance, is true also in general, e.g. generalizing the statement of equilibrium for the positions of weights on an equal-armed balance to all positions of the counterpoise of a steelyard. Thus, Jordanus introduced the term gravitas secundum situm in contrast to the pondus of a body, translated here as positional heaviness and weight respectively. In this way a historically consequential concept of mechanics had been shaped by a reflection suggested by the intellectual context of early scholasticism (see section 2.1).

With the revival of the work of Jordanus in the early modern period this solution was widespread, but now became confronted with the alternative conceptualization of the equilibrium of balances by means of the concept of center of gravity revived with the translation of works by Archimedes and Pappus and indirectly through quotations of Heron's work in Pappus' Collectiones.

Thus, Renaissance and early modern scholars stumbled upon an unreconciled part of the ancient conceptual heritage. This eventually led to the equilibrium controversy on which the present study is focused.

3.5 Jordanus' approach to positional heaviness

The treatise Liber de ponderibus is, as discussed in section 2.1, another representation of Jordanus' core theory with an extended set of propositions, but here the postulates are preceded by a prologue. This prologue introduces Jordanus' concept of positional heaviness as a new technical term together with a justification of its introduction:



Quia si sumantur de circulo maiori et minori arcus equales, corda arcus maioris circuli longior est. Propterea possum ex hoc ostendere, quod pondus in libra tanto fit levius, quanto plus descendit in semicirculo. Incipiat igitur mobile descendere a summo semicirculi, et descendat continue. Dico tunc quod, cum maior arcus circuli plus contrariatur recte linee quam minor, casus gravis per arcum maiorem plus contrariatur casui gravis qui per rectam fieri debet, quam casus per minorem arcum. Patet ergo quod maior est violentia in motu secundum arcum maiorem, quam secundum minorem; alias enim non fieret motus magis contrarius. Cum ergo apparet plus in descensu adquirendum impedienti, patet quia minor erit gravitas secundum hoc. Et quia secundum situationem gravium sic fit, dicatur gravitas secundum situm in futuro processo.





If equal arcs are taken on a greater circle, and on a smaller one, the chord of the arc of the greater circle is longer. From this I can then show that a weight on the arm of a balance becomes lighter to the extent that it descends along the semicircle. For let it descend from the upper end of the semicircle, descending continuously, I then say that since the longer arc of the circle is more contrary to a straight line, than is the shorter arc, the fall of the heavy body along the greater arc is more contrary to the fall which the heavy body would have along the straight line, than is a fall through a shorter arc. It is therefore clear that there is more violence in the movement over the longer arc, than over the shorter one; otherwise the motion would not become more contrary (in direction). Since it is apparent that in the descent (along the arc) there is more impediment acquired, it is clear that the gravity is diminished on this account. But because this comes about by reason of position of the heavy bodies, let it be called positional heaviness in what follows.[56]




[image: Figure 3.5: Title vignette of Apianus' edition of Jordanus' <i>Liber de ponderibus</i> displaying a scholar and a practitioner. The scholar explains the functioning of a steelyard according to Aristotelian principles.]


Figure 3.5: Title vignette of Apianus' edition of Jordanus' Liber de ponderibus displaying a scholar and a practitioner. The scholar explains the functioning of a steelyard according to Aristotelian principles.

The justification seems to echo an argument in the Aristotelian Mechanical Problems but could also have been inspired in a more general way by Aristotelian physics. At the very least, Aristotelian scholars must have faced a contradiction. On the one hand, according to Aristotelian dynamics, the moving force or weight of a body is proportional to the resulting swiftness. On the other hand, according to the principle of Aristotelian mechanics, in circular motion the swiftness, as discussed in section 3.4.1, caused by equal forces does not stay the same but rather becomes proportional to the distance from the center (see figure 3.5). As shown above, the Aristotelian explanation for this principle was based on the assumption that the interference of the center forcing the motion into a circular path impedes the motion toward the center of the world in dependence on the degree to which the path is curved. This is similar to the argument used by Jordanus to justify for the seemingly changing weight the designation as positional heaviness (gravitas secundum situm), applying, as is claimed in section 3.4.3, an Aristotelian strategy for avoiding the secundum quid fallacy to the science of weights.

The term positional heaviness thus became the core concept in the postulates and the propositions of Jordanus' treatises on the science of weights. First he attempted in the postulates to provide a precise definition of the term on the basis of the Aristotelian assumptions. In Apianus' edition of the Liber de ponderibus, the first to the fifth postulate are formulated accordingly:



Prima est: Omnis ponderosi motum ad medium esse.





Secunda: Quanto gravius tanto velocius descendere.





Tertia: Gravius esse in descendendo, quanto eiusdem motus ad medium est rectior.





Quarta: Secundum situm gravius esse, quanto in eodem situ minus obliquus est descensus.





Quinta: Obliquiorem autem descensum minus capere de directo, in eadem quantitate.





The first is: The motion of every weight is toward the center [of the world].





The second: The heavier it [the weight] is, the faster it descends.





The third: It is heavier in descending, insofar as its movement toward the center [of the world] is straighter.





The fourth: It is positionally heavier, insofar as its descent, in that same position, is less oblique.





The fifth: But a more oblique descent partakes less of the straight [descent], for the same quantity [of the path].[57]



The second postulate simply asserts the basic principle of Aristotle that the velocity of a moving body depends on the exerted force, in this case the heaviness of a falling body (see section 3.4.1). The third postulate also refers to the Aristotelian tradition, but now to the consequences of the relation between natural motions and what acts contrary to them. The fourth postulate introduces the term positional heaviness as resulting from the obliqueness of descent. Finally, the term obliqueness is explained in the fifth postulate by the amount of straight descent covered by it for equal quantities of the path. This fifth postulate had, as will be shown below, the greatest influence on all attempts to quantify the concept of positional heaviness.


[image: Figure 3.6: Figure added by Tartaglia to the proof of the second proposition of Jordanus' <i>De ratione ponderis</i>. Jordanus argued that the <i>positional weight</i> at <i>C</i> is greater than at <i>B</i> because the vertical descent <i>ZM</i> is greater than the vertical descent <i>KY</i>.]


Figure 3.6: Figure added by Tartaglia to the proof of the second proposition of Jordanus' De ratione ponderis. Jordanus argued that the positional weight at C is greater than at B because the vertical descent ZM is greater than the vertical descent KY.

Having stated his postulates, Jordanus started with a proposition related to the Aristotelian doctrine that velocity is proportional to weight respectively to the exerted force:



Propositio prima.





Inter quaelibet duo gravia est velocitas descendendo proprie, et ponderum eodem ordine sumpta proportio, descensus autem, et contrarii motus, proportio eadem, sed permutata.





First proposition





Between any two heavy bodies, the proper velocity of descent is directly proportional to the weight; but the proportion of descent and of the contrary movement of ascent is the inverse.[58]



Then, with his second proposition, Jordanus presented the claim which later became the issue of the equilibrium controversy triggered by the inherent ambiguity of the concept of positional heaviness (see figures 3.6 and 3.7:



Propositio secunda.





Cum fuerit aequilibris positio aequalis, aequis ponderibus appensis, ab aequalitate non discedet, et si ab aequidistantia separetur, ad aequalitatis situm revertetur.





Primum patet, quia sunt equae gravia. Secundum patet per suppositionem quartam, vocatur autem illud situs, quod circulus dicitur, sicut patet per praedicta.





Second proposition.





If an equilibrated [balance] is in horizontal position [positio aequalis], with equal weights suspended, it will not leave the horizontal position [aequalitate]; and if it is removed from the horizontal position [aequidistantia], it will return to the horizontal position [aequalitatis situm].





The first [part] is evident because the weights are equally heavy. The second is clear from the fourth postulate; but it [the weight] is called positionally [heavy] because one speaks about the circle as is evident from the preceding.[59]




[image: Figure 3.7: Figure added in Apianus' edition to the proof of the second proposition of Jordanus' <i>Liber de ponderibus</i>. The commentary argues that equal arcs along a circle correspond to unequal vertical descents depending on the distance from the horizontal. Thus, the upper arc <i>CD</i> corresponds to a smaller vertical descent, i.e. <i>FE</i>, than the lower but equal arc <i>BC</i> corresponding to the vertical descent <i>EI</i>.]


Figure 3.7: Figure added in Apianus' edition to the proof of the second proposition of Jordanus' Liber de ponderibus. The commentary argues that equal arcs along a circle correspond to unequal vertical descents depending on the distance from the horizontal. Thus, the upper arc CD corresponds to a smaller vertical descent, i.e. FE, than the lower but equal arc BC corresponding to the vertical descent EI.

The short argument in Apianus' edition of Jordanus' Liber de ponderibus as well as the detailed proof in Tartaglia's edition of Jordanus' De ratione ponderis make essential use of the fourth postulate. The argument specifies the positional heaviness of the weights at the deflected balance by identifying the vertical components corresponding to their respective descents. Jordanus' result is the erroneous claim that the deflected balance returns into the horizontal position because the upper weight acquires a greater positional heaviness than the lower weight.

Several of the following propositions are concerned with the influence of various circumstances on the positional heaviness of a weight. The fourth proposition of Apianus' edition of the Liber de ponderibus,[60] for example, concerns the dependence of the positional weight on the deflection of the beam of a balance:



Propositio quarta.





Quodlibet pondus in quamcumque partem discedat secundum situm sit levius.





Fourth proposition.





In whichever direction any weight departs [from the position of equality], it becomes positionally lighter.[61]



As in the case of the second proposition, the proofs of all further propositions that concern the magnitude of the positional heaviness are essentially based either on the fourth postulate, thus relating the positional heaviness to the obliqueness of the downward tendency or motion and, in consequence, to the vertical descent, or directly on the Aristotelian dynamics as it is formulated with some variations in the first theorem of all three treatises ascribed to Jordanus.

Accordingly, Jordanus presented as the eighth proposition[62] the law of the lever by expressing the equilibrium of two unequal weights as equality of their positional heaviness (see figure 3.8):



Propositio octava.





Si fuerint brachia librae proportionalia ponderibus appensorum, ita, ut in breviori gravius appendatur, aeque gravia erunt secundum situm.





Eighth proposition.





If the arms of the balance are proportional to the weights suspended in such a manner that the heavier [weight] is suspended on the shorter [arm], positionally they will be equally heavy.[63]




[image: Figure 3.8: Jordanus' proof of the <i>law of the lever</i> and Apianus' commentary are based on the establishment of a relationship between the motion of unequal weights <i>D</i> and <i>E</i> on a balance and upward motions <i>MD</i> and <i>HG</i> of similar weights caused by the same force treated according to Aristotelian dynamics.]


Figure 3.8: Jordanus' proof of the law of the lever and Apianus' commentary are based on the establishment of a relationship between the motion of unequal weights D and E on a balance and upward motions MD and HG of similar weights caused by the same force treated according to Aristotelian dynamics.

The proof of this proposition is based directly on Aristotelian dynamics as formulated in the first proposition. Jordanus made particular use of the assumption, which is summarized succinctly in the passage from On the Heavens quoted above:[64] distances and weights are inversely proportional when the same force is applied to them. In order to apply this assumption to the equilibrium of a balance with unequal weights he argued that the descent of the heavier weight on one side of the balance can be considered as being equivalent to an upward motion of the same weight on the other side. He could thus compare ascents of different weights over different distances, inversely proportional to the weights, which according to Aristotelian dynamics can be achieved by the same force. This then serves to show that the balance is in equilibrium.

Apianus not only reported Jordanus' proof, but also extended it with commentaries. He made explicit use of the concept of positional heaviness, exploiting the vertical component of the path of the beam as a measure (see figure 3.7).

For our context it is important to note that both the Elementa and the De ponderibus, that is, the present text, are distinguished from De ratione ponderis by the fact that the latter omits two incorrect propositions on the bent lever, propositions 6 and 7. In Apianus' edition proposition 6 reads:



Propositio sexta.





Cum unius ponderis sint appensa, et a centro motus inaequaliter distent, et si remotum secundum distantiam propinquius accesserit ad directionem, alio non moto secundum situm, illo levius fiet.





Sixth proposition





When equal weights are suspended at unequal distances from the center of movement, and if the longer arm is bent so that its end is at the same distance from the vertical as is the shorter arm, then, if the latter remains unmoved, the weight on the longer arm will become positionally lighter than the other weight.[65]



This incorrect proposition on the bent lever was replaced in Jordanus' treatise De ratione ponderis by a correct theorem (numbered as proposition 8) which indirectly states the measure of positional heaviness by means of vertical projections on the horizontal, and which later became central to Benedetti's work (see figure 3.15):



Si inequalia fuerint brachia librae, et in centro motus angulum fecerint: si termini eorum ad directionem hinc inde aequaliter accesserint: aequalia appensa in hac dispositione aequaliter ponderabunt.





If the arms of a balance are unequal, and form an angle at the axis of support, then, if their ends are equidistant from the vertical line passing through the axis of support, equal weights suspended from them will, as so placed, be of equal heaviness.[66]



It seems that the De ratione ponderis was an improved version of the Elementa, probably due to Jordanus himself.[67] In particular, the distance between the weight and the vertical through the point of suspension of the beam of a balance is used as a measure of its positional heaviness, also in other theorems.[68] But in spite of this improvement, other issues involving positional heaviness, such as the claim that a balance would always return to its horizontal position, still received the same problematic treatment as they had in the Elementa.[69] Thus, the new insight expressed in proposition 8 did not lead to a thorough conceptual revision of the theory of the balance expounded by Jordanus and in particular not to a revision of the concept of positional heaviness. A similar situation holds for the later treatise on weights by Blasius of Parma,[70] who also stuck to the erroneous assumption that a deflected balance returns to the horizontal. The bent lever, however, is correctly treated by taking the projections on the horizontal as a measure of positional heaviness.[71]

The erroneous claim that the deflected balance spontaneously returns to the horizontal was later criticized by Leonardo da Vinci with direct reference to the science of weights.[72] Leonardo critically discussed the explanation of the balance by “Pelacani,” i.e., Blasius of Parma. According to Leonardo, Blasius had claimed that the longer arm of the balance will fall more quickly than the shorter arm because its descent traverses the quarter circle more directly than the shorter arm. Since the weights tend to fall along the perpendicular, the motion will be slower the more the circle is curved. In the proof of the seventh proposition of Part I of his treatise on weights, Blasius indeed claimed that a heavy body seeks to move along a straight line and that the slower it moves the more it deviates from its natural path.[73] Leonardo argued against this by considering a case in which the weights are attached by ropes and fall perpendicularly without being impeded by the curvature of the circle described by the balance. He concluded that what is more distant from its suspension will be carried less by it. Since it is carried less, it acquires more freedom, and since a free weight will always descend, the end of the beam which is more distant from the fulcrum will sink more quickly than any other part as it carries a weight.

It remains unclear whether Leonardo's insights into the behavior of a deflected balance had any impact on the scholarly discussion of this problem in the early modern period. With certainty we only know that the De ratione ponderis was published in 1565 in Venice by Curtius Trojanus at the instigation of Niccolò Tartaglia.[74] In this form it may have become one of the starting points for Benedetti's treatment of positional heaviness. He could have indeed taken the result that Jordanus had formulated in proposition 8, transforming it into a general principle for analyzing the positional effect of weight. Remarkably, the controversy in the sixteenth century between Tartaglia, Cardano, Guidobaldo, and Benedetti on the notion of positional heaviness was triggered by a conundrum that had remained unsettled for centuries, as the different versions of Jordanus' work testify.

3.6 Tartaglia's approach to positional heaviness

Compared to the situation of Jordanus, the availability of sources on mechanics was significantly different in the early modern period (see sections 3.4.1 and 3.4.2). In particular, the Aristotelian Mechanical Problems had become widely known through the transmission and translation of the Byzantine manuscript. As mentioned above, part of Heron's work had become available through Pappus. In addition, Archimedes' work on the equilibrium of planes made available the knowledge of how to treat the problems of the balance in a deductive way on the basis of the concept of center of gravity.

This broad availability of ancient sources brought about a novel situation for discussions of the dependency of the effect of a weight on its position. In particular, it now became relevant to establish connections between the different conceptual frameworks embodied in these sources. One of the key protagonists to contribute both to the spread of ancient and medieval sources and to the creation of a new synthesis was the engineer-scientist Niccolò Tartaglia. Following Jordanus, he formulated the law of the lever in Quesiti, et inventioni diverse[75] in terms of positional heaviness:



Se li brazzi della libra saranno proportionali alli pesi in quella imposti, talmente, che nel brazzo più corto sia appeso il corpo più grave, quelli tai corpi, over pesi seranno equalmente gravi, secondo tal positione, over sito.





If the arms of the balance are proportional to the weights imposed on them, in such a way that the heavier weight is on the shorter arm, then those bodies or weights will be equally heavy positionally.[76]



Tartaglia's book became a point of reference – and a target of severe criticism – both for Guidobaldo and Benedetti and shall therefore be considered here in further detail. Tartaglia also followed Jordanus in claiming in his Third Petition that



[…] un corpo grave esser in el discendere tanto più grave, quanto che il moto di quello è più retto al centro del mondo.





[…] a heavy body in descending is so much the heavier as the motion it makes is straighter toward the center of the world.[77]




[image: Figure 3.9: According to Tartaglia, the descent of a body from <i>A</i> to <i>D</i> is more <i>oblique</i> than the descent from <i>A</i> to <i>C</i> since the projection <i>AH</i> on the <i>line of descent to the center of the world</i> is shorter than the projection <i>AG</i>.]


Figure 3.9: According to Tartaglia, the descent of a body from A to D is more oblique than the descent from A to C since the projection AH on the line of descent to the center of the world is shorter than the projection AG.

He substantiated the idea by the defining concepts of line of direction to the center of the world and obliqueness:



La linea della direttione è una linea retta imaginata venire perpendicolarmente da alto al basso, e passare per il sparto, polo, over assis de ogni sorte libra, over bilancia.





The line of direction is a straight line imagined to come perpendicularly from above to below and to pass through the support or axis of any kind of scale or balance.[78]



…



Più obliquo se dice essere quel descenso, d'un corpo grave, il quale in una medesima quantita, capisse manco della linea della direttione, overamente del descenso retto verso il centro del mondo.





The descent of a heavy body is said to be more oblique when for a given quantity it contains less of the line of direction, or of straight descent toward the center of the world.[79]



Thus, Tartaglia measured the straightness of the given descent by its projection on the vertical line of direction (see figure 3.9).


[image: Figure 3.10: According to Tartaglia, the descent of a body from <i>A</i> to <i>G</i> is more <i>oblique</i> than the descent from <i>A</i> to <i>H</i> since its curvature is greater.]


Figure 3.10: According to Tartaglia, the descent of a body from A to G is more oblique than the descent from A to H since its curvature is greater.

Alternatively, he measured the straightness of descent also with reference to the more or less acute angle with the path of straight and direct descent to the center of the world (see figure 3.10).[80]  He thus followed a procedure introduced by Jordanus in De ratione ponderis which Tartaglia later edited,[81] a procedure, however, that was absent in Jordanus' other works. In the case of a curved descent in particular, for instance along a circular arc, Tartaglia determined straightness by the lesser or greater curvature of the path of descent, making use of the idea of angles of contact (also referred to as curvilinear angles or as mixed angles in the following), formed not by straight lines but by circles or by a straight line and a circle.[82]

Tartaglia treated the case of a scale or balance of equal arms with equal weights attached to them following Jordanus. Taking the latter's stance in the equilibrium controversy, he also concluded that, when the scale is moved from its initially horizontal equilibrium position by an external intervention so that one weight is above, the other below the horizontal, the scale will return to the horizontal position by itself because the weight that has been raised has become positionally heavier than the weight that has been lowered (see figure 3.11). On the other hand, he claimed that the greater positional heaviness cannot be compensated by adding a weight to the lower weight since even the smallest weight attached to this side would move the scale to a vertical position.


[image: Figure 3.11: According to Tartaglia, the body at <i>I</i> is positionally heavier than the body at <i>V</i> since the projection <i>XY</i> is greater than <i>WF</i>.]


Figure 3.11: According to Tartaglia, the body at I is positionally heavier than the body at V since the projection XY is greater than WF.

To justify the first claim, Tartaglia considered the balance in any position outside the horizontal and now compared, following Jordanus, the descents of the two weights with the aim of establishing which of them is more direct. For this purpose, he compared descents through equal parts of the circle described by the arms of the balance, i.e. descents through equal angles taken downward from the given position of the beam. Due to geometrical reasons, it now turns out that the descent of the upper weight is always straighter than that of the weight that has been lowered so that the upper weight becomes, according to the definition, positionally heavier. As a consequence, the balance will return to its original horizontal position.[83]

In his discussion of this result Tartaglia actually employed two different measures of straightness, both of which were in agreement with his definition quoted above. In the proof of his proposition, he made use of the projection of a finite circular descent on the vertical line of direction, comparing those projections for descents of equal angles. Later, however, he compared instead more directly the angles between the curved path of descent and a straight perpendicular line to the center of the world.[84] For this purpose he actually compared angles of contact, just as Jordanus had done in De ratione ponderis (see figure 3.12). In this way Tartaglia concluded that the angle between the circular descent of the lower weight and the vertical line to the center of the world is larger than the angle between the circular descent of the higher weight and the said line.


[image: Figure 3.12: According to Tartaglia, the body at <i>B</i> is positionally heavier than the body at <i>A</i> since the <i>angle of contact</i> between <i>BD</i> and <i>BF</i> (taken along the periphery) is smaller than the angle between <i>AH</i> and <i>AF</i> (taken along the periphery).]


Figure 3.12: According to Tartaglia, the body at B is positionally heavier than the body at A since the angle of contact between BD and BF (taken along the periphery) is smaller than the angle between AH and AF (taken along the periphery).

He thus again obtained the result that the descent of this higher weight is more direct and the weight itself positionally heavier. Had he just compared the ordinary angles between the tangents to the circular paths of descent and the vertical, the two angles would have simply been equal. It is thus the difference or ratio between the angles of contact, themselves less than any difference or ratio you please which can occur between any large and small quantities[85] that is responsible for the difference in positional heaviness. Therefore, this difference cannot be compensated by any finite weight placed on the side of the scale that happens to be positionally lighter.

Following and improving upon Jordanus, Tartaglia also treated the inclined plane with the help of the concept of positional heaviness.[86] He considered two adjacent inclined planes of different inclinations but of equal height (see figure 3.13). He then took two weights which may be imagined to be connected by a weightless rope making sure that if one weight moves up, the other moves down. He claimed that when the weights are in the same proportion as the lengths of these planes with the greater weight being placed upon the more oblique plane, equilibrium will result. This is, in fact, a correct proposition about bodies placed on inclined planes.

In his proof, Tartaglia, following Jordanus, managed to compare ascents of equal lengths along the differently inclined planes, but starting from the same height. From the larger vertical projection of the displacement along the steeper ascent he concluded that the corresponding weight must have a larger positional heaviness. By means of a geometrical argument he showed that the ratio between the positional heaviness of two weights equals the inverse relation between the lengths of the inclined planes. As a consequence, the weight on the steeper plane – due to its proportionally increased positional effectiveness – is able to equilibrate the larger weight on the more oblique plane.

Tartaglia thus employed the concept of positional heaviness in his proof of the law of the lever, in his problematic conclusion that a balance with equal arms always returns to the horizontal position although the infinitely small driving force cannot be compensated by any weight, and as well in demonstrating the equilibrium of an inclined plane. In each case, his analysis was based on evaluating the straightness of descent, either by determining the projection of the descent on the vertical, or by its angle with the line connecting a heavy body to the center of the world. Some of these achievements and the conceptual framework on which they depend were both further elaborated and criticized by Benedetti and Guidobaldo.


[image: Figure 3.13: According to Tartaglia, given that <i>MH</i> equals <i>NG</i>, the lines <i>MX</i> and <i>NZ</i> represent the different positional heaviness of a body on the corresponding inclined planes. A body at <i>H</i> is thus positionally heavier than the same body at <i>G</i> in proportion to the length of the lines <i>MX</i> and <i>NZ</i> which for geometrical reasons equals the proportion between the lengths of the inclined planes <i>DK</i> and <i>DA</i>.]


Figure 3.13: According to Tartaglia, given that MH equals NG, the lines MX and NZ represent the different positional heaviness of a body on the corresponding inclined planes. A body at H is thus positionally heavier than the same body at G in proportion to the length of the lines MX and NZ which for geometrical reasons equals the proportion between the lengths of the inclined planes DK and DA.

Tartaglia's systematic use of the concept of positional heaviness adopted from Jordanus became a starting point for numerous attempts to apply Archimedes' law of the lever to challenging new objects of preclassical mechanics. The way Tartaglia applied the concept already shows its inherent difficulties, which puzzled scholars in the early modern period. The concept was supposed to provide an answer to the problem that the effect of a weight depends somehow on material conditions which hindered its straight movement toward the center of the world. But precisely how this effect came about remained ultimately undetermined. In particular, Tartaglia was unable to convincingly eliminate the resulting ambiguity of the concept. As we shall see in the following, this ambiguity triggered several contradicting interpretations which became stumbling blocks of preclassical mechanics and resulted in acrimonious struggles between their adherents.

3.7 Cardano's approach to positional heaviness

Girolamo Cardano was born in Pavia in 1501. His father was a lawyer and a friend of Leonardo da Vinci. He studied and practiced medicine, a subject on which he published extensively. Later, he published also on mathematics, contributing significantly to the development of algebra. On the issue of solving third-degree equations he had an intense priority dispute with Tartaglia. He also made major contributions to mechanics. In 1570 he was imprisoned by the Inquisition for heresy, in particular for having casted the horoscope of Christ. In the same year, Cardano published his Opus novum de proportionibus in which he returned to a consideration of mechanical problems, in particular, of weights on a balance and their displacements along horizontal and vertical components.


[image: Figure 3.14: According to Cardano there are three ways to determine <i>positional heaviness</i>. The <i>positional heaviness</i> in point <i>F</i>, for instance, may be determined by the horizontal <i>FP</i>, by the vertical <i>FL</i>, or by the angle <i>QBF</i>.]


Figure 3.14: According to Cardano there are three ways to determine positional heaviness. The positional heaviness in point F, for instance, may be determined by the horizontal FP, by the vertical FL, or by the angle QBF.

Cardano first treated the balance on a few pages of the first book of De subtilitate, published in 1550.[87] At that time he may have been familiar with Jordanus' work through Apianus' edition of Liber de ponderibus printed 1533.[88] It is also possible that he knew the work of Jordanus through Tartaglia's Quesiti[89] published 1546, four years before his own publication. In any case, the first part of his text is substantially based on Jordanus's treatment of the medieval doctrine of the science of weights.

Cardano began his treatment of the balance with the figure of a balance deflected from the horizontal equilibrium into an oblique position (see figure 3.14). He claimed that a weight placed at the end of the beam of the balance will be heavier in the horizontal position than in any oblique position:



Dico quod pondus in C constitutum erit gravius quam si lanx collocetur in quocunque alio loco, ut pote quod constitueretur lanx in F. Ut autem cognoscamus quod C sit gravius in eo situ quam in F, necessarium est ut in aequali tempore movetur per maius spacium versus centrum. Videmus enim graviora pari ratione in reliquis existente velocius ad centrum ferri.





I say that the weight placed at C will be heavier than when the scale beam is placed in any other position, like when for instance the beam is located in F. But in order to recognize that C is heavier in this position than in F, it is necessary that it is moved in the same time through a greater distance toward the center. We see namely that the heavier bodies, everything else being equal, are more quickly carried toward the center.[90]



The claim that a weight will be heaviest if the beam is in horizontal position corresponds precisely to the way in which Jordanus introduced the technical term positional heaviness in the Proemium to the Liber de ponderibus[91] and how he formulated the claim in his fourth proposition using the term. In Tartaglia's Quesiti, which Cardano may have known, there is no explicit proposition with the same claim, but it is implicitly contained in the proof of his fifth proposition and explicitly formulated as the first corollary to this proposition:



Dalle cose dette, et dimostrate di sopra, se manifesta qualmente un corpo grave in qual si voglia parte, che lui se parta, over removi dal sito della equalità lui si fa più leve, over leggiero secondo il sito, over luoco, et tanto più quanto più sara remosso da tal sito […]





From the things said and demonstrated above, it is manifest how a heavy body, whenever parted or removed from the position of equality, is made positionally lighter, and the more so, the more it is removed from that position.[92]



The first step of the justification of Cardano's claim refers to Aristotelian dynamics associating the heaviness of a body with the velocity of its descent as it was formulated in Jordanus' second comments and in a sequence of definitions and postulates of Tartaglia's Quesiti leading to his second postulate. Jordanus' postulate reads:



Secunda, quanto gravius tanto velocius descendere.





Second: That which is heavier descends more quickly.[93]



Tartaglia's postulate reads:



Simelmente adimandamo, che nasia concesso quel corpo, ch'è di maggior potentia
debbia anchora discendere più velocemente, et nelli moti contrarii, cioè nelli ascensi, ascendere più pigramente, dico nella libra.





Likewise we request that it be conceded that that body which is of greater power should also descend more swiftly; and in the contrary motion, that is, of ascent, it should ascend more slowly – I mean in the balance.[94]



Cardano then announced two reasons for his claim that positional heaviness at the end of a deflected beam is greater the closer the beam is to the horizontal (see figure 3.14):



Quod autem hoc contingat magis pondere et libra in C collocata quam in F, ostendo duabus rationibus.





Prima, quod si in aliquo tempore moveatur ex C in E, et sit arcus CE aequalis FG, quod tardius descendet ex F in G, quam ex C in E, et ita erit levius in F, quam in C.





Secundo, quod posito quod in aequali spatio temporis moveretur ex C in E, ex et F in G, adhuc per arcum CE aequalem FG, magis appropinquaret centro quam per motum factum in arcu FG.





Ideo ergo duplici ratione magis gravabit pondus lance posita ad perpendiculum cum trutina, quam in quoque alio loco.





But that it is heavier when the balance is placed at C than at F, I demonstrate with two reasons.





First, because, insofar as [the weight at the end of the beam] is moved in some time from C to E, the arc CE being equal to FG, it descends more slowly from F to G than from C to E, and so it will be lighter at F than at C.





Second, because, insofar as it is assumed that [the weight at the end of the beam] is moved in the same amount of time from C to E, and from F to G, up to this point through the same arc CE equal to FG, it approaches the center more than through the motion made along the arc FG.





Hence for this double reason the weight placed on the scale beam perpendicularly with respect to the support will be heavier than in any other position.[95]



Cardano's first reason considers the case that equal arcs are traversed in different times and infers that the speed through the arc further away from the horizontal must be smaller and thus that the weight in this position must be lighter. His second reason considers the case that equal arcs are traversed in equal times and infers that the weight closer to the horizontal approaches the center of the world more.

The following main part of the argument explains the two cases. The first explanation reads (see figure 3.14):



Primum igitur sic declaratur. Manifestum est in stateris, et in his qui pondera elevant, quod quanto magis pondus a trutina, eo magis grave videtur: sed pondus in C distat a trutina quantitate BC lineae, et in F quantitate FP, sed CB est maior FP, ex decimaquinta, tertii elementorum Euclidis: igitur lance posita in C, gravius pondus videbitur quam in F, quod erat primum.





Ex hac etiam demonstratione manifestum est, libram quanto magis discendit versus C ex A, tanto gravius pondus reddere, et eo velocius moveri: at ex C versus Q, contraria ratione pondus reddi levius, et motum segniorem, quod et experimentum docet.





The first is thus explained in the following way. It is manifest in steelyards and in those [instruments] that lift weights, that the more the weight is [removed] from the support, the heavier it appears: but the weight at C is removed from the support by the quantity BC of the line, and at F by the quantity FP, but CB is larger than FP, from the fifteenth [proposition] of the third [book] of Euclid: hence when the beam is placed at C, the weight will appear heavier than at F, which was the first.





From this demonstration it is also manifest that the more the balance descends from A toward C, the heavier the weight will be rendered, and the quicker it will be moved: but from C to Q, for the contrary reason, the weight will be rendered lighter, and the motion slower, as also the experiment shows.[96]



This explanation is puzzling and not only because the last sentence refers to an experiment that relates the equilibrium controversy to the motion along a circular arc, as in the case of a pendulum. Cardano's text introduces an idea that cannot be found in Tartaglia's Quesiti, that is, the idea that if the beam is in a deflected position, the horizontal distance to the vertical through the center of the balance is a measure of the positional weight. It is, however, as discussed earlier, implicitly contained, among others, in the eighth proposition of Jordanus' De ratione ponderis, which is the proposition that has been corrected from proposition six of Elementa and Liber de ponderibus (see section 3.5). It is thus also contained in the eighth proposition of Tartaglia's later edition of Jordanus' corrected and extended treatise, which is supplemented by improved drawings (see figure 3.15).


[image: Figure 3.15: Tartaglia's figure added to the text of Jordanus in order to explain the idea that in the case of a bent lever <i>ACB</i> with equal weights attached, the equilibrium is characterized by equal horizontal distances <i>EB</i> and <i>AC</i>.]


Figure 3.15: Tartaglia's figure added to the text of Jordanus in order to explain the idea that in the case of a bent lever ACB with equal weights attached, the equilibrium is characterized by equal horizontal distances EB and AC.

The conclusive part of Cardano's second explanation reads (see figure 3.14):



Secundum vero sic demonstratur. […] Dum igitur libra movetur ex C in E pondus descendit per BM lineam, seu propinquius centro redditur quam esset in C, et dum movetur per spatium arcus FG, descenditque per OP, et BM, maior est OP.





Igitur suppositio etiam quod in aequale tempore transiret ex C in E, et ex F in G, adhuc velocius descendit ex C, quam ex F. Igitur gravius est in C, quam in F. Ex hoc autem demonstratur quod dicit Philosophus, quod si aequalia sint pondera in F et R, libra tamen sponte redit ad situm CD, ubi trutina sit AB. Nec hoc demonstrat Iordanus, nec intellexit.





But the second will be thus demonstrated. […] When thus the balance is moved from C to E the weight descends through the line BM, that is, it is rendered closer to the center than when it was in C, and when it is moved through the space of the arc FG, it will descend through OP, and BM [is] larger than OP.





Hence also the supposition that when [the weight] traverses in the same time from C to E, and from F to G, it thus descends more quickly from C than from F. Hence, it is heavier at C than at F. But from this it is demonstrated what the Philosopher says, that when the weights at F and R are equal, the balance will nevertheless spontaneously return to the position CD, where the support is AB. And this Jordanus neither demonstrates nor understands.[97]



In this case Cardano again closely followed the fourth and fifth postulates of Jordanus by which the vertical descent is taken as a measure of the positional heaviness (see section 3.5). His argument also parallels Tartaglia's line of argument in the Quesiti where the twelfth in combination with the seventeenth definition completely determines his further reasoning (see section 3.6).

Tartaglia's twelfth and seventeenth definitions read:



Diffinitione XII:





Un corpo se dice essere più, over men grave d'un'altro nel descendere, quando che la rettitudine, obliquita, over dependentia del luoco, over spacio dove descende lo fa descendere più, over men grave dell'altro, et similmente più, over men veloce dell'altro, anchor che siano ambidui simplicemente eguali in gravità.





Definition XII:





A body is said to be more or less heavy in descent than another when the straightness, obliquity, or pendency of the place or space where it descends makes it descend more or less heav[il]y than the other, and similarly more or less rapidly than the other, though both are simply equal in heaviness.[98]





Diffinitione XVII:





Più obliquo se dice essere quel descenso, d'un corpo grave, il quale in una medesima quantità, capisse manco della linea della direttione, overamente del descenso retto verso il centro del mondo.





Definition XVII:





The descent of a heavy body is said to be more oblique when for a given quantity it contains less of the line of direction, or of straight descent toward the center of the world.[99]



Consequently, Cardano, like Jordanus and Tartaglia, also arrived at the erroneous conclusion that an equilibrated balance, deflected into an oblique position, will spontaneously return to the horizontal. Strictly speaking, this conclusion does not follow from his first measure of positional weight, but Cardano evidently failed to notice the fact that his different measures have different implications. In particular, he failed to recognize the potential of the first measure to lead to the correct solution of later classical physics.

Remarkably, Cardano ascribed the traditional stance in the equilibrium controversy to Aristotle himself. While he disputed that the claim that a deflected balance returns to the horizontal had been properly demonstrated by Jordanus, he referred to the Aristotelian Mechanical Problems for further support of this claim and introduced, on this basis, a third measure of positional weight, the angle with regard to what he called the meta, the direction of the line of support in the sense that, when the support is from above, the meta is represented by the lower half line, and when the support is from below, the meta is represented by the upper half line (see figure 3.14):



Aristoteles dicit hoc contingere, quum trutina est supra libram, quia angulus QBF metae, maior est angulo QBR. Et similiter quum trutina fuerit QBQB, erit meta AB, et tunc angulus RBA, maior erit angulo FBA, sed maior angulus reddit gravius pondus.





[…]





Generalis igitur ratio haec sit: pondera quo plus distant a meta seu linea descensus per rectam aut obliquum, id est, per angulum, eo sunt graviora.





Aristotle says that this happens when the support is above the balance, because the angle QBF of the meta is larger than the angle QBR. And similarly when the support is QB, the meta will be AB, and thus the RBA will be larger than the angle FBA, but the larger angle will render the weight heavier.





[…]





The general reason is hence this: the more the weights are removed from the meta or from the line of descent along a straight or an oblique line, that is, [as measured] by an angle, the heavier they are.[100]



Many years later, in 1570, Cardano published his Opus novum de proportionibus where he once again returned to a consideration of mechanical problems, in particular also of weights on a balance and their displacements along horizontal and vertical components without, however, proposing a new approach to the question of the stability of the balance.[101]

3.8 Guidobaldo's approach to positional heaviness

In his Mechanicorum liber of 1577[102] Guidobaldo del Monte made considerable efforts to criticize the concept of positional heaviness, as introduced by Jordanus and revived by Tartaglia and Cardano, as well as some of the consequences drawn from it. As this criticism provides the background for many of his marginal notes to Benedetti's book, it shall be discussed in the following at some length.[103] Even in the preface to his book, Guidobaldo stressed the fundamental importance of his criticism of Jordanus and his early modern followers Tartaglia and Cardano:



Verum quo facilius totius operis substructio ad fastigium suum per duceretur, nonnulla quoque de libra fuerunt pertractanda, et praesertim dum unico pondere alterum solum ipsius brachium penitus deprimitur: que in re mirum est quantas fecerint ruinas Iordanus (qui inter recentiores maximae fuit auctoritatis) et alii; qui hanc rem sibi discutiendam proposuerunt.





Now, in order that my whole work might be more easily built up from its foundation to its very top, certain properties of the balance had to be treated, particularly the case when one arm of the balance is depressed by a single weight. On this subject it is strange what disastrous errors were made by Jordanus (who had enjoyed the greatest authority among recent writers) and others who proposed this subject.[104]



Of particular importance to Guidobaldo was the claim that the balance, in any position also outside the horizontal, is in an indifferent equilibrium, in contrast to the opinion of Jordanus, Tartaglia, and Cardano, that it would return spontaneously to the horizontal position. The argument was of such importance to Guidobaldo that he spent the better part of some fifty pages of his book in dealing with it. In the Italian edition of 1581, he made the translator, Filippo Pigafetta, insert at the end of this discussion a lengthy comment,[105]
actually written by himself, referring both to the theoretical novelty of Guidobaldo's treatment and to the evidence he had been able to offer for it by actually constructing balances that displayed indifferent equilibrium:



Che questo autore è stato il primo a considerare esquisitamente la bilancia, ed intenderla dalla natura, e dal vero esser suo; però che egli il primiero di tutti ha manifestato chiaramente il modo del trattarla, e insegnarla, con proporre tre centri da essere considerati in questa speculatione; l'uno è il centro del mondo, l'altro il centro della bilancia, ed il terzo il centro della gravezza della bilancia, che in essa era un nascosto secreto di natura. Senza questi tre centri, chiara cosa è, che non si puote venire in conoscimento perfetto, ne dimostrare gli effetti varii della bilancia, i quali nascono dalla diversità del collocare il centro della bilancia in tre modi, cioè quando il centro della bilancia sta sopra il centro della gravezza di essa, overo quando è di sotto, o pure allhorche il centro della bilancia è nell'istesso centro della gravezza di lei;





si come l'autore insegna nelle tre precedenti dimostrationi, cioè nella seconda, nella terza, e nella quarta propositione: perochè nella seconda mostra quando la bilancia torna sempre egualmente distante dall'orizonte; nella terza quando non solo non ritorna, ma si move al contrario; nella quarta, che essendo la bilancia sostenuta nel suo centro dalla gravezza sta ferma dovunque ella si trova, il quale effetto in particolare non è più stato tocco, ne veduto, ne manco da niuno manifestato, fuor che dall'autore: anzi fin hora tenuto falso, ed impossibile da tutti gli predecessori nostri; i quali con molte ragioni si sono sforzati di provare non solamente il contrario, ma hanno etiandio affermato per certo, che la sperienza mostra la bilancia non dimorare già mai ferma se non quando ella è egualmente distante dall'orizonte.





La qual cosa in tutto è contraria alla ragione prima, per essere la dimostratione della sudetta quarta propositione tanto chiara, facile, e vera, che non so, come se le possa in modo alcuno contradire: e poi all'esperienza conciosia che l'autore habbia fatto sottilissimamente lavorare bilancie giuste a posta per chiarire questa verità, una delle quali ho io veduto in mano dell'Illustre Signor Gio. Vicenzo Pinello, mandatagli dall'istesso autore, la quale per essere sostenuta nel centro della su a gravezza, mossa dovunque si vuole, e poi lasciata, sta ferma in ogni sito dove ella vien lasciata. Ben è egli vero, che non bisogna, nel fare cotesta esperienza, correr così a furia, per essere cosa oltra modo difficile, come dice l'autore di sopra, il fare una bilancia, la quale sia nel mezo delle sue braccia sostenuta à punto, e nel centro proprio della sua gravezza.





Per la qual cosa egli è da por mente, che qual'hora alcuno si mettesse a far cotale esperienza, e non gli riuscisse, non perciò si deve sgomentare, anzi dica pur fermamente di non haver bene operato, ed un'altra volta ritorni a farne la sperienza, fin che la bilancia sia giusta, ed eguale, e venga sostenuta a punto nel centro della gravezza sua.





Et benche da altri siano state tocche le altre due predette speculationi, cioè quando la bilancia ritorna sempre egualmente distante dall'orizonte, e quando si move al contrario di questo sito, tuttavia non si è più intesa questa verità già mai apertamente, se non dall'autore nostro; peroche gli altri non hanno co'l senno penetrato in ciò tanto avanti, che habbiano saputo con distintione considerare il centro della bilancia in tre modi, come ho narrato.





Now our author is the first to have considered the balance in detail and to have understood its nature and true quality. For he is the first of all to have shown clearly the way of dealing with it and teaching about it, by propounding three centers to be considered in its theory: one is the center of the world, another the center of the balance, and finally the center of gravity of the balance: for in this was a hidden secret of nature. Without these three centers, it is clear that one could not come to a perfect knowledge or demonstrate the various effects of the balance which emerge from the diversity of placing the center of the balance in three ways, that is, when the center of the balance is above the center of gravity, or below, or when the center of the balance is in its very center of gravity.





These the author shows in the three preceding demonstrations, that is, in the second, third, and fourth propositions. In the second, he shows when the balance returns to a horizontal position, in the third when it not only does not return but moves in the contrary direction, and in the fourth that, when a balance is sustained at its center of gravity, it remains at rest wherever it is left. This last effect in particular has not been dealt with before, or seen, or even suggested by anybody besides this author. Indeed, until the present time it has been held to be false and impossible by all our predecessors, who not only have given many arguments attempting to prove the contrary, but have even assumed it to be certain that experience shows the balance never to remain fixed except when parallel to the horizon.





This is quite contrary to reason, first because the demonstration of the above fourth proposition is so clear, easy, and true that I do not know how it could be contradicted in any way; and second, their view is contrary to experience, inasmuch as our author has arranged for precise balances to be manufactured in a very sophisticated way for the purpose of showing this truth, one of which I saw in the hands of the illustrious Giovanni Vicenzo Pinelli,[106] sent to him by the author himself, and, because it was sustained at its center of gravity, it could be moved to any position and would rest at any place where it was left. True it is that in performing this experiment one might not act hastily, for it is an extremely difficult thing (as the author says above) to make a balance which is sustained precisely at the center of its arms and at its precise center of gravity.





For this reason it is good to remember that, when anyone tries to perform such an experiment and does not succeed, he should not be discouraged, but rather should say that he had not been careful enough, and should try repeatedly until the balance is just and equal and is sustained precisely at its center of gravity.





And though others have touched on the other two propositions (that is, when the balance always returns to a horizontal position, and when it moves to the contrary side), yet the truth of this has never been understood except by this author, and others have not gone far enough to have made a distinct consideration of the center of the balance in three ways, as I have explained.[107]



This inserted text higlights the centrality of the reconcialiation of Aristotelian and Archimedean approaches for Guidobaldo's work, embodied in the relation between the three centers: the center of the world, the center of the balance, and the center of gravity of the balance.[108] Inachievable as this synthesis was because of the impossibility of an indifferent equilibrium with gravitational forces acting toward a center, it did create a challenging problem driving the further development of mechanics, including experimental endeavors as described by Pigafetta.

Guidobaldo started the main part of his book with a long chapter on the balance. After some propositions about balances that are not suspended from the center of gravity, he turned with his fourth proposition to his major concern mentioned above, that is, the indifference of a balance suspended from the center of gravity against displacements. He actually gave a rather concise demonstration of the statement formulated in this proposition:



Libra horizonti aequidistans aequalia in extremitatibus, aequaliterque a centro in ipsa libra collocato, distantia habens pondera; sive inde moveatur, sive minus; ubicunque relicta, manebit.





A balance parallel to the horizon, having its center within the balance and with equal weights at its extremities, equally distant from the center of the balance, will remain stable in any position to which it is moved.[109]



The gist of his proof consists of a simple idea. The proof directly follows from his definition of the concept of center of gravity of a body, adopted from Commandino's Latin translation of Pappus' Collectiones:[110]



Centrum gravitatis uniuscuiusque corporis est punctum quoddam intra positum, a quo si grave appensum mente concipiatur, dum fertur, quiescit; et servat eam, quam in principio habebat positionem: neque in ipsa latione circumvertitur.





The center of gravity is a certain point within it, from which, if it is imagined to be suspended and carried, it remains stable and maintains the position which it had at the beginning, and is not set to rotating by that motion.[111]



If the balance is suspended from its center of gravity it must – according to this definition – remain stable in any position. From a modern point of view of the necessary rigor of demonstrations, this of course is a tautology rather than a proof. What is missing is a justification of the implicit assumption that a center of gravity meeting the requirements of Pappus' definition always exists.

Guidobaldo also gave another definition of the center of gravity which he adopted from Federico Commandino:



Centrum gravitatis uniuscuiusque solidae figurae est punctum illud intra positum, circa quod undique partes aequalium momentorum consistunt. si enim per tale centrum ducatur planum figuram quomodocunque secans semper in partes aequeponderantes ipsam dividet.





The center of gravity of any solid shape is that point within it around which are disposed on all sides parts of equal moments [partes aequalium momentorum], so that if a plane is passed through this point cutting the said shape, it will always be divided into parts that are in equilibrium [partes aequeponderantes].[112]



If the concept of moment is understood in a modern sense as describing the effect of a weight depending on its position, that is, the vector product of the weight and the lever arm, the definition is essentially correct (see section 1.4). It should be noted, however, that the concept of momento or momentum, later revived by Galileo,[113] was employed by Guidobaldo neither here nor in any of his other demonstrations.

Guidobaldo must have felt that his proof of the indifference of a balance suspended from the center of gravity could not easily convince his contemporaries. Thus he noted:



Quoniam autem huic determinationi ultimae multa a nonnullis aliter sentientibus dicta officere videntur; idcirco in hac parte aliquantulum immorari oportebit; et pro viribus, non solum propriam sententiam, sed Archimedem ipsum, qui in hac eadem esse sententia videtur, defendere conabor.





But with regard to this last conclusion, many things are said by men who believe otherwise. Hence it will be well to dwell further on this; and according to my ability I shall endeavor to defend not only my own opinion but Archimedes too, who seems to have been of the same opinion.[114]



Continuing the proof of his fourth proposition he therefore started to address extensively the erroneous claim of his adversaries and their alleged proofs that a balance removed from the horizontal position will actually not remain indifferent to this displacement, but rather return to its original position.

3.8.1 Overview of Guidobaldo's criticism of the claims of his adversaries

The long, somewhat chaotic supplement of some fifty pages[115] to Guidobaldo's fourth proposition of the chapter on the balance starts with a marginal note. This explicitly lists the treatises that were the subject of Guidobaldo's critique (see figure 3.16). In the first place he referred to Jordanus' De ponderibus, known to him from the commented edition of Apianus which he owned.[116] In the second place he referred to Cardano's De subtilitate,[117] and finally to Tartaglia's Quesiti.[118] As we have discussed in the preceding sections, these treatises in fact all contain the claim that a balance in equilibrium, if it is moved out of the horizontal position, will spontaneously move back into the horizontal.[119]


[image: Figure 3.16: Marginal note listing the treatises Guidobaldo is criticizing.]


Figure 3.16: Marginal note listing the treatises Guidobaldo is criticizing.

Guidobaldo proceeded, over many pages, to derive assertions within the framework of Jordanus, Tartaglia, and Cardano, including his own opinion about the indifferent equilibrium of a balance, initially derived with the help of the concept of center of gravity. His motives are explained in the already mentioned comment inserted by Pigafetta (see page 87ff.):



ed affine che questa nova opinion sua, dimostrata a pieno nella predetta quarta propositione, resti totalmente chiara, non si è già contentato egli d'haverla dimostrata con vive ragioni, e certe solamente, ma come buon filosofo, procedente con via di reale dottrina, e di fondata scienza, (imitando Aristotele, il qual ne' principii de suoi libri, investigando dottrina migliore, ha datto contra la opinione de gli antichi, solvendo le ragioni addotte da loro:) ha ben voluto, essendo la verità una sola, proporre le opinioni de' suoi predecessori, ed esaminare le loro ragioni, le quali sembrano provar il contrario, e solverle, la loro fallenza dimostrando co'l presente discorso […]





Anzi di più per confermatione della verità soggiunge, che questi tali non hanno saputo fare le loro demostrationi; poi che co'l proprio modo di speculare usato da loro, e con le loro medesime ragioni prova la sua intentione, e sentenza essere verissima, appoggiando si alla dottrina di Aristotele sempre, e facendo toccar con mano, che egli con esso lui è d'accordo nelle questioni mechaniche.





And to the end that this new opinion of his, fully demonstrated in the aforesaid fourth proposition [about the indifferent equilibrium], should be completely clear, he has not been content to demonstrate it with vivid and certain reasoning alone, but, like a good philosopher, proceeding by the path of true doctrine and well-founded science (imitating Aristotle, who at the beginning of his books, in quest of the best doctrine, has given the contrary opinions of the ancients, analyzing the reasons which they accepted), he has wished, because there is but one truth, to propound the opinions of his predecessors and examine the reasons by which they prove the contrary, and to resolve these, showing their fallacy in the present argument […]





Moreover, as a confirmation of the truth, he adds that they did not know how to construct their proofs; for by their own mode of theorizing and their very own reasons, he proves his opinions to be most true, supporting them always on the doctrine of Aristotle and making it clear that he is in accord with him in the mechanical questions.[120]



Mentioning Aristotle here is significant. It shows that Guidobaldo could not easily dismiss a concept as closely related to Aristotelian dynamics as is positional heaviness. His faithfulness to Aristotle was evidently a major motive for his engagement in the equilibrium controversy, as also his marginal comments to the works of Jordanus and Benedetti show.

Guidobaldo's discussion of arguments in the treatises of his adversaries, which are related to his allegedly fundamental “discovery” of the indifferent equilibrium of a balance suspended from its center of gravity, is composed of several sections. Typically these sections begin with a paraphrase or reference to an argument of one of these treatises which Guidobaldo considered worthy of substantial rejection. He then presented opposing arguments or derived implicit consequences that justified his criticism. The result is a flow of meandering arguments and counterarguments. They extend the proof of his fourth proposition to an irritating web of inferences that cannot easily be disentangled. Given that the arguments of Guidobaldo's adversaries are themselves partly hybrids of various threads of implications, an adequate understanding of the disproportionate “proof” of his fourth proposition requires taking into account the context of the arguments in their treatises. A brief overview of the different sections of Guidobaldo's continuation of his proof may help to follow his arguments.

	 Guidobaldo first developed a general argument against the proposition that a balance in equilibrium if moved into an oblique position will return to the horizontal. He showed that the implications of this proposition are incompatible with the concept of the center of gravity upon which Archimedes' theory of equilibrium is based.[121]





	 Guidobaldo then paraphrased and extended a counterargument of Tartaglia's fictitious interlocutor Mendoza against his claim that the balance will return to the horizontal.[122] This counterargument is based on the idea that it must be possible to compensate the alleged greater positional heaviness of the upper end of the balance in an oblique position by adding a weight to the lower end.[123]





	 Tartaglia rejected this counterargument by referring to an idea of Jordanus concerning the possibility of infinitely small differences between “mixed” angles which are composed of straight and curved legs.[124] Guidobaldo paraphrased Tartaglia's rejection of Mendoza's counterargument, followed by an extensive argument against this rejection.[125] At the end of this argument Guidobaldo introduced the condition that the directions to the center of the world for both ends of the beam of the balance are not parallel, attributing this assumption also to his adversaries although they did not make explicit use of it in their arguments. This condition later became a major concern in his reception of Benedetti's work. Contrary to the claim of Guidobaldo's adversaries, it follows that the lower end becomes positionally heavier than the upper end, a conclusion to which he returned in the sequel.





	 Next, Guidobaldo paraphrased three different arguments for dealing with the changing positional heaviness in dependence of the position of the beam of the balance.
They differ in the measure of the positional heaviness, the first determining the positional heaviness by the horizontal distance of the weight from the vertical axis of support, the second by the vertical component of the actual trajectory, the third by the angle between the beam of the balance and the direction toward the center of the world. They have in common that they seem to determine somehow the effect of the obliquity by which the weights are hindered in descending directly to the center of the world.

Guidobaldo first reported Cardano's argument that the weight of a body attached to the beam of the balance is heavier the more distant it is from the support of the balance (see section 3.7).[126] This distance is measured, as we have seen, by the horizontal distance of the suspended weight from the vertical through the center of the balance.[127] Accordingly, a body suspended from a balance arm would be heaviest in the horizontal position of that arm, the position in which its motion would also be swifter than in any other position. This conceptualization of positional heaviness is close to the modern concept of torque, suggesting that the positional heaviness at the upper and the lower position must be the same (see section 1.4).

The second argument is based on taking the vertical distances of descent as a measure of the positional heaviness.[128] Guidobaldo knew this argument from his copy of Apianus' edition of Jordanus' treatise Liber de ponderibus, where the argument forms the basis of the fourth and fifth postulates and is further elaborated in Apianus' commentary to Jordanus' second proposition.[129] The argument also appears in Jordanus' treatise De ratione ponderis and is thus also contained in Tartaglia's edition (see section 3.5).[130] As discussed above, an extensive version of the argument is furthermore contained in Tartaglia's Quesiti (see section 3.6).[131] The argument is also appended by Cardano to his virtually correct conceptualization of the positional heaviness as representing – in modern terms – the torque. It seemed to imply the same conclusion as his first argument about the changing positional heaviness in dependence of the obliquity of the beam of the balance. This argument, however, provided a strong reason in favor of the erroneous conclusion that the balance must return to the horizontal position.

The third argument, which Guidobaldo again explicitly attributed to Cardano,[132] involves the concept of meta and is based on taking as a measure the angle between the beam of the balance and the direction toward the center of the world.[133] From the fact that the angle, thus defined, is greater in the upper than in the lower position, Cardano concluded that also the positional heaviness must be greater in the upper position.





	 Before detailing a refutation of his adversaries, Guidobaldo countered both Cardano's and Tartaglia's arguments in a general way by stressing that from the observation that a weight is swifter or its motion straighter, it does not follow that it will therefore also be heavier:

Neque enim intellectus quiescit, nisi alia huius ostendatur causa; cum potius signum, quam vera causa esse videatur.

Now the intellect is not satisfied unless this can be demonstrated from some other cause, for this appears to be merely a sign rather than a cause.[134]

He also noticed that all arguments referring to the swiftness of motion do not actually infer the positional heaviness of a body from its position, but only from its departure from that position.

Guidobaldo started his detailed account of the arguments of his adversaries with a discussion of Cardano's claim that the positional heaviness is determined by the distance from the vertical through the center of the lever, that is, the first argument he had introduced earlier.[135] In the sequel he gave an account of the changing effect of the obliquity of the beam of a balance from his own perspective.[136] His account included the cosmological context, in contrast to the tacit assumption of Cardano that the lines drawn from different points of the balance to the center of the world are parallel and thus cannot meet at this point. Guidobaldo's arguments are mainly based on physical reasons for his own claim that a weight (pondus) attached to the end of the beam of a balance is more or less heavy (gravius) according to the amount of support the beam gets from the center of the balance in dependence on the obliqueness of its position.





	 Guidobaldo continued with a critique of the second claim of his adversaries, in this case, as mentioned above, maintained by Jordanus, Tartaglia, and Cardano as well.[137] All of them considered the vertical descent of a weight attached to the end of the beam of a balance, that is, the projection of the circular path of the end of the beam on the vertical direction to the center of the world, to be a measure of the obliquity of its path and thus of the weight's changing positional heaviness. Guidobaldo's refutation made use of two arguments. He first referred to the cosmological fact that the directions from different points of the circular path of the end of the beam toward the center of the world cannot be parallel and thus only approximately represent the positional heaviness. From the failure of his adversaries to take this fact into account, he concluded that all their demonstrations are false. His second argument conceded that the difference of the directions toward the center of the world is so small as to be imperceptible, and that their assumption that the straight descents of the weights are parallel was feasible. On this basis he then showed that their definition of positional heaviness was ambiguous and leads to contradictory results.





	 After demonstrating that the arguments of his three adversaries may lead to untenable conclusions, Guidobaldo added a sophisticated geometrical proof that on the basis of their assumptions about the relation between the vertical descent, the obliqueness of descent, and the positional heaviness, he could actually infer the opposite of their claim, namely that the positional heaviness at a position closer to the vertical is greater than the positional heaviness at a position more distant to the vertical, which is counter-intuitive.[138]





	 What follows is a short commentary on the origin of the errors of his adversaries. Guidobaldo argued that in general, inferences from false assumptions are false.[139]





	 After this general commentary, Guidobaldo once again returned to the dependence of the positional heaviness on the geometrical constellation of the inclined balance, now paying attention to the fact that both weights should be considered as being connected by the beam so that their motions cannot be considered independently.[140] He tried to show that, even if the assumptions of his adversaries were accepted, that is, if the directions from the weights attached to the ends of the beam toward the center of the world were assumed to be parallel, and that the positional heaviness depended on how straight (rectus) their descent is, it does not necessarily follow from their arguments that the beam returns to the horizontal.

At this point Guidobaldo introduced the idea that one has to consider both weights not separately, but connected by the beam of the balance. From this perspective he reconsidered the arguments of his adversaries. He first discussed the dependence of the positional heaviness on the vertical descent of weights attached to the beam, as claimed by Jordanus, Tartaglia, and Cardano. He then discussed the dependence on the horizontal distance to the vertical through the point of suspension of the balance, as claimed by Cardano. In both cases Guidobaldo argued that the positional heaviness must be equal. In the first case he drew attention to the fact that one must not compare two descents, but rather a descent on one side with a rise on the other. In the second case the positional heaviness is equal by definition so that both measures lead to the same conclusion, in agreement with Guidobaldo's claim that the balance is in indifferent equilibrium. As an act of virtuosity Guidobaldo added the argument that if one compares ascents rather than descents, the balance will move, according to the logic of his adversaries, into a vertical and not a horizontal position.





	 Guidobaldo continued with an investigation of the situation in which the directions meet at the center of the world, instead of being parallel, and with a discussion of the meaning of obliqueness and straightness as criteria for the positional heaviness, offering his own reinterpretation of this concept.[141] He concluded that, contrary to the opinion of his adversaries, the positional heaviness in the lower position must be greater and not smaller than the weight in the upper position.





	 This conclusion contradicts, of course, not only the claims of Guidobaldo's adversaries, but also his own claim that an equilibrated balance suspended at its center of gravity, if moved to an oblique position, will remain there. Therefore he now made use of his main argument, which he had introduced earlier, namely that the two weights on the balance have to be considered in conjunction.[142] He criticized his adversaries for not taking this circumstance into account. His argument is implicitly based on the modern idea that the horizontal components of the directions toward the center of the world cancel each other out so that the remaining directions of gravity are parallel and the straightness of descent is the same for both weights.





	 So far Guidobaldo had extensively discussed and refuted all the inferences his adversaries had drawn from taking horizontal and vertical measures as defining the magnitude of the positional heaviness. At this point he moved on to the last claim of his initial overview.[143] Cardano had argued that the angle between a beam supported from above and the meta, the direction toward the center of the world, determines the positional heaviness of a body attached to the end of the beam. He concluded that in this case the positional heaviness of the upper body exceeds that of the lower body. He further claimed that if the balance is supported from below, the positional heaviness of the lower body will exceed that of the upper body. Guidobaldo replied that there was no reason whatsoever for this assertion. Moreover, he argued that this assertion would lead to a contradiction if it were taken into account that a balance can be supported, at the same time, from above and below.





	 Guidobaldo finally discussed extensively the issue of a balance supported from above or from below[144] as it had been treated in the Aristotelian Mechanical Problems, that is, with regard to a material beam in which the point of suspension of the balance does not necessarily lie on the line connecting the centers of gravity of the two weights. Cardano had indeed ascribed to Aristotle his assertion that the angle between the beam and the meta determines the heaviness of its weight (gravius pondus reddere).[145] Cardano had further maintained, as discussed above, that Jordanus neither proved nor even understood this relation. In addition he had claimed that experience (experimentum) supports his assertion.[146] Guidobaldo first discussed Cardano's misunderstanding of Aristotle's proposition. He conceded the difficulty in constructing a balance that is supported exactly at its center of gravity, but maintained that this is not a principal difficulty but only a question of practical precision. He then continued with his own interpretation of Aristotle's arguments, adding detailed proofs of his own of all possible constellations including equilibrated balances with unequal weights attached to them, compensated by corresponding unequal arms, and finally balances with a bent beam. The gist of this discussion is the support of his own claim from the Aristotelian treatment of the balance.






In summary, this long and somewhat chaotic supplement to Guidobal-

do's fourth proposition of the chapter on the balance is concerned with a number of basic ideas intimately related to the concept of positional heaviness. In the following, some of these ideas will be addressed in more detail, also in order to demonstrate how carefully Guidobaldo studied the contemporary literature and how he worked the fruits of these readings into his own line of reasoning. Our later discussion of the marginalia to Benedetti's work vividly illustrates how this process of reception actually worked.

3.8.2 Exploiting the concept of center of gravity

Guidobaldo began his discussion[147] by generally refuting his adversaries' claim that a balance with equal weights attached at equal distances from its beam will, if the beam is moved from the horizontal position, not be indifferent to this displacement, but rather return to its original horizontal position. He pointed out a specific consequence of this claim:



Hanc eorum sententiam nullo modo consistere posse ostendam. Non enim, sed si quod aiunt, evenerit, vel ideo erit, quia pondus D pondere E gravius fuerit, vel si pondera sunt aequalia, distantiae, quibus sunt posita, non erunt aequales.





For if what they say is true, this result will occur because either the [upper] weight D is heavier than the [lower] weight E or the weights are equal but the distances at which they are placed are not equal.[148]



Guidobaldo argued that, since the weights are equal, the return to the horizontal position would involve a shift of the common center of gravity of the two weights at the arms of the balance. This, however, would be in conflict with the third proposition of Archimedes' On the Equilibrium of Planes[149] and with Pappus' definition of the center of gravity he used in his own proof of the contrary statement:



Cum pondera eandem inter se se servent distantiam. Unius cuiusque enim corporis centrum gravitatis in eodem semper est situ respectu sui corporis.





For the weights remain the same distance apart, and the center of gravity of any body stays always in the same place with respect to that body.[150]



In the following part[151] Guidobaldo turned to the other possibility, that is, to the claim that the balance might return to the horizontal position due to an increase of the weight[152] of the ascending side of the balance. He used an indirect proof working with the counterargument of Tartaglia's interlocutor Mendoza that, if the two bodies on the arms of the balance should attain different weights, that difference could be compensated by placing an additional weight on the side that has become lighter. The latter conclusion then would lead to a contradiction.[153] While on the one hand the center of gravity of the balance now in equilibrium must still be at the center of the balance, according to the law of the lever the addition of a weight would move the center of gravity out from the center of the balance. Guidobaldo argued that the existence of two centers of gravity contradicts Archimedes' theory, indirectly demonstrating that in the oblique position the balance would remain stationary (manebunt).

3.8.3 The intricacies of the concept of curvilinear angles


[image: Figure 3.17: Guidobaldo refuted the argument that the <i>curvilinear angle</i> <i>MDG</i>, which from a modern point of view is zero, is the smallest possible angle by inserting the curves <i>QD</i> and <i>RD</i>. According to the line of reasoning of his adversaries the angles <i>MDQ</i> and <i>MDR</i> must be smaller than <i>MDG</i>.]


Figure 3.17: Guidobaldo refuted the argument that the curvilinear angle MDG, which from a modern point of view is zero, is the smallest possible angle by inserting the curves QD and RD. According to the line of reasoning of his adversaries the angles MDQ and MDR must be smaller than MDG.

The objection put forward by Tartaglia's interlocutor Mendoza that a greater positional heaviness of the upper part of an inclined balance might be compensated by an additional weight on the lower part, had been refuted by Tartaglia using an argument going back to Jordanus.[154] Tartaglia had argued that the difference in positional heaviness may just be infinitesimally small (not just minimal, but still less) so that it cannot be compensated by any finite weight. In his book Guidobaldo summarized this argument as follows:



Excessum enim ponderis D supra pondus E, cum quantitatis rationem habeat, non solum minimum esse, verum in infinitum dividi posse immaginabamur, quod quidem ipsi, non solum minimum, sed ne minimum quidem esse, cum reperiri non possit, hoc modo demonstrare nituntur.





For, the excess of weight D over weight E having some ratio and quantitative part, we imagined it to be not only minimal but also capable of infinite division. They seek in the following manner to prove that no such weight can be found, since it is not just minimal, but still less.[155]



Indeed, Tartaglia had argued that this is exactly what happens because the ratio of the mixed angles (angulus mixtus), as Guidobaldo called them, included between circumference and perpendicular at the two sides of the balance, that is, between the path of the weight and the direction to the center of the world, is supposedly smaller than any other ratio that exists between greater and smaller quantities.[156] The term mixed angle designates angles with a curved leg. Guidobaldo reduced them to the special case of circles and a tangent touching each other. From a modern point of view the degree of such angles is zero, independent of the curvature of their legs. Guidobaldo, however, shared with Tartaglia the opinion that such angles differ from each other, although the difference is infinitely small.

In his response Guidobaldo first argued that it is easily possible, by considering circles of larger diameters, to construct situations in which the ratio between the two angles is even smaller so that the claim that the ratio is the smallest possible one is refuted (see figure 3.17). He then pointed to the fact that the lines connecting the weights to the center of the world are not parallel but must converge at that center. On this basis he argued that the lower weight actually becomes positionally heavier than the weight that has been raised,[157] because the small but finite angle between perpendiculars and the directions to the center of the world outweighs any effect of infinitely small “angles” (see figure 3.18).


[image: Figure 3.18: According to Guidobaldo, if <i>S</i> represents the center of the world the <i>mixed angle</i> <i>SEG</i> between the circular path of the weight at <i>E</i> and the direction to the center of the world is less than the <i>mixed angle</i> <i>SDG</i>. Thus, contrary to what his adversaries claim, by their own suppositions the weight placed at <i>E</i> must be heavier than that at <i>D</i>.]


Figure 3.18: According to Guidobaldo, if S represents the center of the world the mixed angle SEG between the circular path of the weight at E and the direction to the center of the world is less than the mixed angle SDG. Thus, contrary to what his adversaries claim, by their own suppositions the weight placed at E must be heavier than that at D.

As we shall discuss below (see section 3.9), Benedetti shared this conclusion but based this argument on entirely different assumptions.[158] In contrast to Benedetti, Guidobaldo stayed entirely within Tartaglia's conceptual framework, comparing curvilinear angles as indicators of positional heaviness. It is thus also clear that Guidobaldo's insistence on the convergence of perpendiculars at the center of the world was not exaggerated precision, but rather a valid argument in a context in which infinitesimally small angles are being considered.[159]

3.8.4 Guidobaldo's reaction to Cardano's first argument

In responding to the arguments of his adversaries,[160] Guidobaldo began with a general remark on their failure to offer physical reasons for the changing effect of the obliquity of the beam of a balance. He then adressed Cardano's claim that the closer a weight is to the vertical of the beam the less it weighs, offering his own account for this claim (see figure 3.19).


[image: Figure 3.19: Discussing Cardano's first measure of positional heaviness by the horizontal distances <i>LP</i>, <i>DO</i>, <i>AC</i> Guidobaldo explained the changing effect of the weight by the different extent to which the weight presses on the circumference of the circle traced by the balance.]


Figure 3.19: Discussing Cardano's first measure of positional heaviness by the horizontal distances LP, DO, AC Guidobaldo explained the changing effect of the weight by the different extent to which the weight presses on the circumference of the circle traced by the balance.

In dealing with the varying distance of a weight from the vertical position of the beam, Guidobaldo reconstructed the whole line of reasoning by which the weight of a body on a balance arm has different effects according to the position of the arm from his own perspective, governed by attention to the relation between weight, support and center of the world. He summarized his own account stressing the physical reasons for the changing effect of a weight in different positions on the circle described by the beam of the balance:



Idem ergo pondus propter situum diversitatem gravius, leviusque erit. Non autem quia ratione situs interdum maiorem re vera acquirat gravitatem, interdum vero amittat, cum eiusdem sit semper gravitatis, ubicunque reperiatur; sed quia magis, minusque in circumferentia gravitat […]





Therefore the same weight, by diversity of position, will be heavier or lighter, and this not because by reason of its place it sometimes truly acquires greater heaviness and sometimes loses it, being always of the same heaviness wherever it is, but because it presses [grava] more or less on the circumference […][161]



The proximity of the descent of a weight moving in constrained motion, on the one hand, and the natural motion of a weight to the center of the world, on the other, is determined by the angle of contact between the circular path of constrained descent and the straight line of direct descent to the center of the world. In this way Guidobaldo concluded, in particular, that it is not in the horizontal position of the balance arm that a body weighs most but at that point where a straight line drawn from the center of the world touches, as a tangent, the circle described by the balance arm. In the following we shall call that point for ease of reference the extreme point. At this point the lever arm forms a right angle with the path of direct descent to the center of the world. Accordingly, at this point the constrained descent of the weight along the circle will be closest to its natural descent along a straight line. It is also at the extreme point where the balance arm sustains the weight less than if it were at any other place on the circumference. The position of the balance arm at this point will be parallel to the horizontal, though not at the fulcrum of the balance but at the position of the center of gravity of the suspended body.


[image: Figure 3.20: Contrary to Cardano, Guidobaldo took into account that the directions from the two weights at the end of a balance cannot be parallel and that therefore the extreme point at which a weight is heaviest differs from point <i>A</i>.]


Figure 3.20: Contrary to Cardano, Guidobaldo took into account that the directions from the two weights at the end of a balance cannot be parallel and that therefore the extreme point at which a weight is heaviest differs from point A.

Evidently, if the center of the world were infinitely distant and all lines of direction converging at it were perpendiculars and parallel to each other, then the extreme point would mark the horizontal position of the balance arm, also at the fulcrum. For a finite distance of the center of the world, the point where the weight is heaviest lies instead slightly below the horizontal through the fulcrum (see figure 3.20).


[image: Figure 3.21: Guidobaldo argued that the weight placed at <i>O</i> will be heavier along the arm <i>DO</i> than along the arm <i>CO</i> because the curvilinear “angle” <i>SOH</i> is less than the “angle” <i>SOG</i>.]


Figure 3.21: Guidobaldo argued that the weight placed at O will be heavier along the arm DO than along the arm CO because the curvilinear “angle” SOH is less than the “angle” SOG.

Guidobaldo then showed that the same line of reasoning also allowed him to conclude that the weight at the extreme point is heavier the longer the balance arm, a crucial feature of any acceptable concept of positional heaviness (see figure 3.21). His argument is based on comparing curvilinear angles. In fact, the larger circle marked by the larger balance arm will make the smaller “angle” with the line of straight and natural descent to the center of the world. He then continued to consider the balance from a cosmological perspective, taking into account its finite distance from the center of the world (see figure 3.20). As we have discussed, this perspective was suggested to him by the attempt to set mechanical devices and processes into the context of an Aristotelian cosmos, a characteristic feature of preclassical mechanics. Guidobaldo demonstrated that the closer the balance is to the center of the world the farther the extreme point (where the weight is heaviest) will lie from the horizontal position of the balance arm (as seen from the fulcrum). He even proceeded to study cases in which the balance is located so that the center of the world lies either on or within the circle described by the balance arm. In his analysis Guidobaldo stuck to the principle that the positional heaviness (which he avoided to designate in this way) is determined by the closeness between constrained and direct descent to the center of the world, as given by the angle of contact between these two descents.


[image: Figure 3.22: Guidobaldo considered the extreme case in which the center of the world lies at the bottom of the circle described by the balance.]


Figure 3.22: Guidobaldo considered the extreme case in which the center of the world lies at the bottom of the circle described by the balance.

Particularly interesting is the case in which the balance is located so that the center of the world lies at the bottom of the circle described by the balance arm (see figure 3.22). For this case Guidobaldo showed that the closer the weight is to the bottom the heavier it becomes since, in any other position, it receives support from the balance arm and thus does not attain its full effect. The drawing accompanying the argument shows a circle with various chords connecting points on the circumference with the bottom of the circle; these points are also connected by radii to its center. Guidobaldo compared the constrained motion along the circumference with the direct motion along the corresponding chord to the center of the world located at the bottom of the circle. The exact same constellation of motions would later play a crucial role in Galileo's theory of motion, albeit with a different interpretation (see figure 3.23). It seems that Galileo simply transposed Guidobaldo's cosmological model to a terrestrial situation. The center of the world located at the bottom of the circle then simply becomes again the lowest point of the motion of the beam of a balance, while the various radii represent positions of the beam at different angles. But what about the chords? In a terrestrial setting they can only be interpreted as inclined planes connecting various points along the circumference with the bottom of the circle. Alternatively, the circle itself could also be conceived as representing the cross-section of a sphere or a cylinder constraining the motion. In any case, the motion of a weight left to itself along the circle, whether constrained by the beam of a balance or the surface of a sphere, would then be the motion of a pendulum.


[image: >Figure 3.23: Part of a page of Galileo's manuscript MS 72 (Galilei, 1602, fol. 172r) related to theorem 6 of Galilei (1638) in (Favaro, 1968, vol. 8), the so-called “Theorem of Chords.” According to this theorem a falling body will require equal times to traverse the distances CA and DA.]


Figure 3.23: Part of a page of Galileo's manuscript MS 72 (Galilei, 1602, fol. 172r) related to theorem 6 of Galilei (1638) in (Favaro, 1968, vol. 8), the so-called “Theorem of Chords.” According to this theorem a falling body will require equal times to traverse the distances CA and DA.

Guidobaldo's cosmological model of a balance touching the center of the world could thus serve as the blueprint for a cornerstone of Galileo's new science of motion, the comparison of the motion of a pendulum along a certain arc with the motion along an inclined plane representing the chord of that arc. In 1602 the motion of a pendulum as well as the motion of fall along inclined planes representing the chords of a circle became the subject of a famous letter by Galileo to his patron Guidobaldo, who had been skeptical with regard to Galileo's claim about the isochronism of these motions.[162] Indeed, Guidobaldo's analysis does not suggest any such isochronism. Its demonstration required a recognition of the laws of motion along differently inclined planes. This Galileo attained on a conceptual basis that was closer to Benedetti's mechanics than to Guidobaldo's theory (see section 3.10). Galileo's famous insights into the relation between the motion of a pendulum and the motion along inclined planes thus ultimately derived from integrating elements of both Guidobaldo's and Benedetti's work.

Guidobaldo finished his excursion on the question of how a balance behaves in the vicinity of the center of the world with a remark on the material beam of the balance which, of course, has weight itself. With the help of the concept of center of gravity he was able to quickly settle the issue. All that needed to be done was to find the center of gravity of the entire constellation of the arm of the balance and the weight attached to it. This constellation could then be treated as before as an idealized beam with a weight attached to it. Before going further, Guidobaldo summarized what he had identified so far as being the false assumptions of his adversaries, in particular, that a weight is heaviest in the horizontal position of the beam, which cannot be the case if the finite distance to the center of the world is taken into account.

3.8.5 Guidobaldo's reaction to the main argument of his adversaries

Having exhausted the issue of the distance of the balance beam from the vertical, Guidobaldo, as he had announced before, next entered a series of arguments shared by Jordanus, Tartaglia, and Cardano.[163] These arguments concerned the determination of the positional heaviness by straightness and obliqueness in the sense of the amount to which a given descent partakes more or less in the direct descent to the center of the world. His adversaries took the horizontal projections of equal parts of the circular trajectory to the vertical as a measure of this partaking (see figure 3.24). Comparing the different descents along equal arcs of the upper and the lower weight, for geometrical reasons they thus came, as we have discussed, to the conclusion that the beam of the balance must return to the horizontal because the descent of the upper weight exceeds that of the lower.


[image: Figure 3.24: According to Jordanus, Tartaglia, and Cardano, the vertical lines <i>PO</i> and <i>OC</i> represent the vertical descents of the starting points of the displacements along the equal arcs <i>LD</i> and <i>DA</i>. Therefore, the positional heaviness at point <i>L</i> must be smaller than at point <i>D</i>. Consequently, the balance must move spontaneously into the horizontal position.]


Figure 3.24: According to Jordanus, Tartaglia, and Cardano, the vertical lines PO and OC represent the vertical descents of the starting points of the displacements along the equal arcs LD and DA. Therefore, the positional heaviness at point L must be smaller than at point D. Consequently, the balance must move spontaneously into the horizontal position.

Since Guidobaldo had earlier emphasized that the lines connecting the weights with the center of the world cannot be parallel, he could now argue that the alleged proofs of his adversaries were altogether fallacious:



Ex quibus non solum suppositio illa, qua libram DE in AB redire demonstrant, verum etiam omnes fere ipsorum demonstrationes ruunt.





Thus they ruin not only the assumption from which they demonstrate that the balance DE returns to AB, but also almost all their demonstrations.[164]



Guidobaldo's response to his adversaries, however, left room for the counterargument that the deviations from the parallelism of the lines to the center of the world is negligibly small and that their arguments would work at least approximately. Therefore, Guidobaldo conceded this parallelism and proceeded to demonstrate that measuring positional heaviness by vertical projections leads to inconsistencies, even under these conditions.[165] Jordanus, Tartaglia, and Cardano attempted to determine the magnitude of the positional heaviness by the vertical components of their further descent. They thus fell into the trap that they had to determine an attribute of a weight at a particular point by the length of a line, neglecting that this implicit definition did not sufficiently clarify how and in which direction the endpoint of this line had to be placed.

This is the tacit background of Guidobaldo's construction of counter-examples to their claim. He compared subsequent descents along equal arcs such as LA and AM corresponding to the equal vertical descents PC and CH. According to the implicit definition of his adversaries, the positional heaviness at points L and A should thus be equal (see figure 3.24). However, these subsequent descents in fact bring the beam into two different inclinations in which the endpoints of the beam are obviously of different positional heaviness.

Guidobaldo extended this discussion with further arguments, claiming in particular that when comparing the positional heaviness of descents on the two sides of the balance, their vertical components with regard to the horizontal position of the beam must be taken into account because otherwise further difficulties arise. He finally concluded that this definition of the magnitude of positional heaviness by vertical descents is inconsistent:



Ergo ex diversitate tantum modi considerandi, idem pondus, et gravius, et levius esse continget. Non autem ex ipsa natura rei. Insuper ipsorum suppositio non asserit, pondus secundum situm gravius esse, quanto in eodem situ minus obliquum est principium ipsius descensus. Suppositio igitur superius allata, hoc est, secundum situm pondus gravius esse, quanto in eodem situ minus obliquus est descensus; non solum ex his, quaediximus, ullo modo concedi potest; sed quoniam huius oppositum ostendere quoque non est difficile: scilicet idem pondus inaequalibus circumferentiis, quo minus obliquus est descensus, ibi minus gravitare.





Thus from a mere diversity in manner of consideration, and not from the nature of the thing, it would come about that the same weight was heavier or lighter. Moreover, their assumption does not affirm that the positional heaviness will be greater when at the same place the commencement of the descent is less oblique. Hence the postulate [they] adopted above, that is, that the weight is positionally heavier according as the descent from the same place is less oblique, is not to be conceded at all, for the reasons we have given; and not only that, but it is not difficult to show the exact opposite; that is, that the less oblique the descent of the same weight along equal arcs, the less it weighs.[166]




[image: Figure 3.25: Guidobaldo argued that according to the definition of his adversaries and contrary to their claims the positional heaviness in point <i>L</i> must be greater than in point <i>O</i>, since the vertical descent <i>LX</i> is longer than the descent <i>TP</i>.]


Figure 3.25: Guidobaldo argued that according to the definition of his adversaries and contrary to their claims the positional heaviness in point L must be greater than in point O, since the vertical descent LX is longer than the descent TP.

Guidobaldo proceeded to consider equal arcs as before but now shifted the lower arc AM to result into the arc OP. By a rather involved geometrical proof he was now able to show that by applying the definition of his adversaries, the positional heaviness in the upper position L must be greater than the positional heaviness in the almost horizontal position O, which is absurd.

Guidobaldo concluded with a general methodological reflection:[167]



Non igitur ex rectiori, et obliquiori motu ita accepto colligi potest, secundum situm pondus gravius esse, quanto in eodem situ minus obliquus est descensus. atque hinc oritur omnis ferme ipsorum error in hac re, atque deceptio: nam quamuis per accidens interdum ex falsis sequatur verum, per se tamen ex falsis falsum sequitur, quemadmodum ex veris semper verum, nil idcirco mirum, si dum falsa accipiunt; illisque tanquam verissimis innituntur; falsissima omnino colligunt, atque concludunt. Decipiuntur quinetiam, dum librae contemplationem mathematice simpliciter assummunt; cum eius consideratio sit prorsus mechanica: nec ullo modo absque vero motu, ac ponderibus (entibus omnino naturalibus) de ipsa sermo haberi possit: sine quibus eorum, quae librae accidunt, verae caulae reperiri nullo modo possint.





Therefore it is not possible to deduce from the degree of straightness or bending of the motion (taken in their sense) that the weight is positionally heavier [secundum situm pondus gravius esse] according as, at a given place, the fall is less bent. And from this arises most of their error and delusion in this matter. And though at times the truth may accidentally follow from false assumptions, nevertheless it is the nature of things that from the false the false generally follows, just as from true things the truth always follows. So it is no wonder that, when they assume false things as true and use these as a basis, they deduce and conclude things that are quite false. These men are, moreover, deceived when they undertake to investigate the balance in a purely mathematical way, its theory being actually mechanical; nor can they reason successfully without the true movement of the balance and without its weights, these being completely physical things, neglecting which they simply cannot arrive at the true cause of events that take place with regard to the balance.[168]



3.8.6 The necessity of considering the weights in conjunction

Finally, Guidobaldo approached his goal of demonstrating with the help of a modified but still ambiguous concept of positional heaviness the indifferent equilibrium of a balance, assuming that the weight itself is changing.[169] This rather tedious procedure is in stark contrast to his straightforward earlier proof which made use of the concept of the center of gravity. Now, at the beginning of the home stretch, he introduced the key idea that distinguishes his own approach from that of his adversaries, namely that the weights on a balance cannot be considered in isolation “as if now one and now the other were placed in the balance, but never both of them together.”[170]


[image: Figure 3.26: Guidobaldo's drawing on page 18r related to his proof of the indifferent equilibrium of a balance in an oblique position.]


Figure 3.26: Guidobaldo's drawing on page 18r related to his proof of the indifferent equilibrium of a balance in an oblique position.

Neglecting the cosmological context for the time being, Guidobaldo first showed that the procedure of determining positional heaviness by the amount to which a given descent partakes more or less in the direct descent, a procedure he had just refuted with a reductio ad absurdum, allowed for the conclusion that a balance, when removed from the horizontal, would stay in its oblique position and not return to its original place (see figure 3.26). In his argument he used the key idea of the connection of the two weights, stressing that one should not compare the descents of the weights but rather the descent of one (from position D) with the simultaneous rise of the other weight (from position E):



Erit itaque descensus ponderis in D ascensui ponderis in E aequalis, et qualis erit propensio unius ad motum deorsum, talis etiam erit resistentia alterius ad motum sursum. Resistentia scilicet violentiae ponderis in E in ascensu naturali potentiae ponderis in D in descensu contra nitendo apponitur; cum sit ipsi aequalis. Quo enim pondus in D naturali potentia deorsum velocius descendit, eo tardius pondus in E violenter ascendit. Quare neutrum ipsorum alteri praeponderabit, cum ab aequali non proveniat actio. Non igitur pondus in D pondus in E sursum movebit. Si enim moveret; necesse esset, pondus in D maiorem habere virtutem descendendo, quam pondus in E ascendendo; sed haec sunt aequalia: ergo pondera manebunt. Et gravitas ponderis in D gravitati ponderis in E aequalis erit.





Therefore, the descent of the weight placed at D will be equal to the rise of the weight placed at E, and whatever the inclination of the one is to downward movement [propensio […] ad motum deorsum], such will also be the resistance of the other to upward motion [resistentia ad motum sursum]. That is, the resistance to the force of the weight [violentia ponderis] placed at E in its ascent opposes itself to the natural power [naturalis potentia ponderis] of the weight placed at D, because of their equality, so that by however much the weight placed at D goes with its natural power more swiftly downward, by so much the weight placed at E is more slowly forced upward. So that neither of the two will weigh more [praeponderare] than the other; there being no action that proceeds from equality, the weight [pondus] placed at D will not move the weight placed at E upward, because, if it did, it would be necessary that the weight placed at D should have stronger force [maior virtus] in descending than should the weight placed at E in rising. But these things are equal; therefore the weights [pondus] will remain at rest and the weighing down of the weight [gravitas ponderis] placed at D will be equal to the weighing down of the weight placed at E.[171]



Not leaving any doubt among his readers that he nevertheless considered the procedure applied to be worthless, Guidobaldo inserted another virtuoso-like reductio ad absurdum. He used the same procedure of determining positional heaviness by the amount to which a descent partakes in the vertical, to conclude that the balance would, when removed from its original horizontal position, ultimately assume a vertical position. The argument only works when the connection of the two weights on the balance is once again ignored. The trick of Guidobaldo's reductio ad absurdum is not to compare descents, as Jordanus and Tartaglia had done in order to show that the balance returns to its horizontal position, but to compare ascents instead. When previously the descent of the upper weight was straighter than that of the lower weight so that it acquired a greater positional heaviness, its rise is now more oblique than that of the lower weight so that it acquires a smaller positional heaviness. As a consequence, the lower weight which acquires a greater positional heaviness sinks to the bottom and the balance attains a vertical position.



Quae quidem suppositio, adeo manifesta esse videtur, veluti ipsorum altera.





This assumption seems as evident as theirs. […][172]



Thus Guidobaldo commented and concluded that neither of these demonstrations is true.

3.8.7 Guidobaldo's reinterpretation of the concept of positional heaviness

It is at this point that Guidobaldo introduced his own interpretation of the changing effect of a weight attached to the end of a beam in dependence of its inclination.[173] Following up on his earlier discussion,[174] this interpretation takes the cosmological context into account, i.e., the finite distance to the center of the world. Furthermore, this interpretation determines obliquity in terms of the deviation of the actual path of the displacement from the closest route to this center. This deviation is measured by the curvilinear angle between both paths at the initial point of the displacement. In order to discriminate the weight pondus from its effect Guidobaldo qualified the way in which a weight acts under different circumstances using the term gravitare. He formulated his reinterpretation in the following way:



Praeterea si ipsorum suppositionem, eorumque verborum vim recte perpendamus; alium certe habere sensum conspiciemus. nam cum semper spatium, per quod naturaliter pondus movetur, a centro gravitatis ipsius ponderis ad centrum mundi, instar rectae lineae a centro gravitatis ad centrum mundi productae, sit sumendum; tanto huiusmodi ponderis descensus, magis, minusque obliquus dicetur; quanto secundum spatium instar praedictae lineae designatum, magis, aut minus (naturalem tamen locum petens, semperque magis ipsi appropinquans) movebitur; ita ut tanto obliquior descensus dicatur, quanto recedit ab eiusmodi spatio: rectior vero, quanto ad idem accedit. et in hoc sensu suppositio illa nemini difficultatem parere debet, adeo enim veritas eius conspicua est; rationique consentanea: ut nulla prosus manifestatione egere videatur.





In addition to this, if we shall examine their assumption, and the force of their argument, we shall certainly see that these have a different meaning. For since the space through which the weight moves naturally must be from the center of gravity of this weight toward the center of the world, along a straight line drawn from the center of gravity to the center of the world, it will be said that a descent of the weight made in this way will be more or less oblique according to the space designated, and that it will move more or less along the said line, always going to seek its natural place by the closest route. Thus the descent is said to be more oblique, the more it departs from that space, and straighter the more it approaches it. Now in this sense the assumption need not give rise to difficulty on the part of anyone, because this is so clear in its truth and its agreement with reason that it does not appear to need to be made evident in any way.[175]



Guidobaldo thus explained his understanding of the concept of positional heaviness, an understanding that he evidently no longer saw as being in conflict with his own line of reasoning, which emphasized the concept of center of gravity and its relation to the center of the balance and the center of the world. The concept of positional heaviness was indeed an underdetermined concept, susceptible to various interpretations that were not necessarily in agreement with each other.[176] These interpretations, moreover, could vary in conciseness. A more concise interpretation typically allows for more powerful conclusions, but is also more liable to conflict with other branches of the conceptual network in which it is employed. Guidobaldo's vaguer version of the concept avoided conflicts with his elaborate framework: it allowed for comparisons between weights of larger and smaller positional heaviness, it avoided the ambiguities that result from making the positional heaviness dependent on finitely extended descents, but it did not comprise a quantification as will be encountered in Benedetti's case. In other words, there was no quantitative measure for the positional heaviness of a given body under given circumstances.

Nevertheless, Guidobaldo's concept opened up a wide range of conclusions, in particular with regard to the cosmological behavior of balances and weights closer or more distant from the center of the world. With this Guidobaldo implicitly also left a challenge to his successors employing his achievements in their own work: For instance, how stable are these conclusions or what modifications do they require when reconsidered from the perspective of a modified interpretation of the concept of positional heaviness such as that of Benedetti or Galileo? As we have mentioned above, Galileo for instance turned Guidobaldo's statements about weights on a balance being closer or more distant from the center of the world into statements about weights on lesser or more steeply inclined planes.

3.8.8 From positional heaviness to indifferent equilibrium

After Guidobaldo had reinterpreted the notion of positional heaviness, he now approached the task of demonstrating the indifferent equilibrium of a balance. He had just shown that this reinterpretation would apparently even lead to the conclusion that the lower weight tends more to the center of the world than the upper weight. As a consequence, it seemed to follow that the balance would spontaneously move into a vertical position as soon its horizontal position is slightly disturbed, which is indeed a correct consequence from a modern point of view which Guidobaldo, however, could not accept. In order to show that, with the help of his reinterpretation of the positional effect of a weight, he could nevertheless derive the indifferent equilibrium of a balance, Guidobaldo now made crucial use of the fact that the two weights are connected. He thus complemented his reinterpretation with the idea to consider the balance as a system with an interaction of the two weights (see figure 3.27).[177]

His crucial argument was that if the two weights are joined together, one has to consider the descent not of each single weight, but of their center of gravity toward the center of the world. As a consequence, the natural motions of the two weights fixed to the balance will not be along straight lines converging at the center of the world, but along parallels to the straight line that connects their center of gravity with the center of the world. He argued that the connection of the two weights by the balance forces the weights into these parallel downward tendencies.



Si vero pondera in ED sibi invicem connexa, quatenusque sunt connexa consideraverimus; erit ponderis in E naturalis propensio per lineam MEK: gravitas enim alterius ponderis in D efficit, ne pondus in E per lineam ES gravitet, sed per EK.





But if the weights at E and D are joined together and we consider them with respect to their conjunction, the natural inclination of the weight placed at E will be along the line MEK, because the weighing down of the other weight [gravitas alterius ponderis] at D has the effect that the weight [pondus] placed at E must weigh down [gravitet] not along the line ES, but along EK.[178]




[image: Figure 3.27: Guidobaldo considered the weights in conjunction and argued that the balance resulting tendencies of the weights downward are parallel.]


Figure 3.27: Guidobaldo considered the weights in conjunction and argued that the balance resulting tendencies of the weights downward are parallel.

Having thus established the legitimacy of considering the natural descents of the two weights as being parallel, Guidobaldo could now use the same consideration as he had done before: comparing the rise of one weight with the decline of the other. The downward tendencies of the two weights were then identified by means of the closeness between constrained and natural descent (or rise) as measured by the angles of contact between these two paths:



Cum autem suppositio illa, quae ait, secundum situm pondus gravius esse, quanto in eodem situ minus obliquus est descensus; tanquam clara, atque conspicua admittatur; proculdubio haec quoque accipienda erit; nempe, secundum situm pondus gravius esse, quanto in eodem situ minus obliquus est ascensus. Cum non minus manifesta, rationique sit consentanea. Aequalis igitur erit descensus ponderis in E ascensui ponderis in D. eandem enim obliquitatem habet descensus ponderis in E, quam habet ascensus ponderis in D; et qualis erit propensio unius ad motum deorsum, talis quoque erit resistentia alterius ad motum sursum.





Now assuming that the weight is positionally heavier to the degree that its descent from a given place is less oblique, one will also admit without doubt that the weight will be positionally heavier according as its rise at a given point will be less oblique, since this is no less evident or agreeable to reason. Therefore the descent of the weight at E will be equal to the rise of the weight at D, because the descent of the weight at E has as much of the oblique as does the rise of the weight at D; and whatever may be the inclination of the one to downward movement, this likewise will be the resistance of the other to upward movement.[179]



Guidobaldo finally concluded:



Ex quibus sequitur pondera in D E, quatenus sunt sibi invicem connexa, aeque gravia esse.





From which it follows that the weights at D and E, considered in conjunction, are equally heavy.[180]



3.8.9 Guidobaldo's interpretation of Aristotle's balances

In agreement with his plan Guidobaldo next addressed the last argument in favor of the balance returning to the horizontal position, involving the idea of the meta of the balance.[181] This meta is represented by the lower half of the perpendicular line through the fulcrum when the support is from above. He was quite aware of the obscure character of argument:



[…] nihil meo iudicio concludit. Figmentumque hoc de trutina, et meta potius omittendum, ac silentio praetereundum esset, quam verbum ullum in eius confutatione sumendum; cum sit prorsus voluntarium.





[…] in my opinion this [i.e. the return to the horizontal] does not follow, and this fiction about the support and the meta should just be left out and passed over in silence; for to say anything about it only confuses the issue, the whole thing being arbitrary.[182]



Nevertheless, Guidobaldo went to some length to reveal the illusionary character of the argument, apparently because the argument seemed to be supported by the Aristotelian Mechanical Problems as well as by empirical evidence.[183] As to the role of empirical evidence, Guidobaldo stressed that the case in which the balance is supported at its center is particularly difficult to realize in practice, in contrast to the cases in which the support is either from above or from below:



Quocirca si centrum in ipsa libra esse consideraverimus, ad sensum confugiendum non est: cum artificilia ad summum illud perfectionis gradum ab artifice deduci minime possint.





Hence if we consider the center to be in the balance, one cannot have recourse to the senses, for artificial devices cannot be brought to such a degree of perfection.[184]




[image: Figure 3.28: In agreement with Aristotle, Guidobaldo argued that a balance supported from above when displaced from the horizontal position would return to the horizontal. His proof differs, however, from the proof of Aristotle. Guidobaldo argued that the upper weight <i>E</i> requires a greater heaviness than the lower weight <i>F</i> because the descent of the upper weight toward the center of the world <i>S</i> is less oblique than the rise of the lower weight.]


Figure 3.28: In agreement with Aristotle, Guidobaldo argued that a balance supported from above when displaced from the horizontal position would return to the horizontal. His proof differs, however, from the proof of Aristotle. Guidobaldo argued that the upper weight E requires a greater heaviness than the lower weight F because the descent of the upper weight toward the center of the world S is less oblique than the rise of the lower weight.

This consideration may have provided a challenge and the starting point for Guidobaldo's efforts to actually produce such an indifferent balance, as it is described in Pigafetta's inserted letter quoted above (see page 87ff.).

The remainder of Guidobaldo's discussion of the Aristotelian Mechanical Problems deals mainly with the other two cases discussed by Aristotle, i.e., the cases when the support is either from above or from below (see figure 3.28). He had actually already dealt with these cases in the deductive part of his book, in propositions 2 and 3, on the basis of the concept of center of gravity. Now Guidobaldo re-expressed these conclusions with the help of his concept of the dependence of the heaviness (gravitas) on the positional circumstances:



Quod non solum ex secunda, et tertia huius liquet; verum quia existente centro supra libram pondus elevatum maiorem propter situm acquirit gravitatem. Ex quo contingit redditus librae ad aequalem horizonti distantiam. E contra vero, quando centrum est infra libram. Quae omnia hoc modo ostendentur; supponendo ea, quae supra declarata sunt. Scilicet pondus ex quo loco rectius descendit, gravius fieri. et ex quo rectius ascendit, gravius quoque reddi.





This [i.e. Aristotle's opinion that a balance supported from above will return to the horizontal, while a balance supported from below will move toward the lower side] is clear not only from the second and the third propositions of the present book, but also because, if the center is above the balance, the higher weight acquires a greater positional heaviness, considering the return of the balance to the position parallel to the horizon. The contrary happens when the center is below the balance. These things are demonstrated in the following manner, what has been said above being assumed: that is, that the weight will be heavier in that place from which its descent is straighter, and is likewise heavier at the place from which its rise would be straighter.[185]



Throughout the arguments that follow, Guidobaldo made use of defining that straightness in terms of angles of contact as he had done before. But he also occasionally employed Tartaglia's other definition of straightness, in terms of the descent partaking more or less in the vertical. The use of the latter definition, however, is prefaced by a note of caution on the intrinsic falsity of this approach:



Ex ipsorum quinetiam rationibus, ac falsis supositionibus iam declaratos librae effectus, ac motus deducere, ac manifestare libet; ut quanta sit veritatis efficacia appareat, quippe ex falsis etiam elucescere contendit.





Besides, we may use their logic and their false assumptions to produce the effects and motions of the balance already explained, so that from this one may see the power of truth and how it forces itself to shine forth even from false things.[186]



The excursion on Aristotle's balances ends with an extension of the previous arguments to the case in which an additional weight is placed on one arm of the balance, to the case in which the arms of the balance are of different lengths, and to the cases in which the arms are curved or form an angle.

3.8.10 Arguments in further propositions

This lengthy digression is followed in the Italian version by the comment of the editor Pigafetta (page 87ff.). Guidobaldo then resumed the deductive part of his treatise with a continuation of the systematic treatment of the balance. What will be discussed in the following is the remainder of Guidobaldo's book, giving exclusive attention to the question of weights and forces acting in a direction other than the perpendicular or toward the center of the world and, of course, to the issue of positional heaviness. It is in the subsequent book on the lever that these topics again play a significant role.


[image: Figure 3.29: Guidobaldo extended the vertical through the center of gravity of the weight to the beam of the lever in order to determine its effective heaviness, a conclusion that is not compatible with classical mechanics.]


Figure 3.29: Guidobaldo extended the vertical through the center of gravity of the weight to the beam of the lever in order to determine its effective heaviness, a conclusion that is not compatible with classical mechanics.

The crucial theorem is proposition 5 (see figure 3.29):



Potentia quomodocunque vecte pondus sustinens ad ipsum pondus eandem habebit proportionem, quam distantia a fulcimento ad punctum, ubi a centro gravitatis ponderis horizonti ducta perpendicularis vectem secat, intercepta, ad distantiam inter fulcimentum, et potentiam.





The power that sustains the weight in any way by means of the lever will have the same proportion to the weight as that of the distance from the fulcrum to the point on the lever, vertical to the center of gravity of the weight, to the distance between fulcrum and the power.[187]




[image: Figure 3.30: Guidobaldo considered the lever in various positions, always determining the effective lever arm by vertically projecting the position of the center of gravity of the sustained weight upon the lever arm.]


Figure 3.30: Guidobaldo considered the lever in various positions, always determining the effective lever arm by vertically projecting the position of the center of gravity of the sustained weight upon the lever arm.

In order to fully appreciate the significance of what Guidobaldo had in mind, it is necessary to consider the ensuing applications of this theorem as well, for instance proposition 8 (see figure 3.30):



Potentia pondus sustinens centrum gravitatis supra vectem horizonti aequidistantem habens, quo magis pondus ab hoc situ vecte elevabitur; minori semper, ut sustineatur, egebit potentia: si vero deprimetur, maiori.





If the power sustaining the weight which has its center of gravity above a horizontal lever is given, then, the more the weight is raised from this position by means of the lever, the smaller the power required to sustain it. But if it shall be lowered, greater power is required.[188]



In other words, Guidobaldo attempted to address the variation of the force required to lift a weight placed from above on a lever, when that lever is either raised or lowered. Now while it does seem that in this analysis Guidobaldo made use of the projection on the horizontal, measuring the effective length of the lever arm of a weight appended or sustained at an angle, this is actually not the case. What he considered is merely the projection of the center of gravity of the sustained weight along the vertical upon the lever arm in an oblique or horizontal position. In the case of a weight placed from above on a lever arm, the base point of this projection on the lever is then taken as determining the effective length of the lever arm. This is different from the way in which the effective weight (or rather the torque) would have to be determined according to classical physics. From a modern perspective, it would be the point where the perpendicular through the center of gravity of the weight placed on the lever arm crosses the horizontal (and not the arm of the lever as Guidobaldo had it) that determines the effective length of the lever arm, namely the distance of this point from the fulcrum. The two procedures only coincide in the trivial case in which the lever is in a horizontal position. In summary, although Guidobaldo's approach is vexingly close to that of Benedetti and Galileo, it does not actually yield the same correct results.

Another instance in which Guidobaldo needed to take into account something like positional heaviness can be found in his book on the wheel and the axle (see figure 3.31). Proposition 1 of this book states that



Potentia pondus sustinens axe in peritrochio ad pondus eandem habet proportionem, quam semidiameter axis ad semidiametrum tympani una cum scytala.





The power sustaining the weight by means of the wheel and axle is in the same ratio to the weight as the radius of the axle to the radius of the wheel including the handle.[189]




[image: Figure 3.31: Guidobaldo reduced the wheel to the case of a balance in which the power may act in a non-vertical direction. He did not offer a general procedure for determining the effective lever arm.]


Figure 3.31: Guidobaldo reduced the wheel to the case of a balance in which the power may act in a non-vertical direction. He did not offer a general procedure for determining the effective lever arm.

In the context of explaining this proposition Guidobaldo also considered the case in which the power is applied to a handle not in a horizontal but in an oblique position. He treats this case according to the model of a balance at the end points of which the weight to be moved and the moving weight (representing the power) are attached. This balance is in an oblique position, its fulcrum supposed to be at the center of gravity of the two weights (and not at the center of the wheel). The relation between those two weights, in case of equilibrium, can hence be derived from the law of the lever. Remarkably, Guidobaldo did not make use of the treatment of the bent lever according to the procedure of determining effective lever arms by horizontal projection, a procedure that would, in this case, have yielded the same result. His approach is indeed not a generic one at all, but depends entirely on the adequate identification of the lever problem at hand.


[image: Figure 3.32: Pigafetta, the translator of Guidobaldo's book, added Pappus' erroneous proof of the law of the inclined plane.]


Figure 3.32: Pigafetta, the translator of Guidobaldo's book, added Pappus' erroneous proof of the law of the inclined plane.

The risky character of this identification may be well illustrated by a third instance in which something like positional heaviness plays a role. In his book on the screw, Guidobaldo dealt with its reduction to the inclined plane which in turn is reduced to the balance. For the latter reduction he referred to Pappus. Pappus' analysis of the inclined plane has therefore at this point been inserted into the Italian edition by Pigafetta (see figure 3.32). It considers a spherical body placed on an inclined plane and imagines that the force needed to move its weight along the plane can be determined by imagining the whole situation being equivalent to that of an appropriately positioned balance. The procedure is indeed quite similar to the one we have just encountered in the discussion of wheel and axle, albeit much more problematical. A balance with unequal arms in horizontal position is erected from the point at which the sphere touches the inclined plane, its fulcrum being positioned vertically above it. At one side of the balance the body to be moved is attached, and on the other side, a weight, whose magnitude is to be determined, that balances the body to be moved. The length of this other side is given by the point at which the horizontal balance arm touches the plane. In other words, from the geometrical constellation the lengths of both lever arms are known so that the magnitude of the counter-balancing weight can be obtained, and from it, and some dynamical assumptions, the power needed to move the given weight along the inclined plane. Although the procedure reproduces correctly some qualitative features of the problem, such as the increase of power with steepness of the plane, it turns out to be incompatible with classical physics, implying that an infinitely large power would be required to lift a weight vertically.

In his 1588 book on Archimedes,[190] Guidobaldo briefly returned to the issue of the distances at which weights act to form a center of gravity. But instead of entering a detailed discussion of the positional effect of a weight, he limited himself to emphasizing that one should always consider weights arranged in a straight line (see figure 3.33):



Quare cum Archimedes tam in hoc postulato, quam in sequentibus, supponit pondera in distantiis esse collocata, intelligendum est distantias ex utraque parte in eadem recta linea existere. Nam si (ut in secunda figura) distantia AB fuerit aequalis distantiae BC, quae non in directum iaceant, sed angulum constituant; tunc pondera AB, quamvis sint aequalia, non aeque ponderabunt. nisi quando (ut in tertia figura) iuncta AC, bifariamque divisa in D, ductaque BD, fuerit haec horizonti perpendicularis, ut in eodem tractatu nostro exposuimus. Distantias igitur in eadem recta linea semper existere intelligendum est. ut ex demonstrationibus Archimedis perspicuum est.





For this reason, since Archimedes assumes in this postulate as well as in the following ones that the weights are placed at certain distances, it is to be understood that these distances exist on both sides in the same straight line. For if (as in the second figure) the distance AB were equal to the distance BC, which do not lie along a straight line, but constitute an angle, the weights AB, although they are equal, do not weight equally [non aeque ponderabunt], other than when (as in the third figure) AC is connected and divided in half at D and BD being drawn, the latter would be perpendicular to the horizon, as we have discussed in our treatise. Therefore the distances are always understood to be along the same straight line, as is evident from the demonstrations of Archimedes.[191]




[image: Figure 3.33: In his 1588 book on Archimedes, Guidobaldo stressed that the distances of weights have to be considered always along the same straight line, without giving a prescription for the case of a bent lever.]


Figure 3.33: In his 1588 book on Archimedes, Guidobaldo stressed that the distances of weights have to be considered always along the same straight line, without giving a prescription for the case of a bent lever.

3.8.11 The flaws of Guidobaldo's understanding of the positional effect of heaviness

After this lengthy discussion, following Guidobaldo's meandering arguments, let us summarize his views on positional heaviness. He abandoned the framework of Jordanus and Tartaglia as he considered this to be incompatible with his own treatment based on the concept of center of gravity. He considered their exclusive focus on the straightness of descent as resulting from a purely mathematical perspective, neglecting the fact that the descent of a body is related, on the one hand, to the mechanical constraints of the motion of weights suspended from a balance, and, on the other, to the direction of the descent toward the center of the world.

In view of his extensive discussion of the concept as well as the arguments of his adversaries, which were based on it, one may ask if Guidobaldo himself believed in a concept of positional heaviness that may be freed from the contradictions he had revealed, or whether his use of that concept was exclusively polemical in character. At first glance one may be inclined to answer this question in favor of the merely polemical use, as indeed most interpreters have done.

On closer inspection, however, it has turned out that Guidobaldo did not reject the concept of positional heaviness altogether. He reinterpreted it using a conceptual differentiation between the weight (pondus) and its heaviness (gravitas) as a result of the positional circumstances of its descent. In his own treatment, Guidobaldo avoided the definition of a quantitative measure of the positional effect of a weight in a constrained situation so as not to run into the same ambiguities he himself had criticized. Instead, he limited himself to a consideration of the tendency of the center of gravity to join the center of the world along the most direct path possible, without having the mathematical means at his disposal to make such a procedure concise. He used ad-hoc suppositions to obtain the results he believed to be true. In this way, however, he exposed himself to the same kind of criticism that he had raised against his adversaries.

In summary, neither in the polemical nor in the deductive part of Guidobaldo's treatise on mechanics, a generic procedure for quantitatively determining positional or effective heaviness by a projection of the lever arm onto the horizontal can be found that corresponds to the modern procedure for determining the torque of a weight on a bent lever. Similarly, no treatment of this problem of forces not acting along the vertical was offered by Guidobaldo. Against this background, the question of how he might react to an analysis in which such procedures are employed becomes relevant as it must have constituted a foundational challenge for his mechanics. Pondering this question would have remained a matter of mere speculation were we not in the fortunate position of having Guidobaldo's extensive marginalia on Benedetti's book at our disposal.

3.9 Benedetti's approach to positional heaviness

For Benedetti's mechanics a specific way of determining positional heaviness, measured by the distance from the fulcrum to the line of inclination of a weight (linea inclinationis, the line connecting the center of gravity of the weight to the center of the elements) played a crucial and unambiguous role.[192] Benedetti's situation was, in fact, somewhat different from that of his predecessors. Nothing speaks against the assumption that he was familiar with the preceding literature, in particular, with the works discussed above. He thus also knew the pitfalls and contradictions into which the discussion of the positional effect could lead. In the beginning of his treatise on mechanics he introduced the positional aspect of weight, without, however, explicitly introducing positional heaviness as a technical term.

Benedetti then carefully analyzed how a weight changes its effect in dependence on the position of a moveable arm of a balance.[193] Following the tradition of his predecessors, he explained this change of effective weight in physical terms by claiming that a weight is impeded by the balance arm in following its straight path to the center of the region of the elements, as he expressed himself. As a consequence, it exerts a certain pressure on the arm which varies according to its inclination. This pressure will be greater the nearer the arm is to the vertical, while it would vanish in the horizontal position. Hence the weight will be positionally heavier when the moveable arm of the balance is along the horizontal than in any other position.

More specifically, Benedetti proposed a quantitative measure of a given weight or of a motive force according to its position. In contrast to Tartaglia's measure of positional heaviness, he determined the (positional) weight using a projection by means of perpendiculars drawn from the center of the balance to the line of inclination, corresponding to the effective length of the lever arm. This argument resembles Cardano's first argument, that is, to take the horizontal component of the distance to the support as a measure of the positional heaviness. However, going beyond Cardano who only considered the case of parallel directions to the center of the world, Benedetti also considered lines of directions not directed along the vertical. From the perspective of classical physics Tartaglia's (and Jordanus') concept of positional heaviness is closer to issues of energy conservation and the work principle, while that of Benedetti (and later of Galileo) is closer to the modern concept of torque (see section 1.4).

Benedetti may have taken his lead from Cardano's argument or even from its criticism by Guidobaldo. But he may also have turned a result that he could have found in Jordanus' De ratione ponderis, edited by Tartaglia,[194] into a key principle of his mechanics. As we have discussed, proposition 8 of De ratione ponderis states in fact that when the arms of a balance form an angle, then if their ends are equidistant from the vertical line passing through the axis of support, equal weights suspended from them will be of equal heaviness (see figure 3.15).[195] Jordanus' proof is a rather complex indirect proof that is based on showing that if such a balance were not in equilibrium, a weight by descending through a certain vertical distance would be able to lift an equal weight by a larger vertical distance, which is assumed to be impossible. If Jordanus was indeed Benedetti's starting point, which seems likely as he referred to de Nemore (1565), then he must have dropped any consideration of such vertical descents and rather took the end result of Jordanus' analysis, namely the distance of a weight from the line of suspension, as a general criterion for its positional effect.[196]

Benedetti also made use of his method to determine the effectiveness of a force according to its position by treating a balance with a weight on one arm and a force acting on its other arm at an angle other than 90 degrees.[197] The line of inclination is hence, in this case, not a perpendicular but given by the direction in which the force acts. Nevertheless, Benedetti's procedure is general enough to cover this case as well. Accordingly, a perpendicular is drawn from the center of the balance to the oblique line of inclination, and it is the length of that perpendicular which determines the effective lever arm of the force. This treatment happens to be in agreement with the way in which the torque of the force would be determined according to classical physics (see section 1.4).

Benedetti also dealt with the fact that the beam of a balance is not a mathematical line but a material body which he imagined as having a rectangular cross-section.[198] Furthermore, he treated balances supported at one of their ends. His idea was to use his treatment of forces not acting along the vertical in order to reduce such a material balance to the simple case of a bent lever. For this purpose he first imagined a balance supported from below with two bodies attached to its arms that are conceived as exerting their weights from the top of the rectangular beam of the balance. Connecting the fulcrum of the balance with the places of the weights Benedetti thus obtained a triangle positioned on its top. He then argued that what determines the effectiveness of the weights are the distances of their lines of inclination from the center, i.e. the horizontal projections of the sides of that triangle. Next he generalized the treatment to the cases of balances supported at their center or at another point. Benedetti claimed that such an analysis of the material beam had never been achieved before in the literature.[199]

Benedetti further addressed alleged errors in Tartaglia's Quesiti.[200] His main target, however, was Tartaglia's understanding of the concept of positional heaviness. He did agree with Tartaglia's general claim which has been quoted above (see section 3.7).



Dalle cose dette, et dimostrate di sopra, se manifesta qualmente un corpo grave in qual si voglia parte, che lui se parta, over removi dal sito della equalità lui si fa più leve, over leggiero secondo il sito, over luoco, et tanto più quanto più sara remosso da tal sito […]





From the things said and demonstrated above, it is manifest how a heavy body, whenever parted or removed from the position of equality, is made positionally lighter, and the more so, the more it is removed from that position.[201]



But he disagreed with the cause assigned by Jordanus and Tartaglia to this effect. According to Benedetti,



quia vera causa per se ab eo oritur, quod a centro librae dependeat
ut primo cap. huius tractatus ostendi.





the true cause emerges by itself from the fact that the weight hangs down [in part] from the fulcrum of the balance, as I showed in the first chapter of this treatise.[202]



In other words, Benedetti stressed that by taking into account the distance from the fulcrum to the line of inclination his approach to the positional effect of a weight is distinct from and superior to Tartaglia's consideration in the Jordanus tradition of straightness of descent.

More specifically, Benedetti refuted several of Tartaglia's claims. In particular, he disputed the central claim in the equilibrium controversy that when a balance is moved from its horizontal position it will return to this position because the body that had been moved upward will attain greater positional heaviness than the body which had been moved downward.[203] As we have seen above, Jordanus' and Tartaglia's argument was based on comparing the descents of the two weights. In other words, the balance would thus have to break in the middle in order to visualize these descents. Benedetti now pointed to the simple fact, already emphasized by Guidobaldo, that, when one weight descends, the other must ascend, and that the corresponding arcs will always be similar to each other and placed in the same way. He concluded that no positional difference in heaviness can be produced in the way that Tartaglia argued.[204]

Nevertheless, Benedetti did not believe in an indifferent equilibrium of such a balance when considered in a cosmological context. In the continuation of his argument, he rather came to the from a modern viewpoint correct conclusion that, when such a balance in equilibrium is displaced from its original horizontal position, the weight that has been lowered will actually assume a greater positional heaviness than the one that has been lifted up:



Pondus igitur ipsius A in huiusmodi situ, pondere ipsius B gravius erit.





Therefore the weight of A in this [lower] position will be heavier than the weight of B.[205]



He reached this conclusion by taking into account that the lines of inclination of the two weights are not parallel to each other but must converge at the center of the elements. The effective lever arms of the two weights must hence be determined by perpendicular lines drawn from the center of the balance to these lines of inclination. It now turned out that the perpendicular line, corresponding to the weight that had been lowered, is larger than the line corresponding to the weight that had been lifted. Consequently, the lower weight had become heavier positionally so that one would expect the balance to tilt into a vertical position (see figure 1.4).

Benedetti added some more critical remarks on Tartaglia's way of considering positional heaviness. Tartaglia had argued in Quesiti, as we have seen, that the upper weight attains a greater positional heaviness than the lower one, but that this difference is arbitrarily small and can therefore not be compensated by any finite weight.[206] This conclusion was reached by comparing curvilinear angles of contact on each side of the balance. In his analysis of this argument Benedetti again took into account that the lines of inclination are not parallel to each other but must converge toward the center of the elements, just has Guidobaldo had done before him. Clearly, since Tartaglia's argument hinges on angles of contact, which are infinitesimally small compared to ordinary angles, even that small deviation from being parallel must matter in this case. Taking this into account, Benedetti was able to construct a contradiction, thus refuting Tartaglia's argument. He concluded:



Omnis autem error in quem Tartalea, Iordanusque lapsi fuerunt ab eo, quod lineas inclinationum pro parallelis vicissim sumpserunt, emanuit.





Now the whole error into which Tartaglia and Jordanus fell arose from the fact that they took the lines of inclination as parallel to each other.[207]



Other propositions of Tartaglia, such as his demonstration using the concept of positional heaviness of basic properties of a balance with unequal arms in propositions 7 and 8 of the Quesiti, were dismissed as lacking in rigor when compared to the corresponding demonstrations of Archimedes. Concerning the inclined plane treated in Tartaglia's proposition 14, Benedetti interpreted it by reducing it to a balance in a position parallel to the plane. He did not consider the vertical displacements that are crucial to the analysis given by Jordanus and Tartaglia. Instead, he rather argued that Tartaglia's geometrical analysis was flawed by the neglect of the convergence of the lines of inclination at the center of the elements and that the same body which Tartaglia considered at different positions on the same inclined plane cannot have the same weight in these positions since, in Benedetti's interpretation, they correspond to places at different lengths along the arm of a balance.

In summary, Benedetti had introduced a way to determine the positional effect of a weight or a force that essentially gives, in the cases he considered, the same results as the application of the modern concept of torque. In particular, Benedetti had managed to go beyond the consideration of weights tending downward to include forces acting in an arbitrary direction. In this way, he was also able to take into account the fact that, on a spherical earth, the lines of inclination of weights on a balance are not parallel. He did not manage, however, to successfully apply his measure of positional heaviness to challenging objects such as the inclined plane.

3.10 Benedetti, Guidobaldo, and Galileo

Historians of science have always regarded Benedetti's Diversarum speculationum […] liber[208] as remarkable because of the close similarity of some of its parts with Galileo's early writings. The range of themes and methods common to both authors is indeed astonishing. Both Benedetti and Galileo proposed a theory of the motion of fall based on Archimedean hydrostatics, both considered the acceleration of this motion and its causes, both formulated what in hindsight appear as proto-inertial principles, both dealt with the bent lever in a similar fashion, both analyzed the relation between vibrating strings and musical tones, both formulated similar views on the irradiation of surfaces, both expressed similar views on thermal and hydrostatic phenomena, and, last but not least, both embraced the Copernican world system.[209] Many of these themes and ideas belonged to the shared knowledge of preclassical mechanics. Yet, in some respects the agreement of their approaches is so striking that one may wonder whether it is due to mere coincidence.

In the introduction to Mechanics in Sixteenth-Century Italy Stillman Drake writes:



The question of Benedetti's influence, particularly on the young Galileo, is one of great interest and importance in the history of mechanics in the sixteenth century.[210]



Still, in spite of many pages dedicated to the issue over more than one century, the question of Benedetti's direct impact on Galileo has remained unclear, in particular as Benedetti was never mentioned by him. Did Galileo ever consider Benedetti's mechanics, his theory of motion, and his cosmology in any detail? Did Benedetti's work shape Galilei's own views during his formative years, and, if so, why did he never refer to it?

There are a number of possible connections that have been considered in the past. For instance, Galileo's Pisan colleague Jacopo Mazzoni mentioned Benedetti in In universam Platonis et Aristotelis philosophiam praeludia from 1597.[211] He also received a letter from Galileo, written on May 30, 1597 arguing for the Copernican world view.[212] In his book Mazzoni referred to Benedetti's discussion of the possibility that motion along a straight line can be continuous,[213] a theme that was later taken up by Galileo in chapter 20 of De Motu, which also contains an explicit reference to Copernicus.[214] Another potential intermediary was Galileo's friend Paolo Sarpi who discussed Benedetti's theory of fall in Pensieri naturali e metafisici.[215] While earlier historians of science such as Caverni, Duhem, Wohlwill, and Mach stress Benedetti's role for the history of mechanics and his pivotal role for Galileo's subsequent achievements, the more recent historical literature tends to deny the possibility of an influence of Benedetti on Galileo.[216]

The present edition of the parts of Benedetti's book that deal with mechanics together with Guidobaldo's critical notes may help to provide a somewhat surprising answer to this question. It was most probably Guidobaldo, Benedetti's fervent opponent in matters of mechanics, who served as a conduit to Galileo and, at the same time, made it virtually impossible for Galileo to openly admit to this influence if did he not want to risk the protection of the most important patron of his early career.

Among the most striking and consequential similarities between the work of the young Galileo and that of Benedetti is the latter's theory of the motion of fall,[217] with the treatment of the motion of fall as motion in a medium according to Archimedean principles, just as it was presented in Galileo's early work De motu.[218] After carefully examining the issue, Drabkin arrived at the following conclusion:



While there may be some instances of the influence, direct or indirect, of the earlier author on the later, in many cases the similarities seem to be the reflection of a common heritage and tradition, the use of the same sources, or the concurrence of independent minds.[219]



Drake surmised, referring to a period extending at least up to 1596:



But of course it may be simply that Galileo had not yet heard of Benedetti.[220]



In line with this assessment, even recent, more careful studies of the emergence of Galileo's science have basically ignored a possible impact of Benedetti on its formative period.

There are, however, other perhaps less striking similarities between Galileo and Benedetti. One of them is the prominence of the bent lever in their writings on mechanics, which contrasts with the rather minor role it played for Guidobaldo.[221] A related similarity is the analysis of the bent lever in terms of special concepts expressing the varying effect of a weight according to its position.

In his mechanical writings, most likely postdating his move to Padua, Galileo used such a term for expressing the varying effect of a weight, his famous concept of momento which he defined as follows:[222]



Momento è la propensione di andare al basso, cagionata non tanto dalla gravità del mobile, quanto dalla disposizione che abbino tra di loro diversi corpi gravi.





Moment is the tendency to move downward caused not so much by the heaviness of the movable body as by the arrangement which different bodies have among themselves.[223]



Galileo's concept of momento[224] and his analysis of the bent lever, crucial to both his mechanics and his theory of motion, evidently emerged from the midst of the controversy about the concept of positional heaviness. In this controversy Galileo took a position much closer to Benedetti than to Guidobaldo. Instead of positional heaviness Galileo used the concept of momento or momentum that Guidobaldo had introduced in his book by quoting Commandino's definition of the center of gravity. But while Guidobaldo made no further use of it in his mechanics, Galileo took this concept with respectable lineage in the Urbino school, gave it a new meaning that was taken over from Benedetti and made it a pillar of his own framework, including, following Commandino, the definition of the center of gravity:



Centro della gravità si diffinisce essere in ogni corpo grave quel punto, intorno al quale consistono parti di eguali momenti.





Center of gravity is defined to be that point in every heavy body around which parts of equal moments are arranged.[225]



The evidence for our claim concerning Benedetti's legacy in Galileo's work comes from Guidobaldo's marginal notes on Benedetti's book, as well as from his entries in a research notebook, known under the title of Meditatiunculae,[226] which contain traces of Galileo's intervention in this controversy.

According to Benedetti and Galileo (and in contrast to Tartaglia and Guidobaldo) the effective length of the lever arm, obtained by drawing a perpendicular from the fulcrum of the balance to the line of inclination determines the effectiveness of a weight or a mechanical constellation. As we have seen, the measure of positional heaviness used by Benedetti had already played a role in Cardano's treatment of the balance in De subtilitate where it occurs together with two other measures.[227] While these measures in a similar way qualitatively determine the changing effect of a weight attached to a balance in dependence on the obliquity of the beam, they result in quantitatively different values. Cardano was either unaware of these differences, or he simply did not pay attention to the possibility of defining a quantitative measure of the magnitude of positional heaviness.

As we have also discussed, in contrast to Cardano, Benedetti unambiguously introduced a quantitive measure for the magnitude of a given weight or force in dependence of the positional circumstances (see section 3.9). His prescription is strikingly similar to that of Galileo:



Quod quantitas cuiuslibet ponderis, aut virtus movens respectu alterius quantitatis cognoscatur beneficio perpendicularium ductarum a centro librae ad lineam inclinationis.





That the magnitude of one given weight or the magnitude of one motive force in comparison with another can be found by means of perpendiculars drawn from the center of the balance to the line of inclination.[228]



Similarly Galileo wrote in his Mechanics:



Ma qui è d'avvertire, come tali distanze si devono misurare con linee perpendiculari, le quali dal punto della suspensione caschino sopra le linee rette, che dai centri della gravità delli due pesi si tirano al centro commune delle cose gravi.





But here it must be noted that such distances must be measured with perpendicular lines dropped from the point of suspension upon the straight lines drawn from the centers of gravity of the two weights to the common center of heavy bodies.[229]



In his Mechanics, Galileo later stressed once more how important it is to carefully define the effective distances of weights from their support:



Un'altra cosa, prima che più oltre si proceda, bisogna che sia considerata; e questa è intorno alle distanze, nelle quali i gravi vengono appesi: per ciò che molto importa il sapere come s'intendano distanze eguali e diseguali, ed in somma in qual maniera devono misurarsi.





There is one thing that must be considered before proceeding further, and this concerns the distances at which heavy bodies come to be weighed; for it is very important to know the sense in which equal and unequal distances are to be understood, and in what manner they must be measured.[230]



He also made it clear in his analysis of the inclined plane by means of the bent lever that this procedure is critical in determining the momento of a given weight.[231] As discussed earlier, in his Diversarum speculationum […] liber Benedetti convincingly demonstrated the effectiveness of this method in determining the magnitude of a force or weight according to its position.

Another remarkable similarity between Benedetti's and Galileo's mechanics is the proof of the law of the lever. Both started by considering a uniform weight supported from its center of gravity which is then broken into unequal pieces sustained by strings from a support above the uniform weight. The proof then argues about the possibility to rearrange these strings without disturbing the equilibrium. Benedetti's somewhat obscure proof was critically annotated by Guidobaldo (see section 7.15). A similar proof is then much more clearly expressed in Galileo's mechanics.[232] Finally, Benedetti's discussion of projectile motion may have stimulated Galileo and Guidobaldo's joint experiment using an inclined plane to trace the trajectory of a projectile (see page 199).

The very existence of Guidobaldo's marginal notes on Benedetti's Diversarum speculationum […] liber provides one definitive answer to the question of who had actually read this book. The fact that Guidobaldo del Monte had read it, however, is not entirely new.[233] Guidobaldo's notebook, the famous Meditatiunculae,[234] contains a few entries referring to Benedetti's book which furthermore suggest that Guidobaldo must have studied this work at about the same time he began to correspond with Galileo.[235] It has also been shown that other entries in the Meditatiunculae document common research and discussions by Guidobaldo and Galileo.[236]

This coincidence strongly suggests that Guidobaldo served as a conduit to his younger colleague Galileo, transmitting knowledge about some of Benedetti's methods that he himself rejected. A closer inspection of the Meditatiunculae reveals striking evidence for the likelihood of this scenario. Remarkably, the page of Guidobaldo's notebook facing the page with his most detailed critique of Benedetti shows Galileo's famous construction relating the bent lever to the inclined plane (see figure 3.34).[237]


[image: Figure 3.34: Galileo's construction relating the bent lever to the inclined plane in Guidobaldo's notebook.]


Figure 3.34: Galileo's construction relating the bent lever to the inclined plane in Guidobaldo's notebook.


[image: Figure 3.35: Guidobaldo's construction related to the inclined plane in his notebook. The construction was adapted from Pappus' erroneous solution.]


Figure 3.35: Guidobaldo's construction related to the inclined plane in his notebook. The construction was adapted from Pappus' erroneous solution.

This circumstance is all the more noteworthy as Guidobaldo's notebook also contains, on an earlier page, his own problematic adoption of Pappus' analysis of the inclined plane (see figure 3.35).[238] In his writings Galileo had criticized this analysis,[239] substituting it with his own solution of the problem which makes use of the bent lever conceptualized in the same way as Benedetti did. Guidobaldo therefore must have learned about this proof from Galileo, and he must also have seen the connection to Benedetti's methods. It is in any case most unlikely that the two scientists did not discuss this connection and it is quite plausible that Galileo became familiar with Benedetti's work through Guidobaldo. Galileo started corresponding with Guidobaldo in 1588, three years after the publication of Benedetti's book and shortly before he embarked on what later became known as his writings De Motu.[240] First Galileo wrote a dialogue version and then an essay in twenty-three chapters. Only this second version contains his proof of the law of the inclined plane, the argument about continuity of motion along a straight line, and the mention of Copernicus. Most probably this version was written after Galileo became familiar with Benedetti's work. His treatise on mechanics, which for the first time explicitly discussed the problem of the effective lever arm, was only written much later, certainly after he had visited Guidobaldo in 1592 on his way to Padua (see section 2.3). It therefore seems most probable that Galileo was familiar with key ideas of Benedetti when he wrote these works.

A more detailed examination of Guidobaldo's argument in his notebook makes it evident that the discussion of Benedetti's work was not only a turning point for Galileo, but also for Guidobaldo himself. In fact, this discussion must have convinced him, at least to some extent, both of the legitimacy and the fertility of Benedetti's procedure for determining the positional effect of a weight. In fact, he was able to justify this procedure with the help of the concept of center of gravity central to his own mechanics.

In the approach to the bent lever problem that he took in his notebook, Guidobaldo considered an arrangement familiar from Benedetti's book, a balance with one deflected arm and with two weights that are in inverse proportion to the projections of their lever arms on the horizontal (see figure 3.36). He assumed this balance to be in equilibrium and determined the center of gravity of the two weights according to the principles of his own book on mechanics. He found that their center of gravity lies at the crossing point between a vertical line through the support and the line connecting the two weights, thus justifying the assumption that it is in equilibrium.

For geometrical reasons it is now clear that the distances of the weights from the center of gravity are in the same proportion as the projections on the horizontal, and inversely as the weights themselves. Guidobaldo had thus managed to relate Benedetti's procedure for determining positional heaviness to his own use of the concept of center of gravity, a typical example of how concepts become related by being applied to the same problem. At first he concluded that this is what was to be shown, but then continued the argument to include Galileo's consideration of inclined planes (see figure 3.36):



Libra ABD habeat AB horizonti aequidistans. Ponderaque in AD maneant. Primum ducta DC ad AB perpendiculari, dico pondus D ad pondus A esse, ut AB ad BC. Sit BK ipsi AB perpendicularis, et in centrum mundi tendat, iungaturque AGD. Et quod pondera manent, erit ex meis mechanicis punctum G centrum gravitatis, et ut pondus D ad pondus A, ita AG ad GD. Et quod BG DC sunt parallelae erit AB ad BC ut AG ad GD, hoc est ut pondus D ad A. Quod demonstrare oportebat.





Let the balance ABD have [the part] AB equidistant from the horizon. And let the weights in AD be at rest. If first DC is drawn perpendicularly to AB, I say that the weight D is to the weight A, as [is] AB to BC. Let BK be perpendicular to AB and tend toward the center of the world, and let AGD be joined. And since the weights are at rest, according to my [book on] mechanics the point G will be the center of gravity, and as the weight D is to the weight A, so is AG to GD. And since BG DC are parallel, AB will be to BC as AG to GD, that is, as the weight D to [the weight] A. Which was to be demonstrated.[241]




[image: Figure 3.36: Guidobaldo's analysis of Galileo's construction relating inclined plane and bent lever.]


Figure 3.36: Guidobaldo's analysis of Galileo's construction relating inclined plane and bent lever.

Before the claim that this is what was to be demonstrated, Guidobaldo inserted a passage in which he prepared the argument concerning inclined planes by reformulating what he had found in terms of positional heaviness without actually using the term. What he nevertheless needed was a way to describe the changing effect of a weight with position in order to then argue about the powers capable of supporting weights on differently inclined planes. So he attempted to reformulate the equilibrium of two different weights on a bent lever in terms of the different effects of one and the same weight, which he introduced as a reference weight, on the two sides of the bent lever. Expressing himself in a rather cumbersome and confusing way, he argued, from what he had shown before, that these effects are proportional to the projections of the lever arms on the horizontal:



Ex hoc patet aequalia pondera in A D […] esse pondus A ad pondus D ut AG ad GD. Sit n[empe] ob evitandam confusionem pondus L, quod intelligatur in A aequale existens ipsi ponderi in D. Quod n[empe] pondus in D ad pondus in A cui aequeponderat est ut AG ad GD. Pondus vero in D eandem habet gravitatem ut pondus in A. Ergo pondus L ad pondus A et ad pondus in D est ut AG ad GD. et per consequens ut AB ad BC. Levius ergo est pondus in D quam pondus in B, quanto minor est BC quam BA.





From this it is evident that, equal weights [being] in A D […], that the weight A is to the weight D as is AG to GD. Let now, in order to avoid confusion, the weight L, which is understood to exist in A, be equal to the same weight at D. Because in fact the weight at D is to the weight at A, with which it is in equilibrium, as is AG to GD. But the weight at D has the same heaviness as the weight at A. Therefore the weight L is to the weight A and to the weight at D as is AG to GD, and in consequence as AB to BC. Hence the weight at D is lighter than the weight at B by as much as BC is smaller than BA.[242]



After this preparation, following Galileo's argument, Guidobaldo related the bent lever to the inclined plane, comparing the power supporting a weight in the vertical direction with the power supporting the same weight along the plane. He formulated the law of the inclined plane by stating that these powers are inversely as the length of the plane is to its height. He then proceeded to relate the inclined plane as well as the vertical to the balance or rather to the bent lever with different positions of its arm, by claiming that a weight on the plane is as if it were on an arm that is vertical to the plane. He could then apply the result previously derived for the bent lever to the inclined plane. For geometrical reasons his argument refers to an inclined plane formed by the intersection of the line representing the original inclined plane and the vertical line tangent to the circle formed by the possible positions of the deflected lever arm (see figure 3.36):



Sit deinde planum DE horizonti inclinatum, et per EF horizonti recta sitque DF horizonti aequidistans. Dico potentiam pondus sustinentem in EF ad potentiam idem pondus sustinentem super DE, ita esse, ut DE ad EF. Intelligatur idem pondus in N. Quoniam nempe pondus in N super NO est, ac si esset libra ABN essetque pondus in brachio BN, cum sit BNP angulus rectus. Similiter ob eandem causam pondus in D super DE est ac si esset in brachio BD, cum sit BDE quoque rectus. Hoc nempe modo pondera tangunt plana quod nempe similiter pondus in N super planum NPO est ac si esset in brachio BN pondus vero in N est aequegrave ut in A erit pondus in N ad pondus D ut AB hoc est BD ad BC. Et quod triangula CDE EDF PDO sunt similia, et CDE simile est ipsi BDC erit BD ad BC ut DE ad EF, hoc est ut DP ad PO.





Let then DE be a plane inclined to the horizon, and through EF, perpendicular to the horizon, let DF be equidistant to the horizon. I say that the power supporting the weight at EF is to the power supporting the weight over DE as is DE to EF. It is to be understood that the same weight is in N. Now evidently the weight at N is over NO, as if the balance were ABN and the weight on the arm BN, because BNP is a right angle. Similarly for the same reason the weight at D over DE is as if it were on the arm BD, because BDE is also a right [angle]. In this way namely the weights touch the planes since indeed the weight at N over the plane NPO is similarly as if it were on the arm BN. But the weight at N is equally heavy as at A. The weight at N will be to the weight D as AB, that is BD, is to BC. And since the triangles CDE EDF PDO are similar, and CDE is similar to BDC, BD will be to BC as DE is to EF, that is, as DP to PO.[243]



Guidobaldo returned to his introduction of a reference weight representing the power of supporting a weight in the vertical. This weight corresponds to the weight at the deflected arm of the balance and is to the weight on the horizontal arm as is the horizontal arm to the projection of the deflected arm. He could now conclude that the same proportion also holds for the powers supporting weights along the vertical and the inclined plane, respectively:



Pondus atque in N sustinetur a pondere L. Pondus vero D sustinetur a pondere in A, pondus vero in L ad ipsum in A, est ut AB hoc est BD ad BC. Ergo potentia sustinens pondus super NO ad potentiam pondus sustinens super DPE est ut BD ad BC.





And the weight at N is supported by the weight L. But the weight D is supported by the weight at A, but the weight at L is to the same in A, as is AB, that is BD, is to BC. Therefore the power supporting a weight over NO is to the power supporting the weight over DPE as BD is to BC.[244]



In a final step of his proof Guidobaldo then transferred the proportions he had found for the small triangle generated by his geometrical construction to the originally considered inclined plane:



Eodem atque modo sustinetur pondus super DP, veluti super DE, et super PO, ut super EF. Ergo potentia sustinens pondus super DE ad eam, quae sustinet pondus super EF est ut DE ad EF. Quod demonstrare oportebat.





And in the same way the weight is supported over DP, or over DE, and over PO, as over EF. Therefore the power supporting the weight over DE is to that which supports the weight over EF as is DE to EF. Which was to be demonstrated.[245]



Guidobaldo had thus recapitulated Galileo's proof of the inclined plane based on relating it to the bent lever. Since he had previously shown that Benedetti's treatment of the bent lever could be justified using the concept of center of gravity, he had reached a new understanding of the problem of the inclined plane within the framework of his own mechanics.

Let us summarize the situation with regard to the interaction between Guidobaldo, Galileo, and Benedetti:
At the beginning of 1588, Galileo and Guidobaldo exchanged their views on the technicalities of proofs in the Archimedean tradition. A more intensive and regular scientific exchange then developed, as we may conclude from the few surviving letters. Thus Guidobaldo had sent Galileo his commentary on Archimedes for commentary and criticism, as we know from a letter of May 28, 1588.[246] From another letter to Galileo, dated December 8, 1590,[247] we may conclude that Guidobaldo used to receive letters from Galileo on an almost daily basis and that Galileo sent his findings likewise to his mentor Guidobaldo. As mentioned above, recent research into Guidobaldo's biography has revealed evidence that Guidobaldo and Galileo must have met as early as 1589 in Tuscany.[248] They might even have met jointly with Galileo's teacher Mazzoni who, as we have also seen, cited Benedetti in his work. Thus Guidobaldo, Mazzoni and Galileo may have discussed Benedetti's Diversarum speculationum … liber with the consequence that Galileo reconsidered his work in progress on motion and, in particular, his treatment of motion along inclined planes. This treatment essentially relies on Benedetti's theory of the bent lever and was included in Guidobaldo's notebook. But Benedetti's impact on Galileo probably went even further than that. Galileo may now have taken the Copernican hypothesis much more seriously than before, discussing this as well as other subjects with Mazzoni. In the above-mentioned letter of 1597 Galileo praised Mazzoni for his Praeludia and reminded him of the controversial issues on which they meanwhile had reached an agreement, trying now to also press him on the Copernican hypothesis (see page 143).[249]

It is in any case difficult to imagine that Guidobaldo did not discuss his views on Benedetti's mechanics with Galileo, views that he considered at the same time misguided as well as profoundly challenging, as his marginal notes make evident.

3.11 Theoretical excursus: mental models in the transmission of knowledge

3.11.1 The basic mental models of early mechanical knowledge

An analysis of the long-term development of mechanical knowledge requires an appropriate description of the architecture of this knowledge. As pointed out earlier (see section 1.2), one must take into account, in addition to the theoretical knowledge usually considered in the history of science, two further types of knowledge, intuitive physics and practical mechanical knowledge. In order to describe the interaction between these different layers, it has turned out to be useful to adopt the concept of mental model from cognitive science and to adapt it to the needs of historical analysis.[250] Mental models are cognitive instruments for drawing conclusions from experiences in the context of given knowledge.

More specifically, mental models are knowledge representation structures which allow inferences to be drawn from prior experiences about complex objects and processes, even when only incomplete information on them is available. Furthermore, conclusions based on mental models can be corrected in light of new information. The concept of mental model is thus particularly suited to explain the long-term continuity of certain aspects of physical thinking. Mental models are also capable of mediating between existing theories and experiences which may or may not be difficult to subsume under these theories. They thus constitute a particularly important theoretical instrument for understanding what happened in the early modern period. It was indeed the period of preclassical mechanics that was characterized, as we have discussed, by the encounter between traditional theories and novel challenging objects that were difficult to subsume under the existing theories so that these objects became a stimulus for further developments (see section 3.3).

A mental model consists of a relatively stable network of possible inferences relating inputs that are variable. Cognitive science often uses the term slots to indicate the nodes in the structure which have to be filled with inputs satisfying specific constraints. Applying a mental model presupposes the assimilation of specific knowledge to its structure, that is, input information compatible with the constraints of the slots is mapped into them. Filling the slots is the crucial process that decides on the appropriateness and applicability of a mental model for a specific object or process. Once the mapping is successful – if the input information satisfies the constraints of the slots – the reasoning about the object or process is, to a large extent, determined by the mental model.

An example of fundamental importance of the history of mechanics is the motion-implies-force model which, when involved in the interpretation of a process of motion, yields the conclusion that the moved object is moved by a force exerted upon it by some mover. While this conclusion is incorrect from the perspective of classical physics, contradicting as it does Newton's principle of inertia, it is in agreement with Aristotelian dynamics (see section 3.4.1). What is more important in our context, the motion-implies-force model represents elementary human experiences. In fact, when observing some moving object, one usually presumes that there is some mover at work which drives the object by its force, even when the mover itself and its force cannot be directly observed. The missing information about the mover is simply added by the default setting of the model based on prior experiences. If, however, additional empirical information eventually becomes available, e.g. specifying the kind of mover, then this information replaces the original default setting without, however, challenging the model itself.

Mental models relevant to the history of mechanics either belong to generally shared knowledge or to the shared knowledge of specific groups. Accordingly, they can be related to the three types of knowledge mentioned above. First, there are the basic models of intuitive physics, such as the motion-implies-force model just described. Another group of mental models is part of the professional knowledge of more or less specialized practitioners. Their historical transmission is related to the transmission of the real instruments that embody them. And, finally, there are the mental models that belong to theoretical knowledge and that are communicated by an explicit description of their structure and of the conditions of their applications.

A foundational experience of practitioners' knowledge since ancient times has been the equivalence of the weight of a body and the force required to lift it up. This equivalence is prototypically embodied in a real model, namely that of the balance with equal arms. In fact, the force that keeps the balance in equilibrium is equal to the weight in the scale pan. Hence we call this model of compensation between force and weight the equilibrium model. However, the practical knowledge of the technicians and engineers of antiquity also involved other basic experiences, and, in particular, the experience of how one can free oneself from the constraint of the equivalence between weight and force. In fact, the art of the mechanician consisted precisely in overcoming the natural course of things with the help of instruments such as the lever. According to this understanding, a mechanical instrument serves to achieve, with a given force, an unnatural effect that could not have been achieved without the instrument. We therefore call the model underlying this understanding the mechanae model – according to the Greek word  which means both mechanical instrument and trick, and which is at the origin of the word mechanics.

A key mental model of theoretical knowledge resulted from an integration of the mechanae model with the equilibrium model in the context of a theoretical reflection on the practical knowledge related to the balance with unequal arms that occured in the context of Aristotelian physics, and in particular in the Aristotelian Mechanical Problems. We call this model the balance-lever model. It can be understood as a generalization of the equilibrium model, associated with the ordinary balance with equal arms. In the case of an equal-arms balance, weight differences are balanced by weights; in the case of an unequal-arms balance, they are balanced by changing the position of the counterweight along the scale or by fixing the counterweight at the end of the beam and changing the position of the suspension point. This necessarily generalized the equilibrium model: weights can be compensated not only by weights but also by distances. It was this practical knowledge related to balances with unequal arms, invented in Greek antiquity some time before Aristotle, which provided the empirical basis for the formulation of the law of the lever.[251]

Another key mental model of mechanical knowledge is the center of gravity model. It can be applied to any given heavy body, allowing one to mentally replace it by its total weight and its center of gravity. Its slots are therefore the heavy body itself, its total weight, and the center of gravity. The structure of the model is determined by noting that any axis through the center of gravity turns the body into a lever in equilibrium. In other words, the center of gravity model allows any body to be conceived as a generalized balance with a fulcrum and a distribution of weights around it in equilibrium. In contrast to the fulcrum, however, the center of gravity no longer has to be a physically distinguished point that can be identified by visual cues, but its identification is rather the result of the application of the model to a heavy body. In fact, the center of gravity model can be applied to any body, whether it physically resembles a balance or not. This is the step taken by Archimedes in his work on the equilibrium of plane figures.[252]

To what kind of knowledge does the center of gravity model belong? It is clearly rooted in practical knowledge dealing with balances as it is embodied in the equilibrium model and also in observations on the stability of bodies. On the other hand, understanding the center of gravity model actually requires an explicit or implicit description of its properties. In other words, neither the emergence nor the transmission of this mental model is conceivable without its representation by written language. The very fact that the model is applicable to all heavy bodies suggests that it could hardly have emerged in the context of practitioners' knowledge dealing with specialized domains, but that the model rather belongs to theoretical knowledge.

The center-of-gravity model resulted from a reflection on the applicability of the equilibrium model to all bodies. Indeed, the application of a mental model to different objects and processes and the outcome of such applications may themselves become the object of reasoning that produces new knowledge, provided that such knowledge is appropriately represented – in our case by written language. Knowledge about knowledge structures may then in turn change these knowledge structures. Thus, the application of a mental model may lead to changes – in our case to a generalization – of that model by a deliberate reorganization of its structure as the result of the accumulated meta-knowledge obtained by reflection. As an example for such a reorganization, take the transformation of the concept of fulcrum into that of the center of gravity. While in the equilibrium model the fulcrum is primarily characterized by its physical properties as the turning point of a balance, and only then by the functions it takes on as a consequence of the application of the model, in the more developed model these secondary properties now become the primary properties of the center of gravity.


[image: Figure 3.37: If a material beam of a balance is supported from above, and deflected from its horizontal position, it returns to this position according to the Aristotelian <i>Mechanical Problems</i> because the upper part of the balance, to the right of the plane indicated by the perpendicular line through the suspension point, is heavier than the lower part to the left of this plane.]


Figure 3.37: If a material beam of a balance is supported from above, and deflected from its horizontal position, it returns to this position according to the Aristotelian Mechanical Problems because the upper part of the balance, to the right of the plane indicated by the perpendicular line through the suspension point, is heavier than the lower part to the left of this plane.

A starting point for the development of the center-of-gravity model is found in the Aristotelian Mechanical Problems discussed above in section 3.4. There the Aristotelian author considered, as we have seen, an equal-arms balance with an extended, material beam and distinguished between the case in which the balance is suspended from above and the case in which it is supported from below. In these two cases the balance displays different behaviours when its equilibrium is disturbed, for instance by adding or removing a weight. The solution to the problem of why it rises again when supported from above is based on a consideration of the perpendicular line across the point of suspension, which represents a plane dividing the balance into two parts (see figure 3.37). The relation between the weights of these two parts of the balance now decides whether or not the balance rises again. In this way, the equilibrium model is generalized to apply to the suspended beam itself, without the weights usually attached to a balance. The criterion for whether it moves or remains at rest is now no longer the relation between such weights, but that between the two parts divided by the perpendicular plane across the point of suspension.

Although applied to the special case of the material beam of a balance either suspended from above or supported from below, this model works quite generally for all bodies and, if elaborated systematically, naturally singles out the case in which the two parts are always of equal weight. Indeed, if the suspension point across the beam is appropriately moved, a point is reached where the downwardly displaced side of the beam is neither greater nor lesser than the other side. For the material beam this happens if it is suspended from the middle rather than from above or below, in other words, if it is suspended from its center of gravity – a conclusion that the Aristotelian author does not actually draw. But a reflection on the Aristotelian argument could yield a first characterization of the center of gravity as the point from which a suspended body will remain at rest and preserve its position. In this way, the center-of-gravity model eventually resulted from a reflective abstraction of the equilibrium model rooted in practical knowledge, made possible because of the representation of this knowledge in terms of written language, in this case in the Aristotelian text.


[image: Figure 3.38: Archimedes' proof of the law of the lever is based on a redistribution of weights justified with the help of the concept of center of gravity. A constellation of unequal weights at unequal distances from the fulcrum may thus be replaced, as shown in the figure, by a set of equal weights evenly distributed with regard to the fulcrum. The two constellations are equivalent because the redistribution of weights leave the center of gravity invariant. The redistribution may be visualized by replacing the unequal weights by equilibrated balances, appended from the same suspension points and carrying evenly distributed weights. This illustrates how the concept of center of gravity makes it possible to conceive any given body as a balance and how this concept can be iteratively applied to justify such redistributions of weights.]


Figure 3.38: Archimedes' proof of the law of the lever is based on a redistribution of weights justified with the help of the concept of center of gravity. A constellation of unequal weights at unequal distances from the fulcrum may thus be replaced, as shown in the figure, by a set of equal weights evenly distributed with regard to the fulcrum. The two constellations are equivalent because the redistribution of weights leave the center of gravity invariant. The redistribution may be visualized by replacing the unequal weights by equilibrated balances, appended from the same suspension points and carrying evenly distributed weights. This illustrates how the concept of center of gravity makes it possible to conceive any given body as a balance and how this concept can be iteratively applied to justify such redistributions of weights.

The center-of-gravity model provided the backbone for Archimedes' proof of the law of the lever based on redistributing weights under the constraint that the equilibrium is maintained (see figure 3.38). The legitimacy of this argument, however, has often been disputed, in particular vividly and powerfully by the historian and philosopher of science Ernst Mach around the turn of the last century.[253] He argued that Archimedes' proof actually presupposes what has to be shown, the law of the lever. In fact, he argued that the proof involves the assumption that equal displacements of a weight placed on a beam from and towards the point of support cancel each other. This assumes that the effect of a weight placed on a beam is a linear function of distance, a presupposition essentially equivalent to the law of the lever. A closer look at Archimedes' proof reveals, however, that he did not actually talk about such displacements of weights at all. This objection to Mach's analysis has been raised by several historians and has been masterfully elaborated in Dijksterhuis's book on Archimedes.[254] In his analysis Dijksterhuis correctly emphasized that, in the critical step of his proof, Archimedes made use of the concept of center of gravity in order to justify that the original weights keep the system in equilibrium. Indeed, Archimedes argued that these weights maintain the equilibrium because they are placed at the respective centers of gravity of the two groups of equally spaced weights which correspond to them and which, taken together, keep the beam in equilibrium because their overall center of gravity coincides with the point of support of the beam.

Archimedes' proof essentially presupposes three properties of the center of gravity: First, the center of gravity of a symmetric configuration as used in the proof will be at the middle point of the configuration. Second, if a body is supported at its center of gravity, it will be in equilibrium. And third, bodies of equal weight may be substituted for each other without changing the state of equilibrium as long as their centers of gravity coincide. The latter point is crucial for Archimedes' argument: Because of the new abstract quality which the concept of fulcrum assumes when generalized to the concept of center of gravity, it could now be applied iteratively, allowing, in particular, the point of suspension of a weight on a balance to be conceived as the fulcrum of another balance (see figure 3.38). The properties listed above are also used in the proofs of Benedetti and Galileo (see section 7.15). The iterative application of the concept of center of gravity is in fact the critical feature of these proofs, working with different constellations of weights on a balance, considered to be equivalent with regard to their center of gravity.

Against this background, it now becomes possible to characterize the concept of positional heaviness as resulting from a reflective abstraction following a route alternative to that which led to the center-of-gravity model. As our historical analysis has shown, the concept of positional heaviness emerged in a situation where the concept of center of gravity was not available and thus left room for this alternative conceptualization (see section 3.4).

3.11.2 The positional-heaviness model

The basic idea of the concept of positional heaviness was to express the equilibrium of two different weights on a balance with unequal arms, not as a statement of proportionality – equilibrium results when the lengths of the lever arms are inversely proportional to the weights – but as resulting from an equality. Equilibrium then results when the two different weights are nevertheless equal in positional heaviness, given that a weight acquires a larger or smaller positional heaviness the longer or shorter the lever arm is on which it acts. As we have seen, the concept of positional heaviness proved to be effective also in treating devices such as the bent lever and the inclined plane because it lent itself to dealing with the varying effect of a weight in dependence on the angle of inclination.

From a theoretical point of view the concept of positional heaviness is based on a special mental model. Like the center-of-gravity model, this mental model also resulted from a reflective abstraction based on generalizing the equilibrium model to all balances, including balances with unequal arms. But in contrast to the center-of-gravity model, the positional heaviness model did not lead to a generalization of the concept of fulcrum, but rather to a generalization of the concept of weight attached to a mechanical constellation such as a balance. The original positional heaviness model allowed for a differentiation between a weight and its effect without establishing any precise relation between them – other than requiring that equilibrium is associated with equal positional weights. The model thus paved the way for a number of theoretical attempts to specify such a relation under the condition that they are conformal with general properties of the model such as the monotonous relation between the magnitude of the observable effect and the magnitude of the positional heaviness which describes this effect. As we have discussed, several different and partly incompatible measures of positional heaviness were triggered in the framework of its underlying mental model which provided a coherence of qualitative knowledge, in spite of such alternatives.

Mental models are usually context-specific and not universally valid. Thus, the concept of positional heaviness made sense only against the background of the specific context of knowledge about mechanical devices used in medieval and early modern technology and of the body of available contemporary theories available to organize this knowledge. In particular, when the concept of positional heaviness was first coined by Jordanus, it was shaped by a context in which the Archimedean concept of center of gravity was not available, in which the perplexing differentiation between a weight and its effect under certain conditions could make reference to Aristotle's theory of fallacies, and in which a deductive organization of knowledge on the Euclidean model served as an epistemic ideal. The reflection on such theories and their function constituted a specific image of knowledge[255] and thus another context-specific condition of the concept.

In the early modern period, the context for using, rejecting, or elaborating the positional-heaviness model changed. New technological devices and a broader program of mechanical explanation entered the scene. The possibility to reduce an effect such as the power-saving potential of a pulley or a complex machine to the paradigm of the balance from which the concept of positional heaviness had been derived now became a critical, context-specific condition of the applicability of the model. Another context-specific condition was the cosmological assumption that weights always tend to move toward the center of the world. This was an almost universally accepted Aristotelian premise of preclassical mechanics. Furthermore, the adherence to the Archimedean kind of deductive theories as a model for structuring the body of mechanical knowledge provided an image of knowledge characteristic for the Renaissance and early modern context. This explains the common mathematical framework of the attempts to render the meaning of the concept of positional heaviness in precise mathematical terms. And finally, the availability of Archimedean writings made it necessary to confront the consequences of interpreting a mechanical problem against the background of the positional-heaviness model with the implications of the center-of-gravity model.

Mental models can be adapted to new experiences attained, in particular, in the process of studying challenging objects. The example of an equilibrated balance deflected into an oblique position of its beam shows that this adaptation may be a multifaceted process. The analysis of the different approaches of Guidobaldo and his adversaries demonstrates, on the one hand, that these scholars and engineers shared a basic understanding of the difference between a weight and its effect. This common understanding was based on a shared mental model which reflected general experiences obtained from the practical handling of balances. We have shown, on the other hand, that the specific ways in which Guidobaldo and his adversaries applied the shared mental model to particular experiences such as those concerning the behavior of a deflected balance and to results of experiments dedicated to studying this behavior in detail challenged the application of the model and determined in various ways its more or less successful adaptation.

These adaptations were, however, limited by some common context-specific historical conditions. In particular, no concept of mathematical function existed that would have allowed experiences involving several physical dimensions such as space, time, and weight to be integrated into a single composite physical magnitude such as torque or work. In the case of the challenging object of a deflected balance, it was thus impossible to integrate the effect of geometrical properties of the deflected balance and the effect of physical properties of the attached weights into a composite magnitude representing all of these effects. The changing effect of a weight in dependence on the obliquity of the beam of a deflected balance could either be explained as resulting from circumstantial conditions that could not be assimilated to one theoretical framework, or the effect could be represented by a new concept of weight that would be determined by specific geometrical or mechanical aspects of the experiences with deflected balances. Realizing the latter possibility led to the specific problems of defining a precise concept of positional heaviness. The deficiency in adequately representing the interplay between various physical magnitudes was fundamental, to the effect that not even the equilibrium of a balance could be conceived of as an equality of values of a composite physical magnitude. The introduction of generalized composite mechanical properties such as the product of lengths and weights would have been, however, the precondition for a conceptual development leading to the concept of torque used in classical mechanics to define the equilibrium of a balance.

The historical development we have reviewed nevertheless did eventually lead to a certain reconciliation of the original alternative conceptualizations in terms of center of gravity and positional heaviness. This must be understood as the result of the extensive elaboration and controversial evaluation of the consequences of the application of the underlying shared mental models to an ever increasing array of challenging objects. It is thus no accident that this relative and preliminary stabilization of the conceptual structures of preclassical mechanics went along with a growing network of arguments connecting these mechanical problems and hence the mental models underlying their conceptualization. Galileo's proof of the inclined plane theorem with the help of the bent lever, analyzed with the help of his concept of momento, itself an adaptation of the concept of positional heaviness, may stand as a representative for this process of knowledge integration.

Mental models link past with present experiences and thus allow conclusions to be drawn from incomplete information. In the present case the knowledge about a challenging object such as the bent lever, the inclined plane or the equilibrated balance deflected by a force acting in an arbitrary direction, was too incomplete to determine a general theory covering all of this knowledge. Only mental models such as the positional-heaviness model made it possible to link this knowledge to prior experiences and to the tradition of theoretical mechanics based on the law of the lever, as well as to Aristotelian cosmology and the medieval science of weights. Among the relevant prior experiences was, in particular, the familiarity with balances in equilibrium which were normally conceived of as being in horizontal position, a default assumption which was even reflected in the designation of the equilibrium as the position in which the beam of the balance is parallel to the horizon.[256]

Mental models bridge various levels of knowledge that represent the same object in various forms. Early modern technology was based largely on the intuitive knowledge of practitioners and, in particular, on rules of thumb derived by engineers who organized their work. Early modern practitioners had ample experience with the dependency of forces and weights on geometrical and mechanical constellations. However, such knowledge was not usually written down and transmitted only by participation in its application in practical contexts. It was mental models such as the positional-heaviness model that allowed this practical knowledge to be combined with knowledge at the level of theoretical reflection based on theories of mechanics available at the time.

If one tries to confront the historical concept of positional heaviness with potential counterparts in classical physics, it becomes particularly evident that the effectiveness of the historical concept requires an explanation along the lines just sketched, rather than conceiving it in some sense as an ancestor of modern concepts (see section 1.4). For the cases of the equilibrium of a balance with unequal arms and that of a bent lever, the equality of positional heaviness corresponds, in modern terms, to the equality not of weights or forces but of torques. This translation, however, does not work in the case of equilibrium on an inclined plane. In this case the equality of positional heaviness for different weights placed on differently inclined planes has to be interpreted in terms of the changing component of the force of gravitation in the direction of the inclined plane and as a consequence of the principle of work. The equilibrium of two bodies of different weights placed on differently inclined planes and connected with each other by a weightless rope can then be explained by the compensation of weight and distance in the sense that the larger weight travels a shorter vertical distance along the less steeply inclined plane than the smaller weight hanging down along the more steeply inclined plane, when both are being moved in accordance with their constraints. In other words, the compensation between lengths and weights receives different explanations in the two cases, excluding the possibility of translating positional heaviness with a single modern term such as torque, vector component of force, or work.

In summary, both the concept of center of gravity and the concept of positional heaviness are reflective abstractions resulting from mental models rooted in practical experience, in particular, the equilibrium model and the balance-lever model. The representation of these models in the medium of written language constituted not only the basis for using these models far beyond the original extension of their range of applicability but also the presupposition for reflecting on the properties of the model as they are revealed by applying it to particular challenging objects. Whereas mental models such as the motion-implies-force model emerged from a reflection on the operations directly performed with a real object, secondary abstractions such as that yielding the concepts of center of gravity or of positional heaviness resulted from a reflection on mental operations represented by language and performed in order to explore the properties of the model and its application. Without the representation in terms of language, such concepts would have hardly emerged.

Against this background, we recognize that the proofs encountered in our historical sources presuppose not only the practical knowledge about balances with equal and unequal arms, which gave rise to the equilibrium and the balance-lever model, but also concepts of theoretical knowledge such as center of gravity and positional heaviness, which resulted as reflective abstractions from these models. These proofs involve, however, not only these abstract concepts but also, just like the proofs of Euclidean geometry after which they are often modelled, complex constructions corresponding to physical arrangements and the operations performed on them. While in Euclidean geometry the physical operations reflected in the written text are constructions performed with compass and ruler, here they typically correspond to operations with balances. In this way, the practical knowledge about balances continued to provide the empirical grounding that made these proofs convincing.
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				4 Jordanus' Treatise De ponderibus Edited by Petrus Apianus

In the following we shall first briefly summarize the structure and the contents of the book annotated by Guidobaldo and then present his marginal notes in their context, with detailed explanations and quotations of the passages on which he chose to comment.

The Liber Jordani de ponderibus is based on fourteenth-century manu-

scripts edited by Petrus Apianus in 1533 at Nuremberg.[1] It comprises a prologue, seven postulates, and thirteen theorems (see also sections 2.1 and 3.5). After each theorem, the Apianus edition presents a short commentary as well as a generally much more extended supplementary commentary, either by the editor himself or compiled from other manuscript sources, as Moody and Clagett contend.[2]

4.1 The prologue

The prologue introduces the science of weights as being subject to both philosophy and geometry. The author then emphasizes that the arm of a balance describes a circle. The effect of a weight in different positions of the arm of the balance is derived from the properties of motion along a circle, conceived in the manner of the Aristotelian Mechanical Problems. An arc is compared to its chord in order to assess its curvature. A longer arc of the same circle is thus considered to be more curved than a shorter one, and an arc of a given length is more curved in a smaller circle than in a larger one. The author furthermore assumed that the more curved a motion is, the more contrary it is to a straight line and the more violence it contains. But the more violence or more impediment the motion of a body acquires, the more its heaviness is diminished. This consideration constitutes the basis for the statement that a body becomes lighter the more the arm of a balance descends and ultimately for defining positional heaviness. After explaining how such considerations of contrariety of motions relate to a situation in which a heavy body is at rest, the author claimed to have prepared the postulates that are stated next. They are characterized as being in no need of proof and as constituting assumptions of the science of weights.

4.2 The postulates

The first two of the seven postulates (see page 64) are rooted in Aristotelian natural philosophy, stating that the movement of every body is toward the center of the world and that the heavier a body is, the faster it descends. The next three postulates deal with the more or less straight or oblique character of a body's descent. The third postulate introduces the notion of “heavier in descending,” defined by the directness of the motion to the center. The fourth postulate defines positional heaviness by stating that a body is positionally heavier if its descent is less oblique. Obliqueness is, in turn, defined in the fifth postulate. A descent is called more oblique if it partakes less of the vertical. The sixth postulate indirectly characterizes a body as having less positional heaviness by the fact that it moves upward as a consequence of the descent of the other body. The seventh postulate finally characterizes the position of equality by equidistance to the plane of the horizon.

4.3 The first theorem on the proportion of descents and ascents of heavy bodies

The first theorem specifies the second postulate. It states that the velocities of descent are in direct proportion to the weights of heavy bodies, while the contrary motions of descents and ascents are in inverse proportion to each other. This theorem lays the ground for a derivation of the law of the lever by starting from Aristotelian dynamics as it is then pursued in theorem 8. The direct proportionality between weight and velocity of descent is a common conclusion from Aristotelian dynamics (see section 3.4.1). The inverse proportionality characteristic of the law of the lever may then be derived from the contrariety of descent and ascent of the two arms of a lever. The first short comment makes this implication explicit, while the second, more detailed and technical comment discusses the conclusion in a scholastic style, refuting arguments of a possible adversary but also referring to propositions of Euclid and Archimedes.

4.4 The second theorem on the equilibrium position of a balance

The second theorem states that a balance with equal arms will not leave the horizontal position when two equal weights are attached. It also states that when the balance is brought into a different position it will return to the horizontal. The first commentary just refers to the fourth postulate for a justification of the latter statement, which is essentially to the definition of positional heaviness. This is hardly understandable without knowledge of the full argument in favor of this claim as it is familiar from other writings. The longer second commentary then provides the missing explanation showing how the fourth postulate is to be applied in order to arrive at the desired conclusions. The argument it provides is essentially identical to that of the Elementa, while the accompanying figure is somewhat different.

4.5 The third theorem on the irrelevance of the lengths of the pendants

The third theorem argues that the lengths of the supporting chords of the weights attached to the balance are inconsequential for the equilibrium. The first short comment sketches an indirect proof, arguing that if one body descends, the other side would have to be less heavy. This contradicts the premise that the weights on the two sides of the balance are equal. As a justification it refers, somewhat surprisingly, to the second postulate. The second longer comment essentially follows the reasoning of the Elementa and is based on the notion of positional heaviness. Remarkable is a concluding reference to the fact that the different distances of the suspension chords from the center of the world have been rightly neglected.

4.6 The fourth theorem on the decrease of positional heaviness

The fourth theorem claims that whenever a weight attached to the beam of a balance descends it becomes positionally lighter. The first commentary simply refers to the fourth postulate which states that a body becomes positionally heavier if its descent is less oblique. The second commentary then argues in more detail, again following the same logic as the Elementa, that when a weight is displaced from the horizontal position it will move through arcs that capture less of the vertical so that in fact the weight becomes, by the fourth postulate, less heavy positionally. This theorem is omitted from the De ratione ponderis.

4.7 The fifth theorem on the descent of the longer arm

The fifth theorem states that when the arms of a balance are unequal, but the weights attached are equal, the balance will descend on the side of the longer arm. The first commentary notes that the motion of the longer arm describes a larger circle and then refers to the third postulate which states that a body is heavier in descending if its movement toward the center is more direct. The extensive second commentary elaborates in great detail the mathematical relation between circle and arc and refers to Euclid, in particular to the edition of the Elements by Johannes Campanus,[3] as well as to Ptolemy and Archimedes. The reference to Ptolemy's Almagest, with which Apianus was intimately familiar through his work on cosmography,[4] suggests that Apianus, who around this time must have been working also on his famous sine tables,[5] may have contributed his own thoughts to this commentary or even be its author, an issue which, however, remains controversial.

4.8 The sixth theorem on the bent lever

The sixth theorem is one of the problematic statements about the bent lever dropped from the De ratione ponderis. It states that when equal weights are suspended so that one weight is attached from the shorter arm in horizontal position, while the other weight is attached to the longer arm which is, however, bent so that its end is at the same distance from the vertical as is the shorter arm, then the weight on the longer arm will become positionally lighter. According to classical physics, as well as according to theorem 8 of the De ratione ponderis and Benedetti's rule, the two weights should, however, be in equilibrium. In the Elementa this erroneous conclusion is reached by arguing that the descent of the weight on the longer arm is more oblique than the descent of the weight on the shorter arm, comparing arcs that capture equal amounts of the vertical. The first comment to the theorem is again rather vague and hardly indicates an approach to demonstrating this conclusion. The more explicit second comment again follows the logic of the demonstration in the Elementa.

4.9 The seventh theorem on the freely swinging pendant

The seventh theorem states that when equal weights are suspended from equal arms, one by a freely moving chord of suspension and the other by a rigidly fixed rod at a right angle to the arm of the balance, the weight that is freely swinging will be positionally heavier. The theorem thus amounts to the surprising claim that the equilibrium of a balance depends on the mobility of its arms in such a way that the weight on the mobile arm has supposedly a greater effect than the weight on the arm that is fixed. What actually happens in this case according to classical physics is that such a balance in a horizontal position is in stable equilibrium, while a balance with two freely moving chords of suspension would be in indifferent equilibrium.

The first commentary is exceptionally long while still not being very helpful to the non-initiated. It begins as usual with an explication of the terms involved, followed by an indication of how the proof is to be carried out. The hint it gives, however, is limited to the enigmatic statement that the arm that can swing freely describes a greater circle in its descent. The demonstration found in the Elementa reduces this case to the bent lever considered in the preceding theorem. The arm of the balance with a fixed rod is mentally replaced by a bent lever along the hypothenuse of the triangle formed by the arm and the rod. The weight at the end of this bent lever has thus the same distance from the vertical line through the point of suspension as has the weight on the other arm of the balance. All that now remains is to compare the obliquity of the descents of these weights as it was considered in the previous theorem. The first comment proceeds by referring to the confusion that may arise when neglecting the difference between mobile and fixed arms, in particular when trying to establish the second theorem. As we have seen, the second theorem in fact claims that the balance always returns to the horizontal position, or in modern terms, that its equilibrium is stable. This, however, is certainly not the case when it has two freely moving chords of suspension. It is therefore remarkable that the first commentary explicitly states that theorem 7 was invented in the course of an experiment aimed at verifying theorem 2. It refers to the possibility that the claim of theorem 2 may seemingly be refuted by such an experiment if one considers a balance with freely moving chords. The second comment then provides the same argument as the proof of the Elementa.

4.10 The eighth theorem on the law of the lever

The eighth theorem states the law of the lever in terms of positional heaviness. The first commentary merely rephrases the claim and refers back to the first theorem. The proof of the Elementa is based on reducing the compensation of weights and lengths in a balance with unequal arms to a compensation of weights and heights to which they are lifted according to Aristotelian dynamics, using the preparation provided by theorem 1. The argument is in fact based on the statement inferred from theorem 1 that what suffices to lift a certain weight to a given height will also suffice to lift another weight to a different height if these weights and distances are inversely proportional to each other. The second commentary elaborates this idea in great detail, adding references to the relevant theorems of Euclid.

4.11 The ninth theorem on the equal positional heaviness of bodies in different positions

The ninth theorem states that two oblong bodies of equal weight and shape, one suspended in a vertical position, the other at its midpoint in a horizontal position, have the same positional heaviness. The first commentary first rephrases the theorem and then vaguely indicates that it can be proved by remarking that the semicircles described by these weights are equal. The proof of the Elementa decomposes the weight in horizontal position into two equal weights hung at equal distances from the midpoint of the original weight. It then shows that each of these weights balances half of the weight on the other side of the balance. The second commentary develops this idea and remarks in conclusion that this theorem constitutes, according to some, the end of Euclid's book on the balance.

4.12 The four theorems of the De canonio

The four remaining theorems are taken from the Liber de canonio (see also section 2.1). They deal with the weight of a material beam and its role for the equilibrium of a balance. The structure of the text remains the same. After the theorem a first commentary explains the terms, rephrases the theorem, and hints at a proof. The second commentary then provides technical details including a figure and typically referring to theorems of Euclid's Elements.

Footnotes

[1] de Nemore (1533).

[2] The following description is based on Mazzoni (1960, 145–149). For a discussion of the extensive commentary and its manuscript basis, see also Mazzoni (1960, 293–305).

[3] Johannes Campanus, 1220–1296.

[4] Apianus (1524).

[5] Apianus (1541).

				5 Guidobaldo's Marginal Notes in Jordanus' Book

Guidobaldo evidently owned a copy of Apianus' edition of Jordanus.[1] This copy survived and is annotated in Guidobaldo's hand. These marginal notes are presented here not with the aim to offer an exhaustive philological analysis, but in order to gain insight into the equilibrium controversy, in particular with regard to the concept of positional heaviness. The presentation of the notes comprises a short characterization of the relevant passages in Jordanus' text, including quotations of the passages to which Guidobaldo referred – if these passages could be identified, then the marginalia themselves are presented and interpreted.

5.1 Second theorem: rejecting Jordanus' stance in the equilibrium controversy

Guidobaldo left several notes on this theorem and its commentaries, some of them very minor. The second theorem deals, as mentioned above, with the equilibrium position of a balance, claiming that a balance always returns to its horizontal position when it is displaced from it. Guidobaldo in contrast was, as we have also discussed extensively, convinced that the balance remains in whatever position it has and does not return to the horizontal.

Guidobaldo's first note refers to Jordanus' statement of the theorem:



Cum fuerit aequilibris positio aequalis, aequis ponderibus appensis, ab aequalitate non discedet, etsi ab aequidistantia separetur, ad aequalitatis situm revertetur.





If an equilibrated [balance] is in horizontal position [positio aequalis], with equal weights suspended, it will not leave the horizontal position [aequalitate]; and if it is removed from the horizontal position [aequidistantia], it will return to the horizontal position [aequalitatis situm].[2]




[image: Figure 5.1: First marginal note to the second proposition.]


Figure 5.1: First marginal note to the second proposition.

In his first short marginal note Guidobaldo simply rejects this claim. He noted:



haec propositio falsa e[st]





this proposition is false



Guidobaldo's second note, on the next page, refers to the detailed argument in the second commentary, in particular to the following statement:



Non enim ulterius descendet B, eo quod descensus eius versus D magis obliquus est, quam ascensus C ad aequalitatem, B enim et C iam equaliter distant a situ aequalitatis […]





In fact B does not descend further because its descent toward D is more oblique than the ascent of C to the horizontal position since B and C have the same distance from the horizontal position […][3]



The argument compares, as usual, the obliquity of descents in order to establish which weight is positionally heavier. In the present case it is argued that the descent of the [lower] weight B is more oblique than that of [upper] weight C so that weight B is positionally lighter than weight C, with the effect that the balance returns to its horizontal position. Guidobaldo has underlined the word “ascensus” in the sentence quoted above and noted in the margin that it has to be replaced by “descensus” to make the argument work following the logic of Jordanus who compared descents on both sides of the balance:



descensus





descent




[image: Figure 5.2: Second marginal note to the second proposition.]


Figure 5.2: Second marginal note to the second proposition.

In a third marginal note on the same page, still related to the second theorem, Guidobaldo remarks:



[ha]ec demonstratio inutilis est [pr]orsus ut in nostro Mechanicorum libro patet. [s]equens vero recte concludit





this demonstration is completely useless as is clear from our book on mechanics, but in the following he reasons correctly




[image: Figure 5.3: Third marginal note to the second proposition.]


Figure 5.3: Third marginal note to the second proposition.

Guidobaldo claimed here, not that Jordanus' proof is wrong, because geometrically it is correct, but that it is useless. In fact the geometrical reasoning of the commentator about arcs and what they capture from the vertical is mathematically correct.


[image: Figure 5.4: Correction of a typographical error.]


Figure 5.4: Correction of a typographical error.

On the same page there is a very brief fourth marginal note and a correction in the lettering of a figure. The letter i replaces the letter l in the text which is crossed out. The same is done in the drawing. This just corrects a sloppy designation of a point in the diagram.


[image: Figure 5.5: Correction of another typographical error.]


Figure 5.5: Correction of another typographical error.

A similar error in the same paragraph is also corrected by Guidobaldo. The word in in the text is crossed out and replaced by the letter m.

This shows that Guidobaldo worked carefully through Apianus' edition, even correcting typographical errors, and that he followed, equally carefully, the intrinsic logic of Jordanus' arguments.

5.2 Fourth theorem: the neglect of the cosmological context

The next marginal note refers to the fourth theorem which claims that a weight becomes positionally lighter when it is removed from the horizontal position:



Quodlibet pondus in quamcumque partem discedat secundum situm fit levius.





In whichever direction a weights descends, it becomes positionally lighter.[4]



Guidobaldo's comment may address either this claim or the first statement of the commentary to this theorem which refers to the fourth postulate, the definition of positional heaviness by the obliqueness of descent:



Manifestum est hoc per suppositionem quartam.





This is evident by the fourth postulate.[5]




[image: Figure 5.6: Marginal note to the fourth proposition.]


Figure 5.6: Marginal note to the fourth proposition.

Guidobaldo noted in the margin, close to both of these statements, in large script:



Falsa





False



Most probably, this comment refers to Guidobaldo's claim, discussed extensively in his book (see section 3.8.4), that, when one takes into account the cosmological context, it is not the horizontal position but a different one, in dependence on the distance of the balance from the center of the world, in which a weight reaches its maximal positional heaviness.

5.3 Fifth theorem: failure to recognize the authority of Archimedes in mechanics

The fifth theorem claims, as we have discussed, that a balance with equal weights but unequal arms will descend on the side of the longer arm. In the middle of the extensive second commentary justifying this proposition, which, as we have also discussed, contains many technical references, Guidobaldo just underlined the word Archimedes:



[…] sed sicut circumferentia ad circumferentiam, ita semidiameter ad semidiametrum per quintam Archimedis de curvis superficiebus.





[…] but as circumference to circumference such is diameter to diameter by the fifth proposition of Archimedes' De curvis superficiebus.[6]



Possibly this underlining simply meant that Guidobaldo found it remarkable that Archimedes is just quoted as an authority in mathematics but not in mechanics by the author.


[image: Figure 5.7: Underlining a word in the proof of the fifth proposition.]


Figure 5.7: Underlining a word in the proof of the fifth proposition.

5.4 Seventh theorem: on the erroneous treatment of an equilibrium problem

The seventh theorem is one of the problematic theorems concerning the bent lever, the other being theorem 6 on which Guidobaldo left no annotation. Theorem 7 concerns the balance with one fixed and one freely moving suspension, claiming that the freely swinging weight is positionally heavier.

Guidobaldo's first note is written in the margin of the beginning of the commentary to this theorem, but it may also refer to the theorem as a whole. Indeed, as we have discussed above, the first part of the commentary is hardly illuminating, while the enunciation of the theorem offers itself to criticism from the viewpoint of Guidobaldo's mechanics. Guidobaldo's approach crucially involves the concept of center of gravity, as we have discussed above. Now the question raised by the present theorem, namely what happens to such a balance when it is displaced from the horizontal position, can be addressed with the help of this concept, leading to the conclusion that the balance is in stable equilibrium. But Guidobaldo may have also focused on a statement in the commentary which is obviously problematic:



[…] tunc illud quod est circumvolubile, maiorem circulum constituit in causa [should be casu] quia plus declinat propter circumvolutionem, et sic pondus ibi gravius est secundum situm cum eius descensus sit rectior.





Then the arm which can swing freely will describe a greater circle in its descent, because it has a greater declination on account of the rotation; and thus the weight there is positionally heavier, since its path of descent is straighter.[7]



In any case, Guidobaldo wrote:



falsa [i]mmo sequitur oppositum [s]i per principia vera fiat demonstratio





false; in fact the opposite follows if the demonstration is performed according to true principles




[image: Figure 5.8: Marginal note to the seventh theorem.]


Figure 5.8: Marginal note to the seventh theorem.

The next marginal note simply corrects a typographical error at the end of the commentary to theorem 7, replacing ho in the text which is underlined by the correct word hoc.


[image: Figure 5.9: Correction of a typographical error near the end of the commentary to Jordanus' seventh theorem.]


Figure 5.9: Correction of a typographical error near the end of the commentary to Jordanus' seventh theorem.

5.5 Eighth theorem: rejecting Jordanus' proof of the law of the lever

Theorem 8 constitutes, as we have discussed, a proof of the law of the lever. Guidobaldo left two marginal notes to this theorem and its discussion in the commentaries. The first note refers to the statement of the theorem, expressed in terms of an equality of positional heaviness:



Si fuerint brachia librae proportionalia ponderibus appensorum, ita, ut in breviori gravius appendatur, aeque gravia erunt secundum situm.





If the arms of the balance are proportional to the weights suspended, in such manner that the heavier weight is suspended on the shorter arm, then the suspended weights will be of equal positional heaviness.[8]



Guidobaldo wrote:



propositio quidem vera. Demonstrationum vero sequentium nulla ex necessitate concludit





the proposition is true indeed, but he derives nothing of the following demonstrations by necessity



While the claim – the law of the lever – is evidently correct, Guidobaldo questioned the method of proof based on Aristotelian principles rather than on the concept of center of gravity.


[image: Figure 5.10: Guidobaldo criticizes Jordanus' proof.]


Figure 5.10: Guidobaldo criticizes Jordanus' proof.

Guidobaldo's second marginal note to this theorem on the same page refers to the proof given in the second commentary which he evidently worked through. It refers, in particular, to the following statement (see figure 5.11):



Dico, quod non faciet motum in aliquam partem regula recta, ascendat primo B et descendat C, ita ut DAE sit quasi regula, et D quasi pondus C, sint DM et EF perpendiculares super BC palam est igitur […], quod triangulia ADM et AEF sunt similes.





I say that, without the balance moving in any direction, let first B rise and C descend so that DAE becomes like the balance and D like the weight C, and let DM and EF be perpendicular lines on BC then it is obvious […] that the triangles ADM and AEF are similar.[9]



Here the words “D quasi pondus C” (“D like the weight C”) are underlined.

In the margin next to it Guidobaldo wrote:



DE quasi pondera [BC]





DE like the weights [BC]




[image: Figure 5.11: Guidobaldo clarifies a sentence of Jordanus' proof.]


Figure 5.11: Guidobaldo clarifies a sentence of Jordanus' proof.

Furthermore, he added labels to the diagram. Evidently, Guidobaldo attempted to follow the proof concerning imaginary displacements of weights that allow the application of Aristotelian dynamical principles. In particular, the weight D corresponds to the weight originally labelled B but then designated as C in the text quoted above. The lettering of the text and of the diagram was apparently so confusing to Guidobaldo that he strove for greater clarity by correcting labels both in the diagram and in the text.

5.6 Ninth theorem: the problematic attribution to Euclid

The last sentence of the commentary to the ninth theorem ascribes the first nine theorems not to Jordanus but to Euclid. Guidobaldo evidently found this remarkable and underlined the statement that here the book of Euclids ends:



Hic explicit secundum aliquos liber Euclidis de ponderibus.





Here ends, according to some, Euclid's book on weights.[10]




[image: Figure 5.12: The ascription of the book to Euclid.]


Figure 5.12: The ascription of the book to Euclid.
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				6 The Treatise De Mechanicis in Benedetti's Book

The Diversarum speculationum mathematicarum et physicarum liber by Benedetti is a collection of six quite different treatises, as has been mentioned in the beginning (see section 1.2). Only one of these treatises entitled De mechanicis was in the focus of Guidobaldo del Monte's marginalia and will be presented here in some detail, summarizing and complementing what has been said in section 3.9.

This treatise on mechanics is divided into twenty-five chapters. There are some more references to mechanics in the letters that are also part of Benedetti's book. His discussion of the motion of fall through media and of hydraulic problems are not part of this treatise. The treatise starts with a brief preamble in which Benedetti claimed that he treats topics that have never been dealt with before or have not been sufficiently well explained.

6.1 The oblique position of the beam of a balance

Chapters 1 to 6 contain a systematic account of the foundation on which Benedetti built his mechanics. He presupposed the theory of Archimedes but also incorporated the concept of positional heaviness.

Chapter 1 clarifies qualitatively how the variable weight changes depending on the obliqueness of the beam of a balance. While a body attached to the end of the beam has a maximum weight if the beam is in a horizontal position, it vanishes when the beam is in a vertical position. Benedetti explained this behavior as a consequence of the different extent to which the attached weight rests on the center of the balance. If the position of the beam is close to the vertical, the weight of a body attached to the end of the beam is close to zero since it rests nearly completely on the center of the balance.

Chapter 2 clarifies the positional changing of the weight quantitatively. Benedetti related the balance with an oblique position of the beam to a bent lever with one horizontal and one oblique arm, thus providing the precondition for a generalization of his result. A generalization of this kind is indeed required if the lines of inclination of the bodies at the end of a balance are conceived as being directed to the center of the earth and hence no longer as being parallel to each other. Benedetti mentioned this possibility at the end of his chapter, but considered the angle between the two directions as being too small to be measured and thus need not be taken into account.

In chapter 3 Benedetti generalized from the downward inclination of a body attached to the beam of a balance to forces acting upon the body not vertically but making an acute or obtuse angle with the horizontal beam. Accordingly, he replaced the bodies at the end of the beam of a balance with two weights or two moving forces (duo pondera, aut duae virtutes moventes), as he formulated somewhat ambiguously. His derivation of their quantities was based on a reinterpretation of the horizontal distances between the center of the balance and the vertical projections of the bodies at the end of a beam in an oblique position. He interpreted these distances as perpendicular distances from the center of the balance to the lines of inclination, and was thus able to apply the result he achieved for vertically descending weights also to lines of inclination caused by forces that are not vertical.

In the following, Benedetti maintained that his arguments in chapters 1 to 3 clarify all the causes operating on balances and levers. To demonstrate this, he discussed in chapters 4 and 5 the validity of his results if applied to material balances and levers, taking into account that they have a beam with finite extension. This, however, does not imply that he calculated the influence of the weight of the beam itself. His discussion was rather restricted to a justification of his claim that the geometry of a rectangular beam does not require a modification of his propositions. In chapter 5 he treated the case of a lever whose fulcrum is at one of its ends.

Finally in chapter 6 Benedetti added the description of an instrument used in bakeries for treating the dough. He explained the function of the instrument by applying his proposition of chapter 3.

The systematic approach of Benedetti in this first part of his treatise is complemented by chapter 9 in which he justified the division of the scale of a steelyard into equal intervals.

6.2 Benedetti's criticism of Tartaglia and Jordanus

In chapters 7 and 8 Benedetti criticized theorems of his former teacher Tartaglia, in particular those Tartaglia adapted from Jordanus de Nemore. Both chapters deal exclusively with some propositions of Book VIII of Tartaglia's Quesiti, et inventioni diverse,[1] which is concerned with the science of weights and is entitled, accordingly, Sopra la scientia di pesi. In those cases in which Tartaglia's propositions are adapted from Jordanus, Benedetti mentioned explicitly the corresponding proposition in the edition of Jordanus' De ratione ponderis, corrected and illustrated by Tartaglia, and published under the title Iordani opusculum de ponderositate Nicolai Tartaleae studio correctum novisque figuris auctum.[2]

Chapter 7 starts with some brief critical remarks on Tartaglia's propositions 2 to 5. Tartaglia's proposition 2 essentially paraphrases and modifies the Aristotelian claim that the speed of moving bodies is proportional to the driving force. Following Jordanus, Tartaglia maintained that the velocities of descending heavy bodies of the same kind are proportional to their power (Italian: potentia) while in the case of ascending bodies their velocities are inversely proportional to their power. For bodies of the same kind their power is conceived here as proportional to their sizes, that is, to their weights. Descending bodies are thus simply falling bodies with velocities proportional to their weights, while in the case of ascending bodies their weight acts as a resistance. Tartaglia's proposition 3 generalizes proposition 2 for bodies with equal weights but unequal positional heaviness. His proposition 4 maintains that in the latter case the power of bodies attached to a balance is proportional to the distances from the center.

Benedetti's critical remarks are somewhat eclectic. He argued that Tartaglia, in his proposition 2, did not take into account the quantity of external resistance (quanti momenti sint extrinsecae resistentiae). With regard to Tartaglia's proposition 3 Benedetti pointed to its assumptions, namely that the bodies have to be homogenous and must have the same shape. He criticized that Tartaglia's proof does not actually require these assumptions but would be true also for heterogeneous bodies or for bodies with differing shapes. Concerning proposition 4 he criticized that Tartaglia did not prove what he claimed to prove. He should have rather followed Archimedes' proof of the law of the lever.

Benedetti's chapter 7 continues with a detailed discussion of the second part of Tartaglia's proposition 5 and the following two corollaries and is thus directly concerned with the equilibrium controversy. Tartaglia maintained in this proposition that a balance that is in equilibrium in a horizontal position will necessarily return to this horizontal position when moved into an oblique position. In a first corollary he claimed that the more the beam of a balance is brought into an oblique position, the more the bodies attached to it become positionally lighter. In a second corollary he claimed that while both bodies in this case become positionally lighter, the lifted body loses less of its positional heaviness than the body moving down. He concluded that the beam will return to a horizontal position. Benedetti questioned Tartaglia's approach by referring to the first three chapters of his own treatise, arguing in particular that Tartaglia's second corollary must be wrong. He discussed once more the beam of a balance in an oblique position, but now without the assumption that the lines of inclination of bodies attached to the beam of a balance are parallel. He rather considered the case that these lines are directed to the center of the world, showing, as we have discussed above in section 3.9, that not the lifted body but rather the body that is moved down loses less of its positional heaviness.

Benedetti continued in chapter 8 with critical comments on Tartaglia's propositions 6, 7, 8, and 14. Tartaglia's proposition 6 contains the proof of his fallacious claim that the lifted body of an oblique beam of a balance loses less of its positional heaviness than the body moving down, now modified by the further claim that the difference is smaller than any finite quantity. Tartaglia claimed:



[…] che la differenzia ch'è fra le gravità de questi dui corpi egli è impossibile a poterla dar, over trovar' fra due quantità inequali.





[…] that the differences between the heaviness of these two bodies is impossible to give or find between two unequal quantities.[3]



Like Guidobaldo had done before him, but with different results, Benedetti criticized Tartaglia for not taking into account that the lines of inclination are not parallel.

Tartaglia's proposition 7 contains the simple statement that if the arms of a balance are unequal and bodies with equal weights are attached to the ends of the beam the balance will tilt on the side with the longer arm. Benedetti criticized that Tartaglia again did not take into account that the lines of inclination are not parallel and that in any case Tartaglia did not give the correct cause of the effect.

Tartaglia's proposition 8 formulates, following Jordanus, the law of the lever in terms of positional heaviness, stating that if the lengths of the parts of the beam of a balance with unequal arms are inversely proportional to the weights of the bodies attached to them, their positional heaviness will be equal. Benedetti criticized, just as Guidobaldo had done in his marginal notes to Jordanus, that this proposition is much better demonstrated by Archimedes. He added that therefore all the proofs of the propositions 9 to 13 are invalid.

Finally, Tartaglia's propositions 14 and 15 concern Jordanus' proof of the law of the inclined plane which, from a modern perspective, is essentially correct. Benedetti criticized, as we have also discussed in section 3.9, Tartaglia's argument by imputing to it an interpretation of the inclined plane as a balance, with the top of the plane being its center. His criticism based on the propositions of his chapters 1 to 3 thus completely missed the point of Tartaglia's argument.

6.3 Benedetti's criticism of Aristotle

Benedetti's treatise on mechanics continues mainly with critical notes on the Aristotelian Mechanical Problems[4] which constituted a key reference for mechanical arguments at the time.[5] His notes are as diverse as the Aristotelian Mechanical Problems themselves.

Before he embarked on this criticism, Benedetti dealt, in chapter 9, with the problem of why a steelyard carries a linear gradation.[6] He took into account the weight of the beam and that of the scale by postulating the equilibrium of the balance when no extra weight is added. Then he added weights of one pound on both sides, arguing that, by common science (scientia communis),[7] the balance stays in equilibrium if they are placed at equal distances from the fulcrum. He had thus found the mark on the beam that indicates a magnitude of one pound. He then successively placed further weights onto the scale, now arguing from the law of the lever that they must be compensated by distances proportional to their number. He thus avoided the problem of applying the law of the lever directly to a material steelyard, just as one does in practice when gauging such a balance.[8]

In chapters 10 and 11, Benedetti started with critical remarks on Aristotle's first problem. Aristotle asked why larger balances are more accurate than smaller ones.[9] Actually, this concrete physical question is not the focus of the extensive answer the author gave to this problem. He rather provided a long proof of the basic explanatory principle which plays a major role in the whole treatise (see section 3.4.1). At the end of the proof Aristotle argued that the same load will move faster on a larger balance thus making such balances more accurate.[10]

The criticism Benedetti passed on Aristotle's argument has two parts. In chapter 10 Benedetti began by rejecting Aristotle's claim that the circumference of a circle combines concavity with convexity. He then argued against a specific part of Aristotle's proof of his principle which involves the superposition of motions. In this part Aristotle showed that:



Quandoquidem igitur in proportione fertur aliqua id, quod fertur, super rectam ferri necesse.





[…] whenever a body is moved in two directions in a fixed ratio it necessarily travels in a straight line.[11]



He concluded:



Si autem in nulla fertur proportione secundum duas lationes nullo in tempore, rectam esse lationem est impossibile.





[…] if a body travels with two movements with no fixed ratio and in no fixed time, it would be impossible for it to travel in a straight line.[12]



For the Aristotelian author this proposition served as a means to describe circular motion as a result of two movements with no fixed ratio. Benedetti, however, did not relate his criticism to this context. He argued only that Aristotle's inference concerning movements in two directions is not sufficient since a straight movement can result from two quite different motions, a criticism which does not really relate to the Aristotelian argument, other than showing that his entire attempt to derive the behavior of a balance from a principle of circular motion is misguided.

In the same vein Benedetti's criticism in chapter 11 then deals directly with Aristotle's answer to the question of why larger balances are more accurate than smaller ones. He argued that Aristotle's argument is not well founded since the greater accuracy has nothing to do with the motion of the beam of the balance but only with the geometrical constellation.[13] To conclude he added a consideration of material balances, arguing according to his own principles that a weight on the larger balance will be positionally more effective.

Benedetti's chapter 12 concerns problems 2 and 3 of the Aristotelian Mechanical Problems.[14] Problem 2 raises the question that forms the starting point of the equilibrium controversy:



Cur siquidem sursum fuerit spartum, quando deorsum lato pondere, quispiam id admouet, rursum ascendit libra: si autem deorsum constitutum fuerit, non
ascendit, sed manet?





If the cord supporting a balance is fixed from above, when after the beam has inclined the weight is removed, the balance returns to its original position. If, however, it is supported from below, then it does not return to its original position. Why is this?[15]



Aristotle implicitly assumed that the beam of the balance has a certain thickness and weight. It follows as a result of the geometry of the balance in an oblique position that if the beam is fixed from above, a greater part of the beam is on the lifted side of the perpendicular line across the suspension point (see figure 3.37). Consequently the beam will move back by itself into the horizontal position. The opposite is true for a beam fixed from below. In this case the greater part of the beam is on the lower side so that it cannot move back into a horizontal position by itself.

Benedetti criticized that in the first case it is not only the weight of the beam that causes it to return to the horizontal position but also the different distances of the weights in an oblique position from the vertical through the point where the beam is fixed. According to his theory of the dependency of the weight on the obliqueness of the beam, the weights must be different on both sides. Benedetti thus generalized Aristotle's argument to the case of a balance without a material beam carrying weight itself.

In the second case of a beam supported from below, he argued that Aristotle is completely mistaken. He rightly maintained that the beam will not remain in its oblique position, but that the lower part will further move down until the beam is below the point where it is fixed.

Problem 3 of the Aristotelian Mechanical Problems[16] concerning an explanation of the effect of a lever is, to Benedetti, not worth the effort of a detailed criticism. He only briefly notes that Aristotle did not give the true cause which one will find in his own theory presented in chapters 4 and 5.[17]

In the very short chapter 13, Benedetti criticized problem 6 of the Aristotelian Mechanical Problems:



Cur quando antenna sublimior fuerit, iisdem velis, et vento eodem celerius feruntur navigia?





Why is it that the higher the yard-arm, the faster the ship travels with the same sail and the same wind?[18]



The Aristotelian answer provided in the Mechanical Problems is based on the interpretation of the yard-arm as a lever having its base where the yard-arm is fixed as the fulcrum. Benedetti maintained that this interpretation of the yard-arm as a lever:



[…] verum non est. Huiusmodi enim ratione navis tardius potius, quam
velocius ferri deberet, quia quanto altius est velum, vi venti impulsum, tanto magis proram ipsius navis in aquam demergit.





[…] does not give the true explanation. For on this kind of explanation the ship would have to move more slowly rather than more swiftly. For the higher is the sail that is struck by the force of the wind, the more is the ship's prow submerged in the water.[19]



Benedetti added one sentence with his own explanation according to which the ship with a higher sail moves more swiftly because the wind blows more strongly in the higher region.

Chapter 14 provides a long discussion of problem 8 of the Aristotelian Mechanical Problems. The question posed in this problem is why round and circular bodies are easiest to move. Three examples are mentioned and later discussed: the wheels of a carriage, the wheels of a pulley, and the potter's wheel. Benedetti claimed that Aristotle's answer to the question he posed is not sufficient. Nevertheless Benedetti himself argued essentially in a similar manner, only somewhat more extensively. Both of them argued that the circle, contrary to differently shaped bodies, touches a plane only at one point which can be considered as the fulcrum of a lever. But Benedetti added a further argument which is not given by Aristotle. He argued that a circle can be pulled along a plane without difficulty and resistance:



[…] quia huiusmodi centrum ab inferiori
parte ad superiorem, nunquam mutabit situm
respectu distantiae seu interualli, quae inter ipsum
lineamque AD intercedit.





[…] because in such a case the center will never change its position by moving upward from below, i.e., will never change its position with respect to the distance or interval which lies beween it and line AD.[20]



At the end of the chapter Benedetti discussed the question of why a potter's wheel set into motion by an external force will continue to rotate for a time, but not forever. In his response he took into account the friction with the support of the wheel and with the surrounding air. But he also discussed reasons that are more deeply concerned with the nature of such motion. He claimed, in particular, that the rotational motion is not a natural motion of the wheel, evidently making reference to the Aristotelian distinction between natural and violent motions. He also claimed that a body moving by itself because an impetus has been impressed upon it by an external force has a natural tendency to move along a rectilinear path. This statement comes close to the principle of inertia of classical physics, although it actually deals with rectilinear motion as a forced motion and does not involve any assertion about its uniformity. Benedetti seems to suggest, in any case, that this natural tendency is in conflict with the forced rotational motion of the wheel, thus slowing it down, and the more so, the smaller the wheel and the more its parts are constrained to deviate from the rectilinear path.[21]

In chapters 15 and 16 Benedetti dealt with issues of scale as they are brought up by the Aristotelian Mechanical Problems. In chapter 15, consisting merely of one short sentence, Benedetti referred to his own earlier treatment of Aristotle's question of why larger balances are more exact (erroneously citing chapter 10 instead of chapter 11 of his treatise) in order to deal with the ninth problem of the Aristotelian Mechanical Problems which reads:



Cur ea, quae per maiores circulos tolluntur et trahuntur, facilius et citius moveri contingit […]?





Why is it that we can move more easily and more quickly things raised and drawn by means of greater circles?[22]



In chapter 16 he discussed the tenth problem of the Aristotelian Mechanical Problems which reads:



Cur facilius quando sine pondere est, movetur libra, quam cum pondus habet?





Why is a balance moved more easily when it is without a weight than when it has one?[23]



In his detailed response to this problem – indeed much more detailed than the one found in the Aristotelian text – Benedetti compared two like balances with different sets of weights on their scales, one with two weights of one ounce, the other with two weights of one pound. He then added a half-ounce weight on one side of each balance and observed that the balance with the smaller weights moves more rapidly. He explained this effect by referring to the dynamical assumption that one always has to consider the ratio of the moving force to the body moved.

In chapter 17 Benedetti addressed the twelfth problem of the Aristotelian Mechanical Problems which reads:



Cur longius feruntur missilia funda, quam manu missa […]?





Why does a missile travel further from the sling than from the hand?[24]



Benedetti's response is based on the concept of impetus, conceived as an intrinsic cause of motion originally acquired by the action of an external force that then gradually decreases after separation from the original mover. He argued that a greater impetus can be impressed by the sling due to the repeated revolutions which evidently lead to an accumulation of this intrinsic force. He observed that the impetus would lead, if not impeded by the sling or the hand, to a straight motion of the projectile along the tangent to the circle of its forced motion. He also noted – distancing himself from a claim made by Tartaglia – that the motion due to the impressed force can mingle with the projectile's natural motion downward, thus leading to a curved trajectory. It may well be the case that it was this claim that later induced Galileo and Guidobaldo to perform their experiment on projectile motion from which they drew the conclusion that such a mixture of motions indeed takes place.[25]

In chapter 18 Benedetti considered problem 13 of the Aristotelian Mechanical Problems dealing with the question of why larger handles can be moved more easily around a spindle than smaller ones.[26] In his short response Benedetti simply referred to the fourth and fifth chapters of his own treatise, stressing that everything depends on the lever and was evidently convinced that the Aristotelian reduction of such problems to properties of the circle is superfluous if not misguided.

In chapter 19 he handled in the same way problem 14 of the Aristotelian Mechanical Problems which reads:



Cur eiusdem magnitudinis lignum facilius genus frangitur, si quispiam aequi diductis [deductis] manibus extrema comprehendens fregerit, quam si iuxta genu?





Why is a piece of wood of equal size more easily broken over the knee, if one holds it at equal distance far away from the knee to break it, than if one holds it by the knee and quite close to it?[27]



Again Benedetti just referred to the earlier chapters of his treatise.

In chapter 20 Benedetti reconsidered problem 17 of the Aristotelian Mechanical Problems which reads:



Cur a parvo existente cuneo magna scinduntur pondera, et corporum moles, validaque sit impressio?





Why are great weights and bodies of considerable size split by a small wedge, and why does it exert great pressure?[28]



The answer is based on interpreting the wedge as two levers opposite to each other, their fulcra being placed at the entry points of the wedge into the wood. Benedetti disagreed with the identification of the two levers allowing the action of the wedge to be interpreted in terms of force, fulcrum, and resistance. He claimed that the fulcrum is actually placed just underneath the deepest point of the opening produced by the wedge entering a block of wood.

In chapter 21 Benedetti claimed to provide the true explanation of compound pulleys. He reduced a compound pulley to a chain of balances by appropriately identifying forces and fulcra, each wheel of the pulley corresponding to one balance.

In chapter 22 Benedetti discussed Aristotle's wheel, i.e. problem 24 of the Aristotelian Mechanical Problems which reads:



Dubitatur quam ob causam maior circulus aequalem minori circulo convolvitur lineam, quando circa idem centrum fuerint positi.





A difficulty arises as to how it is that a greater circle when it revolves traces out a path of the same length as a smaller circle, if the two are concentric.[29]



While the author of the Mechanical Problems referred to dynamical reasons in explaining this apparent paradox, Benedetti resorted to a kinematic argument, a pointwise reconstruction of the trajectory of the motion of a point on the circumference, arguing that it results from a superposition of two motions. In the case in which the motion is controlled by the larger circle, a point on the circumference of the smaller circle traverses a path resulting from an addition of two motions. In the case in which the motion is controlled by the smaller circle, a point on the circumference of the larger circle traverses a path resulting from a subtraction of two motions.

Chapter 23 of Benedetti's treatise does not exist.[30] In chapter 24 Benedetti discussed problem 30 of the Aristotelian Mechanical Problems which reads:



Cur surgentes omnes, femori crus ad acutum constituentes angulum, et thoraci similiter femur, surgunt?





Why is it that, when men stand up, they rise by making an acute angle between the lower leg and the thigh, and between the trunk and the thigh?[31]



In his response Benedetti suggested that the reason for this behavior is to create an equilibrium of the body with regard to the line that serves as support underfoot.

In chapter 25 Benedetti addressed the last problem, problem 35 of the Aristotelian Mechanical Problems which reads:



Cur ea quae in vorticosis feruntur aquis, ad medium tandem aguntur omnia?





Why do objects which are travelling in eddying water all finish their movement in the middle?[32]



Benedetti's answer simply referred to the fact that whirlpools are depressed in their middle without giving an explanation of this phenomenon. He could thus restrict himself to arguing that the motion of an object to the center of such a whirlpool is simply its natural downward motion. Remarkable is the final comment by Benedetti, concluding his criticism of Aristotle as well as his treatise on mechanics:



[…] a quo aliarum omnium quaestionum, quas ego omisi rationes sunt bene propositae.





But in the case of all those other problems that I have omitted, Aristotle's explanations are correct.[33]
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				7 Guidobaldo's Marginal Notes in Benedetti's Book

Guidobaldo's marginal notes in Benedetti's book illustrate a case where different conceptual frameworks are applied to similar mechanical problems and thus are testimony to a competition taking place within the same territory. More generally, these marginal notes reveal the potential tensions and conflicts inherent in the bodies of knowledge carried over from antiquity when these are elaborated, integrated with each other, and applied to the challenging objects of preclassical mechanics (see sections 3.3 and 3.4.3). From an analysis of the marginal notes it becomes clear that Guidobaldo considered Benedetti's entire approach as being misguided. On the one hand, he repeatedly claimed that Benedetti had taken over propositions from his own book on mechanics, such as the assertion that a balance with equal arms would, when deflected from the horizontal position, not return to its original position. On the other hand, he found that the conceptual foundation of Benedetti's approach, based on determining positional heaviness by a perpendicular to the line of inclination, is untenable, leading him to false or problematic claims. In summary, according to Guidobaldo, everything that Benedetti had accomplished was either plagiarized or simply wrong.

The different conceptual foundations of Guidobaldo's and Benedetti's mechanics also account for the different status of certain problems within the theoretical frameworks of their treatises. Thus, while the case of a bent lever and the case of a balance with a weight on one side and a force acting in an arbitrary direction on the other side are rather central to Benedetti, such situations receive at best a marginal treatment in the deductive part of Guidobaldo's treatise. Benedetti's framework was evidently more apt than Guidobaldo's to deal with cases in which force and lever arm are not perpendicular to each other, or more generally, with cases in which the acting force and the path of the motion constrained by a mechanical device are not parallel as is the case, for instance, for the inclined plane. While this potential was not fully exploited in Benedetti's treatise, not least because of the sketchiness of some of his proofs, it became essential to Galileo's more rigorous and systematic treatment of mechanics modeled after that of Guidobaldo, as well as to the theory of motion built upon it (see section 3.10). Guidobaldo's marginal notes on Benedetti's treatise thus not only illustrate the clash of their different perspectives, but also the developmental potential inherent in this clash. They allow us to witness the beginnings of a process in which the heterogeneous conceptual traditions of early modern mechanics were eventually fused to constitute the framework of classical mechanics in the context of a scientific controversy (see section 1.3).

Guidobaldo's notes are presented here in the context of those passages of Benedetti's text to which they refer. Several parts of the marginalia have been deleted by Guidobaldo himself. Other parts have later been cut off by a book binder. Also, we have been unable to read all of his handwriting.[1]

7.1 First chapter: the general charge of plagiarism

Benedetti started the part of Diversarum speculationum […] liber that deals with mechanics after a short introduction with a first chapter entitled:



De differentia situs brachiorum librae.





On the difference in the position of the arms of a balance.[2]



It has been mentioned above that Benedetti sets out in this first chapter to explain the idea of positional heaviness by stating:



Omne pondus positum in extremitate alicuius brachii librae maiorem, aut minorem gravitatem habet, pro diversa ratione situs ipsius brachii.





Every weight placed at the end of an arm of a balance has a greater or a lesser heaviness depending on differences in the position of the arm itself.[3]



The rest of the chapter elaborates on this idea.

In the introduction which precedes this chapter Benedetti claimed that he presents material that has either never been dealt with previously or has not been sufficiently explained. It is to this bold claim that Guidobaldo reacts in his first marginal note, written after the beginning of the first chapter. The note is placed in the right margin of the page at the height where the text of the first chapter begins. It refers to the chapter as a whole, claiming that it had been taken entirely from his own book:



Hoc primum caput to[tum] desumptum est a n[ostro] mechanicorum libr[o] tractatu de lib[ra].





This entire first chapter is taken from our book on mechanics, from the treatise on the balance.




[image: Figure 7.1: The first marginal note.]


Figure 7.1: The first marginal note.

As this marginal comment suggests, Guidobaldo was evidently convinced that not only had he derived all the relevant theorems in his own book but also addressed what he saw as the problematic character of the concept of positional heaviness in Jordanus, Tartaglia, and Cardano. As Benedetti's approach corresponds to one of the options of Cardano (see section 3.7), he was apparently under the erroneous impression that he had thus dealt with Benedetti's approach as well.

7.2 Second chapter: the neglect of the cosmological context

Benedetti's second chapter is entitled:



De proportione ponderis extremitatis brachii librae in diverso situ ab horizontali.





On the ratio of the weight at the extremity of the arm of a balance in various positions with respect to the horizontal.[4]




[image: Figure 7.2: Figure at the beginning of the second chapter.]


Figure 7.2: Figure at the beginning of the second chapter.

The chapter considers, as we have discussed, the changing effect of a weight in different positions of the arm of a balance. Guidobaldo began his marginal note on the lower left margin of the page opening the chapter and continued it at the bottom. The note refers to the concluding sentence on the page:



Unde fit ut hoc modo pondus magis aut minus a centro pendet, aut eidem nititur: atque haec est causa proxima, et per se, qua fit ut unum idemque pondus in uno eodemque medio magis aut minus grave existat.





Hence it results that in this way a weight hangs more or less from the center or is sustained by it. And this is the proximate and essential cause why it happens that one and the same weight in one and the same medium is more or less heavy.[5]




[image: Figure 7.3: Marginal note to the second chapter.]


Figure 7.3: Marginal note to the second chapter.

In his comment, Guidobaldo questioned the basic geometrical set-up of Benedetti's argument because it does not take into account that the perpendicular lines are not parallel but have to meet at the center of the world. As we have discussed, in his own book, he had extensively criticized Tartaglia's approach in a similar way – not because of an overemphasis on precision, but for reasons of logical consistency enforced by Tartaglia's conceptualization of oblique descents.



non est neque proxima neque per se; nam [pond]us in F brachii [BF] non est equegrave ut pondus in U brachii BU ; [nec] pondus in E brachii BE est equegrave ut pondus [in] U brachii BU. Unde tota haec demonstratio falsa est.





because that [i.e. the greater or smaller extent to which a weight rests on the center] is neither the next [cause] nor the [cause] by itself. For the weight at F of the arm BF is not equally heavy as the weight U of the arm BU; nor is the weight at E of the arm BE equally heavy as the weight at U of the arm BU. Whence this entire demonstration is false.



Guidobaldo thoroughly examined what he considered to be the problematic foundation of Benedetti's mechanics also in his research notebook, the Meditatiunculae, under the heading:[6]



Contra Cap. 2 Jo. de Benedicti de Mechanicis





Against chapter 2 of Giovanni Benedetti's [treatise] on Mechanics




[image: Figure 7.4: In his notebook Guidobaldo reconsidered Benedetti's analysis of the bent lever, conceived as a balance with one horizontal arm <i>BD</i> and an oblique arm in the positions <i>BF</i> or <i>BE</i>. He stressed the difference between Benedetti's treatment and a treatment that takes into account the finite distance of the bent lever from the center of the world. For this purpose, Guidobaldo compared the line <i>LUS</i> parallel to the line <i>AQ</i>, connecting the fulcrum <i>B</i> of the balance with the center of the world, with the line <i>FM</i> connecting the weights on the beam with the center of the world. He concluded that it is the weight at <i>S</i>, at the point where the line <i>LUS</i> meets the circle the beam describes around the fulcrum, and not, as claimed by Benedetti, the lower weight at <i>E</i>, that will be equally heavy as the weight at <i>U</i>.]


Figure 7.4: In his notebook Guidobaldo reconsidered Benedetti's analysis of the bent lever, conceived as a balance with one horizontal arm BD and an oblique arm in the positions BF or BE. He stressed the difference between Benedetti's treatment and a treatment that takes into account the finite distance of the bent lever from the center of the world. For this purpose, Guidobaldo compared the line LUS parallel to the line AQ, connecting the fulcrum B of the balance with the center of the world, with the line FM connecting the weights on the beam with the center of the world. He concluded that it is the weight at S, at the point where the line LUS meets the circle the beam describes around the fulcrum, and not, as claimed by Benedetti, the lower weight at E, that will be equally heavy as the weight at U.

He addressed Benedetti's claims by reconstructing them from the perspective of his own conceptual framework based on the concept of center of gravity. As indicated in his marginal notes, Guidobaldo rejected Benedetti's approach because it supposedly did not take into account the finite distance of the weights from the center of the world and hence the fact that the plumb lines are not parallel to each other.

In his diagram, Guidobaldo compared the line LUS parallel to the line AQ through the fulcrum with the line FM connecting the upper weight F with the center of the world (see figure 7.4). S is the point where the line LUS meets the circle the beam describes around the fulcrum, which is above the position of the lower weight E. He next considered a bent lever made of the oblique arm BS, rigidly connected to the straight arm BD, assuming that BU is half BD.

If now a weight is placed at S which is double the weight at D, the bent lever will be in equilibrium, as Guidobaldo showed with reference to his book, because the center of gravity of the weights at S and at D will be at the point R, which will be in its lowest place on the vertical line BQ.

He then concluded that it is the weight at S, but not the lower weight E, that will be equally heavy as the weight at U. He proceeded to demonstrate this in greater detail by considering the proportions in which the line connecting the two weights of the bent lever is cut by the perpendicular BQ for the two cases, i.e. the weight being placed at S and weight being placed at E.

Guidobaldo concluded that the same weight is heavier at S than at E. He then turned to a closer consideration of the upper weight F. Again he constructed a bent lever LBD in equilibrium in order to compare it with the bent lever formed with the upper weight F. And again he showed that the weight is heavier at L than at F, concluding:



Et quibus etiam constat idem pondus in F, et in U, et in E, diversi modo gravitare. Gravius est enim in situ E quam in U et in F. In U vero gravius, quam in F.





From this it is also clear that the weight at F, at U, and at E gravitates in a different way. It is namely heavier in the position E than it is at U and at F. But at U it is heavier than at F.[7]



Finally, he summarized in almost the same words as in his marginal comment quoted above:



Veluti quoque falsum est propter filum pondus in E est aequegrave, ut pondus in U brachii BU. Non est igitur haec vera et proxima causa, et per se harum gravitatum. Ut ipse profitetur.





In the same way it is also false that because of the thread the weight at E is equally heavy as the weight at U on the arm BU. This is therefore not the true and next cause, nor the essential [cause] of these gravities. As he himself admits.[8]



7.3 Third chapter: the pitfalls of determining positional heaviness

The third chapter is entitled:



Quod quantitas cuiuslibet ponderis, aut virtus movens respectu alterius quantitatis cognoscatur beneficio perpendicularium ductarum a centro librae ad lineam inclinationis.





That the magnitude of one given weight or the magnitude of one motive force in comparison with another can be found by means of perpendiculars drawn from the center of the balance to the line of inclination.[9]



The title summarizes the gist of Benedetti's procedure for determining positional heaviness. Guidobaldo left two comments in the right margin of the page opening the chapter – the first short, the second long and with deletions.

Guidobaldo's first comment refers to the figure on the preceding page of Benedetti's treatise to which in turn the first sentence of chapter 3 refers (see figure 7.2):



Ex iis, quae a nobis hucusque sunt dicta, facile intellegi potest, quod quantitas BU quae fere perpendicularis est a centro B ad lineam FU inclinationis, ea est, quae nos ducit in cognitionem quantitatis virtutis ipsius F in huiusmodi situ, constituens videlicet linea FU cum brachio FB angulum acutum BFU.





From what we have already shown it may easily be understood that the length of BU, which is virtually perpendicular from the center B to the line of inclination FU, is the quantity that enables us to measure the force of F itself in a position of this kind, i.e., a position in which line FU constitutes with arm FB the acute angle BFU.[10]



The point of Guidobaldo's first short comment is probably the same as that of the preceding comment: to stress that Benedetti's diagram fails to take into account that the vertical lines have to actually converge at the center of the world.


[image: Figure 7.5: Note at the beginning of the third chapter.]


Figure 7.5: Note at the beginning of the third chapter.

Guidobaldo's first comment reads:



diximus hoc f[iguram] esse hoc mod[o]





We said that this figure is in this way




[image: Figure 7.6: Benedetti's bent lever with forces acting along the oblique lines <i>AC</i>.]


Figure 7.6: Benedetti's bent lever with forces acting along the oblique lines AC.

Guidobaldo's second comment, beginning in the lower right margin and continuing at the bottom of this page, refers to the interpretation of the figure at the bottom of the page and to the argument beginning with the second sentence of the chapter which reads (see figure 7.6):



Ut hoc tamen melius intelligamus, imaginemur libram BOA fixam in centro O ad cuius extrema sint appensa duo pondera, aut duo virtutes moventes E et C ita tamen quod linea inclinationis E idest BE faciat angulum rectum cum OB in puncto B linea vero inclinationis C idest AC faciat angulum acutum, aut obtusum cum OA in puncto A. Imaginemur ergo lineam OT perpendicularem lineae CA inclinationis […]





To understand this better, let us imagine a balance BOA fixed at its center O, and suppose that at its extremities two weights are attached, or two moving forces, E and C, in such a way that the line of inclination of E, that is, BE, makes a right angle with OB at point B, but the line of inclination of C, that is, AC, makes an acute angle or an obtuse angle with OA at point A. Let us imagine, then, a line OT perpendicular to the line of inclination CA […][11]



Guidobaldo's second comment thus refers to Benedetti's analysis of the case of a balance with a weight on one side and a force acting in an oblique direction on the other side:


[image: Figure 7.7: Note beside drawings of bent levers in the third chapter.]


Figure 7.7: Note beside drawings of bent levers in the third chapter.



si intelligamus p[ondus] in C, ut supponi p[otest] ex verbis ipsius, intelligendum est C[T] quoque consolidatam consolidatis TO […]. Unde si intelligamus C pondus et non movens, falsa est i[ta]que si intelligatur C movens ut homi[…] vera esse pote[st] quod [deleted: non] moveat non esse pondus s[i...] ipse [vero] in sequenti accipiat [hoc atque ponderi?] posse demonstratum quare nihil […] ut patet in 7 cap.





In his duobus cap. fundantur omnes authoris demonstrationes ita ut sunt praecipua mechanicorum fundamenta quorum cognita falsitate omnia rem[oventur.]





If we understand that a weight is at C, as we can assume from his own words, then CT must also be understood as being solid [and connected with] the solid lines TO […] If we hence understand that C is a weight and not moving, [the proposition] is false. If it is understood that C moves as […] of a man, it can be true, since what moves is not a weight. [But] if he himself assumes in the following that [this] can be demonstrated [also for a weight], nothing […] therefore as is evident in chapter 7.





On these two chapters all demonstrations of the author are founded inasmuch as they are the first fundaments of mechanics; once their falsity is recognized, everything is rejected.



This comment illustrates Guidobaldo's difficulties in coping with a subject that was apparently unfamiliar to him. Generalizing from the case of the bent lever treated in chapter 2, Benedetti argued, as we have discussed in section 3.9, that the magnitude of a weight or a force can be found by means of perpendiculars drawn from the center of the balance to the line in which the weight or the force acts, that is, the line of inclination which does not, however, have to be a perpendicular. Now this generalization raised problems for Guidobaldo: must this line of inclination be understood as the solid arm of a bent lever with a weight attached to it at the lower end, thus generating a pull downward to the center of the world? Then Benedetti's conclusion would be wrong. Or can the line of inclination also represent a moving force, for instance, the pull of a man acting on the handles of a wheel? Then Benedetti's conclusion may actually be correct.

In his second marginal comment on this page, as well as on the related page in the Meditatiunculae, which we shall discuss immediately below, we see Guidobaldo struggling with these two possibilities. Apparently Guidobaldo believed that while Benedetti's procedure may be applicable to the case of moving forces, it was certainly false for weights tending to the center of the world. In his marginal comment Guidobaldo referred to chapter 7 of Benedetti's treatise, probably because it served as evidence that Benedetti applied this procedure not only to forces but also to weights. As we have discussed above, Benedetti had criticized Tartaglia and Jordanus in this chapter and offered a new analysis of the behavior of a balance removed from its horizontal position. When taking into account that the lines of inclination of the two weights on the balance have to converge at the center of the earth, Benedetti had come to the conclusion – by applying the incriminated procedure – that their positional heaviness must be different, a conclusion with which Guidobaldo could obviously not agree.

Then, in his final comment concluding the second marginal note, Guidobaldo summarized his conviction that the entire foundation of Bene-

detti's approach, as outlined in the first two chapters of his book, is untenable.


[image: Figure 7.8: In his notebook, Guidobaldo attempted to refute Benedetti's determination of the positional effect of forces acting in an arbitrary direction under the erroneous assumption that such forces can be replaced by weights. Following Benedetti, he considered a broken bent lever <i>BOAC</i> with fulcrum <i>O</i>. For the case of an acute angle <i>BAC</i>, he showed that this broken bent lever cannot be in equilibrium because its center of gravity <i>S</i> can never fall on the perpendicular line <i>OU</i> through the fulcrum.]


Figure 7.8: In his notebook, Guidobaldo attempted to refute Benedetti's determination of the positional effect of forces acting in an arbitrary direction under the erroneous assumption that such forces can be replaced by weights. Following Benedetti, he considered a broken bent lever BOAC with fulcrum O. For the case of an acute angle BAC, he showed that this broken bent lever cannot be in equilibrium because its center of gravity S can never fall on the perpendicular line OU through the fulcrum.

In his research notebook Guidobaldo dealt at even greater length with the same problem. He began his notes with the following comment:



Falsum est igitur ex dictis, quod in principio tertii capitoli inquit. Praeterea demonstratio falsa quoque videtur.





From what has been said, what he claims in the beginning of the third chapter is therefore false. Moreover also the demonstration appears to be wrong.[12]



Guidobaldo extensively refuted Benedetti's procedure under the erroneous assumption that the latter had claimed that forces can indiscriminately be replaced by weights. In particular, Guidobaldo considered a broken bent lever BOAC with fulcrum O, weights E and C, straight arm BO, and broken arm OAC, just as Benedetti had discussed it for the two cases of an acute and an obtuse angle BAC (see figures 7.8 and 7.9).

He first recapitulated Benedetti's procedure, assuming that a vertical line OT be drawn from the fulcrum to the line AC representing the oblique end of the bent lever. He stated that when the weight C is instead placed at the end of the horizontal line OI, whose length is the same as that of the perpendicular OT, it will, according to Benedetti, be in equilibrium with the weight E, if the weight C is to the weight E as is BO to OT or OI. Guidobaldo then summarized that Benedetti claimed that also the bent lever formed by the straight arm BO and the oblique arm OTC, where a force represented by the weight C acts along the line TC, will be in equilibrium, which he doubted. Ironically referring to Benedetti's use of the term common science, he wrote:



Fateor me hanc quamdam communem scientiam non intelligere.





I admit that I do not understand this certain common science.[13]



Guidobaldo reformulated Benedetti's claim by stating that the same weight C will be in equilibrium with the weight E, whether it is placed on the straight balance BOI or on the broken bent lever BOTC. He thus replaced Benedetti's conception of a force acting along an oblique line with that of a weight always tending downward and necessarily arrived at absurd conclusions.

Guidobaldo showed in particular that the same weight will be heavier on the horizontal at the point I than along the bent lever at T, demonstrating that the bent lever TOB will not be in equilibrium if the straight lever BOI is in equilibrium. In order to demonstrate this, he again proceeded by finding the center of gravity of the weights E and C placed at T. More precisely, Guidobaldo determined a position for the weight C in which the bent lever is in equilibrium, a position, however, that is distinct from T, so that it follows that T cannot be the equilibrium position for this weight. For this purpose, he prolongued the line BT to D, just underneath I, so that it is immediately evident that, if the weight C is placed at D, the center of gravity of the two weights will be just underneath the fulcrum.

He then continued to show by the same pattern that also the bent lever BOC cannot be in equilibrium because its center of gravity S can never fall on the perpendicular line OU through the fulcrum. And finally he extended this argument to the broken bent lever BOTC.


[image: Figure 7.9: Following Benedetti, Guidobaldo considered in his notebook the broken bent lever <i>BOAC</i> also for the case of an obtuse angle <i>BAC</i>, under the assumption that <i>E</i> and <i>C</i> are weights. He again came to the conclusion that their center of gravity <i>S</i> can never fall on the perpendicular line <i>OU</i> through the fulcrum and that hence the lever cannot be in equilibrium.]


Figure 7.9: Following Benedetti, Guidobaldo considered in his notebook the broken bent lever BOAC also for the case of an obtuse angle BAC, under the assumption that E and C are weights. He again came to the conclusion that their center of gravity S can never fall on the perpendicular line OU through the fulcrum and that hence the lever cannot be in equilibrium.

Guidobaldo next addressed the case in which the bent lever is characterized by an obtuse angle BAC, showing that the weight at T has a smaller heaviness than the weight at I (see figure 7.9).

In his concluding remarks, however, he began to waver. He once again stated that Benedetti is completely in error when applying his procedure to weights. But he admitted that it may be when one is dealing with a force:



Falsa igitur est demonstratio. Fallacia vero est, cum inquit, continget, ut BOT communi quadam scientia, non moveatur situ.





Et est omnino falsum si intelligatur C esse pondus, quod in centrum mundi sempre tendit. Ut ipse supponere videtur. Et ut ipse in seguentibus capitolis accipit hoc tamquam de ponderibus demonstratum.





At vero si intelligatur C potentia movens, ut hominis, qui potest trahere T per rectam lineam TC, tunc vera esse potest demonstratio. Ut patet ex tractatum de axe in peritrochio nostrorum Mechanicorum.





The demonstration is therefore false. But the fallacy is, as he says, that it is the case that BOT by some common science does not change its place.





And it is totally false if C is understood to be a weight which always tends to the center of the world, as he seems to assume, and as he in the subsequent chapters assumes it to be demonstrated as if it holds for weights.





But if C is understood to be a moving power, like that of a man who can draw T along the straight line TC, then the demonstration can be true. As is clear from the treatise on the wheel and axle of our [book] on mechanics.[14]



Remarkably, while the Copernican Benedetti speaks of the center of the region of the elements (centrum regionis elementaris), Guidobaldo insists on the center of the world (centrum mundi). By way of an after-thought, Guidobaldo once again criticized Benedetti's appeal to common science, remarking that this is not worthy of an expert mathematician:



Notandum tamen, quod conclusiones per communem quandam scientiam deductae, non sunt periti mathematici cum propriis uti oporteat.





It nevertheless has to be noted that the conclusions which are inferred by a certain common science are not worthy of an experienced mathematician because he should use his own [demonstrations].[15]



And by way of a second after-thought, he constructed an extreme case in which it is immeditaly clear that the broken bent lever cannot be in equilibrium if weights are attached to it, rather than forces (see figure 7.10):



Ex hac etiam figura magis patet absurdum, hoc est pondera E C aequeponderare non posse.





From this figure it appears even more absurd, that is, that the weights E C cannot be in equilibrium.[16]




[image: Figure 7.10: In his notebook, Guidobaldo concluded his alleged refutation of Benedetti's treatment of the broken bent lever with the construction of an extreme situation in which the two weights <i>E</i> and <i>C</i> are found on the same side of the fulcrum <i>O</i> so that it is obvious that the lever cannot be in equilibrium.]


Figure 7.10: In his notebook, Guidobaldo concluded his alleged refutation of Benedetti's treatment of the broken bent lever with the construction of an extreme situation in which the two weights E and C are found on the same side of the fulcrum O so that it is obvious that the lever cannot be in equilibrium.

7.4 Fourth chapter: on the problem of the material beam

The fourth chapter is entitled:



Quemadmodum ex supra dictis causis omnes staterarum et vectium causae dependeant.





How all causes operating on steelyards and levers depend on the aforesaid causes.[17]



The chapter deals with the fact that the beam of a balance is not a mathematical line but a material body. Benedetti made use of his earlier treatment of the bent lever to take into account the fact that the weights attached to such a material beam do not act along a beam that can be idealized as a horizontal line, but along oblique lines from the fulcrum to the points of suspension of the weights, which are assumed to be placed at the upper part of the material beam. More specifically, Benedetti stated that if two equal weights are attached to the longer and the shorter arm of the balance, the weight attached to the longer arm will overpower the one attached to the shorter arm. He claimed that such an analysis of the material beam has never been dealt with before, a point that Guidobaldo rejected in his notes.


[image: Figure 7.11: Left note to the first paragraph of the fourth chapter.]


Figure 7.11: Left note to the first paragraph of the fourth chapter.

Guidobaldo left three marginal comments on the page opening the chapter; in addition he referred in a short note in the right margin to a sentence he underlined. The short comment in the left margin includes a drawing by Guidobaldo. The longest comment begins in the lower half of the left margin and is continued at the bottom of the page; it also comprises a drawing. About half of this comment was deleted by Guidobaldo himself; at least one line has later been cut off.

Guidobaldo's first comment reads (see figure 7.14):



[opo]rtet NU esse [hor]izonti equidistantem [ali]ter quidem unde [vo]let demonstrandum





It is necessary that NU is equidistant from the horizon, differently from [the way] in which he wanted [it] to be demonstrated.



The hand-drawn diagram in the left margin was evidently added in the same context.


[image: Figure 7.12: Drawing of a material beam at the left side of the first paragraph of the fourth chapter.]


Figure 7.12: Drawing of a material beam at the left side of the first paragraph of the fourth chapter.

The meaning of Guidobaldo's first comment is not entirely clear. It seems to pinpoint the fact that Benedetti designated the upper part of the beam as being horizontal, while, according to Guidobaldo, this is in contrast to what has to be demonstrated. Possibly he referred to Benedetti's own later generalization of his argument from balances to levers in the penultimate sentence of the chapter:



In stateris, recte et proprie appelari potest XIS aut NOU orizontalis, sed in omnium vectium specie, hoc tantum per quandam similtudinem dicatur.





In balances with unequal arms, XIS or NOU can be rightly and properly called horizontal, but in the case of all levers this can be said only with a certain approximation.[18]



Or Guidobaldo wanted to express that this premise implicitly assumes the weights are connected by a horizontal line, in contrast to Benedetti's own detailed analysis which makes reference to oblique lines according to which the weights supposedly act. To stress this point he may have added the diagram in the margin showing a balance with equal arms.

In any case, Guidobaldo's first comment, his drawing, and also his second comment all refer to the set-up of Benedetti's demonstration in the introduction of the chapter:



Positis igitur duobus ponderibus aequalibus in extremitatibus brachiorum, experientia innotescit, quod pondus ad US appensum, violentiam faciet ponderi appenso ad NX sed nos volumus investigare causam huius effectus, quae a nemine unquam literarum monumentis, quod sciam, consignata fuit.





Now if two equal weights are placed at the ends of the arms, it is clear from experience that the weights appended at US will overpower the weight appended at NX. But we wish to investigate the cause of this effect, which cause has never, so far as I know, been assigned by anyone in the annals of literature.[19]



The last claim is underlined by Guidobaldo as the point of reference of his second note, in the right margin of this page.


[image: Figure 7.13: Underlined text with marginal note in the fourth chapter.]


Figure 7.13: Underlined text with marginal note in the fourth chapter.



Underlined text:





quae a nemine unquam literarum monumentis, quod sciam, consignata fuit.





which was never, so far as I know, documented by anybody in the annals of literature.[20]





Marginal note:





nos in tractatu de vecte propos. XV in libro me[chanicorum]





We [did] in the treatise on the lever, prop. 15, in the book on mechanics.



Guidobaldo thus rejected Benedetti's claim to originality and referred to his own work on mechanics, and in particular to proposition 15 of the part on the lever:



Problema.





Quia vero dum pondera vecte mouentur, vectis quoque grauitatem habet, cuius nulla hactenus mentio facta est: idcirco primum quomodo inueniatur potentia, quae in dato puncto datum vectem, cuius fulcimentum sit quoque datum, sustineat, ostendamus.





Problem.





But since in moving weights with a lever, the lever also has weight, which has not been mentioned up to this point, we shall demonstrate how to find the power which will sustain the lever in a given point, the fulcrum being likewise given.[21]



As becomes clear from the proof of this proposition, Guidobaldo considered the centers of gravity of the two parts of the material beam, as they are divided by the fulcrum of the lever, and treats the entire beam of the lever as being represented by two weights suspended at the distances of these centers of gravity from the fulcrum. Not only is his procedure entirely different from that of Benedetti. Guidobaldo's and Benedetti's conceptual frameworks actually capture different aspects of the material beam. While Guidobaldo managed to take into account the weight of the beam, Benedetti only dealt with its geometrical extension and focused on the direction of the pull of the attached weight, corresponding in modern terms to the torque of the applied force.

The third comment, also in the left margin of this page, refers to Benedetti's construction of the lines according to which weights act within a material balance. It is accompanied by another diagram of Guidobaldo's to which he referred in the last part of this commentary.


[image: Figure 7.14: Long note to Benedetti's fourth chapter.]


Figure 7.14: Long note to Benedetti's fourth chapter.



[cu]m pondera pendeant [S]X estque XIS recta linea huius […] quaerenda a lineis IN IU, ut in […]?, quae quidem sint pro[…] immaginariae. Deinde [poste]a facit mentionem [de gra]vitate vectis, et considerat matem[atice] […] ex hac causa ut infra duo vectes





[large passage deleted]





AIU absque OB et pondera at XS, pondus in S maiorem habebit vim, supra pondus in X, vecte AIU, quod idem pondus in S ad pondus in X toto vecte […] [line below cut]





Since the weights hang from SX and XIS is a straight line whose […] is to be found from the lines IN IU, as in […], which are though only […] imaginary. Finally he later mentions the heaviness of the lever and considers in a mathematical way […] from which cause as the two levers below





[large passage deleted]





AIU if without OB and the weights in XS, the weight at S will have more power over the weight at X, by the lever AIU, than the same weight at S to the weight at X with the entire lever […]



Although much of this commentary remains illegible, two salient points of Guidobaldo do emerge: He considered the oblique lines along which, according to Benedetti, the weights attached to a material beam act as being purely imaginary. And he apparently attempted to construct a contradiction within Benedetti's framework by considering the weights being attached to different heights of the material beam. Guidobaldo's drawing shows indeed a beam of approximately twice the height of the original one, with the original one inscribed. In the last legible line of his note he considered the weight on the longer right-hand side of the balance being attached from the original height of the beam, while the weight on the shorter left-hand side is suspended from the beam with double height. Guidobaldo concluded with an argument that he evidently later rejected that, in this constellation, the weight on the longer right-hand side has more power than if it were suspended from the same height as the weight on the left-hand side.

7.5 Fifth chapter: on the problem of the material lever

The fifth chapter is entitled:



De quibusdam rebus animadversione dignis.





On certain facts worthy of notice.[22]



The chapter deals with levers whose fulcrum is at one end of the lever, while the weight to be lifted by a force acting on the other end is positioned between these ends and somewhere near to the fulcrum. As we have discussed before, Benedetti treated the material lever not with regard to the weight of the beam but only with regard to its geometrical configuration. He hence imagined a rectangular cross-section of such a lever with a weight being placed on top of the beam. One lower corner serves as the fulcrum, the other corner is lifted by the hand. The question then is how the weight exerts a pressure on the corner where the hand is acting. Benedetti claimed that the ratio between that part of the weight that rests on the fulcrum and that part of the weight that rests on the corner where the force is acting is given by the inverse ratio of the horizontal distances of the weight from these two points (see figure 7.15):



Si vero eadem resistentia posita erit in U clarum quoque erit, quod minor pars ponderis N annitetur ipsi U quam ipsi O cum dicta NI a centro U longius quam a centro O distet, et proportio partis ponderis N in O ad proportionem partis ponderis N in U non erit secundum proportionem angulorum UNI et ONI sed secundum proportionem UI ad IO [this proportion is underlined] quod clare comprehendi potest ab huius effectus converso […]





And if the same resistance is placed at U, it will also be clear that a smaller part of weight N will press on U than on O, since NI is farther distant from fulcrum U than from fulcrum O. And the ratio of the part of weight N that rests on O to the part of weight N that rests on U will be equal, not to the ratio of angle UNI to angle ONI, but to the ratio of UI to IO. This may be clearly understood from the converse of this effect […][23]




[image: Figure 7.15: Figure and marginal note in the fifth chapter.]


Figure 7.15: Figure and marginal note in the fifth chapter.

In the sequel Benedetti justified his claim by interpreting the situation of the lever according to the model of a balance suspended from the point where the weight is positioned, with the two lower corners now representing weights. From his procedure of determining effective lever arms by horizontal projection his proposition then followed.

Guidobaldo left a marginal note at the bottom right of page 145 and underlined the letters in Benedetti's text referring to the proportion of lengths in the diagram to which his comment refers:



tandem post mu[lta] veritate coactus dixit proportionem p[artium] ponderis esse secundum OI, IU quod nos in 3 coroll. secundae propositionis de vecte omnia di[ximus].





Finally he said after many [other things], forced by the truth, that the proportion of the parts of the weight is as OI, IU which we have said all in the third corollary of the second proposition about the lever.



Guidobaldo's marginal comment refers to the text at the bottom of the page quoted above which in turn refers to the diagram on the same page. Guidobaldo referred to his own treatment of levers in his book on mechanics, where he also dealt with a lever sustained at its two ends carrying a weight in the middle. He explicitly referred to the third corollary of the second proposition about the lever which reads:



Ex hoc quoque elici potest, si duae fuerint potentiae, una in A, altera in B, et utraque sustentet pondus E; potentiam in A ad potentiam in B esse, ut BC ad CA.





From this likewise it may be deduced that, if there are two powers, one at A and the other at B, and both sustain the weight E [suspended from point C], the power at A will be to the power at B as BC is to CA.[24]



He also justified his claim by exchanging the roles of fulcrum and force, but he did not take into account any directional effects of these forces, considering the lever without extension.

7.6 Seventh chapter: on the core question of the equilibrium controversy

The seventh chapter is entitled:



De quibus erroribus Nicolai Tartaleae circa pondera corporum et eorum motus, quorum aliqui desumpti fuerunt a Jordano scriptore quodam antico.





On certain errors of Niccolò Tartaglia on the weights of bodies and their motions, some taken from a certain ancient writer Jordanus.[25]



In this chapter Benedetti criticized Tartaglia's account of the variation of the positional heaviness of a body on a balance changing its position. As we have discussed extensively above (see section 6.2), he rejected, in particular, Tartaglia's claim that a balance would return to its original horizontal position because the weight that has moved upward becomes positionally heavier, while the weight that has moved downward becomes positionally lighter. Benedetti first pointed out that Tartaglia should not have compared the descents of the two weights but the descent of one weight with the ascent of another. In his annotations Guidobaldo did not fail to notice that, in his own book, he had already drawn attention to this circumstance. Then Benedetti reconsidered, as we have also discussed, the entire situation from a cosmological perspective, concluding that the weight that has moved upward actually becomes positionally lighter, while the weight that has moved downward becomes positionally heavier. Benedetti's argument is based on his procedure of determining effective lever arms by drawing perpendiculars to the lines of inclination of the two weights (see section 3.9). It is remarkable that his first criticism seems to suggest, in agreement with Guidobaldo's opinion, an indifferent equilibrium of the balance (indeed, under terrestrial circumstances it necessarily leads to that conclusion). In contrast, his second criticism (taking into account the cosmological perspective) implies that the balance would actually proceed to the vertical. Benedetti did not, however, actually make this explicit.

Page 148 has two comments by Guidobaldo, one in the middle of the page in the left margin, the other further below, also beginning in the left margin and continuing at the bottom of the page; the latter comment refers to a line in Benedetti's text underlined by Guidobaldo. His two marginal notes address the ambiguity of Benedetti's text. They end in the definitive rejection of Benedetti's method of determining positional heaviness, which – in the eyes of Guidobaldo – is in conflict with his fundamental insight into the indifferent nature of the equilibrium of a balance.


[image: Figure 7.16: Marginal note to Benedetti's seventh chapter.]


Figure 7.16: Marginal note to Benedetti's seventh chapter.

Guidobaldo's first comment reads:



desumptum est ex iis [quae] dicta sunt a nobis [in] tractatu de vecte […] supponit pondera non moveri ut [re] vera est. Serius concludit oppositum.





This is taken from what has been said by us in the treatise on the lever. He assumes that the weights do not move which is true. Later he concludes the opposite.



The comment refers to the passage in which Benedetti pointed out that the descent of one weight should be compared to the ascent of the other (see figure 3.11):



Sed in secunda parte quintae propositionis non videt quod vigore situs eo modo, quo ipse disputat, nulla elicitur ponderis differentia. Quia si corpus B descendere debet per arcum IL corpus A ascendere debet per arcum US aequalem, et similem eadem quoque rationem situatum, ut est arcus IL unde ut est facile corpori B descendere per arcum IL difficile ita erit corpori A ascendere per arcum US. Haec autem quinta propositio Tartalea est secunda quaestio a Iordano proposita.





And in the second part of the fifth proposition, he fails to see that no difference in weight is produced by virtue of position in the way in which he argues. For if body B must descend on arc IL, body A must ascend on arc US, equal and similar to arc IL and placed in the same way. Therefore, just as it is easy for body B to descend on arc IL, it will be difficult for body A to ascend on arc US. And this fifth proposition is the second question proposed by Jordanus.[26]



Guidobaldo's second note at the bottom of the page refers to the diagram on the following page 149 (see figure 7.17).


[image: Figure 7.17: Drawing of a balance in a cosmological context in the seventh chapter.]


Figure 7.17: Drawing of a balance in a cosmological context in the seventh chapter.

It also refers to a passage in the text on page 148 that has been underlined by Guidobaldo:



Pondus igitur ipsius A in huismodi situ, pondere ipsius B gravius erit.





Therefore the weight of A in this position will be heavier than the weight of B.[27]



This is the conclusion of Benedetti's consideration of two weights on a balance in an oblique position from a cosmological perspective, amounting to the statement that the weight A that has been lowered has become positionally heavier than the weight B that has been lifted. Guidobaldo's second comment reads:



[suppo]nit pondera AB non moveri. Hac demonstratione pondus A gra[vius] [e]st pondere B quia haec gravi[tates] metiuntur ex lineis perpendicularibus OT, OE quarum OT maior est, sequitur pondus A in hoc situ gravius esse pondere B in hoc situ. Dico igitur quod subterfugiet [p]ondus A deorsum non moveatur et B sursum? Libra ergo AB non manebit ut supposuit, et ut re vera manet. [Qua]re si volens errores Iordani et Tartaleae (quorum errorum nec solvit contradictiones) incidit, et si non in peiora, tamen in aequalia [abs]urda. Unde perspicuum est, quod sit inanis, et falsa haec consideratio suis perpendicularibus facta, quam […]





He assumes that the weights AB are not moved. By this demonstration A is heavier than weight B, because these gravities are measured by the perpendicular lines OT, OE, from which OT is the greater, it thus follows that weight A is in this position heavier than weight B in this position. I therefore say what escapes him: does not weight A move downward and weight B upward? The balance AB will therefore not remain as he assumes and as it truly remains. If he therefore willingly cuts into the errors of Jordanus and Tartaglia (whose contradictions he does not resolve), and if he does not make them worse then nevertheless to an equal extent absurd. From which it is evident that this consideration of his which he makes about the perpendiculars is empty and false as [line cut off]




[image: Figure 7.18: Bottom note of the seventh chapter.]


Figure 7.18: Bottom note of the seventh chapter.

As we have discussed above, Guidobaldo had, in his own book, similarly considered the case of a balance in an oblique position from a cosmological perspective, also using the concept of positional heaviness.[28] He had arrived at the conclusion, in agreement with his general conviction, that the two weights on such a balance are equally heavy positionally. Against this background, Benedetti's method of determining positional heaviness, necessarily in contradiction with this conclusion, must have appeared entirely unacceptable to Guidobaldo as he indeed clearly stated in this marginal note.

7.7 Eighth chapter: on plagiarizing the criticism of Jordanus and Tartaglia

The eighth chapter is entitled:



Quod autem idem Tartalea in 6. propositione, et Iordanus in secunda parte secundae propositionis scribunt, maximum quoque errorem in se continet.





What Tartaglia writes in proposition 6 and Jordanus in the second part of proposition 2 also contains a most serious error.[29]




[image: Figure 7.19: Drawing of the convergence of perpendiculars in the eighth chapter.]


Figure 7.19: Drawing of the convergence of perpendiculars in the eighth chapter.

In the beginning of this chapter Benedetti criticized, as we have discussed, Tartaglia's way of determining positional heaviness by means of angles of contact between the curved path of a weight and a perpendicular. He showed that this procedure leads to a contradiction when the convergence of these perpendiculars at the center of the world is taken into account, as he indicates in his drawing. Benedetti concluded his analysis with a general rejection of the method of Tartaglia and Jordanus.



Omnis autem error in quem Tartalea, Iordanusque lapsi fuerunt ab eo, quod lineas inclinationum pro parallelis vicissim sumpserunt, emanuit.





Now the whole error into which Tartaglia and Jordanus fell arose from the fact that they took the lines of inclination as parallel to each other.[30]




[image: Figure 7.20: Marginal note in the eighth chapter.]


Figure 7.20: Marginal note in the eighth chapter.

Benedetti's argument is strikingly similar to those of Guidobaldo against this method, as we have discussed above. Page 150 has a single short comment by Guidobaldo in the middle of the left margin, next to a text passage in which Benedetti finally rejected the method of Tartaglia and Jordanus. In his marginal comment Guidobaldo pointed to the fact that Benedetti's argument, in his view, has been taken from his own book:



[ex] meo tractatu [de lib]ra





from my treatise on the balance



7.8 Tenth chapter: on Aristotle and the composition of motions

The tenth chapter is entitled:



Quod linea circularis non habeat concavum cum convexo coniunctum, et quod Aristoteles circa proportiones motuum aberraverit.





That the circumference of a circle does not have a concavity joined with a convexity, and that Aristotle was mistaken in the ratios of motions.[31]



The chapter deals with the introductory part of the Aristotelian Mechanical Problems in which the curious properties of the circle and the composition of motions are treated. Benedetti disputed the claim of the Aristotelian author that the circle seems to unite the convex with the concave, essentially arguing that one should distinguish between the circular surface included by the circumference and the plane with a circular hole that is also delimited by that circumference. Guidobaldo left two rather long comments in the left margin of this page. In his first marginal note Guidobaldo rejected Benedetti's distinction because its application would require, according to him, an intervening space which, however, is not given. In his discussion of the Aristotelian analysis of the composition of motions Benedetti questioned the alledged claim of the Aristotelian author that if a body moves along a given line, it moves according to one definite proportion rather than according to another one. In particular, Aristotle maintained that when an object moves along the diagonal it will always move in the ratio of the sides of the parallelogram.[32] Benedetti showed instead that the same trajectory can be generated by motions following different proportions. In his second marginal comment Guidobaldo pointed to the fact that Benedetti failed to understand Aristotle's argument and that his objection is therefore irrelevant. Guidobaldo stressed in this comment that what matters to Aristotle is only the fact that, when a body is moved in a fixed ratio it necessarily travels in a straight line, independently from the fact that the same straight line may be traversed also by a motion that is given by a different ratio.

More specifically, Guidobaldo's first comment refers to the beginning of the chapter:



Aristoteles in principio quaestionum Mechanicorum ait lineam, quae terminat circulum videtur convexum habere coniunctum cum concavo, quod falsum est: quia huismodi linea partes nullas secundum latitudinem habet, (ut ipse etiam confirmat) sed est idem convexum circuli: linea vero quae terminus est superficiae ambientis, et amplectentis circulum est eadem concavitas dictae superficiae eundem circulum ambientis, quae nullam convexitatem habet et haec duae sunt lineae, quarum una diversa est ab alia, neque altera alterius, quod ad convexum, et ad concavum attinet.





Aristotle at the beginning of Questions of Mechanics says that the line which bounds the circle seems to unite the convex with the concave. But this is false. For a line of this kind has no thickness (as Aristotle himself also asserts), but is identical with the convex boundary of the circle. On the other hand, the line that bounds the surrounding surface and encloses the circle is identical with the concavity of the surface that surrounds the circle, a surface which has no convexity. And these are two lines of which one is different from the other, and not part of the other, so far as pertains to convexity and concavity.[33]




[image: Figure 7.21: First marginal note in the tenth chapter.]


Figure 7.21: First marginal note in the tenth chapter.

Guidobaldo commented:



intellexit Aristotelem loqui [quod li]nea circumferentiae area dabitur; duae linee se tangunt secundum latitudi[nem], et sunt invicem separatae. [Hoc] fieri non potest. Imo inter [ea]s cadet superficies quaem[ad]modum inter duo puncta [s]it linea





He understood that Aristotle claimed that the line of the circumference will be given by the area. Two lines touch each other along their latitude and are separate from each other; this cannot be. Therefore a surface falls in between just as there is a line between two points



Guidobaldo's second comment refers to Benedetti's criticism of Aristotle's proof of the composition of motions and to the figure on page 152 (see figure 7.22).


[image: Figure 7.22: The composition of motions discussed in the tenth chapter.]


Figure 7.22: The composition of motions discussed in the tenth chapter.

Benedetti wrote:



Cui respondeo, punctum A quod movetur in linea AM ab A versus M usque ad F non moveri ab aliqua proportione determinata magis quam ab alia: unde non solum possumus imaginari dictum punctum A moveri ab A usque ad F eiusdem velocitatis sub alia quadam proportione, sed etiam sub alia, quae iam datae contraria sit, ut est proportio ipsius AC ad AB imaginantes moveri A versus C et AC versus BM delatam. […] Huiusmodi igitur consideratio ab Aristotele facta, nullius est momenti.





To Aristotle I reply that the fact that point A moves on line AM from A towards M as far as F does not mean that it moves according to one definite proportion rather than some other. Thus we can suppose that point A moves from A to F not only according to one ratio of the same velocity, but also some other which is the very opposite of the first ratio – e.g. the ratio of AC to AB, it being imagined that A moves toward C and AC toward BM. […] Hence the discussion on this point by Aristotle is of no value.[34]




[image: Figure 7.23: Second marginal note in the tenth chapter.]


Figure 7.23: Second marginal note in the tenth chapter.

Guidobaldo commented:



[ho]c non intelligit [demonstr]ationis Aristotelis. Nam [paru]it Aristoteli quando ali[quid] [m]ovetur secundum aliquam propor[tione]m, illud quidem moveri [secundum r]ectam lineam, quod si sup[ponere ea]m lineam secundum alias proportiones moveri potest, [n]ihil interest [se]d haec nullius sunt [mom]enti





He does not understand that part of Aristotle's proof. In fact, Aristotle held that, if something is moved according to some proportion, it will surely move according to a straight line; but, if it is assumed that the line can move according to other proportions, that makes no difference, but these things are of no value.



7.9 Twelfth chapter: saving Aristotle in the equilibrium controversy

The twelfth chapter is entitled:



De vera causa secundae, et tertiae quaestionis mechanicae ab Aristotele non perspecta.





On the true cause not perceived by Aristotle of the Mechanical Questions 2 and 3.[35]




[image: Figure 7.24: Drawing of a balance in an oblique position in the twelfth chapter.]


Figure 7.24: Drawing of a balance in an oblique position in the twelfth chapter.

The chapter deals with the question of how a balance either supported from above or from below behaves when it is removed from the horizontal position (see figure 7.24). For the case in which the balance is supported from above Benedetti agreed with the Aristotelian conclusion that it will return to the horizontal position, but justified this behavior with his technique for determining positional heaviness. For the case in which it is supported from below he disagreed with Aristotle who seemed to suggest that the balance will stay in its position. On this point Guidobaldo was of the same opinion, as the following quotation from his book on mechanics shows:



Nam cum in secunda parte secundae quaestionis proponit, cur libra, trutina deorsum constituta, quando deorsum lato pondere quispiam id amouet, non ascendit, sed manet? non asserit adhuc libram deorsum moueri; sed manere. Quod in vltima quoque conclusione colligisse videtur.





For in the second part of the second question he asks, ‘Why, when the support is below, the balance being carried downward and released, it does not rise again, but remains?' Here he affirms not that the balance moves downward, but that it remains, which he seems to have deduced in the last conclusion.[36]



In contrast to Benedetti, Guidobaldo was convinced, however, that Aristotle's position can be defended, which is also the point of his marginal comment and in line with his appreciation of the ancient heritage, including the Aristotelian work on mechanics. In his own book he argued in fact that the balance does not move further downward because it is prevented from doing so by the support on which it rests.


[image: Figure 7.25: Marginal note to Benedetti's twelfth chapter.]


Figure 7.25: Marginal note to Benedetti's twelfth chapter.

Guidobaldo's comment refers to the following text at the lower part of the page:



In secunda deinde huius quaestionis parte, in qui scribit libram in situ, in quo posita est, firmam manere, toto coelo aberrat, quia necessarium est, ut omnino cadat, eousque quo spartum sursum remaneat: ablato tamen omni impedimento, quod nulla eget probatione, cum natura sua clarissime pateat.





Then in the second part of this problem, in which Aristotle writes that a balance remains fixed in the position in which it has been placed, he is completely mistaken. For it must continue to fall until the support remains above it, with the assumption, however, that all impediment to this is removed. This proposition requires no proof, since by its own nature it is perfectly clear.[37]



Guidobaldo's comment reads:



[Aristotel]es potest defendi ut [in] tractatu de libra [a n]obis factum fuit





Aristotle can be defended as it was done by us in the treatise on the balance



7.10 Fourteenth chapter: Aristotle's wheel and the problem of infinite limits

The fourteenth chapter is entitled:



Quod rationes ab Aristotele de octava quaestione conficta sufficientes.





That the reasons by Aristotle in Questions of Mechanics 8 are not adequate.[38]




[image: Figure 7.26: The motion of a polygonal shape discussed in the fourteenth chapter of Benedetti's book.]


Figure 7.26: The motion of a polygonal shape discussed in the fourteenth chapter of Benedetti's book.

This chapter also deals with the Aristotelian Mechanical Problems, here with the question of why bodies of circular shape are easier to roll than others.[39] Benedetti considered various rotational motions, the rotation of carriage wheels, of pulley wheels, and of potter's wheels. He compared the motion of a wheel with that of a polygon and gave reasons why the motion of the former is easier than that of the latter (see figure 7.26). He argued, for instance, that, when a polygon is rolled along a plane, its center will go up and down, its upward motion will require an effort, while the center of a wheel will always maintain the same distance from the center, that is, as he formulated, from the goal of heavy bodies. He considered the circular shape as the limiting case of polygonal shapes with ever more angles. One short comment by Guidobaldo is found in the left margin of this page. In his comment, Guidobaldo expressed his skepticism about this limiting process.

His note refers to the following passage of Benedetti's argument:



Si ergo quanto plures angolos habebit dicta figura, tanto ad circunvolvendum hoc modo agilior erit. Circularis igitur figura, quae ex infinitis angulis efficitur, omnium agillima erit.





The more angles the said figure will have, therefore the more suitable it will be to rotate in this way. Hence the circular shape, which is constituted from infinite angles, is the most suitable of all.[40]




[image: Figure 7.27: Marginal note to the fourteenth chapter of Benedetti's book.]


Figure 7.27: Marginal note to the fourteenth chapter of Benedetti's book.

Guidobaldo noted:



circularem ex infinitis [ang]ulis constare fateor ignotum esse





I confess that it is unknown [to me] that the circular is composed from infinite angles



7.11 Sixteenth chapter: on Aristotle's empty balance

The sixteenth chapter is entitled:



Quod Aristotelis rationes de decima quaestione sint reiiciendae.





That Aristotle's explanation of Questions of Mechanics 10 must be rejected.[41]



The chapter deals with another topic of the Aristotelian Mechanical Problems, the greater readiness of an empty balance to move. Benedetti approached the subject by comparing two balances, one carrying two small weights, the other two large weights (see figure 7.28). Now according to him Aristotle wonders about the fact that the balance with the smaller weights moves more rapidly when on one of its arms another small weight is placed than when the same small weight is placed on one of the arms of the balance with the large weights. Benedetti essentially argued that Aristotle would have no reason to wonder had he appropriately taken into account his own dynamical principles (see section 3.4.1).

Benedetti explained:



quia semper ineunda est ratio proportionis virtutis mouentis super mobile; quod ipse non fecit.





For the ratio of the moving force to the body moved must always be considered; and Aristotle did not do this.[42]




[image: Figure 7.28: Drawing of two balances, one carrying small weights, the other large weights, as discussed in the sixteenth chapter of Benedetti's book.]


Figure 7.28: Drawing of two balances, one carrying small weights, the other large weights, as discussed in the sixteenth chapter of Benedetti's book.

In his short marginal note Guidobaldo seems to express his surprise at Benedetti's claim that Aristotle was wondering, apparently incapable of giving an adequate solution to a problem he had posed himself. The comment refers to the following passage of Benedetti's text (see figure 7.28):



Sit exempli gratia libra AIE quae in utraque extremitate unciam unam solam ponderis obtineat, et sit libra NIU aequalis priori, quae pro singula extremitate unam ponderis libram habeat. Aristoteles admiratur, quod addendo ipsi E mediam ponderis unciam, brachium IE velocius cadat, quam adiiciendo ipsam mediam unciam ipsi U brachii IU.





Let there be, for example, a scale AIE which has at the extremity of each arm merely one ounce of weight; and let there also be a scale NIU, exactly like the former one, which has one pound of weight on each end. Aristotle wonders about the fact that, when he adds a half-ounce weight at E, arm IE falls more rapidly than when he adds that same half-ounce at U, the extremity of arm IU.[43]




[image: Figure 7.29: Marginal note to the sixteenth chapter of Benedetti's book.]


Figure 7.29: Marginal note to the sixteenth chapter of Benedetti's book.

Guidobaldo noted:



quod admiratur Aristoteles





what was Aristotle wondering about



7.12 Twentieth chapter: on reducing the wedge to the lever

The twentieth chapter is entitled:



De vera ratione 17 quaestionis.





On the true explanation of question 17.[44]



This chapter also deals with the Aristotelian Mechanical Problems, here with the question of how the wedge is to be treated according to the model of the lever. Benedetti argued that Aristotle failed to properly reduce the wedge to the lever:



Decimaseptima quaestio ab Aristotele haud benè percepta fuit, quia is non accommodat partes vectis suis locis.





Question 17 was not correctly understood by Aristotle, for he did not assign the parts of the lever to their correct places.[45]




[image: Figure 7.30: A comparison of two levers, one with the fulcrum in the middle, the other with the fulcrum at one end, as discussed in the twentieth chapter of Benedetti's book.]


Figure 7.30: A comparison of two levers, one with the fulcrum in the middle, the other with the fulcrum at one end, as discussed in the twentieth chapter of Benedetti's book.

In order to improve on Aristotle Benedetti began his discussion by comparing two levers, one with the fulcrum in the middle, the weight at one and the force at the other end, the other lever having the fulcrum at one end, the weight in the middle and the force at the other end (see figure 7.30). It is the latter kind of lever that he applied to analyze the wedge, but it first had be reduced to the ordinary lever with the fulcrum in the middle. He argued in fact that when the weights, the distances between weight and fulcrum, and the distances between force and fulcrum are equal in the two levers, a force sufficient to raise the weight with one lever will also be sufficient to raise the weight with the other lever. By way of justification he referred, first of all, to common science (scientia communis), and then to his principles treated in chapters 4 and 5. In his marginal note Guidobaldo criticized Benedetti for his all too generous use of the reference to common science (scientia communis).[46]

More specifically, his comment refers to the passage:



Et quia omnia supponuntur aequalia, clarum quoque erit, communi scientia, tantam virtutem in N quanta sufficiet ad attollendum A in U quoque suffecturam ad elevandum E oportebit attollere U.





And because all are assumed equal, it will also be clear, by common science, that the force at N required to raise A will also be sufficient at U to raise E.[47]



Guidobaldo wrote in the upper left margin of this page:



[…] sua communis [scient]ia multa probat [si]ne demonstratione





His common science demonstrates much without proof




[image: Figure 7.31: Marginal note to the twentieth chapter of Benedetti's book.]


Figure 7.31: Marginal note to the twentieth chapter of Benedetti's book.

7.13 Twenty-first chapter: the plagiarized pulley

The twenty-first chapter is entitled:



De vera et intrinseca causa trochlearum.





On the true and intrinsic explanation of compound pulleys.[48]




[image: Figure 7.32: Reducing the pulley to the lever, as discussed in the twenty-first chapter of Benedetti's book.]


Figure 7.32: Reducing the pulley to the lever, as discussed in the twenty-first chapter of Benedetti's book.

The chapter deals with the explanation of the pulley, and in particular with the way it can be reduced to the lever or the balance (see figure 7.32). In the middle of the right margin of page 163, Guidobaldo left a short comment. Another related comment is found on the subsequent page. Guidobaldo's first comment refers to the passage in the middle of page 163.



Imaginemur separatim stateram GH cuius centrum sit K ita situm, ut brachium GK sit duplum ad brachium KH supponendo igitur in puncto G pondus aut virtutem moventem unius librae, et in H duarum librarum, absque dubio haec duae virtutes in huismodi distantiis a centro aequales invicem erunt, ob rationes prioribus capitibus iam allatas, et statera orizontalis manebit.





Let us consider, separately from the preceding figure, a balance GH with fulcrum K so situated that arm GK is double the arm KH. Now if we assume a weight or moving force of one pound at point G, and of two pounds at H, clearly these two forces at these distances from the center will be equal to each other for the reasons already set forth in previous chapters, and the scale will remain horizontal.[49]



In his two comments on this chapter Guidobaldo is, in a sense, less critical of Benedetti than in his other notes. He remarked, however, that Benedetti should have referred to Aristotle when mentioning the law of the lever in his first comment instead of referring to his own work.


[image: Figure 7.33: First marginal note to the twenty-first chapter of Benedetti's book.]


Figure 7.33: First marginal note to the twenty-first chapter of Benedetti's book.

His first comment reads:



hoc non [con]dit auc[tor] sed Aristoteles





This foundation is not laid by the author but by Aristotle



In the second comment to this chapter – in the lower left margin of the next page – Guidobaldo criticized Benedetti for the lack of acknowledgement that his own treatment of the pulley receives. He accused him of wrongly pretending to add something new when dealing with the compound pulley and its reduction to the balance. Benedetti mentally replaced the compound pulley with a sequence of connected balances, arriving at the conclusion that for a pulley with four wheels, a force that amounts to one fourth suffices to lift a given weight. Up to this point Guidobaldo agreed with him and admitted that this chapter is rather clear, even if Benedetti added unnecessary complications. In Guidobaldo's eyes what is true comes anyway from his own work on the pulley which, however, is not mentioned by Benedetti.

More specifically, the comment on the lower part of page 164 refers to the following passage of Benedetti's text and to the figure on page 163 (see figure 7.32):



Hucusque scientifice novimus pondus, aut virtutem ipsius S quae est dimidium ipsi I sustinere vim ipsorum I et Q nam quater tantum, quanta ipsamet virtus ipsius S esse conspicitur.





Up to here we have come to know that the weight or the force of S which is half of that of I sustains the force of I and Q namely four times as much as the force of S is considered to be.[50]




[image: Figure 7.34: Second marginal note to the twenty-first chapter of Benedetti's book.]


Figure 7.34: Second marginal note to the twenty-first chapter of Benedetti's book.

Guidobaldo commented:



[…]dum hucusque verum est usque […]nem confuse immo sine [confusi]one totum hoc caput[…] est. Noluit [vero?] earum quae distincte in tractatu trochlea condimus repe[rire] sed ut aliquid novi af[figer]e videatur per ambages [ill]as communes species, et per communes conceptus ali[quid] [a]ttingit; tandem vero [aliquan]do aliqua vera profert [e]x nostro tractatu de [troc]hlea rescripsit. Quaequae hoc tractatum cap., neminem credo […] demonstrationemque trochlearum […]ere posse





[…] up to here everything is true and [not] confused. Even this entire chapter is without confusion. But he does not want to recover [anything] from that for which we have concisely provided the foundation in the treatise on the pulley but rather, in order to appear to add something new, he attacks something with the help of ambiguous ideas and common notions; nevertheless occasionally he advances something true [that] he has rewritten from our treatise on the compound pulley. Whatever […] is treated in this chapter, I believe that nobody can […] the proof of the compound pulleys



7.14 Letter to Pizzamano: simplifying the solution of a geometrical problem

The chapter is a letter entitled:



Qualiter circulus designari possit alios duos circulos propositos includens. Clariss. Petro Pizzamano.





How a circle can be designed so that it includes two other given circles. To the Most Brilliant Petrus Pizzamanus.[51]




[image: Figure 7.35: Drawing of a geometrical problem in Benedetti's book on which Guidobaldo commented.]


Figure 7.35: Drawing of a geometrical problem in Benedetti's book on which Guidobaldo commented.

This chapter belongs to the part of Benedetti's treatise in which he collected letters to illustrious personalities. The present letter is directed to Pietro Pizzamano who was, between 1559 and 1580, an official in Bergamo, Trevigi, and Mercanzia.[52] It deals with a rather trivial geometrical problem to which Benedetti offered various solutions depending on the position of the two circles for which an encompassing circle is being searched (see figure 7.35). In his note at the bottom of the second page dealing with this problem Guidobaldo suggested one brief solution to the problem raised by Benedetti.[53] While Benedetti's solution allows for a variable diameter of the surrounding circle, Guidobaldo's construction does not. Guidobaldo's solution works by simply dividing in half the line connecting the centers of the given circles and extending from one diameter to the other. He then concluded that a circle around this midpoint with this extension will touch the two given circles.

Guidobaldo's comment refers to the diagram at the bottom of page 263 and to Benedetti's text starting in the middle of the page:



Si vero distantia duorum propositorum circulorum tanta fuerit, quod secundi circuli nequeant se invicem tangere, vel secare, tunc alia via incedendum erit, quae talis est et generalis. Dividatur tota QB per aequalia in puncto Z circa quod signentur duo puncta ab ipso aequidistantia K et P. Distantia vero AK facta sit semidiameter esse unius circuli KX circa centrum A. Distantia autem OP semidiameter alterius circuli PX circa centrum O qui quidem circuli se invicem secent in puncto X a quo cum ductes fuerint XAD et XOF per centra dictorum circulorum, ipse erunt invicem aequales, eo quod cum BK aequalis sit QP igitur XD et QP erunt invicem aequales, sed FX aequalis est QP quare XF aequalis erit XD tunc si X centrum fuerit unius circuli, cuius semidiameter sit una dictarum, problema solutum erit.





Talis etiam solutio commoda erit ad inveniendum dictum circulum cuiusvis magnitudinis, dato tamen quod eius diameter, maior sit BZ cum in nostra potestate sit accipere puncta K et P proxima vel remota ab ipso Z ad libitum. Unde absque ulla divisione ipsius QB per medium, satis erit signare puncta K et P duabus distantiis mediantibus BK et QP invicem aequalibus, et etiam propositis.





But if the distance of the two given circles were such that the second circles cannot mutually touch or cut each other, then one has to proceed by another way which is as follows and which is general. Let the entire line QB be equally divided at the point Z around which two points K and P are marked which are equally distant from it. The distance AK shall be made the radius of one circle KX around the center A. But the distance OP shall be the radius of another circle PX around the center O which circles cut each other in the point X from which two lines XAD and XOF shall be drawn through the centers of the said circles, then these will be equal to each other, so that since BK is equal to QP therefore XD and QP are equal to each other, but FX is equal to QP so that XF is equal to XD, whence if X were the center of one circle whose diameter shall be that of one of those mentioned, the problem will be solved.





This solution will also be convenient to find the said circle of arbitrary magnitude, provided that its diameter is larger than BZ because it is in our power to assume the points K and P to be as close or distant from Z as we wish. Whence without any division of QB in half it will be sufficient to assign points K and P by two distances BK and QP equal among each other and also to the given ones.[54]



Guidobaldo commented:



In omnibus casibus, divisa BQ bifariam, quod quidem punctum fiat centrum, circulus descriptus per BQ transiens semper datos circulos in punctis BQ continget





In all cases, if BQ is divided in half, what makes, of course, that point to be the center, the circle described going through BQ will always touch the given circles in the points BQ




[image: Figure 7.36: Marginal note at the bottom of the first letter.]


Figure 7.36: Marginal note at the bottom of the first letter.

7.15 Letter to Mercato: rejecting an attempt to improve on Archimedes

The chapter is a letter entitled:



Considerationes nonnullae in Archimedem. Doctissimo atque Reverendo Domino Vincentio Mercato.





Some notes on Archimedes. To the most Learned and Reverend Lord Vincenzio Mercato.[55]



The chapter also belongs to that part of Benedetti's treatise in which he collected letters to illustrious personalities. In the present letter Benedetti dealt with



[…] duas Archimedis propositiones, quae in translatione Tartaleae sunt sub numeris .4. et .5. & in impressione Basileae sub numeris .6. et .7. […]





[…] two propositions of Archimedes that appear under the numbers 4 and 5 in Tartaglia's translation and under the numbers 6 and 7 in the Basel edition […].[56]



He aimed at improving Archimedes' arguments with which, as he also wrote,



[…] the mind cannot rest altogether satisfied.[57]



In his first argument he found a way of suggesting a derivation of the law of the lever by a procedure well known from Galileo's later treatise on mechanics, i.e. by redistributing weights with the help of a suspension mechanism that does not change the center of gravity.[58] Imagine, to begin with, a balance suspended from its midpoint carrying two equal weights on its arms (see figure 7.37). In a first step Benedetti considered all parts of the weights evenly distributed along the entire length of the beam, with the center of gravity remaining in the middle. Then he imagined a construction by which the beam is suspended from a point right above the center of gravity by means of two lines (which Galileo later visualized as strings) which are positioned at unequal distances from the center of gravity. In a second step Benedetti considered the beam to be cut in such a way that each of the strings carries the broken parts of the balance from their centers of gravity. From the geometry of the situation and the initial assumption of the uniform distribution of weight the rest then follows, and is indeed left to the reader.

The second arguement deals with the steelyard and how its equilibrium is disturbed by moving the counterpoise. On this second argument Benedetti wrote:



Illa vero propositio, quam tibi dixi Archimedem tacuisse in huiusmodi materia est, quod si duo pondera aequilibrant ab extremis alicuius staterae, in certis praefixis distantiis a centro. Tunc dico si eorum uno manente alterum moveatur remotius ab ipso centro quod illud descendet, et si vicinius ipsi centro appensum fuerit ascendet.





The proposition about which I told you that Archimedes was silent deals with the subject of two weights in equilibrium at the ends of a steelyard at certain predetermined distances from the fulcrum. I say that, if one of these weights remains stationary and the other is moved farther from the fulcrum, that second weight will fall; while if that weight is appended nearer the fulcrum, it will rise.[59]




[image: Figure 7.37: Drawing for a proof of the law of the lever in the second letter of Benedetti's book with marginal notes of Guidobaldo.]


Figure 7.37: Drawing for a proof of the law of the lever in the second letter of Benedetti's book with marginal notes of Guidobaldo.

In his marginal comments Guidobaldo expressed little understanding for Benedetti's approach. Probably he was skeptical about Benedetti's pretension to improve on Archimedes. In his first comment Guidobaldo argued against Benedetti that it is impossible for both the midpoint of the beam of the balance and the point right above it to be centers of gravity of the weights under consideration. This was clearly a misunderstanding triggered by Benedetti's somewhat sloppy use of the word center for the point of suspension above the proper center of gravity.

More specifically, Guidobaldo's first comment refers to the passage at the top of page 381:



imagineris etiam OU quae sit parallela ipsi LK quae divisa sit in puncto I supra G. Hinc nulli dubium erit, cum G fuerit centrum totius ponderis appensi ipsi LK quod I similiter erit centrum cum directe locatum sit supra G hoc est in eadem directionis linea, quod quidem non indiget aliqua demonstratione, cum per se satis pateat.





Imagine also OU, parallel to LK and divided at point I above G. Thus no one can doubt, since G was the center of the whole weight suspended from LK, that I similarly will be the center, since it is situated directly above G, that is in the same line of direction. And this needs no demonstration, since it is quite clear by itself.[60]




[image: Figure 7.38: First marginal note to the second letter of Benedetti's book.]


Figure 7.38: First marginal note to the second letter of Benedetti's book.

Guidobaldo commented:



punctum I esse [cen]trum gravitatis. Deorsum pendet e[x] puncto G, quod est proprie ipso[rum] centrum gravita[tis] immo I non est centrum gravitat[is] ipsorum ponderum sed G.





[he claims] that the point I is the center of gravity [of the weights on the balance]. It hangs down from the point G which properly is their center of gravity therefore I is not the center of gravity of these weights but G.



In his second comment Guidobaldo caught another oversight by Benedetti. He criticized Benedetti for not correctly expressing the inverse proportion in the law of the lever, which is indeed the case. The second comment refers to the passage in the penultimate paragraph of the page (see figure 7.37):



Sit exempli gratia statera AU cuius centrum sit I et pondera U A appesa, se invicem habeant ut IU et IA se invicem habent.





Suppose, for example, that there is a steelyard AU, with fulcrum I and weights U and A appended, and suppose that they are to each other as IU to IA.[61]




[image: Figure 7.39: Second marginal note to the second letter of Benedetti's book.]


Figure 7.39: Second marginal note to the second letter of Benedetti's book.

Guidobaldo noted:



deest permutatio





the permutation is lacking



As mentioned above, Benedetti's idea of how to improve Archimedes' demonstration of the law of the lever was later taken up and elaborated by Galileo.

Footnotes

[1] The transcriptions take into account the samples given by Anthony Grafton in the prospectus of the auction house (Catalogue 38 of Martayan Lan). For an analysis of the deletions, see the appendix.

[2] Benedetti (1585, 141–142), pages 329–330 in the present edition. Translation in Drake and Drabkin (1969, 166–167).

[3] Benedetti (1585, 141), page 329 in the present edition. Translation in Drake and Drabkin (1969, 166).

[4] Benedetti (1585, 142–143), pages 330–331 in the present edition. Translation in Drake and Drabkin (1969, 168–169).

[5] Benedetti (1585, 142), page 330 in the present edition. Translation modified from Drake and Drabkin (1969, 169).

[6] See DelMonte (1587, 145).

[7] DelMonte (1587, 145).

[8] DelMonte (1587, 145).

[9] Benedetti (1585, 143), page 331 in the present edition. Translation in Drake and Drabkin (1969, 169–170).

[10] Benedetti (1585, 143), page 331 in the present edition. Translation in Drake and Drabkin (1969, 169).

[11] Benedetti (1585, 143), page 331 in the present edition. Translation in Drake and Drabkin (1969, 169–170).

[12] DelMonte (1587, 146).

[13] DelMonte (1587, 146).

[14] DelMonte (1587, 146).

[15] DelMonte (1587, 146).

[16] DelMonte (1587, 146).

[17] Benedetti (1585, 144–145), pages 332–333 in the present edition. Translation modified from Drake and Drabkin (1969, 171–172).

[18] Benedetti (1585, 145), page 333 in the present edition. Translation adapted from Drake and Drabkin (1969, 172).

[19] Benedetti (1585, 144), page 332 in the present edition. Translation in Drake and Drabkin (1969, 171).

[20] Benedetti (1585, 144), page 332 in the present edition. Translation in Drake and Drabkin (1969, 171).

[21] DelMonte (1577, 60v), Renn and Damerow (2010, 178). Translation in Drake and Drabkin (1969, 303).

[22] Benedetti (1585, 145–146), pages 333–334 in the present edition. Translation in Drake and Drabkin (1969, 172–174).

[23] Benedetti (1585, 145–146), pages 333–334 in the present edition. Translation in Drake and Drabkin (1969, 173).

[24] DelMonte (1577, 40v), Renn and Damerow (2010, 138). Translation in Drake and Drabkin (1969, 299).

[25] Benedetti (1585, 148–149), pages 336–337 in the present edition. Translation in Drake and Drabkin (1969, 174–176).

[26] Benedetti (1585, 148), page 336 in the present edition. Translation in Drake and Drabkin (1969, 174–175).

[27] Benedetti (1585, 148), page 336 in the present edition. Translation in Drake and Drabkin (1969, 176).

[28] Drake and Drabkin (1969, 282). See section 3.8.8.

[29] Benedetti (1585, 149–151), pages 337–339 in the present edition. Translation modified from Drake and Drabkin (1969, 176–178).

[30] Benedetti (1585, 150), page 338 in the present edition. Translation in Drake and Drabkin (1969, 177).

[31] Benedetti (1585, 152), page 340 in the present edition. Translation in Drake and Drabkin (1969, 179–180).

[32] Aristotle (1980, 339).

[33] Benedetti (1585, 152), page 340 in the present edition. Translation in Drake and Drabkin (1969, 179).

[34] Benedetti (1585, 152), page 340 in the present edition. Translation in Drake and Drabkin (1969, 180).

[35] Benedetti (1585, 154), page 342 in the present edition. Translation modified from Drake and Drabkin (1969, 182–183).

[36] DelMonte (1577, 26v), Renn and Damerow (2010, 110). Translation in Drake and Drabkin (1969, 290).

[37] Benedetti (1585, 154), page 342 in the present edition. Translation in Drake and Drabkin (1969, 183).

[38] Benedetti (1585, 155–159), pages 343–347 in the present edition. Translation in Drake and Drabkin (1969, 184–187).

[39] See the discussion in Büttner (2008).

[40] Benedetti (1585, 158), page 346 in the present edition.

[41] Benedetti (1585, 159–160), pages 347–348 in the present edition. Translation in Drake and Drabkin (1969, 187–188).

[42] Benedetti (1585, 159), page 347 in the present edition. Translation in Drake and Drabkin (1969, 187).

[43] Benedetti (1585, 160), page 348 in the present edition. Translation in Drake and Drabkin (1969, 188).

[44] Benedetti (1585, 162), page 350 in the present edition. Translation in Drake and Drabkin (1969, 190–191).

[45] Benedetti (1585, 162), page 350 in the present edition. Translation in Drake and Drabkin (1969, 190).

[46] See also the discussion in section 6.3.

[47] Benedetti (1585, 162), page 350 in the present edition. Translation modified from Drake and Drabkin (1969, 191).

[48] Benedetti (1585, 163–165), pages 351–353 in the present edition. Translation in Drake and Drabkin (1969, 191–193).

[49] Benedetti (1585, 163), page 351 in the present edition. Translation in Drake and Drabkin (1969, 192).

[50] Benedetti (1585, 164), page 352 in the present edition.

[51] Benedetti (1585, 262–264), pages 356–358 in the present edition.

[52] See the discussion in Bordiga (1985, 634).

[53] Compare also Guidobaldo's discussion in his notebook DelMonte (1587, 148).

[54] Benedetti (1585, 263), page 357 in the present edition.

[55] Benedetti (1585, 380–396), pages 359–375 in the present edition. Translation in Drake and Drabkin (1969, 235–237).

[56] Benedetti (1585, 380), page 359 in the present edition. Translation in Drake and Drabkin (1969, 235–236).

[57] Drake and Drabkin (1969, 235).

[58] Compare Elkana (1968, vol. 2, 161–163) and Galilei (1960b, 153–154) and the discussion in section 3.10.

[59] Benedetti (1585, 381), page 360 in the present edition. Translation modified from Drake and Drabkin (1969, 236).

[60] Benedetti (1585, 381), page 360 in the present edition. Translation in Drake and Drabkin (1969, 169).

[61] Benedetti (1585, 381), page 360 in the present edition. Translation modified from Drake and Drabkin (1969, 236).

				8 Conclusion

In this book we have presented two hitherto unknown, seemingly “marginal” sources, in the true sense of the word: Guidobaldo del Monte's marginal annotations to two key texts of medieval and Renaissance mechanics by Jordanus de Nemore and Giovanni Battista Benedetti, respectively. These annotations shed new light on a long forgotten and seemingly insignificant controversy about the indifferent equilibrium of a balance. This controversy in fact played a crucial role in the emergence of central concepts of mechanical knowledge. At the same time, it constituted a transformation of antiquity in the sense of the construction of an authoritative reference culture – in this case for mechanical arguments – under premises that were themselves created by this culture. These included the transmission of practical and theoretical knowledge about the balance.[1]

In the course of the controversy, the reference to an authoritative and encompassing tradition such as Aristotelian natural philosophy – whether affirmative or negative – provided a model and a reservoir of theoretical knowledge. It sharpened and multiplied conceptual tensions and embedded the specific issue of the equilibrium of a balance in a wider network of knowledge such as the cosmological question of the shape of the earth. Paradoxically, the controversy also resulted in a challenge to the canonical status of this framework by creating a plurality of perspectives on the ancient heritage.

In our historical analysis of this controvery, we have followed an unconventional approach. Rather than concentrating on a “thick description,” in the sense of providing a rich context to render a distant historical situation meaningful for the observing historian, we have attempted to develop what one may call a “long description,” in the sense of tracing into the deep past the chain of historical dependencies that lie behind a specific event. In this way, we have been able to describe the fate of a crucial component of mechanical knowledge as the result of a connected – but not continuous – history in which long-term cumulative effects, the intermittent transmission of material culture and written documents, contingent events, varying cultural contexts, and perspectival changes left a lasting imprint on the conceptual organization of this knowledge.

The changing effect of a weight or a force in dependence on the mechanical constellation in which this effect is exerted was at the core of our study. Formulated in this way, it is immediately evident that our theme touches both on fundamental human experiences with mechanical devices and on a variety of modern physical concepts such as the vector component of a force, the torque, or the mechanical work. Not only did we study how our historical actors were able to deal with their mechanical problems without such modern concepts at their disposal, we were also interested in reconstructing the long-term learning and unlearning experiences connected with the historically changing capability to address this challenge and in the conditions on which this capability depended.

In order to describe these learning processes, we have referred to some of the core experiences underlying mechanical knowledge. In particular, we have identified a small set of core experiences that have shaped early mechanical knowledge, such as basic human experiences with force and motion, with the equilibrium of equal-arms balances, and the novel experiences made possible by the invention of the balance with unequal arms in Greek antiquity. Two fundamental concepts of shared theoretical mechanical knowledge played a central role in this study: the concepts of center of gravity and of positional heaviness. These were shown to result from alternative reflective abstractions based on the same core experiences with the equilibrium of a balance.

The analysis made clear, first of all, that the competence in dealing with the changing effect of a weight was strongly shaped by specific historical contexts, including the existence of overarching conceptual systems such as that of Aristotelian natural philosophy. But it has also become evident that an equally important role was played by the existence and character of the long-term historical transmission processes that bridged the various contexts and historical periods. In addition, the mode of appropriation of the transmitted knowledge has turned out to be of crucial importance for its formation.

Thus, the Aristotelian Mechanical Problems gave a written record of insights emerging from the identification of the lever and the unequal-arms balance. They appeared in a specific historical context in which mechanical devices posed a philosophical problem since they seemed to contradict the principle that large effects require large forces. The mechanical writings of Archimedes, which established the concept of center of gravity, were part of Greek mathematical literature that emphasized virtuosity in solving abstract problems. Heron's treatise on mechanics, containing a compilation of elements of prior Greek mechanical knowledge, was probably representative of Alexandrian technical literature. The works of Thābit, al-Isfizari, and al-Khāzini were written in an Islamic empire in which far-reaching commercial relations and Greek philosophical and scientific education were key factors. Accordingly, they focused on the balance as an important commercial instrument, conceptualizing it within an Aristotelian context. Jordanus, writing at the beginning of Latin medieval scholasticism, followed in their footsteps and, by adding a sophisticated Aristotelian twist to the understanding of the effect of a weight, formulated the concept of positional heaviness. Early modern authors such as Tartaglia and Cardano addressed the challenging objects of their time on the basis of whatever they could assemble in terms of transmitted sources. Later early modern writers such as Guidobaldo and Benedetti attempted to reconcile and systematize this fragmented intellectual heritage, and in particular the concepts of positional heaviness and center of gravity. Galileo and his followers began to create a new synthesis based on their work.

While this summary may seem to suggest a cumulative, if not progressive historical process, this is not what we wish to claim. On the contrary, with regard to the question of the behavior of an equilibrated balance removed from its horizontal default position, Archimedes himself, in the third century BCE may well have been in a position to argue in favor of its indifferent equilibrium. We cannot know this for certain as too much of his work has been lost. But what is clear is that this insight had been formulated and then forgotten several times in the course of the long history of mechanical knowledge. Al-Khāzini in the twelfth century included it in his work; Leonardo da Vinci probably found it independently more than three hundred years later. And Guidobaldo del Monte, about another century later, claimed it as a key insight of his own research in mechanics. Ironically, this alledged key insight ultimately turned out to be untenable when confronted with the implications of a spherical earth. What had been transmitted across different cultures and long historical distances were evidently not specific insights, but rather some of the means to gain them. Indeed, for all we know, there was a continuous tradition of the practical knowledge needed to produce and use balances with equal and with unequal arms, from Greek antiquity via the Arabic world to the early modern period, probably even reaching China via the Silk Road. Also some elements of theoretical knowledge, such as the law of the lever, basic features of Aristotelian dynamics, and the Euclidean model of organizing scientific knowledge have been more or less continuously, even if sometimes rather tenuously, transmitted in the larger Mediterranean world. This knowledge substratum was evidently sufficient to provide the stimulus for tackling over and again similar mechanical problems such as that of the equilibrium of a balance and to offer solutions to them. These may have differed considerably and were, in any case, often lost in transmission.

But such losses in transmission constituted a remarkable force of innovation in the development of mechanical knowledge. In the ninth century, Thābit ibn Qurra attempted to clarify an unidentified Greek work on the balance, evidently unaware of the Archimedean proof of the law of the lever. In the course of this attempt, he introduced an approach that justified the law of the lever on the basis of Aristotelian dynamics. This would have far-reaching consequences, in particular, for the later formulation of the concepts of positional heaviness and for the work principle. In the thirteenth century, Jordanus tried to rebuild a science of weights according to the Euclidean model and Aristotelian standards, although he lacked knowledge of Archimedes and the more sophisticated Arabic treatises on the balance. In consequence, he introduced the concept of positional heaviness, which enabled him to address novel problems such as that of the inclined plane. Finally, the fragmentary character of mechanical knowledge transmitted to the early modern period forced its protagonists to concentrate their efforts on probing its consistency and establishing innovative connections among its basic concepts. This gave rise to attempts such as those of Maurolico and later Galileo to build a science of mechanics around the concept of momentum.

With regard to our central issue, the equilibrium controversy, the early modern situation differed significantly from that of earlier periods. This was not due to special new insights or approaches concerning, for instance, the experimental method or the increased interest in phenomena of motion. The fact that so many scholars dealt with this controversy in one century, probably more so than in all the preceding historical periods, made a major difference, as did the unprecedented ease of communication facilitated by the availability of paper and print. As we have seen, what had been accumulated over previous centuries was not necessarily the knowledge, which had often been lost, but rather the potential for knowing. This was embodied in such means for representing knowledge, but also in a material culture that offered ever more challenging objects on which to probe and develop whatever fragments of knowledge had become available.

Whatever appears to us in hindsight as major breakthroughs, such as the establishment of the indifferent equilibrium by Guidobaldo, the successful treatment of the bent lever by Benedetti, or the connection that Galileo established between the bent lever and the inclined plane, thus result as much from the long and fragmented history of mechanical knowledge as from the intense exploitation of this history in the era of preclassical mechanics. In rapid succession, Guidobaldo revived the Archimedean treatment of the balance, Benedetti extracted from Jordanus a generally applicable method for treating the bent lever, and Galileo combined such advances in his own pivotal work on mechanics. The fact that Galileo did not properly acknowledge his sources, banning Benedetti's name from his work, is as much a characteristic of this time of intense scholarly competition as the cumulative advance that was nevertheless achieved.

In the early modern period, the network of knowledge spanned by such insights and their connections became ever more dense. This led to an unprecedented stabilization of this network, and also to its transformation into a system of knowledge in which these insights could be derived from the fundamental principles of classical mechanics, which matured in the following centuries. This advancement made it much less likely, albeit not impossible, that insights such as those incorporated in the different contributions to the equilibrium controversy could again be lost. The future long-term stability of this achievement will also depend, however, on whether and to what extent the other equilibria mentioned in the introduction, concerning the relation between humanity and its environment, for instance, or the equilibrium within human society usually designated as “justice” and symbolized by a balance in equilibrium, can be maintained and supported by the development of science.



Berlin, December 2011.
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Footnotes

[1] For the concept of transformation of antiquity we are indebted to joint work with Hartmut Böhme, Georg Töpfer and other colleagues in the context of the SFB 644 Project, see Baldi (2011). For a specific treatment of the transformation of ancient mechanics from this viewpoint, see Damerow and Renn (2010).

				9 Timeline

				Early third millenium BCE
				

				The balance with equal arms is introduced in Mesopotamia and Egypt

				(Damerow et al., 2002, 93)
				

				Late fifth century BCE
				

				First mention of a balance with unequal arms in Greek literature

				(Damerow et al., 2002, 95)
				

				Fourth century BCE
				

				The question of the return of a balance to its original position is raised in the Aristotelian Mechanical Problems

				(Aristotle, 1980)
				

				Third century BCE
				

				The concept of center of gravity is introduced in Archimedes' Equilibrium of Planes and employed in a proof of the law of the lever

				(Archimedes, 1953)
				

				First century
				

				The problem of the bent lever is treated in Heron's Mechanics

				(Heron of Alexandria, 1900)
				

				Early fourth century
				

				Part of Heron's work is quoted in Pappus' Collection

				(Pappus of Alexandria, 1588)
				

				Before 901
				

				The law of the lever is proven from Aristotelian dynamic principles in Thābit ibn Qurra's Book on the Steelyard

				(Abattouy, 2001)
				

				1048–1116
				

				Thābit's work is elaborated in Al-Muzaffar al Isfizari's Guiding the Learned Men in the Art of the Steelyard

				(Abattouy, 2001)
				

				1121–1122
				

				Abu al-Fath Khāzini argues for the indifferent equilibrium of a balance in his Book on the Balance of Wisdom

				(Abattouy, 2001)
				

				After the late eleventh or early twelfth century
				

				Manuscripts of the Aristotelian Mechanical Problems begin to spread to the Latin West from Byzantine sources
				

				(see section 3.4.2)
				

				Twelfth century
				

				A version of Thābit's work, suggesting that the balance returns to its original position, is translated into Latin, probably by Gerard of Cremona, under the title Liber Karastonis
(Moody and Clagett, 1960)
				

				Thirteenth century
				

				Jordanus de Nemore argues, with the help of the newly introduced concept of positional heaviness, that the equilibrated balance returns to its original position in his contributions to the science of weights
(Moody and Clagett, 1960)
				

				The work of Archimedes, and in particular the concept of center of gravity, becomes known in the Latin Middle Ages through the translations of Willem of Moerbeke
(Clagett, 1984)
				

				1452–1519
				

				In his manuscript notes Leonardo da Vinci argues, using the concept of center of gravity, for the indifferent equilibrium of the equilibrated balance
				

				(see section 3.4.2)
				

				1495–1498
				

				The first printed edition of the Aristotelian corpus, including the Mechanical Problems, is published by Aldo Manuzio
(Aristoteles, 1498)
				

				1533
				

				Petro Apianus publishes Jordanus' Liber de Ponderibus containing the claim that the balance returns to its original position
(de Nemore, 1533)
				

				1546
				

				Niccolò Tartaglia publishes his Quesiti, et inventioni diverse exploiting the work of Jordanus and defending the claim that the balance returns to its original position
(Tartaglia, 1546)
				

				1548
				

				Francesco Maurolico defines the concept of momentum in his Archimedis de momentis aequalibus. His work remains unpublished until 1685
(Maurolico, 1685a)
				

				1550
				

				Girolamo Cardano proposes various measures of positional heaviness and defends the claim that the balance returns to its original position in his Hieronymi Cardani medici mediolanensis de subtilitate libri XXI
(Cardano, 1550)
				

				1565
				

				Niccolò Tartaglia publishes an edition of Jordanus' De ratione ponderis containing an argument pointing toward a new measure of positional heaviness
(de Nemore, 1565)
				

				1577
				

				Guidobaldo del Monte argues in his Mechanicorum Liber, using the concept of center of gravity, that the balance does not return to its original position and claims this insight into its indifferent equilibrium as his own major contribution
(DelMonte, 1577)
				

				1581
				

				In the Italian edition of the Mechanicorum Liber Guidobaldo del Monte refers to experimental evidence in favor of his claim

				(DelMonte, 1581) (see page 87ff.)
				

				1585
				

				Giovanni Battista Benedetti introduces, in his Diversarum speculationum mathematicarum et physicarum liber, a “new measure” for the positional effect of a weight or a force and argues for an indifferent equilibrium of the balance under terrestrial circumstances and for the claim that the balance tilts into the vertical if the spherical shape of the earth is taken into account

				(Benedetti, 1585)
				

				1588
				

				Guidobaldo del Monte insists on a strictly Archimedean approach to the treatment of the balance in his In duos Archimedis aequeponderantium libros paraphrasis

				(DelMonte, 1588)
				

				After ca. 1592
				

				Galileo Galilei takes over Benedetti's measure of positional heaviness and introduces the concept of momento. Together with the concept of center of gravity, defined in terms of momento, this becomes the basis for his treatment of mechanical problems such as the inclined plane
				

				(see his treatise Le mechaniche (1909b), written in the 1590s and later published in French as Les méchaniques (1634))
				



				10 Online sources

The ECHO project (European Cultural Heritage Online) of the Max Planck Institute for the History of Science is continuously extending its collection of sources. In collaboration with other institutions, these are made freely accessible as text files in XML format and/or as high quality images via the website: echo.mpiwg-berlin.mpg.de. The sources mentioned in the present publication and listed below are currently accessible in this way. For their cooperation and support, we are particularly grateful to the Bayerische Staatsbibliothek in Munich, the Biblioteca Nazionale Centrale in Florence, the Bibliothèque Nationale de France, the Biblioteca Oliveriani in Pesaro, the Bibliothek Werner Oechslin in Einsiedeln, the Linda Hall Library in Kansas City, the Museo Galileo in Florence, the Museo Leonardiano and Biblioteca Leonardiana in Vinci, the Niedersächsische Staats- und Landesbibliothek in Göttingen, and the University of Oklahoma Libraries.

10.1 The first editions of Benedetti's Diversarum speculationum mathematicarum et physicarum liber and of Guidobaldo del Monte's Mechanicorum liber


		
DelMonte 1577


	Benedetti 1585

– supplemented with Guidobaldo's handwritten marginalia




10.2 Early modern printed treatises on mechanics


	Tomeo 1525


	de Nemore 1533

– supplemented with Guidobaldo's handwritten marginalia


	
Apianus 1541


	
Archimedes 1543a


	
Archimedes 1543b


	
	Tartaglia 1546


	
	Cardano 1550


	
	Benedetti 1553


	
Commandino 1565


	
de Nemore 1565


	
Piccolomini 1565


	
DelMonte 1581


	
Aristoteles 1585


	
Stevin 1586


	
DelMonte 1588


	
Stelliola 1597


	
DelMonte 1615


	
Baldi 1621


	
Galilei 1655a


	
Galilei 1655b


	Maurolico 1685a



10.3 Other printed Renaissance sources

	
Taisnier 1562


	
Vitruvius 1567


	
Cardano 1570


	
Benedetti 1574


	
Benedetti 1579


	
DelMonte 1600


	
Pappus of Alexandria 1660


	
Maurolico 1685b



10.4 Renaissance manuscript sources

	
Galileo 1589


	
Galilei 1602


	
Galilei 1634


	
Baldi 1707




				11 Appendix: Analyses of iron gall inks by means of X-ray fluorescence analysis Oliver Hahn and Timo Wolff

11.1 Introduction

A copy of the first edition of Giovanni Battista Benedetti's Diversarum speculationum mathematicarum et physicarum liber exhibits some notes in the margins by Guidobaldo del Monte that were written with iron gall ink. Some of these comments were covered with deletions also carried out with iron gall ink. The study presented here was carried out with the aim to find out if it would be possible to read the original comments underneath the deletions.

The application of band pass filter infrared reflectography technique or fast scan X-ray fluorescence mapping requires a distinct difference between both ink materials. By means of X-ray fluorescence analysis (XRF) we have tried to find out the elemental composition fingerprint to distinguish between both inks.

11.2 Iron gall ink

Iron gall ink is the most used drawing and writing material in Western history.[1] In general, it is produced from four basic ingredients: galls, vitriol, gum Arabic as a binding medium and an aqueous medium such as wine, beer or vinegar. By mixing gallic acid with iron sulphate, a water-soluble ferrous gallate complex is formed. Due to its solubility, the ink penetrates the parchment surface, making it difficult to erase. When exposed to oxygen, a ferric gallate pigment is formed. This complex is not water-soluble, which contributes to its indelibility as writing ink. Due to the variety of different recipes[2] and the natural origin of different materials, there is a wide range of different components and impurities in historical iron gall inks.

Vitriol, the main source of iron in the iron gall inks, was obtained from different mines and by various techniques.[3] Therefore, inks contain many other metals, such as copper, aluminium, zinc and manganese, in addition to the iron sulphate. These metals do not contribute to color formation in the ink solution but possibly change the chemical properties of the inks. The determination of different inorganic components in iron gall inks provides the basis for the differentiation of these writing materials.

11.3 The archaeometric fingerprint method

The chemical composition including trace components is a characteristic property of an art object. As mentioned before the qualitative and quantitative investigation of minor or trace components leads to composition fingerprints which allow to differentiate between varying iron gall inks. This is usually not possible by means of visual examination or with further non-destructive techniques.

For a reliable quantitative analysis of the XRF-data, several technical parameters have to be taken into account. Due to the fact that light elements such as carbon, oxygen and hydrogen, which are not detected with energy dispersive XRF, are the main components of the ink as well as of some inorganic additives to paper, an absolute quantification is not possible. However, the determination of a fingerprint which represents the amount of a detectable trace element in relation to the main compound iron enables the characterisation of different iron gall inks. As mentioned before iron gall inks contain many other metals, such as copper, aluminium, zinc and manganese, in addition to the main inorganic component iron sulphate. The fingerprint method relies on the determination of characteristic elemental compositions in samples.

In the fingerprint model, the ink-paper system is regarded as a three-layer-model-system with a top layer of iron gall ink, a diffusion layer with a linear decreasing amount of ink and a bottom layer consisting of paper. For this system of layers a fundamental parameter approach[4] for the primary fluorescence is made. The primary intensity can be expressed as the sum of the contributions from the ink and from the paper. The successive computations take into account all physical phenomena which contribute to the formation of X-ray fluorescence. After all, this leads to the fingerprint value, which depends on three parameters: the transmission of the entire system, the penetration depth of the ink into the paper and the ratio of the absorption coefficients. For all minor constituents i such as copper, aluminium, zinc and manganese a fingerprint value W can be specified. This fingerprint value represents the amount of a minor constituent relative to the main compound iron (e.g., W = concentration (Cu) / concentration (Fe)).[5]


[image: Figure 11.1: Mobile XRF spectrometer.]


Figure 11.1: Mobile XRF spectrometer.

11.4 Experimental set-up

Analyses were carried out with the mobile energy dispersive micro-X-ray spectrometer ArtTAX® (formerly Röntec-GmbH, Berlin, Germany, see figure 11.1), which consists of an air-cooled low-power molybdenium tube, polycapillary X-ray optics (measuring spot size 70 µm diameter), an electrothermally cooled Xflash detector, and a CCD camera for sample positioning. Furthermore, additional open helium purging in the excitation and detection paths enables the determination of light elements (11 < Z < 20) without vacuum. All measurements are made using a 30 W low-power Mo tube, 45 kV, 600 µA, and with an acquisition time of 25 s (live time) to minimize the risk of damage. For better statistics, at least ten single measurements were averaged for one data point. Further details concerning the method are described elsewhere.[6]


[image: Figure 11.2: Elemental fingerprints (quantification by means of fundamental parameter approach) of “original” iron gall ink and “deletion” iron gall ink.]


Figure 11.2: Elemental fingerprints (quantification by means of fundamental parameter approach) of “original” iron gall ink and “deletion” iron gall ink.

11.5 Results

The original iron gall inks as well as the deletion inks have the same elemental composition. Taking into account the measuring faults (see error bars in figure 11.2) it is obvious that there is no difference between “original ink” and “deletion ink.” Due to this result it will not be possible to distinguish between both ink materials. As a further consequence it will not be possible to read the original comments underneath the deletions by use of non-destructive techniques.

Footnotes

[1] Krekel (1999).

[2] Oltrogge (2005).

[3] Hickel (1963), Lucarelli and Mandò (1996).

[4] Wolff (2009).

[5] Malzer et al. (2004).

[6] Bronk et al. (2001), Hahn et al. (2004), Wolff (2009).
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		Part 3: Facsimile of Benedetti's Chapter on Mechanics
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mere.n&ad clevandum.e.oportebit atcollere.u.Et quia omnia fupponuntur zqua
liz,clarum quoque erit,commu~

nifcientia ,tantam virtutem in

nquant fficiecadacollendd / o
a.in.u.quog; fefturamad cle- S

vandum.e. quia cli zqualibus an 2
gulisijs,quibus du virmures. .
et.n.annituntur.o.centro, ita. c.

& contrario fio centro.0.an
nituntur. & omnes rationes pro
vete.a.0.0.quarto quintod huius tradta-
ruscapitibuscitata,vedt.oze. . ve farisfa
perdiindidocapie.5.comunine por-
une.

‘Nunc icaliqua pars ligni cindenda fe-
etndum venulas fuas.d.c.£.g. & it cuncus.
a.b.c.qui vimallci. P. vique ad.c.x.penc-
rarit. Hinc clarum erit , quod apertura
i.m.r.ligni , poft quam infigicur cuncus fe
cundum venas,longior eritpartex.b.t.cu
nei, quzingrefa cft. Oportet nuncima-
‘ginari duos veétes imiles fupradi 3
o.inhunc modum, ve pun@ta.i.: ignifine
loco.u.cxtremi ipi vedtis, et.txJoco vir
wutis applicateipfi. v, & refiftentia circa
punéum.m.loco ponderis.c.ve@is..
didti, & pars. K. quafi immediaa poft.m.
erfus extremitatem.c.ligni it loco hy-
‘pomochlij.o. Hincfiecve quanto longio
seserunclinea.m Kict.r. m.K.anto quo
que facilius virtutes.t.cimpellentiir o
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- Quemadmodum ex[upradiétis canfis ommes Saterarim €5
wieliym canfedependeant.

CAP. IIIL

Vklmchij longionsalicuis faterae aut vedis,maior breuioris,ab ijs,quein it
periovibus capitibus diximus, ideftg nitatur pendeaté magis aue minus3 9
centro pondusin extremitate brachij maioris pofirum,oboritur. Quamobremillnd
2 nobis primdeft:cognofcendum , ffateras jaut vectes , puras mathematic
neasnon eff, fed nacualesyhincque exiftere corpora cum materia coniun
igiturimaginemur.n.s.cam fupecficicm elfe,qua fecunidum longizudiner
. cere cindit.& fapponams ipfius centrum effé primum in.i.& maius brach
minusautem. i. . & lineam verticalen. i, 0. qua tnta fic, quanza eft (pilitu-
do,auc craffiics ipfius faceraea fperiori latere ad inferiusad fciliorem incelligen-
tiam, fiipponendo.n.s.parallelogramiam. Pofits igitur duobus pondecibus 2q;
o usin exremitatibus brachiorum,expetientia innotefcit,g pordas a
g e fum, viol entiamfaiec pondéri appento ad.nx.fed mos volumusin

o 55 e
Wgﬂr b St e VoA AT oD GnEs . 9 A

i Tam disins faxeram, e veétem materialem ffe &.n.s.cius fup
diam,fupponcado.i.effé centrum quoniticur dicta flatera uc vedtis; C
goita fchabeafintus.c.nxlineinclinationum ponderum , & imaginemur,

«  diéta pondera pendeanca punétis.uer.n.vereucra pendent, etiam (i appenfa.eflent
fibisict. x. quia punétum..& punctum.n.ica coniuncta fant cum.s. ct.x.ut qui v
wwahialterum quoque rahat, Imaginemur quogue duas lineas. i. u: i.n. et
iic.faciarangulum,o.c.zqualem angulo.o.i.n Hinc clart nobis patebit, i quis ipii
;pondusiphius.u. (g aquale eft pondeti:n.) appendere,id candem plané vim habe
rét,quam pondus iplius.n.habes, & flaceram neque furfum, neque deorfum m

7 rer,quiaambo pondera ad centrum.i.mediantibus lineis.e.i.ctn.i. ex ¢quo annice-

ventus ,fed dicto ponderepofitain.uli ex quam pondus c

. magis orizontalis quam.euk.fit,&lincatsinlinationis longius diftansa centro.

e quainilinca.e.c.ynde huinfmodi pondus magis quoque liberuma centroisefuleac.

L, magisqe ponderofim, quam cum eratin.c.ratione corum, quée primo & fecundo :

capitibus diximus,& ob hanc caufam fperat pondus poficumin.n . Sed fi centrum

Bt e ficri.in.o imaginabimur duas lineas.0.5.¢t.0.x.& fupponemas quod pondera po-

Sy diciea Gine inis. ec. xavnde exiftence magis orizoneali linca.o. rit.0.
= 8 u.sinclinacionis Jongius iftante  centro.0.quam linea.e.t.¢ius pondus cric quogs A

Ao — |
T podns A g St 14 7St 1+ FASEIL,
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fus.u.A, C. equalis ie
angulo K. B. T. &an-
gulus, C. A. F. xqua-
Tisangulo. T.B.Z.niic
comparatio cft inter
angulum.D.B.F.& an
gulim.K.B.Z. miltili-
neos,qui quidem duo
anguli, comuncm ha-
bencangulum miftili
neum.K.B. F.quapro-
prerfiangulus.K.B.Z,
miftifineus maior cft
angulo.D.B. . mifti-
linco per angulum.

circulorum ergo angu

ncas com-
munis K.B.F. zqualis
eriemiftilinco , anga-
fo. D.B. E. patsvide-
Jicer {ui t0t0. Omnis
autem error in quem
Tartalea, Tordanusq;

fincas. inclinazionam
pro pacallelis vicifim HVD

fumplerunt , emana- w

nit.

Septima propofitio Tartslez, qua eft gnta quaftio Tordani mihi videf excipien-
datifu,cum pondusipfius. A.ponderiipfius.B.exiftens zquale, grauius fic pondere
ciufdem.B. racione minoris apertur anguli contingentiz in. A.quam in. B. in quo
idem error commircicar, qui in prazcedenti committcbatur, cum (cilicer ipfe putee
tincas. A.E.ct.B.D. figurz ab co confict fibi inuicem effe parallclas , qu criam i
=quidiftances effenz(vnde angulus. E.A.G.minor effét angulo.D.B.F.)non cam 2
‘men ob caufam huiufmodiangulorum differentia caufa eflct differentia granicatd
ipforum. A.ec.B.ob ea quz cap.4-huics ractatus pofi.

Oaua autem propofitio,quz eft.6.quaftio Tordani long2 melius demonttratur
ab Archi.in.6.lib.primi de ponderibus, cum nec  Tordano,neca Tartalza probata
fucrit,cumijdem non probauerint pracedentes, quas in dicta.8. Tartalea citar, qui

probat nonam. ro. 11. 12. et.1 3.cumad precedentes probandas mini

Quartadecima verd,queeft. ro.queftio Tordani,dias ob caufas eft flfs, quarum
‘via eft g fupponendo. A.D.E.G.B.clfe ynum brachivm libre,ct. Aupunctam céeri

m,et.D.pondusequale ponderi. & lincas inclinationum.D.K.cr.E. M) an
gali. K.D.E.ctM.E.G.fibiinuicé n fincqualesici lleangulus e incrinfecus,hic
vero extinfeeus & oppofitus dicto inwinfeco vl eridgulicerminai3.D. E.
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Sed.qb, fimititereres quinceeftipfiusidibe. pradicts. Quare.qur.ares quiic
eritipfus.F.g-ex. 19 quinti-

‘Dicamusigitur hoc modo cam. £b.torwm ad totum.b. £, ird fe habeat ve abfeifs
fum.bgadableifum.q.b.ex.z.et8. dict primi libriciufdem ideo refidunm. £ g.ex
fibadrefidoum.nq.exbieritve totum.£b.ad.cotum.r.biex. 19.quinti Eucli.

‘Sediamfitb.f, probuimsifa fchabere fruftum,a.die.c.4d parabolam.d.b .. v
tadie.nfed mitadenicaafumpea fait(vbi.A.).ir-ad quam fic e haberer. £
Butioc efttees quinewiplius . g hoc effiq.r. quare ex.x I quinti._proportio frufi. a.
d.c.cad parabolam partialem erit vt.q.rad.r.i. Eiftenteigin.t. cenero totius pa
rebole etq.centto ssergo d.centsu eric frufti propofici+

Sed fi nullofolido incercedente;voluerimus centrum.i frufti.a.e.citiusinuenire -
inueniemus primé centrum.r.cotius figura ex.8.fecundi ciufdem conftitucndo
tres quinkas totius axis.b.f.& centrum. q. parabol.d.b.c. partialisfimiliter.

Nunc igictr manifeftum 'eft nobis,eandem proportionem fore ipfiis .q.r+
2d. .i. qus frufti.a. c. ad portione. d. b.¢. ex. 8. dida. Vade ex coniundta pro-

rtionalitate ita ¢ habebit.qilad.i.r.vtab.cad.db.c. fed veab.caddb.cita &

abet. m.n.ad.n.t.co quod ynaquaque harum duarum proportionum fefquialtcra
eftproportioni.£b.ad.b. g.coquod.£b.ad.b.g.ita ¢ habec.ve. m. . ad. o. n. quare
m.n.ad.taitachabel ad.r.i.vnde difiun@im.m.c. a fc habebit ve
q.rad.ri. Iungatur giur.. noad.m.ve
“habeaturcentrum frafti.”
DE-
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et. E. M. lineis productisvique ad centrum regionis clementaris,vnde dictusangu-
Tus. M.E.G.maior cftaliosex. 16 lib.primi Eucli Qua ratione firythanc ob cavfam
E.grauius fic ipfo.D.cum minus dependeac centro. A. Ve primo. cap.huius tractacus
i divi. Alia quoque cfratio,qua diétum . E. grauius it ipfo. D. qu quidem eft
‘maior diftantia: centro. A. libra , per fimiles rationes capit. 4. huius tractacus ci-
s
Decimaquinta quog nil penitusvalet, que et x1.quglto Tordani,cuivs Aucho-
is opufculum opera Traiani Bibliopols Venetifs  tencbrisinlucem emerfit

Quad(ummaratione flateraper. squaliainterualla
Jfint dinife -

CAP IX.

A gna cumsasione dividatur atere perinteruallagqualia, inlibras autin ~
s 2 quoquo alio modo.. Nam fit facera cxempli gratia.a. be
& punétum; 4 cam fuffinee . ¢ & vasludpconcineeid, quod ponderar debec
T aginemar huncquod pondssbrachijc.b.ab una partet pondus bachijc .l
o it dk vafsbab ltera paree i cauf quibus faera.ab.c. et orizontas
f e orizontali manentiimaginemurad punétum. 3. adiunétum effe pondus,
B v Tibrg. & ad pun@um.d.tam diftand d.ca efta.abipfo.c.aliud quoque
pondus vaius libr additi cffe,vnde coi quadi (cientia ftatera,non moucbitur fitu.
e exifentibus duobushifee ponderbus aqualibusalierond. & lccroinatemo
22 cum effent.d.b.ct.fabfque dubio.a.d.non ‘mutaret fitum,fed. ety fitu, in-
Quoreperiunur centro paribus viibuspredica fnt. Addendo giurd-b. iph.
b afumma carum, equalibus quoqueviibus conftabunt . x commin fene
e aber f cqualiousaddascqualia, toa quoque fen equalis. Siverd
ponder pius . aliud adderecur cidem equale, haberemus n- 2.duplom por
B ooes  ct pfis.d fed volentes vefolum cum pondere ipfiu.d.fatera tezorizon
s dictum pondus pfius.d.longé difabic  centro.c.per duplum ipfus.c.a.ideft
plius.c.d id g volumus afque-
Pur, bencficio fopraditarmea @ P
tionum,adiuti opera fexte ib.pri
mi de poderibus Archimedis Ex
fiquis liad quoq; pondusadiun
faecipiaaquale liprioi,ad 5@
& Hcicdum,ve ftarera femperori
O et et aporsea vt podusipfius.d ab.clong? diftret, it ve uiufinodi
i Ramti ripa efe rime B i pr quoféam quaf gradus inerall redderertur
qualia. Quod
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grauius,quia tantd minus pendebit 3 centro. 0.& ratiocinando, ve fuperius di
Tmus,invenicmus cundem cifcctum verum ffe. In faterisyrecté & propricappella
i poteft . sau.n.o.u.orizontalis,fed in omni ve@ium pecie,hociturn per quan
dam fimilicudinem dicetur.Idem contemplari licet fupponendo centrum in medio
intero. cri.quod vnufquifque ex fe abfque aleeriusauxilio facile praftase poteric.

De quibufdam rebus animaduerfione dignis .
CAP V.

On omiteenda mihi vidétur quedam, qurad radation? vetium admodum

fune neceffaria. Quod auzem quarimus, in eo confiftt, quod aliqui vettes
éhibeanturad opus, quorum centrum, quod Greeci hypomochlis appellant vnum.
eft s cxtremis ipfius vedtis, & pondus » quod furfum eleuari debet, inter ipfa-
Inet exerema iacet, propinquum tamen hypomochlio, ve exempli gratia, fi veétis
effet infraferipea figura.o.s.u.x.cuius hypomochlion effet in puncto.o. & pondusin
to.n.clarum ciit, g cum cleuari debear.n.oportebit quoque opera manus ele-
tartu. Nuncconfiderandum eft quomodo pondus.n.annicatur ad.u. Hanc ob ca
fum imaginabimur reétas lincas.n.om..e:n.t.etnu.quarumn.i.verfus mundi cen
trum fit pofita,ct.n.t.faciar angalum.i.n.t.zqualemangulo.i.n.o.Nunc ponendoal
quam virtucem i linclinatione ad fuperius conftante,ve.n. ad inferius (re-
Tota tamen grauitatc materiz ve@is) huiufiodi virtus,totum pondus ipfius.n.com
‘musi quadam fcientiz notione fuftinebir. & i podusipfiusn.effetin.x. € direéto fa-
per.o.totum pondus fuper hypomochlio ¢ haberer, & taneavirtusipfius hypomo-
bl fufficerct ad refftendum pro faftinendo,quanta it grauitas ipfius ponderis,
Fed ipfm iccrum ponamusin.n.ibi clarum erit, quéd i alia vircus & paree inferiort
ad fuperiorem vectisnon epponitur,cscepto tamen hypomochlio,oportebic virt
e cuiufdam partis ponderis.n. (abfque confideratione tamen,ve jam digi , ponderis
‘matcria vedis) ve vedisa parec.s.u.deprimarur,& dixi vnius cuiafdam partis pon-
deris.n.quia alia cinfdé ponderis pars annicicur pf hypomochlio. o. medidrelinea
‘o.n.quarangalosrectos cum.o.x.non facic. S aucem & punéto..opponcr fefe huiul-
‘modi refiftentia,ve vectis non deprimatur,clarum eric communi {cientia, g virtus
diuifa exit per medium zqualicer, cuis via medietas fuper. o.quicfcet,
.t.medizntibus duabus lincis.n.o.ex.n.t. Imaginemur nunc refiltentiam
e polf i n.ipfi.e.

annitecur bencficio linezen.c.quamis
pinquior quan.o.quia omais efifientia aucin. iaucin. ¢.utn. . aut in.u.clloco
§ e quemadmodum eto&alter alcerius operaiuuatar. Si vero cademreliften
i polita ericin.u.clarum quogue ritg minor pars ponderisn.annietu ipfinqu
pio.com dicta.ni.a cenco.u.Jongius quam  entro.0.diflt, & proportio partis
ponderis.n.in.o.ad propor=

tionem partis ponderis.nin A

w.non erit fecidum propor <
tionem anguloram.u.n.i.ce

oun.i.fed fecundum propor

cionem. uiadioquodcla o o Do

vé comprahendi potet b
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Deuera canfa.3 o.questionis .
CAP. XXINI.

N oo oo duy fedet (non tamen Turcarum more ) fi velie
fufein pedeserigere,calcancosretrahit, veefficiat angulum acuum,cam fe-
moribus coxisa parte inferiori& ventrem inclinat, ad conftituendum etiam angu
lum acutum in fuperiori parte,ea cft; v totius corporis pondus) cx¢quo, ideftab
oppoficispartbus cirundsclineaeftam, qor ek perlocam, i o congie
feune pedes verfis mundi cenerum.ideftur edatur equilibrium ponderis ipfius cor-
poriscircum lineamillam, que ub pedibusinferaitpro fparto.. Vnde aperiendo,
deinde dictos duosangulos circa dictam lined,abfque vlla diffculrate erigitur cor-
pus,&abique periculo inalterutram partem cadendi.

De ratione.3 5.65 ultims quastionis.
CAP. XXV

V Era ratio, quare , que reperiuntur in vorticibus aquarum , femper'verfss
medium  ipfarum vertiginum vniuntur , inde promanar , quod media
vertiginum femper deprefiora funt . vnde quod dida corpora ad medium acce-
dant,nihil aliud eft,quimipfa corpora fuo pondere granitateque defcendere,fign
ra enim vorticibus elt quali conica, & concaus cam angulo deorfum,& gyro balis
furfum. Aque hae vers cft huius cffcdtus caufs, & non ea quam Ariffotcles ponit,
& quo aliarum omnium quaftionum, qus ego opifirationes funt ben? propofice.

DISPY-
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Quamuis Futotius ribat iper duas vimas ibifecundi de centrs grauid,nihil
miroripfurm tibi non ficisfacere. Accipe igitur quod cgo nunc tibi mitco.

Archimedescoin loco primi fupponit in penultima diéi libri quacuor lineas
proportionalcsabs c:b d.b t. .b:fupporit ctiam quod proporio qua cftpfius.
€bad.ca.cadé i guz ipfu.. gad s quinas ipisa.d & quod propordo com

polic dupliplius.b.cum quadruplo ipfus.b..cum excuplo ipfius.b.d. cm riplo
¢ ¢ 3 o e b,

% 4 5 5
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flae. Ex quamuis appellem Jatus.B.Coorizonaale , fupponens lludangulum fectum
cum. C.0. facere,vnde angulus,C.B.Q.fic vt minor ft reéto., ob quantiratem vnius
anguli ¢qualis ¢ quem du.C.0.cc.B.Quin cenuroegioniseleméraris conflitai,
hoe tamen nihil refert,cum ditus angulus infenfibilisfie magniudinis. Ab iftisau~
tem ravionibus elicere poffumus, quod i punétus..crit x 2quo medius nter cen-
trim. B.& extremum.C. pondus.F.aut. M.pendebit;aut nitetur pro medictate dicto
centro, B.& fi dictum.u.eric propius. B.quam punéto.C.pendebitab ipfo,autitecur
iptiamplius qu exmedicsace, & i magis verfus . C. minus qui cx medictate nitét.

Quod quantitas cuinflibet ponderis,aut wirtus mowensre-
[pectu alterius quantitatis cognofé atur beneficio
perpendscularium ductarum acensro
libra adlineam inclinationis .

CAP IIL

Cijs,que & nobis hucufoue fne dicta, fcil? intelligi poteft, @ quanticas B.u.
E qua feré perpendicularis elta centro. B.ad lincam. Fau. inelivationis,ea ety
Qe nos ducitin cogitionem quanicati vistuts ipfius. Fn huiafmodi i, confth
ens videlicet linea. Fu.cum brachio, F.B.angulum acutum.B.F.u.Vehoctamen, =% 5.
meliusincelligamus, imaginemur libram.b.0.a.fixam in centro.. ad. cuius exema
{in appenfa duo pondera,aut duz Virtuces moucntes.c.ct.cita tamen g lineaincli-
ionis.c.ideftb.c.faciatangulum reétum cum.o.ban pun@o.b. lincaverindling ..
deft.a.c.faciat angulum acurum, aut obtufim cum,0.a.in pundioa.Tmagi-
hemur ergo lineam.o.t.perpendicularem linec.a inclinarionis, vnde. . & minor
erit.0.0.x.18. primi Euclidis. feceur deinde imaginatione.a. in punéto. i jraiie
‘orzqualis.fit0.t.8 punéto.i.appenfum it pondus zqualeipf.c.cuus inclinacionis
inca parallela fic lince inclinacionis ponderis.c.fupponendo tamen pondusaucvie
tutem.c.ca ratione maiorem ffc ¢2,quz ef..qua.b.o.maior efko. . abfgue dubio
cx.6.Jib.primi Archi.de ponderibus.b.o.i.ton moucbirur iuyfed filoco.0. imagt |
Sebimat o.t.confolidacam cum.o.b.& perlincam.c.c.attractamyirtuce. c.fmiliter p o
ioquc contingeeue bo.t communi quadam fiencia,non mogeaturfits. Eltergo 47&%‘?‘*"

Quod propofuimus verum quantitazean alicuius ponderis efpefuad cam, qurett ¥ Jﬁ el
aicerits debere deprahendia perpendicularibus, qued centro libraad lineas incli “ S/ 77774
'%ﬁ 4

‘ationis exiliunt. Hinc aucem innorefcit fcillime, quantam vigoris,& vis.pondus,
St vitcus..ad angulum ectum cum, o minime rahens, arigear. Hine quoque o gerg #3¢/74%
rollarium quoddam fequerur, quo d quanto propinquiusetic centrum.olibea cea- Lilass T
Troregionisclementarisanto quo que mings erc gauc. el

¢
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eft.d.b.cum duplo.b.c.cum fimplo.b.a.vocetur. N.
Animaduertendum tamen cft quod impreffiomendofa eftubidicit.

vnaquzque.c.b:b.d. & carera,

proprereaguod dicendum et a

virquzg;.eb

Nuncex,18. q\unu, quemadmodum fe habet.a.e.ad.d.a.ita fe habebit.M.N.ad.N.
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proportio poderisaadpon
1 .b.cadem fic cum
ad.o.fibco

ponere fizum aliquem no-
tum. Si nobis deinde co- [
gnitacrit proportio ip
oaadob.er ad.o.
quemar cogaitio:
Ji-b.ct.0.2.5. & per confe-  \
quensipfius.0.a.. cius refi-
dui, vade poftea be:
anguloram.e.ct.t. retorum
3 a.cogni —

torumin cogaitionem.o. &
cto.c. fcile deuenicmus. C AP VITI.
Vod autem idem Tarcalea in.6.propofiione, & Tordanus infecunda parees
() Tecunds propofionisferibuntymaximum quoque exoreminfe coptinets
Dicunt enim anguli
hoa. £ diffcrentemab
ang ot hiE .
tione non clle quim
per angulam conta-
&tus duorid circuloriy
veinfuafigura (eribic
Tartalea; id quod fal-
fifimum eft. Quiob
caufim in fubleripta
figara felbra, B A
&eius centrum.C et.
. cenuti regionisele
mencaris,ct. A.uetB.
wlinez inclinationd.
Inaginemur deinde
lingam. B.K. paralcld
5.A. . que gyram.
+ Auinpuncto. K. /
communi {cicntix pre
o feindec,& habe

T

dis angu- HYD
lus. =
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y m.mediante K.continget circunferentiam circuli miforis in pun
Go.biet.K.g.ex.34.primi Eucliequaliserivipf.l.quia cx.17.certii,anguli. £, ct. g.
funtzquales,ynde ex.28.primi, ELet.g.K.fun parallclz.& fic erunt.k.I.cum, g. cx
cadem (opradics Raoueem, qua s g branfriclincamg. K. maiorepf,
et quia dum mouerur,quodlibet punétum ipfius.g.b.virtute rcuolutionis pfius.f.c.
‘ompe pun@um ciufdem arcus.g.b:vterius verfis.K.quam i monerciur virtue re-
polutionisipfius.g.b.faper lineam.g.m.defertur. vt exempli gratia , quando virtute
revolutionis maioris circuli, centrum..repericurin it linca LK. punétum.g.corf:
cerit ter.g.u.& punéium.b.iter.b.K.ctiam teliqua omnia punét incer.g.b. magna
itinera cgerint, cum  magno circulfintante delata. Imaginemur quoque hos cic
<ulos effe delatos virtute reuolutionis circuli minoris,& parté.grecte.z.m.
fam fuiffeabarcu.g.b Quido ergo.b.eritin.t.fidtum eriticer.b.t.abiplo.b.et.g
cietiter.gun.qug iinera alijsmuled breuiora fint, quia breuioribus cruribus reuolu-
€ fant diéta puncta;& fic dico de reliquisomnibus pundis incer.g.cc.b, & in hoc ca
fu punttum. ferit in.q.& punéum.c.crit in.c.Quamobrem omnia punca cotingen-
e inter.£et.c.non folum non erunt delaca ances, fed poius primo fiu retrorfim
eruntrepulfa. Vnde non eft,quod in rantamadmirationem ducamur i dum reuol
witur circulus maior,arcus.g.b.circuliminoris,totam lincam. g. K. tranire videtar,
& dum rewoluitur minor,apparetarcim. £.cmaiusitcs quam ab.£ad. c. non facere
cummaiore fefein orbem ferente, quodibet punctam arcus.g.b. ad vaam candéas
pareemdos morus obinct. v excmpl grati puncum-bnon lum mouecar vt
fissm.quod circa centrum. 2:feratur,cam ipfiim ctiam centrum moucacur verfus.m.
fed quia preter hoc deferantur quoque  circalo maiori verfus.m. viquead lincam.
kL. Dumverd minor circulus in girum ducitur,haber quodlibet punctamarcus. fic.
‘duos motys contrarios,quorum alcer verfis.i. vireure reuolucionis irculi minoris
&alterexeo, g dictuscirculus major circa centum.a. voluatur, vide omac pun&ti
‘contaétus isculi maioris cum rect. fi.tetrorfim pellcur verfis,
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QuideArifitelisratioin 6. quaflione poficanon fit admittend.s.
CAP. XIIL

Olens Ariftoteles rationem proponere;vnde fiatyvt nauis velocius moucatur

i anteanam altiorem quam cum deprafforem habet, id ad vedis ratio-
nem efirt, quod verum nd eft. Huiufinod enim ratione nauis sardis potius, quim
velocius feri deberet, quia quantd altius eft velum,vi venti impulfum, tito magis
proram ipfius nauis inaquam demergit . Sed huinfodi effcétus & maiori porius
quantitate venri quam ecipit,quam 2baliaaliqua caufa oritur,quia ventus iberius
Vehementiusds in altiore parce,quim in déprafione vagarur & perfiat.

Ouidrationes ab Ariflsele deoctaaqueSlione confite
* [ifficien es non fins .

CAP XIIIR

Arionesetiamab Ariftotele propofica proindaganda oGtaux quaftionis ve-
¢, in qua quesicvnde hat, ve corpora rowundae figura , ad voluenddi fine
Taciliora reliquis,quarum reuolutionum corporumtres fpecies affignat, quarti via
et vt rotarum curruialcera vt rorarum putcorum,aut trochlcarum,quibus hauri-
tur aquasSe tertia,ve paruorum vaforum & figulis fabricatorum. fuffciétes nd fant.
Incipiensautem  prinia dico dubium non eflé,quin tangente corporealiquoro
cando aliquod planum mediante folo quodam pundto contingat, quemadmodam
probat Theodofius n.3.1ib.primi & Vitelio in.7 1.1b.primi & ducédo per centr
Tphera lineam viiue ad pundium contactus,ipf eri perpendicularis plano contin-
genti fpherom diciam,ve jobat idé Theodofus in.q-ib-primi Alhazé n.a5.qua-
ti,& Vitellio in.7.primi. Verus eft omnem inclinationem ponderofam huiuf
‘modi corporis homoggnei toram hanclincam equalitcr omni ex paree circundare;
enius quidsm rei exmplurain casta defcrivers poffimus mediante figura circalri
hi ubferipta.an.c.u.consigua linee redteD.dLin pundto.a.vnde.c.0:2-perpendicu
Yaris et pti.b.d.cx. 17.11b.3.Eucli.& tanif ponderis habebimusa paste.a.u.c.quan
tumab iplaan inc igicur i imaginabimur ductum effe centrum vesfus.u. per
Jincam.o.u. parallciam ipfi.a. . clarum nobis
erit,qpabiq vila difficulcare aut refiftentiaidé
ucernus,quia huinfmodi centrum b inferiori
pasce ad faperiorcm,nunquam mutabie ficum
vefpeduu diftiriz feu inzeruallique inter ipfam
lincandue.a.d. intercedit,g quidem centrum
in e colligictotum pondus figure..n.2.u.écbe
neficio linc.c.oilludipfum punéto. a.inli- |
nea.b.a.d.commitit, productum.a. nil refert,
Ve magis,aue minus verfas ipfam. d. aue verfus
b.dirigafsita ve i non oporteatve huius figure
phdus,vnavice;magis cleuctur, quimaliafed ¢ a
Femper squalicer fuper lincam.ba . quiefeat, LSt
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Ftéurm fuperficialems ellipft fimilem , ex datis axibus cir-
cino mediante delineari. poffe.

AD EVNDEM

Tguram fuperficialem ellipf imilem,ex datis axibus,circino mediante delinea
F e cum volueris,ita facio.
Sit.e.c. femiaxis maior.a.c.verd minor, ad angulum rectum inuicem co
tunc.a.e.produicatur vigue ad.o. Itags.a.0.maior fit quam diftantia inter.o.ct.c.
quidem.a.o.poffet ctiam dari, deferibacur poftea circulus.a.d.b.circa centrum.o. 2
4u0 punéo protrahatur femidiameter. o. b- quz cum.a. 0. angulum reétum confti-
cuarque.o.b.erit zquidiftans.e.c.cx.28.primiducatur poftea.b.c.d.ct.o.t. d. vnde
angulus.t.c.d.¢qualis eritangulo.o.b. d.cx.29.ciufdem.cx quinea autem anguli. b.
ct.d. funt inuicem zquales, quare etiam

&anguli.d.et. c. inuicem gquales erune, 4
&ex.6.einfdem.t.c.cqualis erit.td. duca L
tur poftea.d..h.perpendicalaris linez.c. el
c.ta diftans fubipfa:c.€. Ve arcus circula-

s circa.: delincatus ex femidiamero. t ol X i3

d.aptusficeam fecare,fimpto poftea.,
tam diftance ab.e, vt. t reperitur ab ipfo
e.ct.z.ab.c.ve.0.2b codem, ducendo po-
ftea duos alios arcus magnitudinis priord

circa centra.. et. z habebimus Prl;pcﬁ- |~—1
tum,

Sed cum quis yoluerit prius arcus mi-
norum circulorum delincare circa maio-
rem axem, fiant coiufois magnitadinis,ve
infecunda figura videre eft,pofico tamen quod eorum diameter,, minor fic minore
axe ipfius figure, qorum circulorum vnus fit.c.d.circa..cius centrum,dcinde inaxe
‘minori famatur.a.x.zqualss.c.t.& protrahatur.t.x.que per qualia dinidatur inpun
@o.n.2quo poftea ducatur. n.o. ad angulosredtos
cam.t..viquead inter{cctionem cum.z.c. in pun-
Go.0.minoriaxi producta cum oportuerit, quod
quidem punétum.o.centrum eritarcus.d. 2. maio-
is,co quod.o.c.zqualis effer.
eli. vnde.o.d. zqualiseffet.0.2.& circuli etiam in-
uicem contingentes in punéto.d. ex. 1. tertijtam
in prima , quam in fecunda figura,, fampro denig [-
punéto.s.amremoto ab. e. quam. o. npmmul
eodem,ipfam, centrum ericalrerius arcus oppofi-

. thpoffemus eriam 3bfgsdivifione ipfius,. x.confti
tere angulum.x.c.0:zqualé angulo.t.c.o.vnde ex
6.primi haberemus.o.tzqualem.ox

G

De
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smaneat, fed citd fat cirua, cum dictom corpus.a. duabusvirtutibus moueatur, qua-
vum vna eftviolcntia imprafla, & alia natura,contra opinionem Tartalea:, quinc-
gat corpusaliquod moibus violen
o & naturali fimul & femel moueri
poleNeget 110 pratereidus
acin re qdi notatu dign’effeétus,
quiciufinodi cft, ¢ quanto magis
crefcit impecus in corpore.d.caufa
tusab augumento velocitatis giri
ipfius.c.tito magis opprect,ve en-
tiae ¢ rahi manus a dicto corpore
a.mediante fune,quia quanto ma-
iorimpetus morusipfi.a.cltimprel
s, tanto magis diétum corpus. .
adrectamiter peragendum incli-
natur,vnde vere@aincedas, taned
‘maiore quoque vitrahic.

&

De decimatertia quastione.

CAP XVIIL
D Ecimatertia quaftio ad ve@tem omninocft referendz.. Tmaginari debemus
axem cylindrici iugi,hypomochlion effe, Quod reftat;illud ipfum torum de

‘pendet 3.4.quintod; cap.huius tractatus. Vnatamen differentia inter han¢ machi-
‘nam,vectemd repericur, qua eftg iugum aliquam refiftentiam pro coniunétione
calcata i loco, in quo voluitur, magis quam hypomochlion veét cficiat.

De decimaquarta quaflione..

CAP XIX.

Ationes etiam decimzquarte quaftionis dependent abijs,quz fun vedtis,vt
exempli gratia fic lignum.a.b.c.d. frangendum in medio,annitendo genibus

in punétum.o. clariffimé tunc videbimus,g tenentes martus longe a medio yinlocis
2. ct.c.. facilius minorid; cum labore illum frangemus,quam f cafdem vicinas me-
diociufdem ligni in locis.c.ct.. poneremus.Cuius rei raciones e2dé funt ciijs,que
rimis huius tratacus capitibus propofite fuerunt.Imaginemar lincas reétas ductas
£ puno.0.ad loca.a.e.iet.c.hinc manifefté perfpiciemus corum,qua jam diximus
Tatione, @ loca.c.ct.i.mediantibus duabus lincis.c.o.¢t.i.0.magis annitentur.
tro0,quamloco.a.ct.c.duarti linearda.o.et.c.0.bencficio;vade vim quogs maiorem

habebit g s : 5
inacc.

quim in

et

i ° b

De
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quinque ad duo, cum quodlibecingredicntium incompofito. V. ad quodlibetin-
gredientiumin compolito . A. fi vt quinquead duo. Quare ex.t3. quinti verum
dicit. Vnde.a.0ad.g h. nrw?uinq:adduotmxx.tinfdivt inquit Archimedes.
‘Corrige impreffionem vbi criptum eft, rurfus quoniam.o.a.quia oportet dicere
Rarfus quoniam.o.d.
‘Aschimedes gitur verum dicit, quodipfiuso.dad.d.a.cve pfinsB.ad. A. ex

a < d o e

o~
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286 10. BAPT. BENED,
ipfius.bie.ad compofitum Quineapliipfivs. b.com decuplo ipfvs.c.o.cum decuplo
ipfius.b.ccem quincuplo ipfius. bie.cadem fit quipfius.g-h.d.2.d. & vult proba.
£ effe duas quinias pfius.a.b.
Cumauccm dicit proportionem ipfius.a.c.ad.c.d.& ipfius.c.d.ad.d.e.effe veipfias
a:buad b. cerera, verum dicit ex.g.quinti Eucl.eo quod cum ex hypoeheli fic
ipfius,a.b-ocalisad,cbotalem veipius.cb. parialis lumpta ve parsabeifa ab.a,
b.pronunc) ad.d.b. partialem (abfcifam ab.c.b.)crit cx.19.dictpfiusa.c.(ccidu
exab.)ad.c. d. (teliduom ex.c.b.)veipfiusa.bad. ¢, b. & ca probabitur de pro-
portionc ipfius,c.d.ad.d.c.cadem racione .
Cum verd ex.18.quintifitipfius.a.b.cum.c.b.ad.c.
22 ciufdemita critipfius.a.b.cum.c.b.ad.d.b.ye.a
¢adem proportio eritipfius.c.b.com.d b.ad.b.e.vt.a.d.ad.d.c.quod inquit Archi, 1
Verum ctiam erit  ex,13.quini ) com dicit candem proportioncm effeipfivs, 2.4, |
ad. d.c.que dupli primi anteccdéntis com fim plo fecund ancecedentis ad duplum
primi confequentis cum fimplo fecundi confequentis, hoc clt dupli ipfius.a. bic, c
{implo.c.b.d.ad duplum ipfus.d.b.cum imploic.b-hoc cftdupli.2.b. cumtriplo -
fius.b.c.cum fimplo.d.b.ad duplum ipfus.d.b.cum fimplo.c.b. Nuncduplum,a.b,
plo.b.d.fignatam fie charuciere. D. faum vero conlequens,
mplo.e.b.fignificerur i chasactere. B.hinc proportio ipfius

Veiplius.a.d.ad.d.e.crgoex
ad.d.e.& exijfdemrationibus

quis fimerctaliquod maius antecedens wquale

uplo ipfius.b.c.cum quadruplo ipfius.b.d. cum

liud com c6fequente. B.clarem cffetex.S.quiniiquod o
.quamad.D.hoc cft maiorem

quim ipfius.a.d.id.d.c.ex.r

Nunc i i mpea focricaliqua linca, puca.d.o.cui.a.d.dict habeat proportion
maiorem, larum it x fecunda partc decime quinti quod.d..minor cric ipfa.d.
Corrigeigitur i prefionem Batilcg locando characetcm.o.interdct. €. 0 quod
ibi pofitum non fuir.

Volonunc quod dictum maius antecedens equale filicer duplo pfius.a. b. cum 1
quadsuplo ipfius.b.c.cum quadruplo ipfius.b.d.cum duplo ipfius. b. c. fiznificerur 3
charadere. A.Hire habebims proporriorem ipfius a.d.ad.d.o.ur. A.ad. B.

Ex.18.quinti poftea habebimus. A.Bad. B. vt.a.0. d. d. 0. & proportionalicate

-19.didti ita erir. A.B.ad.A.ve.2.0.2d.2.d. Sed hoc vitimum ancecedens in (]
fe continetid quod Archimedes ribihoc el dsplum ipfus.a.b. quadrapla ipfius
b c. fexcuplum ipfius. b.d.& triplumipfius.b.c. Confequens vero.A. continee du
plam ipffusa.b. quadruplam ipfius.b.c.quadruplom ipfius.b.d.& doplom ipfus,

Ex fuppofito deinde ipfius Archimedis & cx conuerfa proportionalicatcin . 19,
dicta, verum eft id quod dicit Archimedes, videlicee quod cadem proportio cft
iplius.a.d.ad.g.h, quod quincupli ipfius.z.b.cum quintiplo pfius. b.c.c i decup !

iplius.b.c.cum decuplo ipfius.bd.(quod quidem antecedens iuicet
ad duplum ipfius.a b.cum quadruplo pfius.b.c.cum fexcuplo spias b
ipfissib.chocctad. A B

Entigitu.V.ad. A.B.veipfius, 2. d. ad. g h. fed fuperias vbi

probacum fuitira cfle, A.B ad: A.veipfius.s.0.2d.a.d.
des verum feribic , hoc eft quod ica ericipfius. V.
Clarum per ¢ ctiam cft id quod Aichinicd.

eigk 530
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‘Habemusigirur nuncomnésillas condiciones quas Archimedes in pracedenti
pwpuﬁnoncfxppnn&n Vnde exrationibus ibi allegatis fequitur.£r.¢fle duasquin-
easipfius.m.n. hoc et ipfius.f. b, Quapropeer pundum..centrum et ponderisto—
tius fectionis parabolz ex.8. fecundi ib.de ponderibus ciufdem Archimedis.

Inquicnunc Archimedes,quod exiftente. q. centro ponderis ipfius. parabol. d;
b.e. partialis, centrum frufi critin linea re@a. q. . £ ifa remotum 3 centro. r. quod

roportio.q.r.ad partem illam ipfius.r. £ quz reperiturinter centrum.r. & centrum

Bk o et propombaisodie parabolzad partialem. Quod quidemyve
fum cftex.8.primi libri ciufdem.

Inquit eriam punctum.L.illud effe,eo quod cum probatum ... duss quintas ef-
feiplius.£.b.ideo.burtres quintas it ipfs.b.f. vt ipfe dicice

Sofidumy  Mmarms w P moax o,
Cubus  maior IR MR pudiyraiong
Gibus  moir S B4
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De weracaufaecunde, €5 tertie quastionis mechanice
ab Ariflosele nonper/pecta.

CAP XI1I.

Riftorelesinfecunda quaftionum mechanicarum quarensillius rationem fic
{eribic.

Curfiquidem frfum fuerit (partum quando deorfim lato pondere quifp;
admouet rurfusafcendic libra: i aucem deorfum conftitutum Fuerit non afc
fed mane2an quia furfum quidem {parto exiftente plus libra extra perpe
fi(fpartum enim eft perpendiculum)quare neceffé eft deorfum ferriid, quod plus
cft,quare & carera.

Sed vera caufa, vnde fiat , vt fi fpartum fuerit forfo vium
ipfius librz deprimendo, & idem liberam deinde permittendo , ad firam ori-
Zonralem redear;non folum cft maior quanitas ponderis brachiorum quz am pra
eergreflacftvitra verticalem lineam,fed exiam et longitudo brachij eleuacique vl
tra verticalem lineameperitur,vnde cius extremi pondus redditur graviusin pro-

oxtione,quamin hoc exemplo proponam, iz, A. B. libra.n fitu orizon

Boictum 1 E-{oper ipfam. & deprimentcs brachim viquead, F.cis fitus
£ in F-H.vnde medium pictum. G.pratergreffum criclinc L V.Zver
fis.B.qua.V. Z. fecabit brachium. E.G.inpuncto.D.vnde.D. H. longius eritipfca
F. D. Nuncnobis fapponendum eft id ,
quod veriffimum exiftic, dictam feiliet i H
‘braminfiew.F.H.ceid i {aftineatur pun-
@0. Euidem ramen fucuramac i fuftenta-
returin pundto. D. vndefequitur, quod v

1

i

pondus appenfum ex ipfa. H. ita gravius
reddatur  ipfo. F. in eadem propor-
D.

tione,quemaioreit. D. H. ipfo. D F.ob EN
rationes quasin primis huiustradtatus ca- PG o
Piibuspoiatami.DH quodmare | 7 :
nxlz:ﬂ’;:ﬂlppommr,null:mplani-graulv A J B
tatem haberet,folustamé cxceflus vis pon [/ip
derisin.H.pofiti, longé maior pondere in Pt

j
Fcollocato promaiorilong; plius 2
D.H. fufficiar. ad praeftandum ve ibra ad ¥

firum orizontalem redeat.

Infecunda deinde huius queftionis par 2,
te,in qua feribit fibram in ftwin quo pofi
€a cfbfirmam manere,toto celo aberrat,quia neceffiri cft,vt omnind cada,edufy;
quo fpartum furfom remaneat : ablato tamen omni impedimento quod nulla egee
probatione,cum naura fua clarifimé patca. i
Caufa,deinde,vera tertiz quaftionis non el ca, quam Ariftoteles ponit, fed hu-
iufimadi effeétus b €0,quod capitibus.4. et 5. huius tratatus propofui originem

habet.
Quod
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Sitexempligratia libra. a.i. ¢. quein veraque extremitate vnciam vnam flom
¥ , ponderis obrincar, & it libra.n.i.u.2qualispriori,quz pro fingula excremitaze vni
wisad g ponderis libram habear. Ariftocelesadmirauur, quod addendoipt.e.mediam pon
deris ynciam,brachiom.i.¢.velocius cadat, quam adijeicdo ipsd medid vncid ipti. u.
brachiji.u. Quod 2 duabus caufis proficifctur, quarum prior cftymagna differencia
‘proporcionis vnius libraead medictatem vnius vncizad proportioncm viius vnciz
adipfam medictatem, quia i pondus adiectum excremo.u.dimidie effee librz , &
‘cum eadem tarditate brachium moueret,optimo iurc inadmirationem poffet Ari-
floreles duci. Sed hocfieri non poffer,quia ipfum deprimeret cum cadem quati ve
locirate,qua media vncia brachiumi.c. Dixi aurem quafi, quia nonnihil diferiti-
nis intercederet,quod proficifcitur i fecunda ratione . Et . refiftentia eft , quz
soritura paro, quia quanto maius porius continet ibra,tanto magis p .
tum inloco,in quo fuftinetur;vnde maior refiftentia in circunuolutione ciufdc (par
thinloco,in quo quiefLit,exoritur,quia ipfum cft corpus materiale. Si quis auem
elletve brachiumii.u.cadem agilicate,qua.i.e.defeenderct,oporeeret, v propoc-
tio dimidie librg adie@a pondert ipfius.u. %
quod cft vnius libre vim fiam habéret, o
o= excederetrefiftentiam i fparci (me.. G/
io brachiorum maiorumijs qui func. 2
€.)ita proportionatam, veproportionata 1
eft visdimidiz vnciz ipfi e.duncterefiften  (——
tizfui fparci. Huiufmodi rationes cumro-
tis graworibusleuioribusq;& ifs,qu a cor .
ponibus quibuflibet grauibus impelluntur,accommodat fuerint,icubantem ntel
Iectum confirmabunc.

BENED.

Deveracaufs.s 2.quastionis mechanice,
CAP. XVII. 3

Era ratio , cur multd longius corpusaliquod graue impellacur finda , quam
manuinde oritur, quod circunuoluendo fundam , maior impr(fio inp.cus
‘motusfitin corpore graui, quam fieree manu, quod corpus liberatam deinde cum
fueriea funda, natura ducesiter fu 3 puncto,a quo profilje, per lincam contiguam
giro,quem poftremo facicbas, fcipie. Dubitandumd; noncft, quin dica funda
‘maior impctus motus dicto corpori imprimi poffit,ci ex multis circumactibus,ma-
ior femper impecusdicto corpori accedat. Manus autem ciufdem corporis motus
dumillud ipfum Gireungoluitur ( pace Ariftorels dixerimm) centrum non eft neque
funis eft femidiameter. Immo manus quammaximé fieri poteft in orbem cictu 5
guiquidem mocusn orbem, vecircumagarureiam iplum corpus, ogit,quod qui-
en corpus, nacurali quadam inclinatione, exiguo quodam impetu fam incepto,
vellet recta iter peragere,vein fubferipta figara pacer, in qua.c.ignificat manuim.a,
corpus..b.lincam redam tangenem girum..2..2.quando corpus liberum rema.
ner. Vierumquidem efbimpreftantillum impecum,continud paulatim decrefcere
‘wade fatinyinclinstio gravitatis ciufdem corporis fubingredicur , qua fefe mifecris
cum imprefione fica per vim;non permittitvelinea.a.bilongo tempore recta e
2 ‘manear,
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Vbiautem feriptum eft )
,» adverunqus imulb.d: d.a.cum dupla.b.c.
dicendum cft i,
ad yiranque fimul.b.d.
Inquic deinde Archi.quod fcut fe haber.c.a.ad.d.a.itafe habebit duplum.M.N.
‘ad duplum.N: Quod quidens verum eft ex.13.quinti, huiufinodi vero antecedens
& confequens, Archi. manifeftat cx fus partibus, fomendo duplum. ¢.b.cum duplo
b.d.pro duplo,M. & duplum.b.d.cum duplo.a.b-cum quadruplo.b.c.pro duplo.N.
qug fimuliundta zquanur duplo,e.b.cum duplo.a.b. cum quadruplo.d.d.cum qua-
druplo.b.c.ex quoquabuntur. A. vocenut gitur haxcomnia.A. potius quim du-
plumipfius. M.N.
Verum etiam (cribit,vbi dicit,quod proportio.c.a.ad tres quintasipfius.a.d. crie
vt. A.adtres quincas dupli. N.cx.22. quinti. Sed cum exfuppofico ita fe habear.£
g.adires quintas pfius.a.d.quemadmodum.b.c.ad.c.a. crit . 16. quind verum @
dicit Archimed. hoccft, itafe habere, b. e.ad.£g.vie.a.ad res quinias ipling.a.d.
Etper. 11. ciufdem verum etiam erit quod icut c habec.c.b.ad.£.g. ca fe habe-
‘bit.Aad tres quintas dupli. N. quod quidem duplum.N.fignificerur per . Q.
Sed fuperius iam demonftratam foit (vbi.X.) quod.o.b.ad.b.c.itafe hal
H.A. ad. A.& niic demum probatum fuitita efe. A.ad tres quintasipfius. Q.yr-e.b-
y ad.£g.Quare ex.23.quinci ra esit. H, A.ad wres quincas ipfius.Quyr.0. b. ad. £. g..ve
ideminquit.
Sed. H.Aad.Qu (vt exfis partibus videre et ita (e habee vetres ad duo ex.13¢
quinti, veinquic Archimedes. "
Tpfe eciam dicic proportionem. H. A.ad tres quincas ipfius. Q. effé ve quingue
adduo. Pro cuiusrei cuidentia imaginemur tam. H. A.quam.Q diuifa per quings
parces =quales, vnde ex.16.quinti habebimus quamlibet quincam parce ipliss. Q..
equalé effe duabus ertijs vniufcuiufque quinte partis.H. A. vndeties quiats ipfius
Q. crunt, e communi conceptu, fex ertiz vnius quint ipfius. . A hoccft dux
quintasipfins: H. A. Quare.o.b.ita & habicbicad. fg. vt quinguead duo ex commu
i cBceptu,cum.o.bad.fg.probarum fuerit fe habere ve.H. A ad eres quincas ipfius
Q. (vbi. Y.) fed iom probarum fait ( vbi.e. ) quod.0.a.adh.g. eraceziam ve
quinguead dio, hoc eft quod.£h.erit duz quinc ipiius.2.b. Quod cft propoficun.
Taviuma

ba.cum duplab.c.
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tra@arde centris ibrafeu fatera: Afpice igitur in.g. fipradidia, quod.cum appen-
{e frint omnesillz partes ponderum, partibus longitudinis ipus.L K.in qua volo
vea punétis.c.cedimagineris duas lineas,e.0.cr.dunuicem zquales,
pendicularesipf. K. hoc ef refpicientes mundi centrum ; imagineris etigm. o. .
qufic parallela ipti-Lk.quas diui ixip punctosi fupra.g. Hinc nulli dubium eric,
Cum.g.furit cencrum totius ponderisappenfiipfil K.quod . Gmilives esic centrum
cum direéte locatunxficfupra.g howclt in cadem direétionis linea, quod quidem
nonindiget aliqua demonfiratione, cum pe fe fatis pateat.. Vade, ¢x communi
conceput.o.crit centrum ponderis appeniipfiLb et.u.exic centrum ponderis ap-
pentiapfi K. Scimusigi. i, e cécrum duorurm, hoc cftiplus..h. & pfins hk.con
Tinuaorum per coram. 1. k. Nunc ergo i confideremus.L.k.divifam e, hoc eftdi-
funétam in punéto.h.inucnicrus nihilomipus.i.centrum ¢ffé dictorum ponderum,
& quod tantum cftipfam effe continud, quantum diifam in dicto puncio.h. neque
exhoc, punétum.icritmagis vel minus censrum duorum ponderym.Lh.ct.b. k.quo
rum vium pendet rorum ab.o.aliud vero rorumab: u. & hoc modoin longicudinc.
o.u.diuifa ve dictum eft habebimus propofium.

Reliquam propofitionem ibirelinquo . %

ia vero propofisio, quam tibi dixi Atchimedem tacuiffe in huiufmodi materia
eft, quod i duo pondera zquilibrant ab exsremisalicuius faters, incertis prafixis
diftancijsa centro. Tanc dico i corum yno manente alterum moucatur remotivs
2b ipfo centroquodillud defecnder, & i viciniusipf centro appenfum fucrcafcen=
et Hizc enim propofitio quotidic omnibus inlocisvidezur , ipfam verd puto Ax
chimedem pratermiiffe ob facilitatem, cumabantediéta feré dependeas. )

‘Sit exempli gratia fatera 3. cuivs centrufic& pondera.u. 2.2ppen(as tin=
wicom habeant Vet a.fc innicem habent. Nuncdicoquod (i pondusipfius.u.
poficum fucri vicinits centro VE puta in.0. inmoxo exiltente pondere, & quod bia-

afcendet, & & conuerfo, f remorius pofitum fuerit, defcendes.

‘Pona ergo vediét cit n.o.vicinius cétro, quapropter brachium. 1. 0. breui” erie
‘brachio.i.uvnde minor proportio crit ipfius..0:ad. .a.quim.i.u.ad cundem.a.i.&
conlequencer quam ponderis ipfius.a.(quod fitn.c.)ad pondus ipfius.v.Quare fi &
pondere.n.c.dempta fuertc.parscius, ita quodseliqua pars.nc habeat ad pondus
Bt e habee.1.0.ad.i.4. tunc ftatera non moucbitur ; addica verd pare. . excome=
muni conceptusd.defcendet vade.o.afcendere conuerfium vero ex imilibus racio=
wubus per te concludes.

Inco
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tafaieveum.t.ad.e.n. idcirco cx. 1 x. quinti iza it ip us fiufi:a.¢. ad fedtionem.d b
c.vetres quintg pfios.Fig.ad.i.r.

Tnquit deinde quod proportio corporisiam fupradicti, quod pro fua bafi habeat
quadrasym ipfius.a.alitudinem vero compofitam ex duplo ipfius.d.g.cum fmplo
a.£ad cubum ipfius.a.£.cadem erit qua dupli ipfius.d.g.cum fimplo.a.t:ad.a.£Quod
quidem verum cft ex. 33. vadecimi & ex prima [t

Sed fuperius( ybi., s.) iam probauimys eandem proportio nem c‘&én;cr.rp

mﬁ:l\lm-mn-
reex.2 2. quini dupli.x.n.ad.m.niesi vt dophid,g ad.ad
dupli.x.n.cum fimplo.m.n.ad.m,n.ye dupli, dig, camfi

Sclidum  maws L1 P Mmoo, m

Cubus  maior 2, poleeh

Cubys madorr il
Selidum  minus Pt

pf poa.m

Mo M om4. X MGuol M 3 &
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Jereverfus.uyndelinea ciusinclinationis i femper.a.u.fupponamus etiam. 2. 0. b.
el libri,aut Rateram , aut veétem, &. o. cils centrum, vnde visuc virtus ipfus.a-
proportionaliseritipf.o.t.refpe@u vistuts, aucvis imaginatz n. b. inclinationis
perpendicularis ipfi.b.4.qu quidem virtus, aut vis in.b. proportionalis eritipf.be
S-cxcertio capite huius tractatus; Si ergo fuiffee pofica in. b. virtus quadasmad an-
‘gulum rectum, tiahes incam.b.0.tam proportionaram vistuti perpendiculati ip-
Fus.a.quam eft.o.tproportionaraipfi.o.b.ffatera.b.o.a.non moueretur, fed quauis
‘pordio maiorin.b. [uperaret.a.cum autem fuerit.o.x.qualis pfi.0.b.idé planc cue-
A

nict, communi quadam (cientia,ponen- /

dovirtutem.b.in.x.Quantitasergo virru /

disin.x. que {uperare debet refiftentiam v

ina.queipfi.u.contraponitur, debet h

berealiquantulum maioris proporios
wain. 2. angulum re-

&@um cficerct com. .0. €3, quz clt. . |

ad.o.x.

=0
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e fitExaqualisipfiu.i vetibi probani , & invicem patallelieideo.f. i. parallela
ericipfi.x.u. €x.33. primi Euclidis. Vnde ex. 3o, eiufdem,parallela eric etiamipfi.ox
fled cum.s.u. diuifa fitab. d.b. per zqualiayeo quod dividit.a.c.eodem modo, que
ipfi parallela eft ex. 2. fexci. Reliquatibi confideranda relinquo . curm verd ambe. £.
et parallelz i ipfib.d.fequitur quod camex.34.primi vhaquagsfm.ct. m-
i @qualis fit medietati ipfius.x.u. erunt inuiceth @quales.

b

o4 o

Minime dubitabam tibi non fatisfacere Eutociumin 3. prop
lib.de centris Grauium Archimedis ,cum citet.6. librum d - clementis conicis, ad-
de quod fialiud inipfo.6. libro abeo cirato non effet magis ad propofitum, quim
eaquzabip(o citata funt , nihilominusadhuc rrefolutus maneres.

Confidera igitur eandem ipfam figuram praecedentem proalia verd parabola i
mili diéte,accipe fecundam figuram ipfius certiz did propofitionis. Deinde ima
ginabis duo latera.o.x.ct.0.p.diuifa effe per zqualia in pun tis.g. et. K. protractisds
diamerris.g.y.ct.K.u.que, ve in praceden probaui , Tt inuicem zquales, feire
debes quod fimiles parabol inuicem sl non poffunt el nif e qua diametros
!:yopomonalcsﬁus bafibus habeant, fimiliterd; pofitz, hoc eft, ut proportio ipfius

diad.a.c. it cadem quaipfius.o.r.ad.x.p.& quod anguli ad.r.finc @qualesangulis
circad. Notentur ergo primum puncka communia ip us..g.cum.y.t.& ipfius.b.x
cam. fm.characteribus.e.ct.n. Nuncigitur fcimus.m. 2qualem effé.m.i.ommds £,
i.parallelam effe ipfia.c. [dem dico de.y.c.u.crianguligs.x.n.ctg.y.v. efle fimiles
wiangulis.n.m.b.cte.t.0.qu0d ica probatar, nam ex.15..primi Euclid. anguli ad. n.
funt inuicem zquales, ex. 29.verd ciufdem anguli.£x. n.ct.n.b.m. fmilicer zquales

etnm.b. -
o infecanda figura, vide ex.4.fexti Bucli.proportio.n.fad.m.n.erit e
dem qug.£xad.bom & iplius.nfad.x.£vun. m.admb.x. 16.quinti . Quarcex.1:
ciufdem
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conucrfa proportionalitatein. 19, quinti,cum.a.dad. d. o. iam probatum it (vbi
B.)iracfleur. A.ad.B.

Sedin principio huius fpeculationis probatum iam fuitia e ipfius. d.2.ad.d.c.
‘veipfius.D.ad.B.vbi notatum eft. M. quare ex.23.quinti, Archimedes verum dicit,
quod.d.oadd.c.eritvt.Dad.A.

Sed cumd.0.ad.d.c.fe habeatut.D.ad. A.erit ex conuerfa proporcionalitate am

A difla.d.c.ad.d.o. vt.Aad.D.per eucrfam vero erir. d.e.ad.a.0.v1. A ad foum refi-
duwmquod efduum componiturcx fmplo.b.c.cumiplo.b.cim dplo.b.o.quod
4 te iplo videre poteris dewrahendo numeros ipfarum quancitatum quain. D .
reperiuntur, ex numeris carundem,quarin. A. quod quidem refidoum fignificere
acharadiere.E. Vode ex conuerfa proportionalitate verum dict Archime. hoc eft
quoditafe habebit.o.c.ad.d.c.vr.E.ad.A.

-b.vt.c.bad.d.b.&ita.db.ad.eb. cx foppofito, ideo ex
17. quinti verum dicit Archim.hoceft quod icaerit ipfius.d.c.ad.c.b.ve.a.c.ad.c.b.
&vec.dad.db.& ex.1 3. civfdem cadem proportio eritripliipfius.c.d. ad riplum
ipfius.d.b, qua dupli ipfius.d.c.ad duplumipfius.c.b.ve inquit Archi.

Ex qua. 1 3. compolitum cx.a.c.cumriplo ipfius.c.d.cum duplo ipfius. d. c.
dem proportionem habebit ad compoicd ipfius.c.b.cum triplo pfi®.d.b.cum duplo
ipfius.c.b.quam ipfius.d.c.ad.c. b. Sed horum compofitorum primum fignificerur

H.{ecundum ver fignificatum fuit per. E. vnde.H. ad.E. fc habebic
d.E.ad.A.jam diétum cft effe v.0.¢.2d.d.c.vbi fignatum cf. . quare cx. 33 -

quinti cadem proportio critipfus.0.e.d.c.b.quz. H.ad. A. veipfe inquit.
X Ex.8. poftea ciufdem ira erit.0.b.ad.c.b.ve.H. Aad. A,
Notandum etiam eft quod i collect fuerin omnes partes compofic. H. A.hoc

eft duplum.a.b.cum duplo.b ¢.cum quadruplo.b.c.cum quadruplo. .

2.c.com triplo.c.d.cum duplo.d.c.habebitur triplum.a.b.triplum.b.d.& (ex:

b.c.vtipfedixit. Quod autem hoc verum fir, cum diftinéte fuerint omn

ve infublCriptis his lincis videre eft, videbis quod fi ex. H.detracta fueri <.
€.qua quidem poftea iunéta vni ex partibus quadrupli.b.c.ipfius.A.refaliabit nobis
ynaintegra. .b. Vnde habebimus riplum ipfius. .b.& in A. remancbictripla 1p
fius.c.b. Deinde fi ex.H.auferarur wiplum ipfius.c.d.& ipfum addcur tribus par
bus quadrupli.b.d.ipfius.A. habebimustres viccs.b.c qua i ngantus tribus, qua
remancbant in. A. ve dixi, habebimus fexcuplum ipfius.b.c. & in. A.remancbic fim
plum.b.d. com duplo ipfius.b. . Vade ficx. H. demptum fucric dupln ipfius.d.

- quod quidem iungatur cum duplo pfius. b.e.habcbimus duplum ipfius b.d. quod

coniunéum cum fimplo.b.d.quod in. . reliétum fuerac, habebimus triplum ipf

b. Verumgicur eft quod inquit Archimedes, hoc cft,quod. H. A. cftcriplum

fius.a.b.fexcuplum ipfius.b.c.& triplum ipfius.b. d.

Verum etiam dicit éx co(vt upra probatum cftquod:a.c: .d: et.d.e. fehabebi
in continua proportionalitate, quare ex conucrfa proportionalitate erunt ibi inui
cem continuz proportionalcs,

Nungaucem cum.a.c: .d.ct. d.efint continuz proportionales in ea pioportione
in qua finta.b: .b: bt t.cb.vin principio diximus, eric ex.22.quinti 3
cvtabaddb.& ficctiam.chad.e.b. Vndecx.24. clufdem.a. eritve. .
b.cum.b.c..2d.d.b.& yt. c.b.cum.b.dad.c.b.& ex. 13. dict ve.a. b, cum. b. c. bis
fumpro, & cum.b.d,ad.c.b.Quare ex contierfa proportionalicate, vt fc haber, ¢ d.
2d.d.a.ita ¢ habebit.b.ci.d.b.ad d bucibic.duplicatoB ci.b. 2. veinquit Acchi
medes, Nunc antecedens vocerur.M.hoc eft. b.c. cum.d.b.confequens vero., hoc

¥ 93 clt

ad. d.
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. i.et. K: Qui propteraugebitur virtus ped numerosimpares; hoc modo§ Nan:
frrmmfp}&n'ﬁenﬁfqmmmﬁmpmmcdizpc‘m. s
0.p.r.cts.Sed eum oporceat pondus,q.cancum e ve faffeide refftentiz . o, ¢t
ipfim fuftinere, idcirco ipfim, q.fubfefquialeer it poderi in.i.pofitii Qua-
propeer.s.quinta parseric por i.ct.q.Deinde i adhuc. dyo diametriviusin-
Feriorsaleer vero fiperioradditi fucrint cum pondere 2qualig. ad medium diase-
i inferioris,tunc ponduss.crit eptima parstrium pondentm.i.q &z ertijadditiex

nimn o

fupradids racionibus. Ee quia virtus fali E
nenstotale pondustrochlez infesiori ap- B\ () ) fo
penfum in tot dividitur partes zquales ,

quo funt diameri orbicalorum trochles gk o
inferioris,quando extremum immobile

nis alligaum fucric rochleg fpeiori, v o
putain punéio.e.cum vero alligatum fuc-

sittrochleaeinferiori,virus primi diame-

trigi.K.trochlea inferioris lemper (efqui A

altera crit vnicuiquealiorum diametrord;

ideo virs refitentigaltcrius cxtremi mo

bilis fanis,puta.s.fubmultiplex erit totalis

ponderis,o modo quo diximus, cuius vir
ws,feu gravitasdividitur feu diftrubuitur
diameusinferioristrochlee ve diftum eft.

Depropriacanfa.2 4.queflionis.
CAP. XXIIL

Fra caufa effectus,qui vigelimaquarta quaftione exprimitur;adhuci nemine

(quod fciam)animaduerfa it licetnon fit admodum ardua vel obfeuta.Tma

ginemur ergo duos circulos.c. £ et. b. g. concentricos,ttaq; fimul coniuncios,vefiip

forum vnus feraturin orbem,alius quoque circumagatur,eo modo,quo curruum o,

e voluuntur. Etimagincmur primd fuper lineam. i.reuolui maiorem, & quando

idemrculus it in.diciam incam. cangere circunfesentiam cufdem i pun-
0.c.
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Incoquod me peris, mittendo tead Eutotium,tibi non fatisfacerern, cum Eus
(o s e hrua Pogel i asnqta vidiayus, fupponacd; cayqui ned
ipfe necalins vnquam quod (Cimus probavic .

Defideras enim demonfirationem illius quod Archimedesdicic inter primam ;
& fecundam propofitionem fecundi libri , vbi traftat e centris grauium, proptes
tea quod illud fapponit pro manifefto, 5
Sit enim figura hic fubfcripta, fexé fimilis parabole pofitin: 3. propoficioue di
i libri, vt in impreffione Bafleent habetur,fimd; divifiediela.b.ct.b.c.per zqui
ia pundtis.xicta s £x.cti.ad b.d.quz inuice ctiam erunt parallele
x.30.primi Eucli.vnde ipfi ctiamjdiametri erunt ipfarum portionim: vt ex eo col
ligete eftquod in.:primi lib. Pergei probatur. Tmaginando pofiea ad pundta.b:
£.ev. itres contingentes, manifefhum ent punétum.b.illud effe quod terminaealtis
tudinem huidfiwodi portioniser. fet.. terminantia altitudines partialium, ex.s:

s Pergei, co quod diét cortingentes paralell erint ipfis bafibus; ¥ide
erianguliinfcripti,cafdem habebunt alitudines,quas portionesipfiz, quod efic ex
mente Archimedis. Etfic deinceps poteris multiplicare angulos figura retilinice
inparabols, qua defignata erit ve defiderat Archimedes, qui quidem dicie, qiod
protract cum fuerincalie deinceps poft.i. ipfi inuicem equidiftantes eriitdinife-
4ue perzqualid ab.d.b. quod quiuis verd it ti ab Eurotio non fatis dembftrac
eftcum fopponat.af. b.aqualem effe ipli.b.i.c probare volens ius diamecros qua.
leseffe abfque aliqua cicata rariane , que quidem ratio ffet conerfum. 4. propofic
tionislibri de conoidalibus. Sed oporteret nos etid videre..Lbrumipfus Pergei,
& proptereatibi non fatisficerem.

Efto gitur utinuenea ftlinca. K. cuitis prodocum in.u.izquale fi quadearo ip
fius.u.c.inueiica ctiam ficlinea.h. coius produ@um cumf. xarquale fit quadrtoip:
fius.a.x.vnde ex conuer(o.4g. primi ipfius Pergei, proportioipfius K.ad.b.c.evic e
ipfius.b.ciadb.d.8 ipfius.h.ad.a.b.ve ipfius:a b.ad.b.d. Ericigitur éx.1 5. fexti Encl
Quadrivum.b. equaleproducto pfius K. b.d.& qoadritai.b. zqual produ-

o phius hiinb.d & cx prima e crivpius. K.ad e produck quod frc K.
inb.d.ad prodoctumipfius.h.in.b.d.hoc eft ve quadrati ipfins.b. ¢.ad quadrazum iy
fius.b.a. ex. 16.¢.1x.quinti, hoceft e quadrati ipfus.u.c.2d quadratam ipfius.a.x.
hoceftuc produgumipfius.k.in.ui.ad producum ipfiuth.n.x.f; Nunch ipfus k.
adihiet ve productiipfius.K.in.u.i.ad productur iphius.huin. £ x.crgoex. 24, fexti,
& communi conceptu, proportio ipfius.k.ad.h.compofica crit ¢ ca qua ipfis . i.
ad.£x.&ex'ca quripfius.k.ad.h. Cum ergo dempea fucrit proportio pfius. k.ad 1.
(vefimplex )3 proportione ipfius.k.ad.h. (vt compolita)reliquum nihil erir, Qua-
re.d. xzqualiseritipfia.

Sed quod.fam.zqualisficipfi.mi. Videto in Eutotio , quia hoc fati fii natura
fucile eft.

Sedaccipealium modum brcuiorem ad probandum. ix.cffe equalem ipfii.

Finge lincam.c. bug. contingentemin puncto. b. prolungatisdue diametris £
x.cr.ud.vique ad contingentem ipfam, habebis.£ e.zqualemipl ;
Ex.35.primi Pergei,producta poftea.x.u.habebis cx. 2. exti Euclizx. . parallclam
ipli.c.fed.c.gparallela ftiplimeta.c.cx quinta fecundi ipfius Pergei,quarc ex, 50
primi Euclid.c.g. parallelacrit ipfi.ux. & ex..4.ciufdem aqualis cric.ex.ipi v g.
vnde.£:x. etiam @qualis eritu.i. cx communi conceptu.

Sed e quid defidercs probabo.£m.zqualem eff ipfi-m.i. Tam igitur fes quod

am
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Sed ficirculi propofii feiundti faering,fimatur.bidiameten maioris, qui fae fe-
midiameer vnius irculi circa centrum. o.& hi circulus vocetur. . x, coniunga-
tur deinde femidiameter.o. i. minoriscircali cum femidiametro.a.i. circuli maso-
sis ex huiufmodi compofia linea, fiat vnus femidiameter.a.x.circuli.x-n.concen
i cum maiori,& & pun@o:x.interfecétionis horumcirculorum  pofito quod fein-
vicem interfecen) ducancur per corum centra.x.d.ct.x.0.vique ad ipforum circun-
Ferendias in punciis.d.ce.£ug
Lince, vnde habebimus. x. d.
zqualem.x. £ co quodtamin
.dquam n. x. £ reperiuntur
diametri,& fenudiametri am-
reulorum, facto deni
vnius circali,ca
ius. iemidiameccr gqualis fic
vni carum.x. d. vel. x. f. folu-
tum eri problema, dicta ra-
tione.

Si verd diftantia duorum
propoficorum circulovum tana firit, quod fecundi circuli nequeant f¢ nvicem
rangere, vel fccare,tunc alia via incedendum erit, que talis eft & generalis. Diida~
tur t0ra.q.b.per qualia in puncto.z.circa quod fignécur duo pundia ab ipfo equid
francia.K.ct.p.diftantia vero,a.K.facta fic emidiamecer effe vhius circuli. Kox. circa
cenurum. a. diffantia autem. o . p. femidiameter alecrias circuli. p. x. circacen-
trum. 0. qui quidem circuli {e inaicem fecentin puncto. x.i quo cum duie fie-.
. x.2.d.ct.x.0.£ per centra diétorum ciculorum,ipfe crunt inuicé gquales, coqd
cumb.K.qualis fit.q.pigitur.x.d.et.q.p.cruntinuicem equales, fed.Fx.aqualisclt
q-p-quare.x.f.xquals erit.x.d.cunc f.x.cenerum fuerit vnius circuli,cuius {Emidize
‘mes ic vna dictasum, problema folutum ere. &

Talis ctiam {0lutio commo-
dacuicad inucnicndum dictum
circulam cuiufuis magnitudinis,
dacotamen  €ius diameter, ma
ior fit.b.z. cum innoftsa potelta
teficaccipere punta.K.eop.pro
xima vel remoraabipfo.z.ad li-
bitum. Vnde abfgue viia diifio
neiptias. g b. per mediam, facis
exic ignase puicta.K. ec. p. dua-

s ditantijs medianubus. b. K.
at.q.p. muicemzqualibus, &
cuam yropoltss

I G i, fvsion iﬂw,,@{)&w%‘,_ﬂé r
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et.m.g.k.fintre@i. Imaginemur quogs vistutem ipfius.g.applicatam eflc extremo..
inatione tamen contrari,ideftad inferiorem partem, quae quidem virtus
communi quodam conceptu eandem poffidebitvim fuftentandi immobilem diame
i.k. quam habebat, qf eratin.g.com nclinatione ad fuperiorem partem
&ficetiam diameter.n.m.non magis ab una,quimab alia paree declinabit, quia
cum quisdam virtusin.n.reperiacur 2qualis medictati irtutis ipfius.i. qua uircus ip
fiusd imhlhcldcprimmpﬂipﬁxm.g.id:ﬂ. .pro dimidia i ipfius parce, fequitur.
n.m.debere immobilem permanere. Nune fialia diameter rotule mobiliscrit de-
fampta,quafit.p.q.0,cuins centrum fit.q.in fcu pasallclo plinmficcolocas
‘vt coniungendo.o.cam.anguli.m.no.ctn..p. ine recti: i imaginati fucrimus tril
lacum effe pondusipfi*.nin.o.ct eadé inclinatione ad depraifiorem partem,illudip
flamac i effetin.n. communi conceptu,fine alicuius diametri mutasione praftabit.
Etli centrum.qfixum effet,& extremo.p.appoficum fuiflet pondus ipfius.o.cum in
clinatione ad fuperiorem parcemyidem etiam plané preftarer,ctiam fi nullum ullius
‘diamersi firum,Communi fcicntia,mutaret, cura extremum. m. deorfim fie ductam
a.g.uirtute dirnidie parcis ipfiusi.8cabalia huic fimili. m: quoque deorfum fictra-
&umab. o+ quod quidem.o.deorfim eftalteracum,ob inclinationem ad fuperius
Auirtue pofica in:pi{upponendo cencrum.q.fixum. Sedfi loco cenrri fixiimagina
bimurin.q.pondusaliquodequale ipfii- quod duplum cririnuirutc ad cam, que
etipfius.p.&c ipfi qoque g equetu s cademmmobiicas horu ium dia-
mezcorum. Quia curs fit huiufimodi pondusfeu virtus in.q. cuminclinatione con-
i viruipque quipollrdimidie pard i i qua s -
‘militer quia.o.trastumeftfupra ab.n.virtuee ipfius.g:quod.n.dcorfum tradit;idcir
o quanta crityis quam habebit virtus in.qferendi deorfm diamctrum:p. o, tana
‘quoque vircues iplorum.p.cc.o.xquales,& wqualiter diftances iq.ipfam ad fupe-
viorem pastem inclinabune. Quamobrem necafcendery nec defcender, neclocum
mutabic. Supponamusmune quartum diametrum rotules.t.r. qua it fecunda rora
favum fixacum, paraliefa pfi.p.o.8 in ¢0 icu,quo coniungendo cxtrema. r.p.angali,
Oupurctpunsdincredi,8 imaginemus virtucem ipfius.pudperirt in.s.cum inclinitio:
e tamen contraria;ideft deorfum verfus,ex hisidé quoque plan equetur , ide kg
nulla harf quaruor diamecrorum mouebicar. quia eundem cffet i inclinationc
deorfum verfus efficerce dicea virtusin-s.quem in. p.cum inclinatione furfium verfus
¢, ceiamdicum eftvireueem ipfus g dimidium virturisipfius.i.rahere.m.qus medid
gty w4 %4y e n.aptrabit.o.codemobore,et.s eadem vi eahit.pmedio ipfius.r. Huculue
at, e séns ifice nowjmus poridus,aue virtutem ipfius.s.qua cft dimidium ipf®. i. futinere uim
e v forum.j.ct. g. nam quater tantum, quanta ipfamervircus ipfius.s:effe confpicicur.
of , nol
e

i
"'ma\’mad;unmmmmmdmm dizmetri comjjfdem plané conditionibus jfdé
“rationibus veentes,cognofceremus quod cadem medictas ipfius.i.fcxies cantum po
*F deris,quantaiipfa exifterer,eftineret. Vnde manifeftd cuadic, g cidem medietati
e olif” 472 . ins.nonnitil virturisaddendo,dicte diametriillicd moueréeur fia. Ee quia
wirent’ f S rorulz in ?uolxb:z punéto,aliquam diametrum habent, neceffario fequicur ¢ inie-
<cuer j7%. f; vioresad fupeioresaccedere debeant. Attamen fi forte extremum immobile ip-
<-iuns deichles e fusfinis non pendet a punéto.c.trochlea fuperioris,fed alligatum fucrir ad media
aget b s infeioris rochlez ut ad punétum.i.ope unius erochlcg fuperioris immobilis vin f
ke e o g Avdereicecl it ibusvisusbs qalspondusinpofic
15 palface, 7 fuftincbiguzhoc ol .gab. .8 ab.k. quart vnaqueque rercia pars rici
P W( gontrariam parté;hoc eft certia pars refiftentia propterea g ex zquo inter fe diftit.
e o5 gy picsipum uele 8
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» iam didtiad cubumipfius.a £ cx. 11. quinti eritve duplixn.ctifimplo.mnad.m.ni
Superius sucem vbi. # . demonfirarum futia eff rpfusm.nadinc vt cubi.m.n.
adcubum. x.n. &inter . «. ct. £, probarum fuitica effe cubi.a.f.ad cubum. d. . ve
cubi.m.n.ad cubum. x. . Vade ex. 1. quind.m.nadn.tericve cubia. £ ad cubum
dg.

icitpoftea quod cadem proportio eritinter cubum. d. g. & corpus illud quod

pro bafi babear quadratum ipfius.d.g- altirudinem vero ve diétum cft qu ftincer
d.g. & compofitum cx duplo.a.£cum fimplo. d. . quod compofitum eftaltitudo di
a8 veri dicit exratione fperius allegata proteliquo corpore & cubo ipfius.a.f:
Quare etiam quemadmodum, t.n. fe habetad duplum ipfius.o. n.cum fimplo.
exijfdemationibis fapradiéts, vbiloquuti fimus de.x.n.cum.m.n.

Difponanrur nfic omnia tali ordine  ita vt. . primum fitcorpus quod pro fua ba
fihabeat quadratum ipfius.a.£&c.

Ety. fic cobus pfius. ets. ft cabusipfius.d.g.t. 2.fc corpus quod baim ha-
bet quadracum Ipfius.d.g.altitudinem vero vt fupradiétum eftct. p. it compoficum

jupli.n.x.cum fimplo.m-n.ct. L fit compoficum dupli ipfius. . o. cum fimplo.t.n.
Sed.ulocata fit regionc.p.ct.y.Eregione.m.n.et.s.é regione.n. gione.l.
& habebimus proportionem ipfius.u.ad.y. vt.y.ad.m.n.& ipfius.y.ad.s. ve.m. n.ad.

n..quodfuperius iam demonftrarum fuit, vbi ad.2.ira e habebit ve.n.c.ad-
L vt vltimo probarum fuit . Quare ex.22. quini ita fe habebic.u.ad. z. ve. p.ad. 1
quemadmodum dicit Archi.
Ex quia v (¢ haber.u.ad.7.ita fufta foithiadi. K-vbi.R. ideo ex.a . quinti ve fe
.ad. . ita ¢ habebir.p.ad. L veipfe dicic: Ee ex.18. quintiita rir.h. K.
p.l.ad L. & cx communi concepeu.g.£fe habebit ad. . K. vt quintuplum
ipfius.p. Lad.p.1. & cx.22.ciufdemita fe habebit.f. g.ad.i.k.ve quincuplum ipfus. p-
Lad.L quintuplum aucem ipfius.p. 1. compofitum eft x quineuplo ipfus.n. m. cum
‘decuplo ipfius:n.x.com quintuplo ipfius:n.t. cum decuploipfius. n. 0 vt & te facile
es.

crit ex communi feientia quod.g£. ad. £k.cltut quintuplum ipfius
pLad duplumipiuspeo quod faperivs ipposrum fith.K.clTe quinti mediam,
vade. k. £ relinquebatur pro duabus quintis inferioribus, duplum autem.p. 1. com-
‘poficum cft cx duplo ipfius.m.n.cum duplo ipfius.n.t.cum quadruploipfius. n. x. &
cum quadraplo ipifs. x.o.

‘Exconuera proportionalitate deinde ita e habet,i K.ad.ikaad £g.vt.L.ad quin-
tuplum ipfius.p.L.ct k. ad.£g. vt duplum ipfius.p.Lad quincuplum ipfius.p. . Vnde

uinti.i£fc habebitad.£g.ve dupld ipfius. .1, cum fimplo. 1 ad quincuplum

ipfius.p.. Deindeex conuerfa proportionalitac quincuplum ipfius.p.l. fc habebic
ad duplumpfusp.cum implot. £ ad. £ i Sedcompofiumdupipls.
cum fimplo. Lizquale eft duplo ipfius.m.n.cum quadruplo ipfius.x.n. cum fexcuplo
ipfius.o.n.cum triplo ipfius.n.t.vE per te computare potes.

‘Superius cnim fumpta fuiti.rad quam ta f haberet. £ h. hoc eftres quinteip-
fius.£.g.vem.tad.t.n.Quarc cx conuerfa proportionalitateita i

i a3, 5 ia o rapea fi equalis i
b £.ideo.m.o.cx communi Cientia zqualiseritipf.g.f. Vnde proportio.c.iadres

i d.c.m.veinquit Archi.

veduplumipfi.
m.0.v¢ doplumipfus.p.l.cum

lo.L{c habet ad quintuplum ipfus.p.Lhoc et
Empl d quingaplum ipfius.p..
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queturdlictum pondus gratius fiscurum pro pafte.F.C.quam pro ea,quie eft. AF. &
~minus fupra cencrum. B pro dictaparte. E. C. quam pro parte. A. F.quicturum; &
diétum brachium quanto magis orizontale erica ficu. B.F.rant6 minusfupra dictum
entrnm,B.quicfcet,&hiacratione grauius quoque erit, & quanto magis vicinum
eritipfi.A.a dicto.F.antd magis fupcr centrum. B.quoque quicfeet,vnde tdtd qu
‘queleuius exifter . Idem dico de omni fica brachij per girum inferiorcm. C. Q.
otiduts pendebit centro.B.diétum centrum arerahendo, quemadmodum fuperius
illudimpellcbac. Hec verd ormnia cap. fequenti melius percipientur.

De proportione ponderis extremitatis brachij libra
*\in dimerfo fien ab oriz.ontali.

C A P I
nadmodum totius

.M.inclinatio-
conficeree.Quod

P Roronrro ponderisin. C.adidem pondusin F.erieque
brachij.B.C.adpastem.B.u:poficam nter centrum & lincam
‘his ,quam pondus ab extremitate. E.liberum verfus mundi
vt facilius inelligamusimaginemur aleert brachium libr:
locatum aliquod pondus minus pondere. C. vt. B. u. pars.B.
¥ cognofcetur ex. 6.lib.primi de ponderibus Archimedis, quod fiin punsto.u.col-
Socarum erit pondus ipfus.C.libra nihil penitusa fitw orizontali dimoucbitur . S
erinde eft quod pondus. F.zquale.C.ficin extremo. Fuin fitu brachij.B.F.qui v fic
in punéto.u.in fituipfius. B.u.orizoncali . Ad cuius rei euidentiam imagincaur ild.
Fu.perpendicalare,d in cuius extremo.u.pendere pondus,quod eratin.F.ynde cla
rum erit quéd eundem effeétum gigaet  acfi foiffeein.F.quod, veiam diximus re-
‘mancns affixum punco.u.brachij.B.u.antd minus graue cft fcu ipfius.C. quanto
 B.minus cftipfo.B.C. ! demaffero i brachium effetin it c. B. quod facilé cogno-
aagincmur flom appenfum ipfi. u.brachij. B. C. & vique
quo extremo appensi effee pondus zquale ponderi . C. & libe
3 B.cvnde libra orizoncalismanebit. Sed i brachium.B. ¢. confolida-
tum fuiffctin eali fitu cum orizontall.B. D.
&:y;ifa podere.Ciin. e.livero  filoynec
aftederet, neqs defcenderct. quia tanum
eftquodipfum feappenfim filo,g pendet
ab.u.quantum quod ab ipfo liberum appé
nfum fuiffet.c:brachij.B. e.& hoc procede
reeab eo quod partim pendercta centro,,
B, & fibrachia effetinficu. B.Q.torom p3
duscentro.B.remaneretappenfum,quem-
admod infitu.B. A. ot dicko centroan-
niterceur . vade fieve hoc modo p:
magis ant minus fit graue , quo magis
autminus 2 centro pendet,aut cidem aiti-
| tur:atg; haceft caufa proxima, & perfe,
firve vnum idem;

B, U peta Su b
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De quibufdam ervoribus Nisolai Tartales n'rrvpaﬂrl ra
:arpumme‘ eorum motus , quorum eliqui defur)

Suerunt a }’mlana [eriptore quodam antig
CAP VIL
'Vm magis amici veritatis effc debeamus quim cuiufiuam homiis,quemad-

2, modum Ariloxferibit,detegam hoc loco quofdam errores Nicolai Taccalce
deponderibus corporum,8 velocitatibus motuum localium. Ee primuin decipirur
is in.8.lib. arum diverfirum inuentionum in (ecunda propolitione,cum non
‘maduerterit quanti momenti fint extrinfece refiftenti.

Subicéum quoque terti propoficionis ft malé demonfiratum, quia idem pla-
ni ex cius demonfratione iam dicta corporibus hatereogen:
contingeret,quod advelocicaresattinet.

Tnquarea propofitione,quod ad difputidd proponicn concludic melis.a
ab cofequif, quod Archimedes in..propofidone lib. primi de p3deibus p'

Sed infecunda parte quiite propofitionis non uidet g uigore fitus co modo,quo
ipfe difpucar, nalla licicu ponderis differentia. quia f corpis. B.deftendere debee
perarcum.if.corpus.A.afcendere. lem, i
quoqueratione fieuatam, v eftarcusd. L vnde ve eft fcilé corpori .
perarcum.i.Ldiffcle ca ericcorpori A-afcendere per arcum u.s. Hecatnen quin
fapropofitio Tartalez eftfecuuda quattio 3 Lordano propofica.

‘Quod aucem ad primum corollarium dicte propofitionis atinet,verumille qui
dem eribit,cius tamen effectus caufh & Lordano prius, % abipfo poftca cicata,na-
tura i vera non eft.quia vera caufa per feab eo oritur, g centrolibre dependeat
e primo cap.huiusractatusoftendi. Secundum vero eorollarium falfim e, s ra
tionibus quis nunc ubiungam, patebit. Tmagincmur.u. pro centro regionis cl-
‘mentaris& libram.b.o.2.0bliquam refectuad.. & brachiis equalibus conttiterm,
& ponderain.a.ct in.b.eriam equalia.lince autem inclinzeionum fne. 2. u.ct. b,
imaginemur etiam lineam.0.u. &3 centro.o.libre duas.c.t.ct.o. e. perpendicularcs
inclinationum lincis; vnde ponds ipfits.a.in hufufinodi fics tam eric proportiona
tum ponderi.b.quam proportionara eri inea.o.t.lince.o.¢.¢x cog tertio cap. hu-
iustractacus probaui, fed inea.o.c.maior ¢ linca.o.e.quod fic probo. Imagincmuz
eriangulam.ab. circunferiptum effed circalo.u.
exera lineamu.0.cum fapponatur.2.o.b.obliquam effe refpecta ¥
mur deinde d centro.c lineam. c.0.5.v[quead circunferentiam, qu perpendic ula-
ris rit1pl. .b.extertialib. 3. Eucli.fi poftca imaginemur duas ineas.c..ct.c.b.
bebime cx.8.ib.primi angulum.a.c.0.xqualem angulo.b 25 ib. 3.
arcus.as.zqualiseritarcui.b.s.ed i imaginabimur. u. 0. adcircunferentiam vique
oductam, clarum eric g arcum.s.b.fecaret in punéto. n. vndearcus. .b.minor cric
arcuna&fic siam angulus.nab.minor ericangulo.n.u1.cx ultima ib. 6. Imagi-
‘nemur nunc alium quenda circulum,cuius,o.. i diameter , cuius circunferentia
pex o punéiac.cu.pratergradiabcam n ipfs fine angulizedt quod quiliber i
ferarioginando colligere potclt . 30.lib.3.in mcntem revocauerit. Sed cum angu-
Jus.0.0.cfit maior angulo.0.1.¢.arCus.0.. maior eric afcu.o.¢. ex vlima. 6.vnde cor
d.0.c.maior exit corda ipfus.o.c.ex conerfo.7.lb. 5.quod eft propofium. Pon-
dusigituripfius.a.in uiufimodificu,pondere ipfius b graviuserit.Quod & directojs

in 2. parte quini propoficionis edifeic, & per onlequens

wa dinerfis

»aur

ey ot 2 corollany lfszem ofienditvtcam quoguc;quzin . propofitione arctqiaca
S g £ i 3 pro-
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S Pl 45 monace, et
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Quod Arifto.inprimamechanicarum qusStionum eivs guod
inquirit,ueram caufan non astulerit.

CWA P /X I

Vaerens Ariftoteles vnde fiat,ve calibraz, qua brachia habentalijs longiora,

{int exactiores cateris, ait hoc euenire ratione maioris velocitatis exiremo
rum Erundem.Quod verum non eft;quia hic effectus il aliud éft,quam clarius pro
‘poncre obomnium oculos obliquitatem brachiorum i linca orizonsali, & oftende-
ve eciam faciliusa dicto orizoneal fitu exire brachia jam didta. Qua quidem per fe
neque & velocitate,, neque & arditate motus , fed 4 ratione vedtis, & 2 ma-
iori interuallo inter fecundum firum extremorum & primo proficifcuntur. Ve exem-
pli gratia, imaginemur magnam libram. A.B.orizontalem, cuius centrum fic . E. ec
pondus.B.maius it pondere ipfius. A.vnde conceditur,quod ob hanc rationem di-
a libra icum mutabir, qui fecundus fitus fit in.H. F-maginemur criam parud qui-
dam libram.a.e.b.orizontalem,qua pondera habeat.a.etb.zqualia duobus ponde
sibusalcerius librar & fecundus fixus it in.h.f.a tamen veanguli circa. ¢, xquales
fint s, qui funt circa.E.idefk.b.c. £ fiequalis.B. E. F. Nuncdico ftum H . F. exa-
Giort futurum & clariorem fta. b.e.fratione incerualli.B. F, maioris, interuallos
b.£.quod.B.F. in cadem proportione maior eftipfo.b.£ in qua. B. E:maius lt.b.c.
quodautem interuallum. B, E.breuiori,aut longiori temporis fpacio quam.b.£fic 2
um, nil plané refrt. Ratione vectis deinde, dico g f fupponems duas libras pa-
res 2qualesd; in omnialio refpectu,prater quam in brachiorum longitudine, pon-
dus.B.maiorcm vim habebitad deprimendum brachium. E. B.quim pondus.b.quia
Jibra materiales , cum futincancurab . E..c. & non 3 punéo mathematico , ed
alinea,aut faperficie naturali in faceria exiftente. vade aliqua refiltentia ipfi mo-
tai brachiorum oritur, & hanc ob caufam, fipponendo hanc refiftentiam wqualem
tam in.E.quimin. c.clarum crit b ea,qui in cap.4.huius traarus oftendi. B. cum
‘minus dependeatab. E.aut minus quoque eidem. E. annitatur , ponderofum magis
. futurum,quam.b.& hac de caufa mouebirad parcem inferiorem,maiori cum agilita
te;brachium.E. B.malto magis etiam lludipfum deprimet;ideft maiorem edaman
gulum. B.E.F.quam erit angulus.bic.f.Bacict. 4
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Super hac tertia pecic formari potef problema vnde fat, vt quiefcens huiuf-
modifora parallela rizon fper vnum punum,& quaned ficr poref exifense-

isi cam circunuoluarius maiore qua poterimus u, & cidem poftea dimitcen-
n perpetud circunuoluatur. |

Hoc quidem, quatuor ficob caufis.quarum prima eft.quia huiufodi morusscits

sote non fic nacuralis. ecunda eft, quia ctiamii rota fuper punétum machematicum
quicfceregoporterce ramen e fuperiusaltert haberec polum, qui ipfim orizontalé
tencret, qui quidem munimentoaliquo corporco indigeret; vde ficatio qugdam
confequeretur, ex quarefiftentia prodiret.

Teitia ct, quia aér contiguus cam perpetud aftringit; hocdy modo cius mowi
refiftic. A

Quarea etquia queliber pars corporedque  fe mouctur,impetu cidema quali«
bet extrinfeca vireute mouente impreffo,habet naturalem inclinationem ad rectum.
iter, non autem curuum,vnde i & diéta rora parcicula aliqua g circunferentiz difii
gerecur,ablquc dubio peraliquod temporis fpatium pars cparaa redioinere fer
Stir per acrem , veexcmplo fundis, quibus iaciuntur apides, umpro,cognolce
e polourmus. in quibus, impetus motus imprelfs naturali quaddm propentione
recbam ier peragit, cum cuibratus lapis,per lincam rectam contiguam giro, quer
primo facicbat,in punco,in quo dimifls futzetum et nftieuac, VeKaclons con-
fencaneum eft.

Eadem, quoque racione fit, ve quaned maior cftaliqua rota,tanté maiorem qud
queimpetum, & imprefionem motus cius circunferenti pastesreci iant, vnde g
e eyt dum eam fiftre volumus,d cilabore & cum difficltate agamus s uid
quantd maior eft diameter vnius circuliytantd minus curda eft ciufdem circunferen
& tand propius accedicangulum civfdem circunferentiz ad quandicitem duo-
rum angulorum rectorum redilineorum,ideft circunferentia ad rectitudinem linea
Yo, Vnde cazundem partium dicte circunferentiz morusad inclinationem bi &
e sibutam, qui eh incedend perlincam rectam,magis accedite

Quod eArifiorelis ratio none quaflionis
admittendanonfit.

CAP XV.

vV Era raio none queftionis & fecinda parte decira caphuiustradtatus, §cnon
aliunde;acceriri debets

Quod dritoselis rationes dé decima quefliones
Jfin resiciends.

CAP XVIL
Riftotelis rationes,vnde fiat, ve facilius moueantur: librevacue, quamplend

ad propofiam difputationem non pertinent; quia emper incunda ft o
‘roportioni virwtsmouents uper mobileiquodpfe non et i
it
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ciufdem ericvt.2.d.ad.d.b. Idem etiam dicoin fecunda parabola , fed ipfis. 0.2
o.1.cftvtab.ad.b.d. cx. 6.fexti Bucli.vnde ex.1 ,quintin.£ad.Ex. it ve. v, .
d.y.g. Sedin precedenti jamtibi dixi.a.b.mediam proportionalem effcintex. b,
ctb.d. Sitaunc.z. pro fecunda parabolz, ita uth.cft pro prima,vnde.o.x.cricmedia

roportionalis inter.z.t.0.1.8 ex.11.quinti ita cric-h.ad.a.b.ve.2.2.%.0.8 €x. 22,
i edia proportionalis eftinter
. cum {upponarur productum.hin.fx.zqualc cffe quadraco. 2. x.Idem dico. x..
mediam eflé proportionalem inter.z.er.g iam dicta,ia crica.x. 2d.
%.vt.y.g.adx.0.& ex cademia ericipfius.En.adab.ury. mad.x.0.& ic.£n ad.d.a.
veysadixr. fdfmad fneftvey.c. ady.ecx.i8. quint vade.fn.ad.a.d.cric ve
y-tad.x.r. Idem dico de corum duplis.

Ex jfdem rationibus dico ita effe.b.d.ad b.m.ve.0 r.ad.o..& ex.7.quiati dim.

adbm.verado. Reliqua ibiconideranda relinguor ;

L W
1 s

Tnreliquis verd propoficionibusillius ib. nullo pacto poreris dubitare:Verum ne
in. 4. aliquid ebi noui cxurgac e feire volo corollarium. 20. in'ibr. de quadracu
ra parabole docere poffibile eflc inferiptionem rectilincarca tamen conditione . &
dicit Archimedes.

Inquinta poftea animaducrcendum eft,quod prima pars,probattantummad de
centro mianguliser.a.pars probat de centro pentagoni ateipfo deinde potes pro-
bare de centro nohanguliz& fc de caeris: co quod com probatum fuerit de ccn-ro
figurin medio locata f conflicur poftea fucrin imiles figurain portionibus la-
eeralibus habebitur propoficum in infinitum.

Idem incelligendum cftin.3. propolitione quamuis exemplum vlcerius non ex-
tendatur quamad pentagonos.

Sextaverd ppolitio ibi faciliserit,quae nihilominus pot demGftari hoc md fili
cet. Sint.4.quititarcs.a.b.c.d. ipfius Archimedis fupponédo.a.pro figurarectilinca
infcripta in parabola,et.b.proreliduo ipfius parabolg ct.c.pro triangulo.a.b.c.in me
dioipfius paabole c.d.proriangulo. r. Nunc cum. a. maior fitc.prout corum ma-
iuscftfua parte, ideo cx.8.quinti maior proportio habebita.ad b, quam. c. ad b,
Com autem.b.minor fc.d.cx [uppofio,ideo ex cadem dicts,maior proportio habe
bit:a.ad.b.quam.c.ad.d.cum vero centrum cuiufis figurz plen ncceffario fi intra
ipfam figuram, idcirco centrum refiduiiptius parabole intra ipfam reperiecur. q 10 d
ifaclari p e et quéadmodi quoduisaliud axioma,& quia diétl centrd ex.8.primi
decentrs, neceflarié cftinlinea.b.h.inter.b.ceh. Si igitur.g.vnde ex eadem. 8.ita
eritgh.ad, g0 h.c.maior propoitio erit qui.c. ad. d. hoc cft
quam.b.h.ad.fex.12.quindl. Sed cih.b.maioricipfa.h.g.prout omne torum ma-
ius eftfia parte, ideo maior proportio habebit. quam.h.g.ad.h.c. vnde
multo maioré qui.h.b.ad.£ex coi coceptuyquare. h.e.crit minor ipia.F.ex. 10.quid,

Septima verd ct. 8. propofitio nullius tibi crit difficuleatis.

Quam-
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DEFENSIO NOSTRA CONTRA ANTONIVM
‘Bergam, & Alexandrum Piccolhomineum-

uftriDomino Horatio Muto.

Nran eaqueolim contra Antoniuny Bergam, fermone Tealico feripfh
hoe vnum erat, quod ipfe Berganon viderat quendam notacu dignunt
exroremipfius Bi ccolhominci, vbiipfe Alexanderarguic quendam au-
thorem i tractatu de magnitudine terrz & aque pag:37- linca. a6.ita di <«

, cens,&crit maoraqua.

Quo
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figurisrecilincis tam paris, quim difparis numeri. Sed aliam quandam majorem
ingqualitatem habene iz figuree numeri difparis,qua cft, quod quido linca. ti.tam
a.q.quim ipl
ppedicularis fucric,
ideft quido.t.i. cam
diétis parcibus funis g
angulos reétos con-
ftituerit, ticratione :
I6gitudinisipfius.c. ¢ +
i maioris quam . t. l i
e(quia cum fit.c.
o i g
maioripla. c.t:c. i
etiam maior fitipfa.
cx.)pondus aut vis
ipfius.p.fuperabiced
quacitipius.q. fed 5
quando.t ritin oppofia partect.
ipfius.tzq. eadem ob caufam fuperabit.p.& fic mo
am facierirregularem, 36 vniformen; & obid
etiam perardaum, prater ictus,quosinfligunt an-
uliin partem pendentemafiendécem fanis,qui-
do vnum exlateribus vnirurcum fune.

Aliamingqualicatem habent figura pares, qua
etiamin imparibus cemitur,etialiquantalum di-
erfiiquab eo oritar, quod funcs fit modo ma-
gismodo minus propinqug centrojqu inxqualis
diftantia,maiorcs minoremd; vim fiper dictam
centrum ob rationes in fecunda parte cap. decimi
huius tratatus propofitas, gigait. Nulla autem
exijsinequalicatibus circulari figura contingir. Llud verd, quod de pentagonis fi-
‘guris dixomnibusaliis figoris difparibus accommodari poteft.

Seeundus modus eft carum o usaliquod animalincediquee f i
cularesnon efféntycantd difficilius volucreitor,quanto paucioresangulos haberene.
quod cum per e parcat;zon demonfizabo. Si crgoquantd pluresangulos habebit
diéta figuraganroad circunuoluendum hoc modo agilior eric. Circulatis igiturfi-
gurs qu ex infinicis angulis effcitur,omniam agillimarir.

Tertius modus et carum rotarum, qu manubrium habent, quz etiam quantd
pacioresanguios habebunt,tanto quog diffciliores reddentur, tam ratione inimi
Cirizquam exercet cum vaciio natura,quim violGtie,quam anguli aeri faciunt,cum

p-

expellendo,vripfi occupent locum, quemipfeatrimplebat. Quod nullo modo po
ecltenenire circulari figura.

Nuncrobisad dicendum reftatde peciereuolutionis rotarum, que parallele
fint orizon:i,quibus accidit poffe volui primo tertiod; modo fecunde pecici,& ob
id i circulares non erunt,cadem fubibuntincommods,de quibus in fecundailla fpe
cie loquutifumus. fed circularesrorz huius ertiz fpeciei ad reuoluendum erunt re-
Liquis ¢ faciliorcs.g vno fold polo nitunur; Quod alijs nequaquam concedicar,

Super
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Invltima verd propoficione fecundi lib. de ponderibus Archi. hoc modo inelli

gtndﬂuﬂ,y{[’;ﬁp;r{ b

Sicparaboles.a.cuius!

b.

Tnquit deinde quod Ifaea continge

bimushocmodo.

Cum.b.f. diameter it cta.c.bafis, clarum erit ex definitione quod.b.fdividet. 2.c.
crzqu}hain‘.g.‘fvndcenpvd ctiamex.46. primi Pergei. dse.diuifacric per cqua
23 digmetroib.£- Quare verim dicieex quinta fecundripfius- Pérgei hoc eft quod

dica contingensin punéto.b parallcla ericambobus.a.c.cr.c.d.

Tnquit poftea quod diifa cam faerie pars diantetri qug incer.d.c.ct

(hoc cft.g.)perquingue partes aquales, quard pirsi

imaginarione fit in puncto.i. ira quod proportio ipfius.h.i

ter duofolidaquorum viium(illud filicer 2 quorelario incipit, hoceftantc

sals ioa.c.ied.d.c. rea parallcla diéte bafia.c. diamererds

indb. parallela ertipfia.c.cec.d. quod proba

cadem i quein-
ders)

R profua bali rencat quadrarumipfius.a.£.cufus etiam folidi alitudo compofica ft ex

at pro fua bafi quadra-
fcum fimplo-d.g-
nelle

duplopfus. d. g.cum iwplo.a, £ Aljud vero folidum hal
cum ipiius.dig-es Vet altitudo compofica it ex duploipfius..

Inquitnunc Azchi.quod cum ita factum fucrit,oftender puncium. i.c
‘portionisabfiff  tora fectione,quod Fuft nomina fignaticharacter

Sicigitur nunc.m.n.inqui, #qualis diametro.b.f.cr.n.o.xqualis.
dia proportionali n.in continua proporionalitate poft. . n.
hoc eft quod ed proportio qua cftipfits.o.nad.m.cadem (it ipfius..n.ad.n.o Hine
habebimus. 4. lineas in continua proportionalitate ibi inuicem coniunctas.m. n:
o€t

Vi criam quodatinéad.b.incipiens ab.isver(us.galia linca abfCifR i , @
ne,jta proportionata fit.£ h.ve.c.m.cftad.tn.qua quidem linca fignata fic.i.r.

Dici poftea quod diameter.b. £, et fortafie axis velaliqua reliquarum diame-
trorum , quod quidemin. 46. primi Pergei videre cft, cum omncs diametri fincin-
uicem parallcliipfi axi.

Cumjpoftea dicic, quod funtincence duczque, ibi valt idem infer-
requod Pecgeus vocarordinaz? , vEex. 1. €r. 49  primi iplus Pergei videre li-
cet, vnde ex.20.ciufdem proportio.b.fad.big.eric v quadrati. . £.ad quadrazam
ipfius.dgveipfe dicit, '

Sed ita erit quadrati.m.n.ad quadratfi.xn.ex. 18.fexti Eucli.Quare ex.r.quin-
i quadsasum igfius.m.n.ad quadrarumvipiusn.x. candem habebic propordonem,

am quadcatuniphis. 2.£ad quadzatum ipfiusd.g. Vndeex. 18. & excommunt
B ein sadem proporto crit fptusm.n.ad.nx.que plus.a£add.g-yeinquic Arch.

‘Quaptopet proportio cubi ipfius.m.n.ad cubum ipfius.n.x.cric vecubi iplus. 3.
£ad cubum ipfius.d.gve ctiam dicit ex communi (cientia,nec non ¢ 36.vndecimi.

Tnquif poftea quod proportio tetius fetionisab.c.ad portionem.d.b. c. cadem
ua cubiipfiusiat.ad cobumipfius.dsg.quod veruntefvealids ibi monftraui in
diuifiont parabole fecundumaliquam propoficam proportioncrr

‘Quando autem dici quod proportio cubi ipfius.m.n.ad cubum ipfius.n.x.cadem
eft quzipfius.m.n.adun.t. verum dicit ex. 36. vndecimi. Vnde ex. 11.quinti i &
habebit tocalis c&tio.a.b.c.d portionem.d.b.c.vem.n.adn.t& ex.17. ciufdemica
eritipfius.m.tadsn.ve frufti.a.d.c.c.ad fectionem.d.b. c. quemadmodum ipfe di-
cic. Sed quia fuperius;vbi.A.ipfa.fh.(quar et cres quincapfi di.itarela

wafuic
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B Cxresanvx ymulsi ulsa v qide e, de ok

nicis s at cumatirs s ligid fergpt el o 3 Vel
Litensin apertum emiteré [oleast, nec ingenid antgrati Jie
anini poSterss inuidere i quid ¢i contigerit comperusfi privs
tenchrisinuolutiom : cum tam multa pfe ex alorum diligentia
e confequutun P ascali queds fiiasot reorsmon ingrata bk
g i e methaness coerfantur g Guiam ante hac tentat,
aut fitss exalTs explicatasn medium proerre volis : quo vel iukands defiderium ,vel
Jaleezs now ciofingenials s gumentum aliguod exhiberem:atque vel hoc vuo mods me

? incer huiianas vixcjetestatum yelinquerem .
| De differentia fitus brachiornm libra .
CAP L N
M pondus poficumin exeremitatealicuius brachij libra maiorem, att mi-
norem gravitagem habet , pro dinerfa ratione ficus ipfius brachii. fit cxempli e
gracia.B. centrum , aut , quod dividic brachia alicuius libra & A B. Q. vetica-
Tislinca , aur, vercctius dicam , axis orizontis, &. B. C. vnum brachium dige li- 7l
' bra, &in. C. it pondus, &. C. O. linca inclinationis , feuicinerid: C. verfus cen-
crum mundi ycum qua. B. C» angulum reétum confticuac in punéto, C. Esiftente #a/E4~

igicur in huiufmodi fitu brachio. B. C. dico pondus. C. grauius fururum , qudm
inalio quolibet itu. quia fupra centrum.B. omnind non quiefcet , quemadmodum
in quouis alio fitu faceret. Ad quod incelligendum, fic dictum brachium, in fitw. B.
um codem pondere in punéto. F. & linea icineris feu inclinationis dicti ponderis
fit.Fat.Meper quam lineam dictum pondus progsedi non poteftnifi brachium.B.F.
breuius redderetur . Vode clarum erie
quod pondus. E. aliquanculum fupra cea A
trum. B. mediante brachio. B. F. niitur.
Eft quidem verum,quod pondus. C. nec
: iplim ceiam per lineam. C.O. proficifce-
aiterexeremitatis brachij eftcir-
&.C. O.invno quodi punéto et
contingens. Sic hocizer. A.C.Q. Opor-
(upponere pondus excremi-
tetanto magis céro. B
quanto magislinea fux inclinatio-
1. )propinqua eritdi
ntro. B. quod e enti cap. proba-
bo, ve exempli gratia,fit. . fuper.u.pun-
@um medij ex equo inter. C.et. B.qua-
propter. u. B. equalis erit.u. C.vadefe-
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Quodlineacircularis nonhabeat concanum cum con-
wexoconiundtom,€5 quod Aristo.circaproportio
nes motuum aberranerit.

CAP X.

v
il pln Riftotelesin principio quaftionum Mechanicarum aitlineam,qua terminat
o e, A e conans guod Gl
4 eft:quia huiufinodi Linca pares nullas fecandum lacicudinem habet, ( veipfe etia
e Ltz cOMfirmat ) fed eftidem conuexum circuli linca, verd qu terminus eft fapes fici
T, £ poaer’ ambientis, & amplectentis circulum eft eadem concavitas dictw fuperficici
L e dem circulum ambientis, qua nullam conuesicatem haber. & ha duge func lin
o . Quarum vna diuerfa eft ab alia,neque altera alterins, quod ad conuexun, & ad con.
e 2 e vomacinee.
Sedillud, quod Ariftotcles fribit de duplicirefpe@umotus vaius puncti fecun
dam vnam dacam proportionem, non fuffici,ille enim fic ai
Sit proportio ccundum quam latum fercur, quam haber. A.B.ad. A. C. et A.qui
dem feraue verfus. B:A.B.verd fubterferatur verfis.M.C.lacum autem fie. Asquidé
ad.D.vbiaurem eft. A.B.verfus. E. Quoniam gitur lacionis era propoctio, quam.
AB.haberad. A. C.necelfe clt&. A.D.ad.A.E.hanc habere raionem. Simile igi
", 5 wellrit  turcft proportione paruum quadr ifaterum maiori, Quamobrem etc.
S Cuirefpondeo,punétum.A.quod moueturin linea. A.M.ab. A.verfi

Ly velocitais b alia quadam proporcione fed criam ubaliz,que fam dara or
ey it veett proportio pfius. A.C.ad. A.B.imagindtes moueri. A verfisC.ct. A C.vor
/& fs.B.M.delacam. Dico ctiam idem. A.mouerivique ad. F. ocundum
- nemipfius.A.0.ad.A.N.Quamobrem imaginemur 3 puncio. .|
7 linea A ccereang-
e/ suseet. Jam wqualem angulo.
7{:}/,‘4»4 e PAA.é?ipuch,gAu.llinci B
AHcilinca.A!
réangulfizqualéangult
0.A.P.unde angulusH.
2quilis ric angulo. O,
ex. 32.libr. primi Eucl.
&rrianzuld.
angulum e
'A.0.P.Quam ob caus
cipii®
AHad F-H.queéipiius
A.0.2d.0.P. punctum
igitur.A.viquead.F.mou
Huiufinodi igitu conf

ur fecundum proportionem ctiam i
atio;ab Ariftotele ficta,nullius cft momenti.

Quad






OEBPS/images/0169.jpg
DE MECHAN. 157

D.a.d.non equediftaret,fed frfum traherer fuper.u.aue fibter  aliquid de fa vivir
jamicecre e aaed plus, quaned inclinara magss effet verfus.6.0.¢. & tandem
cum effee viita cum..0.c.auc ad fuperius,au ad inferius quantalibet ui, etiam f in-
finica, figaram excra fizam primae linea.2.0.e.n0n mouerefed (i furfam traheret fe
iungeret eam linca.b.a.d.non ob id tamen efficeret,ut centram.o. exiret cxtra pri
mam lincam 2.0.¢.
Secunda verd fpecies,tribis reuol
re porelbideftmo.do,quo reuo

onum modis,sbfgque axismuratione confla
ntur wochlee mediante fune, & quoreaolaunue
aliqu ot quibusaliquod animal incedis & quo reuoluantarill,quin homi
nismana cireunaoluuncar medio alicuius manubrii inflesi. Hi omnes modi cum
cireulari fizura magis,qu cum alia quavis,aciliores cuadunt. Bt primo fi priorem
modum confiderabimus,ve mediance fine queliber figara, que circulasis non fic
voluatar fapponamus exemplo debere reuoli pentagonum zquiangalum.a.c.i.o.
w.circa centrum. cnediante fune. q.u.a.¢.1p necelTii occarrent(in ac igira an-
‘gulorumlarcrumds difparium) plares inzqualicates,que reaolusionem ciufdem fi-
gurzirregularem eficient; quarum vna crit,quod du parces fnis,ideft-0.q. cci.p.
non eruncin vna cademd incee fe diftantia femper,quod facile ntellectu rityfi ima.
ginabimur ductas e lineasvi u. i t. . .. i fnis duo pondera habebicalterum
altero maius,fus extremis appenfa,vnde debeat figura virtute ponderis maioris cit
conolui: diéte dur parecs. u.q.ct..p.cinfdem fonismidi centrum, dum firma ma
nebuntrefpicicnted permistentes pondera liberasmaius.eficiens ve circunuolu-
tur figura; effcier,ve aliquando vnum cx lateribus,ciufdem figura mundi quog; cen
wumielpicice , vtin

figura. Adfic; ctiam e
linea.i. ca(
plojeriemenfiradi- 4

ftantia fanium incer

ipfas, & deinde circti 5
woluendo criam di- gL —
ftabuntincer fe per i =
neiaau.i. . vei

figara.B.inotuitexE

"\
plo, &ficetiam alic |~}
A

quando erune magis
difices, quamlinca
©.i. & minus quama. i
nunquam tamen minus quan.tineque magis qud
iaautiu. quefune zqualcs; Qua quidem varietas,
inhanc,& in illam parcemimpeller parees penden
tesfunis, vnde xqualiternontrahent. Idem dico, i N,
extrema.q.ct.p.cffent quogue femper in v cadéds NG
diftantia; neque 2 corpore poderofo effentartrata,
quialia parces ipfius.u.q.eti.p.ex fupradictisratio- | _— | A
nibus vnam cademd; diftanciam n6 femper fe i
vnde e ve cum divesisanguliscamt. pquing. | |
ceaicu.

femper traherentope
d.pHac autem ingqualitas communis eft omnibus
figa-
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Qualiter circulus defignari pofit alios duos circulos
propofitos includens.

CLARISS. PETRO PIZZAMANO.

Vpetioribus diebus per tuss literas me quafiuifti, ve modum tibi eribere vel-
lem,quo circulus defignari poffic circunfribens alios duos propofitos circulos.
Qua inre ve tibi fatisfaciam quod maximé cupio ica rem accipe.
Propofii circuli int, autinter (¢ contigui, aut interfecantes vel fcparaci
mi contiguos effe;qui fintd. bict.£q.quord.d.b.maior fit et.£.q. minor, cori vero
centra fint.a et.0;puncti auem cotingensic iti.Nic prraha. percétraco
rum ab vna circunfrehsia ad aliam , que quidem linca tranfibit per punctam.
x1.certj Bucli.deinde diametro maiori abfcindacur. i, ¢. ad zqualicatem minoy
femidiametri,quo facto famatur diftancia inter.c.ct.b.circino mediance fictog; cen
t50.0.feindatur,alio circini pede,circun€erentia maioris circuli in pundto. u. 3. 1o
‘mente concipiemus duas lincas.u ranfeuntes per eorum centra.a. ct.
vlquead circunferentias in punétis.d.ec.£.ip/; erii inuicem equales, o quo
ta fuie 2qualis.o.fet.q.u.zqualis.c.b, quare. u. £zqualiseri.b.i.fed u.d.czid 2qua
Ks.b.i.zrgmu Laqualis erit u.£.& circulus, cuius u.d. vel.u.feric femidiamerer,con
tiguus ericipfis propofits circulis cx conuer(o.11.iam diétz . 1dem dico pio cis
i feinuicem fecantibus. Sed

o pri-
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hauius effeétus conuct o, ideft,ve quemadmodum nunc fpponuntur.o.et.effe duo
‘centra quibus fuftinef pondus.£.ipfius.n. imaginemur. n. effe quoddam centrum 4
quo pendeant dio pondera. o. et. u.ficinuicem proportionata,ut funt.uLi.ct. i.0.
certe horum ponderum caufa flatera. o.s.quam vectem appellabamus  nulla parce
inclinabitur, Redeuntesnuncad propofitum, dicemus g annitente pondereip
n.minus ad.u.quam ad.0.ideftad.t.minori vi opus it in. u. quim in.t, ad acollen-
dum pondus ipfius.n. & fic per confequens quanto longius crit punétum.u. ab.t.can
o minori quoque vi cgebit, & confequenter quando vis,auc refiftentia n.u.ica pro
portionata erit illi,que eft ipfius.0.vt eft.0.i.ad.i.u.vedtis non mouebitur . Sed quan
doerit proportio maior,refiftentiz ipfius.u.ad cam , qu cftipfius. o.ca,que eft.o.
icad.i.u. cunc vedisa par-
teipfius.u.s. eleuabitur , i
vero proportio minor effet
quam.o.i.ad. i.u, tunc ve
@isab cadem parte depri-
mea.

Deratione cuinfdam wis adancte.
CAP VL

Vibufdam in locis veuntur quidd quodi inftruméto piftorio ad fubigédi pas
ftam,vnius tantum hominisui adhibita, qua quidem machina cum mihi di
‘gna contemplatione effe videarur , cius aliquamrationem proponere voluipro cui-
fus deferiptione imaginemur planum, in quo fedctille,qui voluic paftam , &in quo
ipfa pafta cltepoficaT. S. D.& riangulam.T. A. S.immobile perpendiculare.
Gue fuperficiei diét plani;angulo autem.A.coniuncum lignum. A.E.vt femidiame:
ttum mobilem, & zqualem perpendiculariipfius trianguli,unde. A. loco cenri erie
¢t. D, O.fic femidiameter, qui paftam contundit,g ab cius extremo.O.  quod. O,
quando. D. O.orizontalisefbin baf dicttrianguli repericur ) veniat lignum. . V.
quod cum. A-V.fitzquale perpendiculari imaginatz abangulo. A.bafi.T.S. deno-
datti e uvulgo dicit feu fiexilein.O.& in.V.ve clleuare arg; deprimere femidiame
trum.D.0.poffi,er.V.Oufitzqualis. A.V.cc.V.medium ficinter. A.ct.E.vnde. A.V.
cum.O. Vezquales erunt.A.E.font deinde duo ligna perpédicularia ab. A.ad bafim
fixa, & immobilia inter fe aded diftantia,ve ineer ipfa pertrafedt.0.V.et.D.O. fupra
& infia , ne devict femidiamerrum. D. . Inexeremirate deinde pfius.E-fitlignum
quoddam tenue, ve digitus polex,d angulosrectos cum. A.E.quodab aliquo,qui
antediétam machinam ftet ; manibus tencatur, qui quidem homo idipfum lignum ,
ideftfemidiametrum. A.E.2 foperficie wianguli dicti,ad fe wrahendo, & deinde ver
{is cundem triangulumimpellendo, vim quandam maximam mediane femidia
metvo. D.O.fuper paftam excitat. >
Pro cuiusrei contemplatione volo vt fecundam hanc fibferiptam figuram. b.a.
i i rima figura,.a.denotet.0.&.0.V.
 E.imaginemuretiam.u.a.bafem trianguli.a.u.o.cui.o.t.perpendicularis dictz baf
ua.addatur. Hucufg; igitur.u.0.zqualiscr i ginemur eriam. 2. 0.
viuead.biita productan vt.0.b.2qualisfit.0.a ponamus etiam pondus ula.;mprL
- % ere
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De uerats intrinfecacaufatrochlearnm.
C AP XXI.

P Rointelligenda vera,& intrinfeca ratione, vode: fiat ur multitudo rorularum in
‘trochleis caufa fitu exigua vis furfim moticataucatcollat podera magna. Jma
ginemur duas hic fubferipeas trochleas explicatas tranfuerfaliter in hunc modum,
ideftfit parui tignd.a.b. Exum & parallela orizonti. cui fintrotulwappenfeabinfe
arcead fiperiorem huicds eregione oppofiitaliud tignti.c.d.quod moveri
pofficab imo ad fumum,fuper quod totidem fine otul aueradij, cl annexa poftea
Fuerit funis pun@to. b. fxo, cam faciendo pertranfie perotulas tam paree upe=
riore,quamabinferiore; & appenfum deinde cum eric paruo il tigno. c. . mobili
‘pondus.E.ducendo poftmodum extremum.f.fanis tranfeantis per otulassidem pld
néfiet quod a rochlgis fimul unitis fieri folet . Cuius quidem: effectus ratio fub no-
firam cognitionem cadet fcilius in huiu{modi figura. Imaginemur {epararim fia-
teramag.h.cuits céerum it K.ica feum,ue brachium. g-keduplum ad brachium. K.
h.fupponendo igiturin puncto.g.pondas,aut virtucem mouenzer unius b & in
h.duarum librarum,abigs dubio ha dua virtutes in huiufmodi diftantijs & centro
¢quales inuicé eriitob rationes prioribus capitibus iam allatas,e flacera orizonalis
manebit. Vnde clarum erit,g quaruis etiam exigua virtus adiuntaipfi. g: mouebie. 5
flateram extra orizontalem ficum . Nunc § pundto.i.cx zquo medio iter.g. et. Ko
applicata ricvires pfiush.non ampliusconfdersco brachio.K.hinclinante uircu-
e¢ipfius.i.candem parcem verfis, in quam inclinabat,quandoeratinhfed virus ip
fius gnclinet contrario modo, iuerfody ab €o,quo inclinabatpriusiclarum quogs

it,communi concepeuy8c ob ¢a,quz cap.s - huius radatus fine dita. g. h. femper
in codem fita abfque motu manfuram, hancd fateram appellabimus mobilem, &
primam. Imaginemur nunci pundto.e.ixo defcendere funem.c.K. quz fulciat pun
Hum.K excremum diametri.g.K.quamintelligo pro diametro vnius ex rotulisinfe
Tioribus trochleas & tn.L.m.diameter vnius ex rotulis uperioribus alterius parui
tigni defixi& parte inclinationis ipfius.g& parallcla diametro. g, K. cuius diametri
centrum fixum fie 1. it coniunctum.g.punétumy fune cum punéto.m.quetd per«
‘pendiculasis e primo diameto.g..K.quam fecundo.nmideftita ve anguli.n.m.g-
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